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| ~ MODERN PHYSICS 


Voro 25, NUMBER 1 


January, 1953 


Introduction : 


The present issue of the Reviews of Modern Physics 
contains the papers and the pertinent discussions pre- 
sented at the Washington Conference on Magnetism 
which was held at the University of Maryland on Sep- 
tember 2-6, 1952. The conference, first of its kind in this 
country, was sponsored by the U. S. Office of Naval Re- 
search through its Advisory Committee on Magnetism 
in keeping with the increasing interest shown in recent 
years by the ®NR in supporting and in promoting 
fundamental magnetic research. The purpose of the 
conference was not only to bring together most of the 
American scientists and a representative group of 


' foreign scientists who are interested in magnetism, but 


also to review the present status of the many important 
авд active problems in this field. Although the Washing- 
ton conference was held only two years after the inter- 
national conference on magnetism in Grenoble, the 
amount of new experimental and theoretical develop- 
ments fully justified its scope and size. 


а, 


It is interesting to note that papers and discussions 
stemming from academic, industrial, and governmental 
institutions were fairly evenly divided among the vari- 
ous branches of experimental and theoretical mag- 
netism: Industrial and governmental institutions con- 
tributed each about a fifth of the total. 

It is a great pleasure to express in the name of the 
Advisory Committee on Magnetism our appreciation 
to the Office of Naval Research and in particular to 
Messrs. L. M. McKenzie and J. A. Osborn of its Physics 
Branch for their generous and efficient support of the 
conference. Our thanks are also due President Harry C. 
Byrd for making available the excellent facilities of the 
University of Maryland. Finally, the undersigned 
wishes to express his appreciation to his colleagues on 
the Advisory Committee on Magnetism: Drs. F. Bitter, 
R. M. Bozorth, W. F. Brown, Jr., J. E. Goldman, C. 
Kittel, E. Montroll, G. T. Rado, J. H. Van Vleck, and 
V. C. Wilson for their unsparing efforts and cooperation. 

К. SMOLUCHOWSKI 


.® 
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The Analysis of Magnetization Curves 


ы EDMUND C 


. STONER 4 3 


^ 


Physics Department, University of Leeds, Leeds, England : : F 


By an analysis of a magnetization curve is meant the deter- 
mination of the character and extent of the various elementary 
changes occurring over any part of the curve. Even if the quanti- 
tative characteristics of the various elementary processes are 
known, an analysis cannot in general be made simply on the basis 
of the information provided by a given magnetization curve, owing 
to the varied and complicated way in which the different processes 
are superposed with an ordinary polycrystalline specimen. Further 
information is obtainable from measurements such as those of 

| Bates on the thermal changes accompanying adiabatic mag- 

! netization, but little progress can be made in the analysis of curves 

| in the hysteresis range unless the magnetic and thermal effects 
| due to the reversible and irreversible changes separately can be 
} unambiguously determined. 

А broad survey of the general problem is given with particular 
reference to recent theoretical and experimental work at Leeds. 
The theorgtical approach and the methods of analysis are along the 
same lines as in the treatment of the magnetocaloric effect by 
Stoner and Rhodes (1949). 'The experimental work reviewed in- 
cludes studies of the reversible susceptibility, the Barkhausen 
effect, and the reversible change of magnetization with tempera- 


ture at constant field (Tebble, with Corner; Newhouse, Skidmore, 
Wood, and others, 1948 onwards). ^ 

Through this work, it is now possible to determine not only 
the relative contributions from reversible and irreversible ргос- 
esses to the change of magnetization over any range but also the 
thermal changes associated with each. The part of the reversible 
change due to change in intrinsic magnetization can be determined, 
and in many cases analysis will show whether the remainder of the 
reversible change is mainly due to rotation of the magnetization 
against the crystalline and strain anisotropy forces, or to other 
processes such as boundary movements. Much detailed informa- 
tion about irreversible processes is obtained from determinations 
of the number-size relations of B&khausen discontinuities, which 
in general correspond not to spontaneous movements of primaryw 
domain walls as wholes, but to smaller scale sectional irregularities ^ 
in the motion. The thermal effect associated with these irreversible 
processes may be a heating or a cooling. ча 

Partial analyses are presented for annealed nickel, hard-drawn 
iron, and other materials. These show clearly the potentiality of 
the general method for obtaining detailed quantitative informa- 
tion about the elementary processes contributing to the change 
of magnetization along a magnetization curve. ^ 


I. INTRODUCTION 


HE magnetization curves of ordinary polycrystal- 

line ferromagnetic materials present a compli- 

cated problem, or group of problems, and it is still far 

from possible to give a complete detailed explanation 

of their forms and quantitative characteristics, although 

during the past twenty-five years great progress has 

been made. On the one hand, the essential characteris- 

tics of ferromagnetic materials have received a satis- 

fying explanation within the general framework pro- 

vided by quantum-mechanical principles. On the other, 

the various secondary effects which determine the form 

of a magnetization curve have been intensively studied, 

and a better knowledge, if not always understanding, 

has been gained of the various types of elementary 

process by which change of magnetization may occur. 

'Three main types of elementary process contribute 

to the change in apparent magnetization: change of 

intrinsic magnetization, that is, of the orientational 

distribution of the elementary carriers of the magnetic 

moment, within eacfi uni-directionally magnetized re- 

gion, or domain; rotation of the magnetization vector 

in such a region as a^*whole against anisotropy forces; 

and ‘ovement of the boundaries of these regions. Ele- 

- mentary changes of the last two types may be reversible 

or irreversible. 

With the wealth of information now available about 

elementary processes it might seem that a careful 

e xonsideration of the guantitative characteristics of a 

7. given .magnetiation curve of a particular material 
. could result: in fairly definite conclusions about the 2 
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nature, sequence, and relative proportions of the ele- 
mentary changes contributing to the observed changes 
in magnetization. In fact, except for very restricted 
ranges of a magnetization curve, little more than a 
rough guess can be made as to the relative contribu- 
tions from the different types of elementary process. 
This paper is concerned with the general problem of the 
"analysis" of magnetization curves with a view to 
obtaining more definite and more complete information 
about the elementary processes taking place. Without 
further information than is provided by the magnetiza- 
tion curve itself (together with a knowledge of the 
essential magnetic constants of the material) it is not 
possible to determine with any certainty which ele- 
mentary processes are mainly contributory to the ob- 
served changes in magnetization. The subject matter is 
therefore in part experimental, in that a brief account 
is given of some of the recent and current experimental 
investigations which provide additional material which 
can contribute to such analyses; and, in part, in a 
broad sense, theoretical, in that the methods by which 
the experimental material may be utilized in analyses 
are indicated, and the thermodynamic and other argu- 
ments involved are outlined. A 

It will be obvious that a very wide range of work is 
potentially relevant to the general theme. In a con- 
tribution to a symposium, however, it is proper that 
the writer should present primarily an account of work 
with which he has been immediately associated; and this 
paper is accordingly largely concerned with геп 
work at Leeds, published and unpublished, to which 
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specific references will be restricted. This, however, is 
vot intended to ignore.other work, much of which has 
beén fully surveyed in a recent comprehensive review 
article! on magnetization curves. That article makes it 
unnecessary to refer, except incidentally, to the general 
background or the wider bearing of the work here 
considered. : 

"Thesnformation additional to that given directly by 
magnetic measurements which is thought to be of the 
greatest value in analyzing magnetization curves is that 
which can be provided by studies of the thermal changes 
accompanying magnetization. Hysteresis losses and the 
magnetocaloric effect in high fields are special ex- 
Amples of these thermal effects, but they have usually 
been considered in isolation. The determination of the 
temperature changes *aceompanying adiabatic mag- 

^netization in low and moderate fields presents a difficult 

* experimental problem which has been successfully 
attacked owly in fairly recent years, notably by Bates 
and his collaborators at Nottingham. The extraction 
of information in the most convenient form from the 
experimental results, and the planning of these and 
related experiments, call for careful consideration of the 
thermodynamics of magnetization, which, as the general 
problem is approached here, is of central importance 
in the analysis of magnetization curves. 

After this introduction, a few of the more important 
of the relevant thermodynamic relations are stated, 
with a short commentary (II), and a summary is given 
of the characteristics of the main elementary mag- 
netization processes (III). Some recent experimental 
investigations on magnetization curves are then out- 
lined, first the more purely magnetic (IV), and next the 
magnetothermal investigations (V). The combination 
of the results of different experiments in analyzing 
magnetization curves is considered, and some illustra- 
tive results are presented (VI). Finally, the require- 
ments, possibilities, and limitations of the general 
method are considered in a summarizing discussion 
(VII). 

e 


П. THE THERMODYNAMICS OF MAGNETIZATION 


The thermodynamics of magnetization has been de- 
veloped in a number of papers? in a form which is con- 
venient when the "system of interest" is a particular 
magnetizable body in an external field. The most useful 
relations for the present purpose are given in a recent 
paper on magnetothermal effects in ferromagnetics. 
Меге only a few essential equations will be given with 
а brief commentary. 

А starting point is the equation for the increase of 
total energy E, associated with a magnetizable body, 
with increase in the external feld Н., namely, 


RA I dE;— dQ—IdH., (1) 


2E: C. Stoner, Repts. Pgog. Phys. 13, 83 (1950). 
LE. C. Stoner, Phil Mag. 19, 565 (1935); 23, 833 (1937); 
rans. Roy. Soc. (London) A235, 165 (1936). 
E. C. Stoner and P. Rhodes, Phil. Mag. 40, 481 (1949). 
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where / is the volume ihtensity of magnetization, 40 
the heat transferred to the body, and E and Q refer to 
unit volume. The total energy includes the potential 
energy of the body in the external field — ZH., and also 
the demagnetizing field energy --3 pI’, where Np is 
the demagnetization coefficient. When these are sub- 
tracted from E, remembering that the demagnetizing 
field И; is equal to — N 5/* and „that the “corrected” 
field H is equal to H+H; the following defining equa- 
tion is obtained for an internal energy function Е: 


dE- dQ-- Нат. (2) 


This equation is in a form convenient for further de- 
velopment. It has the obvious advantage that the 
energy E and the Г, H relations are characteristic of 
the material, and are not, like the Г, А, relations, de- 
pendent on the shape of the specimen. (It may be noted 
that it is by no means always possible to allow for 
shape effects by a simple "correction" of the external 
field, but it is not necessary to consider this particular 
complication here.) 

Equation (2) is applicable whether or not the changes 
are reversible. A change of energy AE may be divided 
into two parts, a “thermal” part AEr associated with 
change of temperature, and a magnetic part AE», 
associated with change of magnetization. For an adi- 
abatic change (АО= 0), it follows that 


AB=AEr+AEy= f наг. (3) 


It is often convenient to consider, instead of the change 
of temperature АТ, with adiabatic change of field, the 
corresponding “heat developed," AQ’ (not to be con- 
fused with AQ), related to AT by 


AQ'— СрАТ, (4) 


where C is the specific heat and р thé density. Thus, in 
an adiabatic change, 


АЕм= f Наг AQ’. (5) 


The change of internal energy associated with a change 
of magnetization along a magnetization curve can there- 
fore be determined if measurements are also made of 
the thermal effect accompanying e¢diabatic magnetiza- 
tion. 


For reversible changes, (2) may be written as 
` 


dE=TdS-+ Hdl, (6) 
where 5 is the entropy. Over a reversible range the state 
is determined uniquely by Т or S and Н or Г, and three 
other thermodynamic functions Таау be formed in the 
usual way. One of these, Е'=„Е— HI, is of the energy 


type, and two, F= E—TS and Ф”--Е-,15, are of thé ^^ 


free energy type.*From (6) and the corresponding equa- 


tioes for-E', F, авд Е’, four reciprocal relations óf the = 


В 


+ 


- 
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Maxwell type are at once obtdinable. Among the many 
| relations which may be derived, the following are the 
most useful in the present connectior : 


| 23 (2) ЇГ (2) 

| 9Н / s 957 н рСн NOT 7 н 

| a LO. x 
| --—(—); о 
t pCu NOH / т 


=) (= T (=) T (=) (8) 

| =. 

| Є $ E ТЈ оСтМ\д1/ т 

In the applications to be made, the specific heats at 

| constant field Cy and at constant magnetization Cr may 
| both be taken, with negligible error, as equal to the 

! specific heat C, as ordinarily measured in zero field. 

i 'The value of these relations will only become ap- 
3 . parent in subsequent sections, but it will be clear at 
ү once that over ranges in which the changes of mag- 

l netization are reversible, there is full scope for the 
application of thermodynamic reasoning. Over ranges in 
! which irreversible changes occur, that is, for ferromag- 

netics, in low and moderate fields, the information which 
| can be derived from thermodynamic considerations is 
X much more limited. Broadly speaking, conclusions can 
be drawn about energy changes but not about entropy 
changes. 

The difficulties in the application of thermodynamics 
to the magnetic behavior of ferromagnetics do not arise 
simply because of the occurrence of irreversible proc- 
esses. For many systems which pass irreversibly from 
an initial to a final state (e.g., a gas expanding into a 
vacuum) it is possible to find the change of entropy by 
i devising a reversible path for the passage from one 
state to the other. For ferromagnetics the alternative 
reversible path may indeed be difficult to devise, but 
this is connected with an even more fundamental diffi- 
(8 culty. This is that the state of the system is not uniquely 
| specified by the parameters, зау H and Г, giving the 

position of the representative point on the magnetiza- 

tion curve. The state so specified is not in general an 

equilibrium state, nor is it a metastable state of a simple 

kind, and it is compatible with a vast number of dif- 
ferent small scale “patterns.” The macroscopic state 
of the system: (а particular ferromagnetic specimen) 
| corresponds to the aggregate of the stable and meta- 
— stable states of the constituent groups of units, that is, 
: s large and sñîall, which form a pattern ever 
х as the magnetization changes. The scale of 
falls in an awkward range. If it were larger, 
f thermodynamics would be more readily 
; if it were smaller, those of statistical 

would apply. e 3 
MÁGNETIZATION PROCESSES 
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of which, at temperatures well below the Curie point б, 
has an intrinsic magnetization Jm approximating closely 
to the quasi-saturation magnetization. The value of I, 
varies with temperature and field. It may be well to 
note at once that though the change withr field may be 
small (e.g., for nickel at room temperature the differ- 
ence between Im for Н=10*, and Im for H —0 is less 
than 1 in 200) the associated energy change may be of 
predominant importance. The apparent magnetizatzon, 
as ordinarily measured, may be written ` 


{=> v;(15); cos¢;, (9) 
1 


where $; is the angle between (Im); and J, and the sum- 
mation is over the domains in unit volume (2:7,-1). 
Change of J may therefore be expressed as a resultant 
effect of changes in J, ф, and v: ^ 


dI => (v; cosó;d(15);— v(15.); 510ф,4ф, - 
j 
-H (I5); с0$ф;49;} A 


The three terms correspond to the following three ele- 

mentary processes: (a) change of intrinsic magnetiza- .. 
tion, (b) rotation of the domain magnetization vector, 
and (c) boundary movement. The relative magnitudes 
of the contributions to the change of J in passing from 
the demagnetized state to quasi saturation are ordi- 
narily in the order c, b, a, while the associated energetic 
changes are in the order a, b, c. The effective utilization 
of the results of magnetothermal measurements in the 
analysis of magnetization curves is largely dependent 
on the extent to which this qualitative.statement can 
be made quantitative and precise. A full discussion of 
the various elementary processes would require a book, 
and the points mentioned here are limited to those 
which have a direct bearing on the problem of analysis. 
It will be sufficient for the present purpose to make the 
statements in a form applicable to ferromagnetics well 
below the Curie point (e.g., iron, nickel, or cobalt at 
room temperature). 


(10) 


Change in Intrinsic Magnetization 


‚ It is not commonly appreciated that there is no pre- 
cise knowledge of the variation of intrinsic magnetiza- 
tion with field even in high fieldg. In the quasi-satura- 
tion range the variation of the apparent magnetization | 
may be represented empirically by | 


@ B® 
1=1o(1-—-—) н, ^ 
JH gb 


but it is fair to say that there are at present no experi- 
mental results from which the value of c in the term in 
H, corresponding to increase in intrinsic magnetization, 
can be determined with any certainty. Indirect methods 
are therefore necessary to determine the effects associ- 
ated with changes in intrinsic magnetization. > 


(1) 


и 
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The most promising procedure is to make use of (7), 
hich in conjunction "with (4) gives for the heat de- 
veloped in a reversible adiabatic magnetization process 


(т) 
ү NOH АЕ oT S 


(12) 


As thé variation of the intrinsic magnetization J,, over 
thé field range from 0 to several thousand oersteds is 
small, the variation with temperature is given nearly 
enough over the whole range by (97,/97), where Го 
is the spontaneous magnetization in zero field. This 
quantity is known, or determinable, with considerable 
accuracy. The sorting out of the contribution (AQ^); 
from the change in intrinsic magnetization to the 
aggregate heat develóped, AQ’, along a section of a 

" magnetization curve involves a rather tricky argument. 
Except in high fields the local directions of Im are not 
in general ратаПе] to M, but are distributed in a manner 
which gives the resultant bulk magnetization 7; fur- 
ther, there are changes of the local Im accompanying 
the changes of local directions with Н. The final result 
of the argument? is, however, simple. The contribution 
15 given Бу 


(407) Ji d(IH), (13) 


where а= —(T/Io)(801o/89T). The relation (13) is be- 
lieved to hold generally, whether or not the changes 
along the magnetization curve are reversible; for the 
changes in intrinsic magnetization themselves are, un- 
like rotational changes and boundary movements, 
always reversible. Since (97,/97) is negative, increase 
of intrinsic magnetization in an adiabatic change of 
field is accompanied by heating. In terms of entropy, 
this arises from the decrease in magnetic entropy. 

"The situation is somewhat peculiar in that although 
only the roughest estimate may be made of the change 
of intrinsic magnetization with field, the corresponding 
heat developed in an adiabatic change of field may be 
accurately determined. It has long been known that 
the magnetocaloric effect in high fields is almost en- 
tirely due to change in intrinsic magnetization. From a 
quantitative application of (13) it turns out that even 
in low fields (AQ’); тау account for the greater part of 
the observed AQ'. The relation (13) is therefore of cen- 
tral importance in the effective utilization of magneto- 
thermal results in the analysis of magnetization curves. 


г Rotational Processes 

Change of magnetization due to rotation of the do- 
main magnetization vectors may occur to some extent 
Over any part of a magnetization curve, but it is usually 
Predofifnant between the knee of the curve and tech- 
nical saturation (or between saturation and remanence). 

$ the field increases rotation takes place from “easy” 
directions determined by the local anisotropy towards 
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the direction of the field. Extensive experimental and 
theoretical investigations, fully reviewed elsewhere; 
have been made*of natural crystalline anisotropy, of 
anisotropy due to strain and, with particular reference 
to single-domain particles, of anisotropy due to shape. 
'To avoid complication of detail in dealing with prin- 
ciples it will be convenient to fix attention on crystalline 
anisotropy, and to suppose that the main anisotropy 
characteristics are determined by a single coefficient 
whose modulus is symbolized by k (e.g., for nickel, 
k=|K,|, Кск-49Х105 erg сп 2). When k is con- 
stant throughout a specimen, the magnetization curve 
is, in principle, calculable if the orientational distribu- 
tion of the constituent crystals is known. Whether it is 
or not, however, a straightforward argument? gives as 
an expression for the heat developed from rotational 
changes (AQ’), in an adiabatic change of field over a 
reversible rotational range, 


(AQ), b f наг, (14) 


where b— (T/E)(dk/dT). Since (dk/dT) is usually, И 
not invariably, negative, increase of magnetization by 
rotations in an adiabatic change of field is accompanied 
by cooling. This corresponds to an increase in the mag- 
netic entropy. The range of validity of (14) is much 
more restricted than that of (13). It holds only over a 
range in which the change of magnetization is reversible, 
and due entirely (apart from the small change in in- 
trinsic magnetization) to rotations of the local mag- 
netization vectors. The value of 6 which can be calcu- 
lated from the single crystal data (when these are 
available) can be expected to apply closely to a poly- 
crystalline specimen only if this is made as free as 
possible from internal strains by a thorough annealing 
treatment. 2 

In general the value of & and of dk/dT will be modified 
by local strains and possibly other irregularities. Owing 
to the complexity of the internal stress distribution 
problem, and also, incidentally, to the paucity of 
fundamental data on crystal magnetostriction coeffi- 
cients and their temperature variation, it is virtually 
impossible at present to make even rough a priori 
estimates of the effective value of 5 (and of its possible 
variation with field) for unannealed specimens. 

Under certain conditions rotational changes may take 
place irreversibly. Irreversible rotational changes have 
been very fully studied in relatión to the interprefation 
of the properties of certain types of high coercivity - 
material in terms of the behavior of single domain par- 
ticles.* It is interesting to note that precise thermo- 
dynamical calculations for a complex irreversible mag- 
netization process can be made, when, as here, the 
mechanism of the process 15” known.® In "ordinary? — 

* E. C. Stoner and E. P. Wohlfarth, Trans. Roy, Soc. (London) 


A240, 599, (1948). • 5 
* P. Rhodes, Proc. Leeds Phil. Soc. 5, 116 (1948). : 
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materials, however, irreversible processes of this kind 
are unlikely to be important, and they will not therefore 
be discussed in this paper. 


Boundary Movement 


There is now no doubt that in ordinary unstrained 
polycrystalline material nearly the whole of the change 
of magnetization in the lower field range may be at- 
tributed to reversible or irreversible movements of 
domain boundaries. In recent years extensive investiga- 
tions have been made on domain structure by the 
powder pattern method (Williams, Bozorth, Bates, and 
others), and the general character of the beautiful 
patterns obtained is now well known. In one simple 
(though experimentally very difficult) case, with a 
“picture-frame” crystal, the change of magnetization 
has been quantitatively correlated with the observed 
boundary movement (Williams and Shockley). On the 
theoretica] side, boundary energies and widths have 
been studied (Néel, and more recently Lilley9) and also 
the dynamics of the boundary movements (Néel, 
Kittel, and others). Most of this work has been fully 
reviewed elsewhere. Although so much more is now 
known than, say, ten years ago, there are still many 
gaps and uncertainties. For example, fundamental 
difficulties are encountered in attempting to make any 
but the roughest theoretical estimates of the absolute 
value of boundary energies, and experimental estimates 
are indirect and uncertain; and even for simple domain 
patterns, whose form is in accordance with theoretical 

calculations, the spacings as measured often differ by 
a factor of two or more from those given by the un- 
avoidably somewhat idealized theory. 

The complexity in detail of the powder patterns ob- 
tained when the conditions are other than the very 
simplest (i.e., with single-crystal specimens and with 
the surfaces examined close to well-defined crystallo- 
graphic planes containing at least one easy axis) sug- 
gests that theoretical treatments of ordinary magnetiza- 
tion curves, in the boundary movement ranges, must 
at present, to be useful, be of a somewhat general type 
rather than of a type which takes cognizance, explicitly, 
of the details of the elementary processes involved. 

Usually, over the initial part of a magnetization 
curve, the magnetization is reversible over a limited 


range, and ^ а 
ЯР = кН. 
It Mllows at once from 5) and (7) that over this 


-range 


ЖЕРЕ 
ж 


(15) 


САО-г af ину f Hal, 


Ko) (ж) ат), = 2a/. Since (dko/dTT) 
adiabatic i increase Of field is accom- 


STONER 


^ А 
panied by cooling, as for rotational changes. In low 
fields boundary movemegt results in a change of- 
direction of magnetization vectors from one easy direc- 
tion to another, more favorably orientated with re- 
spect to the field. The effects indicated by (15) may be 


in part attributed to slight differences in the energy ^ 


associated with orientations along different ideally 
equivalent easy axes (so that the atomic interpretation 
of the effects would be the same as for ordinary rofa- 
tional changes), and in part to the hindrances „to 
boundary movement due to local irregularities. There 
is no generally applicable method of making a priori 
calculations of the coefficients in (15). 

Beyond the very limited initial reversible range, re-^ 
versible and irreversible boundary movements are 
superposed. Recent experimental work оп the deter- 


mination of the reversible susceptibility over the whole ` 


of the magnetization curve will be described in the next 
section. From such a determination, in conjunction with 
the magnetization curve, it is possible to find the irre- 
versible contribution to the change of magnetization, 
that is, in ordinary materials, the contribution from 
irreversible boundary movements. Information about, 
the character of the elementary irreversible changes 
can be obtained from experiments on the Barkhausen 
effect, which are also described. It will be convenient, 
therefore, to give further consideration to reversible 
and irreversible boundary movements in the next sec- 
tion rather than here. 


IV. EXPERIMENTAL INVESTIGATIONS: MAGNETIC 


With a view to illustrating the kintl of ‘‘supple- 
mentary” magnetic investigations which are of value 
in the analysis of magnetization curves, a brief outline 
will be given in this section of some recent experimental 
work at Leeds by Tebble and others on reversible sus- 
ceptibility and the Barkhausen effect. When it became 
possible to include experimental work on ferromag- 
netism in the research program of the Physics Depart 
ment at the University of Leeds some few years ago, 
the study of the Barkhausen effect was an almost obvi- 
ous choice, for little work was being done on it else- 
where, and indeed comparatively little had been done 
on the ordinary effect since the classical investigations 
of Bozorth and Dillinger (1929-32), which left many 
questions unanswered. In connection with this work, 
it became necessary to measure reversible suscepti- 
bilities, for which improved methods were developed. 
For the kind of analysis in view here, reversible sus 
ceptibility measurements are of more direct importance 
than those on the Barkhausen effect, and they will 
therefore be considered first. 


Reversible Susceptibility TE 


It is well known that the differential suceptibility, 
as measured by the slope of the magnetization curve 
at a particular point, may be separated into reversible 
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and irreversible components such that 
es . 


. ; Е ка= Ket күт. (16) 
The сопуеп опа] definition of к, corresponds to 
3 ‚к,= lim (AJ/AH), (17) 
* AH—0 


LJ 

where the field increment AZ is in the opposite direction 
to the last ihcrement of the field bringing the specimen 
to*the point (/, H). Experimental methods for measur- 
ing к, based directly on (17) are tedious and inaccurate. 
It is usually supposed that the same reversible sus- 
*ceptibility is measured by the use of alternating fields. 
The methods developed by Tebble and his collaborators 
(1950 onwards) involve,essentially the measurement 
of the mutual inductance of two coaxial coils with and 
without the specimen under test as a core. Measure- 
ments were made with various amplitudes of the alter- 
nating field. Over most of the steady field range the 
limiting value of x, for the materials examined did not 
differ significantly from that for an amplitude .of the 
order 107? oersted, which was ordinarily used in the 
ework. 

- In the first method the mutual inductance was meas- 
ured by an inductometer bridge arrangement, which, 
with amplification of the out-of-balance current, gave 
an over-all accuracy in measurements of x, of about 1 
in 1000. Some typical results are shown in Fig. 1. With 
results of this kind, the fractional part of the total 
change which is due to reversible processes may readily 
be found. An incidental result of the experiments was a 
demonstration that к, is not а unique function of the 
magnetization 7, as has sometimes been suggested. 
This is shown by Figs. 1(а) and 1(6), and that the 
suggested relation is not even a rough approximation 
was shown conclusively by measurements of к, at 
points within the main hysteresis loop; x, is, in fact, 
not а unique function of 7 except in the higher field 
fange where 7 is a unique function of Н. 

The method of measuring к, which has been outlined 
is capable of high accuracy, but the time required for a 
complete set of measurements is considerable. For 
many purposes a somewhat lower accuracy is adequate, 
and in making measurements at temperatures other 
than room temperature a method of recording (к, H) 
curves rapidly while the temperature of the specimen is 
held constant and measured accurately is particularly 
4lesirable. In a semi-automatic method which has been 
developed, а x,, H curve is traced out on an oscillo- 
Scope screen, and is recorded photographically. After 
applying the usual corrections, the measurements give 
kr values to an over-all acceracy of about 1 percent. 
For measurements abeve and below room temperature 
DEN чуна 


` IR. S. Tebble a; » 5. Soc. (Lond 
B53, 1005 (1930) and W.*D. Corner, Proc. Phys (London) 


753 GOS Corner, and Wood, Proc. Phys. Soc. (London) B54, 
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. Hysteresis Curves 
Hard Drawa Iron 
Decarburized гоп — -— 
Large Grained Iron 
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Decarburized Iron 
Large Grained гоп —— 


Fic. 1. (а) Hysteresis curves Гог hard-drawn iron, decarburized 
iron, and large grained iron. (5) Variation of reversible suscepti- 
bility x, with polarizing field H. 


suitable heated and cooled liquids are pumped through 
the specimen tube. 

The forms of the curves obtained photographically 
by this arrangement are the same as those in Fig. 1(b). 
Measurements have been made over a temperature 
range from —50°C to +200°C for annealed nickel and 
nickel under tension, with a maximum field of 100 
oersteds. The details of the к,, Н and also the к, 7 
curves at different temperatures present many interest- 
ing features, which are of obvious importance in con- 
nection with the question of the contributions to the 
reversible changes from rotational and boundary move- 
ment processes. These details cannot, however, be use- 
fully discussed in this paper. 


The Barkhausen Effect 


In the “experimental work started by Bush and 
Tebble? and carried further by Tebble and others, the 
aim has been to develop a method for determining the 
number, size distribution of Barkhausen discont*tuities 
over the whole, or any part of а magnetization curve- 
between specified field limits. A slowly changing field is 
applied to the specimen, and the discontinuous changes 
in magnetization are detected as voltage pulses induced 


in a search coil wound round the specimen. These, 


pulses are amplified and can befdisplayed on an oscillo- 


XH. D, Bush and В. S. Tebble, Proc. Phys. Soc. (London) 60, -~ 


370 (1948). 
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are given in Figs. 1 and 2) are shown in Fig. 3, and $ 
made to the original paper.” It is necessary that the some numerical details for this material and for an- 
dimensions of the search coil in relation to those of the jealed nickel are given in Table I. c 
specimen should be such that equal elementary changes Curves such as those of Fig. 3 provide a very search 
of magnetic moment in апу part of the specimen should ine test of the experimental methods. Too much atten- 
| induce equal voltage pulses in the coil. In connection  ,.^ : : ЕЯ 
E 3 : MEUS tion should not be paid to the (417/4Н)в curve lying in 
with this (and also with the process of calibration by Е Е 3 
the use of a small current-carrying coil placed axially pani aboye шаг Өв шон, бав AOE Би 5. 
in the search coil) a rigorous theoretical investigation serous discrepancy is attributed ш the main uo Mg. м 
has been made of the flux distribution of a magnetic relatively large errors which may arise in the differ- 
dipole in a cylindrical specimen.” entiation of experimental curves even when the errors 
In the experiments under review the minimum dis- in the experimental points are relatively small. The 
continuous changes of magnetic moment which could figure is believed to give a fair impression of the order 
be detected with reasonable certainty above the noise of magnitude of the incidental uncertainties which 
level were about 0.3X10-5 emu (corresponding to arise in comparisons of this kind. The numbers in 
2 0.74X 105 atoms Os a volume of 0.87 X 107 10 "Table T indicate that for hard-drawn iron nearly the 
ст? in iron, and to 2.6X 10° atoms or 3.1107 стіп whole of the directly measured change of magnetization 
эвсэн r should be mentioned that the time required js accounted for as the sum of the reversible changes 3 
а ae ing approaching a complete investigation of à (as determined from the reversible susceptibility) and 
gle specimen may be several months. This is because the Barkhausen discontinuiti КОП d-(with 
the number of countable discontinuities in a half-cycle еее © 
is very large (of the order of 107 for the specimens of iron 5 Ў 
used), and to minimize overlap effects the rate of change | 
of field must be very small (of the order of 10-4 oersted I 
sec in these experiments). А ! 
The primary results give the number of discontinui- Ss 1 
ties over the chosen Н range above а minimum size fixed 5 t 
| by the discriminator-setting. From the results for Ej p 
З differ&t settings, corresponding to different minimum = 5 


= @rves (i.e. 


8 Ч Е. С. STONER d AM. 
20 4 continuous change of magnetization per unit АМ range ‹ 
4 ° against AM). Examples ofa these’ curves are shown jp = 
PID sm l'ig. 2. The distribution curves ате all quasi-exponentia| . 
х zz in character, and their general form appears-to be much 
Zio < 2 Us the same for particular sections of the magnetization 
> z4 curve as for the whole range examined. The noise leve] ^ 
Ves Ал sets а lower limit to the value of AM for which the 2 
х men] sd counts may be regarded as reliable. With a contribu. 
o ` | 0 tion curve such as that for hard-drawn iron, a plausible 
AM x10¢ 


Tic. 2. Distribution and contribution curves for Barkhausen 
discontinuities in hard-drawn iron. АМ, change in magnetic 
moment corresponding to discontinuity. №, number of discon- 
tinuities per cm’. AJr, total change in magnetization. 


scope for visual observation or photographic recording, 
or passed through an amplitude discriminator to a 
counting unit. For an account of the many subsidiary 
experiments and calculations carried out in connection 
with the detailed design of the later form of the ap- 
paratus hi attempting to insure reliability of counts 
over as wide a size range as possible, reference must be 


-values of AM, the change in magnetic moment, curves 
giving the number, size distribution (dV/dAM against 
АМ ) may be obtained; multiplication of the ordinates 
of these curves by AM then gives contribution, size 


., curves giving the contribution to the dis- 
е 
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extrapolation may be made to zero AM, but for most 
of the materials examined the contribution curves, like 
the distribution curves, are quasi-exponential over the 


experimental range, and there is no soundly based 


method for extrapolating the curves to lower values of 
AM. It is, however, a simple matter to estimate the 
contribution (dI/dH)s from BRrkhausen discontinuities 
above the minimum AM for which reliable counts may 
be made to the total change of magnetization with 
field (dI/dH)r. As an illustrative example, the results 
obtained for hard-drawn iron (for which other curves 


5 
H н. 


wo 


THE 


AM 7 0.3X 1077). The deficit of some 6 percent may 

e plausibly be attributed to the smaller discontinuities 
* For annealed, nickel (see Table I) the difference of 
nearly 40 percent between ДГ’ and the sum of the 
actually “observed” A5 and АЛ, is much greater 
. than for hard-drawn iron, and for а single crystal iron 
specimen, subsequently investigated,? a still greater 
diffesence has beén found. At least part of the differ- 
ence may be accounted for by the contribution from the 
uncounted small discontinuities, but in addition to this 
errors may arise in the counts for some of the ma- 
terials owing to the occurrence of discontinuities in 
"bursts." One discontinuous change may trigger a 
number of others, so that a succession of discontin- 
uities occurs in a very short time interval which is 
independent of the rate ef change of field. In the design 
of the apparatus particular attention is given to the 
optimum relations between the time constants of the 
coil, amplifier, and discriminator systems and the decay 
time of the eddy currents in the specimen associated 
with a discontinuity, and the arrangement is such that 
reliable counts can be made at a rate of the order of 
1000 per sec for regular or randomly distributed single 
* discontinuities. It seems inherently impossible to ob- 
¢ain accurate counts of the individual components in a 
burst. Fortunately the occurrence of bursts is mani- 
fested visually and audibly in the scaling unit and 
recorder with slow rates of feld change, and is also 
. obvious on oscillographic records. It was, for example, 
not apparent for hard-drawn iron, but very noticeable 
for large-grained and single-crystal iron. For the first 
material, the curves derived from the experimental 
counts show quantitatively that practically the whole 
of the difference between the total and reversible 
changes in magnetization, AJr and Arev, is due to the 
irreversible changes associated with Barkhausen dis- 
continuities. There can be little doubt that this is so 
in all cases, but that in materials for which the burst 
phenomena are prominent the actual number of dis- 
*continuities may be significantly greater than the 
number counted in the experiments. Even then the 
distribution and contribution curves are believed to be 
substantially accurate for the larger values of AM (say, 
AM 10-5), for in a burst it will be mainly the smaller 
discontinuous changes initiated by a larger one which 

are missed. 3 

The mean, or weighted average value of АМ can 
perhaps best be taken as the value above which the 
discontinuities account for half the total discontinuous 
5 magnetization (ie., 3(AI т— А1Пеу)). For hard-drawn 
iron this mean value is AM = 1.6X 10-5 (corresponding 
to a minimum of 6.5X10" atoms or a volume of 4.6 
X10-1* cm’). For large-grained iron the mean value is 
about half as great, for annealed nickel about а quarter 
(through the corresponding volume here is about the 


2 V. L. Newhouse, thesis, Leeds, 1952. A paper on this work is 
in preparatiop. 
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TABLE I. Contribution: of Barkhausen discontinuities and 
reversible processes (Д/в and Alyy) to the total change in 
magnetization. 


Limits 


1 Contributions (and per- 
of AM 


centage of AIT) 


Material IT range (10-8 ети) А/т АТв Alry AM p-- А [тои 
Hard-drawn iron +186 03—35 2150 1844 180 2024 
2 2 (86) (8.4) (94) 
Annealed nickel 14.9 0.3-42 700 326 115 441 
. (47) (16.4) (63) 


same as for hard-drawn iron). The volumes correspond- 
ing to these discontinuities in magnetization are very 
much smaller (by a factor of the order of 10*) than the 
volumes of the primary domains, as revealed by powder 
patterns, in single-crystal and large-grained material, 
though they are comparable in size with the smaller of 
the secondary domains (of the closure type, or associ- 
ated with inclusions). Since the Barkhausen discon- 
continuities may account for the greater part of the 
change of magnetization where boundary mpvement is 
predominant, they cannot be due solely to changes in 
the secondary domains, but must be associated mainly 
with the movement of the primary domain boundaries, 
in particular of the 180° boundaries. The usual mini- 
mum energy conditions do not preclude wrinkles or 
corrugations in these boundaries (as distinct from 90° 
boundaries), provided that the corrugations run parallel 
to the direction of magnetization.” The state of mini- 
mum energy may therefore be attained by small scale 
variations of curvature conditioned by the localized 
strains, inclusions, or irregularities of composition and 
the associated disperse fields without seriously affect- 
ing a large-scale planeness. It is suggested that the 
Barkhausen discontinuities arise mainly from the 
continuous localized readjustments or jerks accom- 
panying (and indeed constituting) the movement of the 
180° boundary as a whole. The details of the individual 
processes involved have been worked out in certain 
idealized cases, and the usual formal theory of irre- ' 
versible boundary movements can be taken over at 
once, though the detailed picture is different. 

With small-grained materials the Barkhausen vol- 
umes may be comparable in size with the individual 
grains, and considerable caution would be necessary 
in extending the interpretation „just outlined to these 
materials. A discussion of this particular aspect of the 
general problem cannot, however, usefully be taken up 
here. 23 == 

Whether ог not the general.type of interpretation 
suggested is correct, these studies of the Barkhausen 
effect have provided quantitative knowledge about ele- 
mentary irreversible processes which will be invaluable 
as a background to constryctive thinking about the 
individual processes, and abo about the- aggregate 
effects as manifested in the over-all irreversiblé chánges 

ong 4 magnetization curve. à 
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V. EXPERIMENTAL INVESTIGATIONS: 
MAGNETOTHERMAL 


Change of Temperature with Change of Field 


'The importance of studies of the magnetocaloric 
effect (the change of temperature accompanying adia- 
batic change of field) in low and moderate as well as 
in high fields has already béen indicated. The experi- 
mental work, which has been surveyed elsewhere," ? will 
not be considered here, as it will be dealt with in the 
paper contributed by Bates, who is responsible for most 
of the recent work and whose papers may be consulted 
for full details. It will be sufficient to recall that, if 
accurate estimates of dT/dH are to be made from the 
observed values of AT/AH in the lower field ranges, 
where 7 and dI/dH may change rapidly with H, the 
increments AH must be small; a lower limit is set by 
the many difüculties in measuring small temperature 
changes. It seems unlikely that there will be any sub- 
stantial and useful increase over the highest sensitivity 
which has been attained, of 1 scale division for a tem- 
perature change of about 5X 107? degree (corresponding 
to a heat developed of about 200 erg cm 3). This in it- 
self is a remarkable achievement. The minimum field 
change necessary to give a reliably measurable tempera- 
ture change varies with the material and field range, 
but inspection of the curves given in the next section 
shows that it is seldom likely to be less than 5 or 10 
oersteds. The Q' curves in Figs. 5-8 show the general 
character of the results that have been obtained. 


Change of Magnetization with Temperature 


'The magnetocaloric measurements give the tempera- 
ture change (or the heat developed) in aH the super- 
posed processes contributing to the change of mag- 
netization, and one of the main obstacles to a more 
detailed interpretation of the results in the lower field 
range is the difficulty of estimating separately the con- 
tributions from reversible and irreversible processes. 
'This was emphasized in the course of a discussion of 
magnetothermal effects? where it was shown that in 


* . e e 

‹ Fic? 4.°Typical results of magnetometer experiments showing 

variation of intensity of magnetization with temperature. Ay- 
C. Р 


nealed nickel, H=1.40 oersteds. (AT) max=20 
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the extensive series of magnetocaloric measurements 
of Okamura (1936) the method used for estimating . 
separately the reversible and, irreversible heat de- 
veloped was unsound, and that it could lead at best to 
only a very rough qualitative indication of'the general 
trend of the separate heat changes. It was suggested . 
that the required information might be obtainable from 
measurements of x,, H curves over а range of tempera- 
tures, but further consideration has shown that this 
argument too was defective. A solution of the problem 
has been found, in principle, in the direct application 
of the thermodynamic relation (7), or (12), namely, 


Goo. m 


A 


e 

'This equation relates the reversible part of the heat 
change accompanying adiabatic change of field with 
the reversible change of magnetization with, tempera- 
ture at constant field. Thus if (AZJ/AT) can be deter- 
mined with increments of Г sufficiently small that the 
change is reversible, the corresponding value of (90'/ 
ӘН), can be derived. By measurements at different 
values of H, the value of (AQ’), over any part of the ^ 
range can be obtained, and if magnetocaloric measure- 
ments of AQ' have been made, the reversible and irre- 
versible contributions in 


AQ' эж AQ,/+ АО 


are separately determined. 

Suitable experimental methods for making the neces- 
sary measurements have recently been developed and 
applied in a detailed investigation of annealed nickel.” 
There is, of course, no difficulty in principle in deter- 
mining (807/9T)5 in the higher fields (i.e., well above 
the hysteresis range), as it is merely necessary to de- 
termine the ordinary magnetization curve with suff- 
cient accuracy at a number of different temperatures. 
In the lower fields, where 7 is not a unique function of 
H and T, this procedure does not give the required 
results. It is necessary to start at the point on a ‘mag- 
netization curve at which (87/87); is required, and to 
measure the change of J as the temperature is changed. 
А magnetometer method is clearly indicated. Some 
curves obtained with the standard type of arrangement 
are shown in Fig. 4. With the change of temperature 
of the order of 20°С at a field of 1.40, well above the 
coercive field for this particular specimen (about 0.2) it 
15 apparent from the large temperature hysteresis that , 
most of the change of magnetization is irreversible. 
Experiments on the Barkhausen effect accompanying 
change of temperature have given similar indications,” 
even qualitative observations enabling a useful esti- 
mate to be made of the relative degrees of ‘irreversi- 
bility in different changes. From the work on revegsible 


(15) 


13 ТеБЫе, Wood, and Florentin, Р ОРЬ . Soc. "io 
be published (1952). ane ae Soe 


M V, L. Newhouse, Proc. Phys. Soc. (London) A65, 325 (1952). 
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susceptibility," the magnitude of AT within which the 
° change is effectively reversible can be found; from this 
and a rough knowledge of (97/07)и the corresponding 
magnitude of АТ can be estimated. In the range of 
special interest it is of the order of 1°C, and the experi- 
* mental problem is therefore that of devising a method 
of measuring the corresponding small changes of in- 
tensity. With the standard arrangement used in ob- 
taining the curves of Fig. 4, the over-all sensitivity was 
1zmm magnetometer scale deflection for a change AZ of 
0.38 emu. An increase in sensitivity by about 20 is 
required to enable reliable measurements to be made of 
(91/9Т) in the range 0.4 to 0.04. 

'The essentials of the arrangement finally adopted 
are as follows. Two “identical” specimens were mounted 
within identical magnetizing solenoids, connected in 
series opposition, and placed equidistant from the mag- 
netometer. The temperature of one specimen was kept 
constant by a flow of water, that of the other raised or 
lowered by a controlled flow of butyl alcohol, heated 
or cooled. The specimens, about 40 cm long, were ac- 
curately prolate spheroidal in shape, with an equatorial 
diameter of about 0.4 cm. (This has the double ad- 
vantage that the intensity is uniform, and that, as the 
field at an external point can be exactly calculated, the 
magnetometer may be close to the specimen.) The mag- 
netometer was an astatic modification of the Sucksmith 
herizontal suspension type. An over-all sensitivity of 
up to 1-mm scale deflection for a change A7 of 0.020 
emu could be used. With the specimen at the same 7, 
Н point as in Fig. 4, the change of 7 with T was found 
to be reversikle and linear over the maximum range of 
1.3°C, with (АГ) „ах about 0.16, and reliable readings 
could be taken at intervals of about a tenth of this 
range. 

The above details are very incomplete, but they are 
given to show that while it is quite practicable to make 
measurements of (0//9T),« over the low field range of 
а magnetization curve, considerable care is necessary 

"if reliable results are to be obtained. A presentation and 
discussion of some of these results will be included in 
the next section. 


° 


УТ. THE ANALYSIS OF MAGNETIZATION CURVES: 
ILLUSTRATIVE RESULTS 


The low field magnetic properties of ferromagnetics 
are strongly structure sensitive. Ideally, therefore, if 
the results of different types of experiment are to be 
utilized in the analysis of the magnetization curves of a 
particular material, the experiments should all be made 
with the same specimen. This is not entirely practi- 
cable, as specimens differing in dimensions are required 
for the different investigations, but with cooperation 
between the different experimentalists, it can be suffi- 
ciéntij» nearly attained by the use of the same material 
'subjected to the same thermal and mechanical treat- 
ments; the most sensitive criterion of similarity being 
the magnetjzation curve itself. Most of the work so far 


= 
2 


has been carried out without having clearly in mind 
the requirements to be fulfilled if the different results 
are to be satisfactorily linked together, and usually 
only one or two sets of data are available for each par- 
ticular material. For this reason it is not possible to 
illustrate the full scope of the type of analysis envisaged. 

In the different investigations, however, the materials 
used have often been sufiiciently similar magnetically 
(sometimes by deliberate choice) that useful cross 
comparisons can be made. Following the historical 
course of development of the general scheme, an account 
will first be given of the partial analysis which can be 
effected by utilizing magnetization curve and magneto- 
caloric data, and the manner in which this analysis can 
be made more complete by utilizing other data will 
then be outlined. 


Magnetization Curves and Magnetocaloric Data 


In the method of analysis introduced by Stoner and 
Rhodes, the heat developed in an adiabatie change of 
field from an appropriate initial value Но to H is ex- 
pressed by 


0-а аи) она, (20) 


where the lower and upper limits of the integrals corre- 
spond to Ho and H. The first term corresponds to change 
in intrinsic magnetization (see Eq. (13)), and the co- 
efficient a can be calculated from Io and d/o/dT (see 
Eqs. (12) and (13)). Since a is known, or determinable, 
with considerable accuracy, it is convenient to subtract 
this part of the contribution to the experimental Q’ 
and to consider the remainder, Q", where 


Q"-Q'—a if d(IH)= if 04 (21) 


The coefficient b” is essentially experimental and 15 to 
be determined from the Г, H and Q”, И curves from 
the relation 


b= (1/Н)(дО”/4гу=еАО”/ А Ї наг, — Q2) 


using increments as small as is consistent with the 
avoidance of nonsignificant irfegularities due to the 
inevitable scatter of the experimental points. If the 
change in magnetization comesponding to О” were 
entirely due to reversible rotations in е^ Таќига! 
anisotropy fields of the.crystals; b” would be constant 
and equal to b as calculated from the crystal anisotropy 
constants (see Eq. (14)). In general, b” will differ from 
b owing to internal strains and other irregularities, and 
also it will vary with H, particularly over ranges where 
irreversible changes are preddfninant.»A comparison of 
/' with b may then give some indication, of thé state of 


tne material and the nature of the elementary mag-^ 
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Fic. 5. Magnetocaloric effect in annealed Armco iron. Data for 
curves (1) and (3) from Hardy and Quimby (1938). Q', heat de- 
veloped. О”, heat developed less that due to change in intrinsic 
magnetization. 5— AQ"/AJ^HdI. Circles, values derived from 
smoothed orves. Crosses, values from experimental points. 


netization processes occurring. The “ideal” values of a 
and b and some other data for the ferromagnetic ele- 
ments are given in Table II, and the results of repre- 
sentative analyses are shown graphically in Figs. 5-8. 
As the curves of Figs. 5, 6, and 7 have been fully 
discussed elsewhere? mention will be made here of only 
a few of the main points. It becomes evident on con- 
sidering the curves that the greater part of the adia- 
batic temperature change accompanying magnetization 
can be accounted for by a superposition of two effects: 
the reversible heating (on increase of field) associated 
with increase of intrinsic magnetization, and the re- 
versible cooling (on increase of field) associated with 
rotations of the domain magnetization vectors in the 
local anisotropic field. (It should be noted that over a 
half-cycle, starting from |Hmax| as Но, a "cooling" 
effect gives a positive Q’, or Q”, in the low field region 
and conversely.) In cobalt the rotational effect is pre- 
dominant. The other extreme, in which the intrinsic 
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effect is predominant is represented by certain alloys, 
in which, particularly when the.Curie point is not (ар 
above the temperature of the. experiments, relatively 
enormous heating effects have been obtained (e.g., for 
Monel metal, 70 Ni, 30 Cu in a half-cycle with 18.3] 
about 360, — Q' exceeds 100X 109). For iron and nickel- 
the component heating and cooling effects are of the 
same order of magnitude, the resultant effects are 
small (and hence difficult to measure), and the experi- 
mental Q' curves show an extraordinary diversity for 
closely similar materials, and also for the same ma- 
terial taken over half-cycles with different limits. 

The values of b” obtained from the experimental re- 
sults are in many cases reasonably constant over a field’ 
range in which the change of magnetization would 
ordinarily be assumed to be due to reversible and pri- 
marily rotational processes. The mean values of — 6” 
from the initial Imax to /;«» for Fe, Co, and Ni (Figs. 
5-7) are about 0.30, 2.0, and 3.7 as compared with 
calculated values of 6 (at the temperatures of the ex- 
periments) of 0.63, 1.3, and 5.9. (It should be noted 
that the temperature of the specimens was about 41°С 
in the experiments of Hardy and Quimby, and about 
20°C in those of Bates.) Over the constant b” range be-^ 


e 


TABLE П. Data for ferromagnetic elements at 290°K. a= — (Т/ 
Io)(dIo/dT). b=(T/k) (dk/dT). AQ’, energy change, erg cm™, cor- 
responding to temperature change AT. 


(AT/AQ^) 
Io X1073 a X10? =b X108 
Ee 1.72 3.4 0.58 2.83 
Ni 0.48, 14.3 4.5 2.56 
Co 1.42 0.83 is}. 2.62 


tween about 50 and 200 oersteds in Fig. 8, the value of 
b” of about 4.7 agrees almost exactly with the calculated 
value of 4.5 for 6. When it is borne in mind that by the 
method of treatment of the results experimental un- 
certainties are all concentrated in b”, and that owing 
to the uncertainties in the values of the crystal con- 
stants! the calculated values of b may be in error by 
20 percent or more, the agreement as to order of mag- 
nitude of b” and 6 must be considered satisfactory. The 
differences, however, even in the quasi-constant ranges, 
are probably significant and may be tentatively at- 
tributed to residual strains even in annealed materials. 
It has been shown? that the effect of such strains is to 
reduce the effective numerical value of b in nickel, but 
in general not even a rough estimate of the effect can. 
be made owing to the absence of reliable data. on the 
crystal magnetostriction coefficients. 

In low fields the striking variations of b” may be 
taken as an indication of the occurrence of irreversible 
processes, and little progress can be made in analyzing 
this part of the magnetization curve unless the reeétsible 


ke and irreversible heating effects can be separated (see 
Fic.. б. Magnetocaloric effect in annealed cobalt. Data for + below). The decrease in the numerical value of b” in 
_ curves (1) and (3) from Bates and Edmondson (1947). high fields, apparent in Figs. 7 and 8 for nickel, occurs in 
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Fic. 7. Megnetocalorig effect in annealed nickel. Data for 
curves (1) and (3) from" Hardy and Quimby (1938). 


a reversible range, and raises an entirely new problem. 
Although accurate estimates of b” cannot be made in 
the higher fields without precision measurements of the 
magnetization curves, the systematic decrease in |b] 
cannot be attributed to uncertainties arising for this 
„геазоп. In connection with Fig. 7, it was suggested? that 
the decrease might be due to a relative increase in 
higher fields in the contribution from crystal grains 
with higher strain anisotropy and numerically smaller 
b. It does not seem possible, however, to account for 
very small values of b” in this way (an estimated lower 
limit!® to —b” is 0.27), and it is still less possible to 
account for а change of sign, such as is shown in the 
highest fields in Fig. 8. The basic fact is that in the 
higher fields the rate at which heat is developed with 


Fic. 8. Magnetocaloric ef- 
fect in annealed nickel. Data 
for curves (1) and (3), from 
Bates and Davis (1950). 
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15 P. Rhodes, unpublished. X 
16 К. L. Hunt (to be published; 1952). 
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change of field dQ'/dH approaches and eventually ex- 
ceeds the calculated rate due to change in intrinsic 
magnetization dQ//dH. In other words, unless the 
calculated dQ//dH is much in error, which there is 
no reason to suppose, there is an additional heating 
effect other than those so far considered which may 
exceed, numerically, the coiling effect associated with 
rotational processes. Two possible processes have been 
suggested. One is the quasi-paramagnetic re-orientation 
of the moments of “small domains,” which provides a 
possible explanation of an otherwise unexplained excess 
in the value of d//dH in very high fields.!5 The other is 
the gradual *fading-out" of domain boundaries as the 
directions of magnetization on either side become more 
nearly parallel. Either of these processes would lead to 
an increase in the effective value of the coefficient а, 
which preliminary calculations show could be of the 
required order of magnitude over the relevant ranges of 
magnetization curves. Much more theoretical and ex- 
perimental work will, however, be required before 
definite conclusions can be reached. 


Variation of Magnetization with Temperature 


From suitable measurements on the change of mag- 
netization with temperature in constant field it is 
possible, as described in Sec. V, to derive values of 
(90’/9Н) s [see Eq. (18) |, so that in principle the ther- 
mal changes associated with reversible and irreversible 
processes can be separated. Some results obtained by 
Tebble et al." for annealed nickel are shown in Fig. 9. 

That the curves 1a and 1b do not join smoothly is 
probably attributable mainly to incomplete reversi- 
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Fic. 9. Reversible and total magnetocaloric effect in annealed 
nickel. (20'/9Н), erg cm™ oersted !. 1. (0Q'/8H)s (isentropic) 
derived from (Т/Т)н for nickel 2. 1а. (19 25:::2050(92:510:2(1)) шах 
=1.3°C. Data from Tebble, Wood, and Florentin (1952). 2. (907/ 
ЭН)о (adiabatic) from direct measurements for nickel 1. Data 
from Bates and Davis (1950) (for 7, Н curves see Fig. 10). 


bility of the change of J with T with a maximum value 
of AT of 20°C even in fields greater than 100 oersteds. 
The “annealed nickel” of Tebble was sufficiently similar 
(see Fig. 10) to that of Bates, for which the magneto- 
caloric results are shown in Fig. 8, for а comparison of 
the two sets of results to be significant at fields well 
above the coercive fields (about 0.4 and 2.0, respec- 
tively). The close agreement between the curves (1) 
and (2), obtained by totally different methods, for 
fields greater than about 60 oersteds, where the changes 
are predominantly reversible, confirms the general theo- 
retical treatment, and indicates, in a striking way, the 
general reliability of the experimental results. The 
divergence of the curves below 60 oersteds is to be 
associated with the rapidly increasing effect of irre- 
versible processes. 

The heat developed reversibly over the range from 
Н---50 to Н=-50 is shown by the Q’rey curve in 
Fig. 10. The total heat developed, О’, over this range 
(taken from Fig. 8) is also shown. The difference between 
the two curves gives approximately the heat developed 
in irreversible processes. 

By allowing for the contribution to (90//9Н),., from 
the changes in intrinsic magnetization, a value of b” rey 
may be obtained in which the effect of irreversible 
changes is eliminated. When к, is known, a convenient 
formula is 


, 


(dQ'jev/dH) — а(1--к,Н) 
Д кН 9 


2 


==? b VV (23) 


The so calculated values of 5",,,, which should corre- 

spond only to reversible rotations and boundary move- 

ments, are shown in Fig. 10. Approximate constancy of 

this "reversible" b” ise maintained down to about 

Н=5 aes than to aout H=70 as for b" in Fig. 9. 
ee 
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over the whole of this range, suggesting that reversible 
movements of a domain boundary are thermally equiva-. 
lent to reversible rotations of the magnetization vector 
in a domain. Owing to the rapid variation. of J with H 
for fields between — 2 and 4-2 oersteds for this materia] 
(H,7-0.36), the values of b”rev in this range are very- 
uncertain, and too much weight should not be attached 
to the curious variations шанага by the curve.^ 
Although the ascending and descending branches of 
the hysteresis curve practically coincide for |5 |> 20, 
it is apparent from Fig. 10 that thermal effects associ- 
ated with irreversible processes are spread over a con- 
siderably wider range. Along the ascending branch of 
the curve, the irreversible changes result in heating 
(positive gradient of the Q’inev curve) up to the region 
of the coercive field, and thereafter in cooling. (The net 
irreversible effect over a complete ascending curve is a 
heating corresponding to half the “hysteresis loss," but 
for this particular material the maximum value of Q' 
greatly exceeds the net heating over the half-cycle.) 
There is, of course, no general thermodynamic reason 
for expecting an irreversible change to be accompanied 
by heating rather than cooling, and these experiments 
show quite clearly that the thermal changes associated. 
with irreversible magnetization processes are neither 
necessari positive nor wholly irreversible. In fact, 
the major part of the thermal change associated with 
irreversible processes for annealed nickel is reversible, 
and the sign and magnitude of the effect indicate that 
the associated change of internal magnetic energy [see 
Eq. (5) ] is mainly due to the change of direction of the 
magnetization vectors in the local anisotropic fields. 
The above short discussion shows that potentially by 
combining the results of magnetic and magnetothermal 
investigations much information can be obtained about 
the details of the elementary processes occurring along 
the course of a magnetization curve. A fully quantita- 
tive analysis of the lower field regions cannot, how- 
ever, be usefully undertaken until the various experi- 
ments are made with essentially the “same” material. 


VH. SUMMARIZING DISCUSSION 


The theme of this paper has been magnetic and 
magnetothermal investigations, the results of which 
can be linked together to give information about the 
processes contributing to the chánge of magnetization 
with field along the magnetization curves of ferro- 
magnetic materials. The basic question being asked is, 
"What are the elementary processes occurring, and 
with what relative and absolute magnetic and thermal 
effects, at each stage in the course of the change of the 
bulk magnetization?" An inquiry of this kind could 
not be undertaken unless much was already known 
about the main elementary processes from moxe«direct 
experimental investigations and &heoretical studies; for 
а quantitative treatment, moreover, the spontaneous 
magnetization 7o and the crystal anisotropy and 
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. e. 
magnetostriction coefficients must be known and also 
. . z : 
ethe variation with tenrperature of each of these. 
Reference has been gnade to five types of experi- 
mental investigation, the results of which have been 
utilized in such partial analyses as have been presented : 


(1) The variation of 7 with И at const 
the ordinary magnetization curves. 

(2) The reversible susceptibility «,. 

63) The magnetocaloric effect, that is, the change of tempera- 
ture accompanying adiabatic magnetization. The experimental 
restilts give effectively (9Т/9Н)о, or the corresponding heat de- 
veloped (90’/9Н)о. * 

(4) The reversible change of magnetization with temperature 
(91/9Т)н, which gives the reversible change of temperature, or 
*the heat developed reversibly with change of field, that is 
(90//811)в. A 

(5) The Barkhausen effect. The experiments give the size 
distribution of the discontinuities in magnetization above a cer- 
tain minimum size, and the contribution of these essentially irre- 
versible changes to the total change of magnetization over the 
whole or any part of the field range examined. 


ant temperature, i.e., 


In connection with (1) and the frequent use of the 
phrase “the magnetization curve” in this paper, it may 
be prudent to state explicitly that there is not a unique 

magnetization curve for any material showing hysteresis 

effects, but that it has not seemed necessary to enter 
here into either the subtleties of the defining conditions 
or the difficulties of accurate measurement. The curves 
mainly considered in illustration. have been the ascend- 
ing branches of hysteresis loops taken after the estab- 
lishment of cyclic conditions by the standard methods; 
but the general scheme of analysis would apply equally 
well to any reproducible type of curve. 

Measurements of к, (2) in conjunction with (1) will 
give the reversible component of the change of mag- 
netization over any part of the field range. 

The magnetocaloric measurements (3) give the ther- 
mal effects associated with the total change of mag- 
netization. Over reversible ranges conclusions can be 
drawn, from the sign and magnitude of the effect, 
about the contributions from the change in intrinsic 
magnetization and from other reversible changes, by 
far the most important of these, in the cases so far 
examined, being the rotations of the domain mag- 
netization vectors. The thermal effects associated with 
change in magnetization by change in intrinsic mag- 
netization and by rotational change are of opposite 
sign, and the remarkable diversity in the magneto- 
caloric curves for different materials is largely due to 
the different magnitudes and relative proportions of 
«these two effects. The presence of strain is qualitatively 
indicated by a deviation in the values of a characteristic 
coefficient b”, calculable from the experimental results, 
from the value of a coefficient б, which may be derived 
from the crystal anisotropye data. The possibility of 
giving a more quantitative interpretation of the ex- 

perimeftal results is dependent on further, ог more 
accurate data becomifig available for crystal anisotropy 
and magnetostriction. : ; 

Little progress can be made in interpreting the mag- 
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Fic. 10. Magnetocaloric effect in annealed nickel. О’, total 
heat developed from magneto-caloric measurements for nickel 1 
(I, Н curve broken) (Bates and Davis). Оу, heat developed in 
reversible changes, from measurements of (97/9Т)н for nickel 2 
(I, Н curve full) (Tebble, Wood, and Florentin). 0 irrev=Q’—Q'rev. 
b’ ey, effective thermal change coefficient, derived from Q'r.v. 


netocaloric results in the lower field ranges unless the 
thermal effects associated with reversible and irre- 
versible processes can be separately estimated. This is 
made possible by measurements on the reversible change 
of magnetization with temperature (4), from which the 
thermal contribution from reversible processes to the 
magnetocaloric effect can be derived, and hence also, 
if measurements of type (3) and (4) are made on the 
same material, that from irreversible processes. The 
reversible thermal effects even well into the hysteresis 
region are mainly associated with rotation of the do- 
main magnetization vectors. The thermal effects asso- 
ciated with irreversible processes may be of either sign 
and are not wholly irreversible. In the material which 
has been most carefully examined, annealed nickel, the 
main part of the thermal change, is that associated 
with the change in state, corresponding to the change 
in direction of the domain magnetization vectors or the 
magnitude of the intrinsic magnetization, and the 
strictly irreversible heating effect associated with the 
irreversible processes by which the change of state is 
attained is comparatively small. It is this residual 
effect which contributes to the net heating over a com- 
plete cycle, or half-cycle. 

The work on the Barkhausen effect (5) has shown that 
the discontinuities in magnetization are not in general 
due to spontaneous movements of primary domain 
boundaries as wholes, but to irtégularities on a smaller 
scale in the movement, particularly of 180° boundaries. 
It seems probable that 25 the field changes the bound-^ 
ary adjusts itself to its changing quasi-equilibrium 
position and maintains an approximate planeness by a 
sequence of sudden localized jumps of sections of the 
boundary, of magnitudes conditioned by localized 
irregularities. Itseems certain that аша! the whole of 
the irreversible change of magnetization is due to these 
Barkhaüsen jumps but that in all materials part of.the 
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irreversible contribution: must be attributed to dis- 
continuities below the minimum size for which reliable 
counts can be made, and in some materials the dis- 
continuities occur in part in rapid bursts and cannot be 
individually recorded. 

It can hardly be suggested that a thorough investiga- 
tion of the Barkhausen effect should be made for every 
ferromagnetic material. This is, indeed, unnecessary, 
for, although there are many special problems in con- 
nection with it which call for fuller examination, the 
recent work which has been outlined has gone far 
towards showing the character of the processes to which 
irreversible changes in magnetization may be at- 
tributed. The over-all irreversible change can be most 
readily obtained by the more direct determinations of 
the Г, Н curves (1) and the x,, Н curves (2). The two 
types of magnetothermal investigation ((3) and (4)) 
are, however, indispensable if an adequate analysis is 
to be made. As investigations of this kind make con- 
siderableedemands on experimental skill and on time, 
it is particularly desirable that there should be the 
closest cooperation between those engaged in such work 
in the choice of materials for examination. 

The information that can be obtained by combining 
the results of different investigations has been ex- 
emplified in Sec. VI. The analyses are, however, par- 
tial, and it will not be possible to assess fully the value 
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of the general method until more complete sets of re. 
sults are available for one and:the same material. Tt 
would be unwise to base general conclusions on the 
partial analyses for a limited number of materials which 
have so far been made. These partial analyses do, how- 


ever, show that by making measurements on the“ 


macroscopic behavior of ferromagnetic materials in 
two or more types of experiment, and combinifig the 
results in some such manner as that outlined, extensive 
information may be obtained about the microscopic 
processes taking place. An analysis of this kind does not 
of course, provide a theoretical “explanation” of the 
form and quantitative characteristics of a given mag- 
netization curve; but the prospects of a satisfying ex- 
planation will become much brighter when what is 
happening becomes clearer—Wwhen it is known, in short, 
what it is that has to be explained. 
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Heat Effects in the Magnetization of Silicon Iron 


А brief description is given of the method used by Bates and his 
co-workers which permits the measurement of the thermal changes 
which accompany the step-by-step magnetization of ferromag- 
netic metals. The method has now been used to examine the be- 
havior of 0.5 and 4 percent silicon iron in the untreated and an- 
nealed states when magnetized along the virgin curve and in 
cycles with fields up to 380 oersteds. In this work, some twenty 
copper-constantan thermocouples generate currents when a 

, magnetic field acting on the ferromagnetic specimen is changed 
and these are transmitted ballistically via a toroidal Mu Metal 
transformer to a highly sensitive moving coil galvanometer of 
long period. As the thermal changes in the present work were very 
small, a new technique had to be developed to deal with them. 
The measured thermal changes are plotted as functions both of the 
intensity of magnetization and of the effective magnetic field. 
The several errors and experimental difficulties, including asym- 
metry in thermal readings, stray induction effects, heating due to 
eddy currents, and thermal and electromagnetic disturbances ex- 
perienced during the measurements are briefly discussed, and the 
methods used to overcome them are briefly outlined. 

The results are examined in the light of current domain theory 


I, INTRODUCTION 


AN a series of papers," experiments on the thermal 
changes which accompany the magnetization of 
some ferromagnetic metals on making step-by-step 
changes in an applied magnetic field have been re- 
ported. The study has so far been confined to low and 
moderate fields, and the purpose of the investigations 
is to gain insight into the complicated hysteresis 
phenomena which exist in these regions. The behavior 
of iron, nickel, and cobalt and of many of their alloys 
have been described, and a resumé of the more im- 
portant results was given at the Grenoble Colloquium 
(1950) 7 In the present communication are reported 
*experiments made with specimens of silicon iron con- 
taining approximately 0.5 and 4 percent silicon, both 
in the untreated and in the annealed states. 

Ewing was the first to emphasize the smallness of the 
temperature changes which result on taking a specimen 
of iron of reasonable purity through a single hysteresis 
cycle, and it is now well known that if temperature 
changes are to be measured as a cycle is described with 
step-by-step changes in magnetic field, the recording 
system must be capable of detecting changes of the 

1L. E, Bates, J. phys. et radium 10, 353 (1949). 


2L, F. Bates, J. phys. et radium 12, 459 (1951). 
3L. Е. Bates and J. C. Weston, Proc. Phys. Soc. (London) 53, 
5 (1941). М 
Ор р, Bates and А. S. Edmongson, Proc. Phys. Soc. (London) 
5 1947). 
^ нэ ыг and E. С: Harrison, Proc. Phys. Soc. (London) 60, 
213 (1858). 
© St F. 182 айа D. В. Healey, Proc. Phys. Soc. (London) 55, 
188 (1943). \ 
1L. F. Bates and J. H. Davis, Proc. Phys. Soc. (London) 63A, 
1265 (1950). . 
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and a theoretical procedure developed by Stoner and Rhodes, in 
which the thermal contributiorg resulting from change in intrinsic 
magnetization, often described as tke magnetocaloric effect, is 
subtracted from the recorded thermal change, and the residue is 
considered in detail. Another procedure recently applied to results 
for nickel was also examined, but it was found inapplicable to the 
silicon iron data. An unusual depression or dip is found in the 
curves of thermal change plotted as a function of the applied field 
when the region of low field values is reached upon reducing the 
field from the maximum used in describing a hysteresis cycle. 
This observation provides evidence in support of Kittel’s theory of 
flux closure which Bozorth has used to explain the low remanence 
of such alloys which exhibit little magnetostriction and magnetic 
anisotropy and small internal strain. It is suggested that the 
strange depression may be correlated with some peculiar domain 
boundaries recorded by the Bitter powder technique on the (100) 
surface of a single crystal of silicon iron when it is demagnetized 
either thermally or in the above manner. These boundaries 
“wriggle” in an extraordinary manner which suggests that they 
separate regions either of flux closure in opposite directions or 
domains whose magnetization vectors meet head-on. 


order of 10-5 °C. The method used in the present work 
follows that described by Bates and Weston in 1941 
and will be only briefly outlined here. 

The specimen under investigation is usually in the 
form of a rod or stout wire, some 40 cm long and about 
0.5 cm or less in diameter. It is mounted symmetrically 
inside a vertical water-cooled solenoid which supplies 
the magnetizing field, while the vertical component of 
the earth's magnetic field is separately compensated. 
The magnetizing current can be varied in steps by 
connecting or cutting out resistances in parallel with 
the magnetizing solenoid, a choke of high inductance 
and low resistance being permanently in series with the 
supply from the mains, to avoid too rapid field changes 
with consequent serious eddy-current heating of the 
specimen. 

Attached to the specimen are the “hot” junctions of 
some 20 copper-constantan thermocouples, the “cold” 
junctions being close to, but not in contact with, the 
specimen. Each thermocouple has its own primary 
winding on a Mu Metal spiral care or transformer, the 
secondary winding of which is connected to a sensitive 
galvanometer of long period. The galvanometer scale 
distance is of the order of 8 fneters, and the ballistic 
deflections are observed with a.large telescope. When 
the field is changed, the temperature of the specimen 
changes by about 107° °C, and a current flows in each 
thermocouple circuit; the flux-through the secondary 
winding of the transformer changes and then remains 
constant for a short time so thet the galvanometer gives 
a ballistic deflection, after which the galvanometef-spot 
returns to its zero position. К 
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These deflections are calibrated by producing a са]- 
culated adiabatic cooling of the specimen by suddenly 
hanging a weight from its lower end, in accordance with 
the Joule expression 


AT -— —aTF/JpSA 


where АТ is the change in temperature which occurs 
when a tension Ё dynes is applied to a rod of coefficient 
of expansion a; specific heat is 5, density p, and area 
of the cross section 4, at the absolute temperature Т. 
It is usually more convenient to calculate the corre- 
sponding quantity of heat AQ expressed in ergs per cc. 
The magnetizing solenoid, 70 cm long, consisted of 
some 10 000 turns of No. 21 S.W.G. glass-covered wire 
wound in 15 layers on the outside of two concentric 
brass cylinders through which cooling water circulates 
at a maximum rate of over a liter per minute. The 
solenoid is energized from the 220-volt dc mains. 


or AQ=—aTF/A, 


П. PREPARATION AND MOUNTING OF SPECIMENS 


The silicon iron specimens were supplied as long bars, 
one inch in diameter, which were cut into four quad- 
rants. From these quadrants specimens were ground to 
shape by hand because of the brittle nature of the ma- 
terial. The final surface was not as satisfactory as those 
of specimens normally used in such work, and, since the 
specimens were not of strictly uniform diameter, the 
average diameter for use in the calculation of intensities 
of magnetization was therefore found by measuring the 
length of fine wire in a search coil of known number of 
turns wound tightly upon a specimen. 

‘The prepared specimen was attached by sockets and 
grub screws to a brass extension piece supported from 
the top of the solenoid housing; a second brass exten- 
sion piece carrying a link to support the calibration 
load was similarly attached to the lower end of the 
specimen. The constantan portions of the thermocouples 
were made as short as possible, and the thermojunctions 
were filed thin to give minimum thermal capacity. The 
thermocouples were made of strips of copper and 
constantan, 3 mm wide, rolled from No. 20 S.W.G. wire, 
and were shaped in a jig to fit the specimens. The 
thermocouple leads were made as thick as possible and 
as long as necessary to give a good distance between the 
solenoid and Mu Metal core. 

The thermojunctiors were bound to the middle third 
of the specimen with waxed thread, for it is important 
that the specimen shall be able to expand and contract 
as freely as possible. When the junction was covered 
with a small quantity- of рагайш wax, the disturbing 
effects of galvanometer drift resulting from convection 
currents within the solenoid were very greatly reduced, 

although of course the thermal capacity of the thermo- 
couple system was thereby. increased and the sensitivity 
of the arrangement reduced. 
|... Whena change is made in the solenoid current, it is 
3 „7 found that a sudden, “inductive” motion is in general 
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superimposed upon the true, leisurely, “thermal” 
deflection of the galvanometer. 'Phis inductive effect is. 
produced by magnetic pick-up in the thermocouple 
leads. It is eliminated by placing in the stray field of 
the solenoid a small coil which is conhected to its own 
primary winding on the Mu Metal core, the tota] « 
resistance of the coil circuit being-the same as that of a 
thermocouple circuit. If the coil is suitably рїасес with 
respect to the specimen, a pick-up effect equal and 
opposite to that induced in the thermocouple leads, is 
supplied, and only the “thermal” deflection of the gal- 
vanometer remains. Incidentally, the galvanometer was 
a commercial Tinsley Type 4789 with its control magnet 
shunted. й 


Ш. DETAILS OF,SPECIMENS 


Five specimens were investigated and details of their 
composition and relevant physical constants are given 
below. 


Specimen I: 4 Percent Si-Fe Unannealed (Stalloy) 


Length, 37.20 cm at 18?C. Volume, 8.32 cc. Mean 
area of cross section, 0.224 sq cm. Coefficient of ех- ~ 
pansion between 18 and 100°C, 12.8 107% per °С, 
Demagnetizing factor, 0.0085. 


Specimen IA: 4 Percent Si-Fe Annealed 


This was specimen I after annealing. The actual 
treatment аз carried out by G.K.N. Research Labora- 
tories staff was the normal works anneal, 1.е., approxi- 
mately 15 hours heating up to 830?C, 20 hours at 830°С 
"jn own atmosphere," followed by approximately 48 
hours in the town's gas supply. 


Specimen II: 4 Percent Si-Fe Annealed 


This was a specimen cut from the same bar as speci- 
men I and annealed by G.K.N. as follows: 16-20 hours 
at 830°C, the total time occupied including heating-up, 
time at high temperature, and cooling-down extending 
over 34 hours. Some oxidation of the surface took place. 
Length, 37.69 cm. Volume, 7.16 cc. Mean area of cross 
section, 0.230 sq cm. Coefficient of expansion between 


18 and 100°С, 13.3X 10-5 per °С. Demagnetizing factor, 
0.0085. 


Specimen III: 0.5 Percent Si-Fe Untreated (Lohys) 


Length, 37.95 cm. Volume, 7.16 cc. Mean area of 
cross section, 0.189 sq cm. Coefficient of expansion 
between 18° and 100°C, 12.7Х 10-6 per °С. Demag- 
netizing factor, 0.0071. 


Specimen IIIA: 0.5 Fercent Si-Fe Annealed 


This was specimen III after annealing. TheStteat- 
ment received was the same as speeimen IA. Both these 
specimens oxidized slightly, with some scaling of the 
surface, and had to be cleaned with emery cloth. 
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2 HEAT EFFECTS IN MAGNETIZATION 


IV. EXPERIMENTAL MEASUREMENTS 


e The magnetic hysteresis c&rves of the Specimens were 
found by the usual batlistic method, correction nns 
made for dtmagnetization effects, using the following 
E expression for the demagnetization factor 3 "де 


QN / 4m) «= (4.02 logiom—0.92)/2m? for 510, 


where m is the ratio of the length to the diameter of the 
rod specimen. 

"The thermal readings were difficult to obtain, be- 
cause of their smallness, and the number of steps for a 
given hysteresis cycle of chosen maximum field was 
- naturally somewhat less than the number used in 
describing the magnetic cycles. Reference has already 
been made to the elirpingtion of the “inductive” effect 
by means of а compensating coil. In most of the pre- 
vious work the position of this coil did not have to be 
determined with great accuracy, but in the present work 
the coil settings for certain field changes were relatively 
widely spaced and frequently very critical, а displace- 
ment of 0.5 mm often giving appreciable “inductive” 
deflections. The position of the coil had also to be pre- 

e determined before the final thermal measurements 
sould be made. The position was considered correct 
when the galvanometer deflection was the same whether 
one made a field change from, say, +H. to +H: in 
one sense or the other, i.e., with the north-seeking end 
of the specimen upwards or with the south-seeking end 
upwards. (The technique of using the compensating coil 
for virgin curve measurements was slightly different and 
need not be described here.) 

But a new technique had to be developed for making 
accurate thermal measurements when the galvanometer 
deflections were about 1 mm; incidentally, the deflec- 
tion could easily be read to at least 0.1 mm. The induc- 
tive effect, which had hitherto been regarded as a 
spurious and unnecessary evil, was now used to esti- 
mate the true thermal deflection. For a number of 
“positions of the compensating coil in the vicinity of the 
true compensation setting, the successive deflections 
accompanying a given field change made in each of the 
two senses were recorded and plotted against the corre- 
sponding position of the coil as read from a graduated 
bar. In this way two lines were obtained, one on each 
side of the true compensation position, each correspond- 
ing to a true thermal effect upon which was super- 
imposed ап increasing inductive effect in the same 
direction. Consequently, if the inductive effect is a 

* continuous function of the distance of the coil from the 
solenoid, the intersection of the lines gives the true 
thermal deflection and also, incidentally, the true 
compensating position. This method proved to be very 
effective with small deflections. The sensitivity of the 
galvagometer was frequently checked by reversing а 
standard current in а control circuit. 


8H, Neumann and К. Warmuth, Wiss. Veróffentl. Siemens- 
Konzern 11, 25 (1930). 
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In spite of precautions such as the use of a shunted 
solenoid circuit and the use of a large choke in the 
supply from the mains, thermal effects produced by 
eddy currents remained surprisingly large, particularly 
in view of the high resistivity of silicon iron, and the 
over-all heating for a complete cycle depended on the 
number of steps in its description. Correction for eddy 
current heating was made by assuming that the differ- 
ence between the sum of the thermal deflections re- 
corded in describing one-half of a cycle and the corre- 
sponding Jf HdI was the result of eddy current heating. 
'Then this difference D was assumed to be proportional 
to EdB,2, where dB, is the change of magnetic induction 
associated with the nth step, and therefore the eddy 
current heating in any particular step dB; could be 
calculated from the ratio D-dB$/Zd B. It is realized 
that this procedure is not entirely satisfactory, as it 
presupposes that the time constant of the circuit re- 
mains constant throughout the cycle and that War- 
burg's law holds. Я 

Asymmetry in readings, ie., in the values for the 
deflections obtained on describing a half-cycle in the 
two possible directions, which had been noted by pre- 
vious workers, was at first extremely pronounced in the 
present work. It was finally traced to an interaction 
between the transformer core and the combined stray 
field of the solenoid and specimen, which gave rise to 
slow galvanometer deflections very like those caused by 
true thermal changes. But it was interesting to note 
that even when the asymmetry was great, the mean of 
the two deflections in the two directions was undoubt- 
edly correct, and therefore it is not necessary to balance 
out the asymmetry exactly. It was greatly reduced by 
raising the transformer and rotating it in a horizontal 
plane, and it is certain that with an ideally wound 
transformer it could be avoided altogether, a remark 
which also applied to spurious deflections produced by 
stray fields arising from sources outside the laboratory. 

For the Joule calibration a load of 1500 g was gen- 
erally employed. This produced a temperature change of 
about 5.3X 10- °C, with a corresponding galvanometer 
deflection of about 250 tenths of 1 mm. Consequently, 
0.1 mm corresponded to about 2.1107* °C. Several 
workers have enjoyed a greater sensitivity, but in the 
present case some sensitivity was sacrificed to obtain 
improved stability. For the firs time on record, the 
Joule calibration was found їй the present work to 
depend on the state of magnetization of the specimen. 
Actually, this was traced toa slight movement of 
thermocouple leads when the calibrating load Was ap- 
plied; this gave rise te а disturbing inductive effect 
which caused a galvanometer deflection. The effect was, 
of course, avoided by always aftaching the calibration 
load to a demagnetized specimen. 

Tt was convenient to express the galvanometer de- 
flections in units of 0.1 mm, aifd the greatest deflections 
were seldom more than 100 units. For example, in the 


40-oersted cycle with the specimen of 0.5 percent silicon ° 
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iron in the untreated state, the sum of all the deflections 
in the half-cycle was only 45 units. Naturally, when the 
number of very small deflections in a cycle is large, the 
over-all accuracy of the measurements suffers, apart 
from the much increased experimental difficulties, and 
readings were recorded only when there was no doubt 
that they were taken when the galvanometer was free 
of drift, etc. 

Since the hysteresis loops were so narrow, the value of 
$ HdI was found as follows. A graph of H was plotted 
against АТ, where АТ is the difference in the values of J 
for the same value of H, and the area under this graph 
was measured. 


V. EXPERIMENTAL RESULTS 


It will readily be appreciated that the results de- 
scribed below are characteristic of the particular speci- 
mens investigated, and that other specimens, nominally 
of the same composition and heat treatment, might give 
different «results; in particular, structure-sensitive 
properties such as coercivity, remanence, and hysteresis 
loss might be greatly different. 

We turn first to the magnetic 7, H data for 4 percent 
silicon iron, specimens I and II. We were surprised to 
find that the values of I for maximum fields of 40, 200, 
and 400 oersteds, respectively, were consistently less 
for the annealed specimen. The measurements on both 
specimens were repeated with substantially the same 
results. These observations were rather disturbing, as 
one would expect annealing to relieve strain and increase 
permeability. Measurements by Smith and Shermann? 

on the effects of compression and tension on the perme- 
ability of silicon steel indicate that at low inductions 
compression reduces permeability, while at high induc- 
tions the reverse is found. But it seems difficult to ex- 
plain our observations on these lines. 

The untreated specimen was then annealed according 
to the given specification. On repeating the 1, H 
measurements, we now found values of 7, as expected, 
to be everywhere greater over the whole field range 
than with the same specimen before heat treatment. 
The values of I at 400 oersteds were practically the 
same, and the slopes of the curves showed that the 
difference between them was less as the field was in- 
creased, finally becoming zero at saturation. The forms 
of the curves for the two annealed specimens were not 
the same, the initial slope of the virgin curve of speci- 
men II being slightly greater with the knee of the curve 
occurring at a lower value of the induction. The curve 
for specimen I after annealing, referred to as IA, was 

"more rounded, and at fields greater than 2.3 oersteds it 
was above that for specimen II. 

“ The following explanation of these observations is 
еа Sixtus,” by using torque measurements, 
vay analysis, and a method involving reflection from 

EL. surface&, showéd that preferred orientation 


rand С. W. Shermann, Phys. Rev. 4, 267 (1914). 
х. o Sixtus, Physics 6 105 (1935). x. ЭН 
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exists in cold- and hot-rolled silicon iron both before 


and after annealing. He concluded that in hot-rolleq- 


silicon iron the highest permeability was to be found in 
directions at 45° to the rolling direction, with smaller 
values in directions at 0? and 90?, in that order. The 
reason therefore was the preferred orientation of the • 
crystals set with their [100] axes at 45? to the rolling 
direction. 

Now, although specimens I and IA were cut from the 
same bar, it is possible either that they were not cut 
exactly along the same direction’ or that the crystal 
orientation was different in different parts of the bar, 


Some evidence of this is found in the values of the” 
coefficient of expansion, that of specimen I being less” 


than that of specimen II. If the orientation was assumed 


to be more favorable in specimeri I, this would explain : 


the higher values of the induction found for this specimen 


in high fields. In low fields, below the knee of the I, H ° 


curve, where boundary movements predominate, the 
effect of annealing would be to facilitate such move- 
ments and to outweigh the effects of less favorable 
crystal orientations. Above the knee, where boundary 
movements are much less frequent, the effects of crystal 


orientation would predominate and therefore the induc-^ 


tion should be greater in specimen I. At very high field 
values, both specimens should have:the same induction, 
and this was indicated in the 2, Н curves. We therefore 
conclude that very close comparison of the J, H.or 
thermal curves for specimens I and II is unwarranted, 
and that if we wish to make detailed comparison of such 
curves they must always be obtained with one single 
specimen, first in the untreated state-and secondly 
after it has been annealed. The same specimen of the 


0.5 percent silicon iron was so used in the untreated and - 


annealed states. We may record that annealing in the 
case of specimen I increased Гв from 265 to 385 gauss 
and reduced Н, from 0.65 to 0.33 oersted for the 40- 
oersted cycle, the corresponding values for the annealed 
specimen II being 170 gauss and 0.176 oersted. In the 
case of the 0.5 percent silicon iron specimen, annealing 
increased Iz from 605 to 980 gauss and reduced Н; from 
1.92 to 0.278 oersted. When the Г, H curves were plotted 
on a very large scale to obtain $ HdI, a peduliar ‘waist’ 
was found for the 40- and 400- oersted cycles. This 
phenomenon seems also to have been observed by 
MacLaren! in hysteresis loops for low content silicon 
steels. 

We shall now review a few of the thermal curves ob- 
tained in the course of the work. The virgin curves will- 
not be reproduced here as most of their main features 
are to be seen in the curves for the closed cycles of 
magnetization, which are usually much more informa- 
tive and more satisfactery for making comparison 
between experiment and theory. Following the general 
procedure of earlier work, we Save space Бу plotting 
only one-half of the /20, I or 740, Н curves, since the 


u M. MacLaren, Trans. Am. Inst. ЕС Engrs. 31, 2025 (1912). 
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Fic. 1. Four percent silicon iron, untreated (specimen I). Q, 
» 


remaining portion may be obtained from the plotted 
portion by suitable displacement and rotation. For 
convenience, we always start demagnetization from the 
left-hand side of the figure. 

In Fig. 1 are reproduced a series of О, Н curves for 
the untreated 4 percent silicon iron. The 400-oersted 
curve shows an initial cooling which is more or less 
linearawith Я, but this becomes less rapid as H is reduced 
to about —40 oersteds, when а pronounced cooling 
sets in, and this continues until H reaches a small 
positive value. The same features are reproduced in the 
opposite direction, i.e. heating instead of cooling, to 
give a curve which is moderately symmetrical about the 
Q axis. The over-all heating, corresponding to one-half 
the area of the appropriate hysteresis loop, is given by 
the position of the final point above the H axis on the 


| ‘right-hand side of the curve. The central portions of 


this curve are also seen in the 200- and 40-oersted cycles. 
The virgin Q, Н curve, not reproduced here, follows 
closely that part of the Q, H curve of Fig. 1 for which Я 
is positive, and lies entirely above the H axis. 

In*the case of the annealed 4 percent silicon iron 
specimen, Fig. 2, the curves for all three cycles show 
remarkably well how the cycles with the lower field 
ranges correspond with the central portions of the 400- 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


ZATION 21 


Н curve for Hmax=40, 200, and 400 oersteds, approximately. 


oersted cycle. Once again the curves are fairly sym- 
metrical about the Q axis, with a pronounced minimum 
in their central portions. It is interesting that if one 
superimposes Fig. 1 on Fig. 2, the curves of the former 
lie inside the latter. 5 

The 0, H curves for the 0.5 percent silicon iron war- 
rant rather more detailed treatment. 'The curve for the 
40-oersted cycle for the annealed specimen, Fig. 3, 
shows an initial steady cooling with decrease in field, 
and this continues down to a field of —1 oersted, after 
which there is a rapid heating. The curve becomes less 
steep at about +-0.4 oersted and is thereafter practically 
linear up to the final value of Q equal to the ordinary 
hysteresis loss. There appears te be a slight discon- 
tinuity at about +-0.2 oersted. The same discontinuity 
is found in the Q, H curve for the untreated specimen, 
Fig. 4. Figures 3 and 4 are indeed in marked cenzzast. 

The 400-oersted cycle О, H curve for the annealed , 
0.5 percent specimen may be seen in Fig. 10, where it is 
labelled О”. It is linear when И is large and has a dip at 
a small positive field; the virgin curve shows a slight 
cooling followed by a sharp heating, thus agreeing with 
the 400-oersted cycle at a pofitive value of the field. 
The 400-oersted cycle curve for the untreated 0.5 "per- 
cent spécimen gives the usual initial cooling with, in 
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Fic. 2. Four percent silicon iron, annealed (specimen 11). 0, Я ‘curves for Hmox=40, 200, and 400 oersteds, approximately. 


a minimum at about —20 oersteds, as shown ing becomes less rapid and increases linearly with H 
‘hereafter there is a rapid heating, with a to the maximum value of the field. 
bout +1 oersted, and then the heat- Now, although the 0, Я and the О, Г curves both 


T * 2000 


Q ergs/e c, 


Fic. 3. 0.5 percent silicon iron, 

annealed (specimen IIIA). Q, В 
30 .  eurve for Hmax=40 oersteds, ар- 
proximately. 


HEAT EFFECTS 


О 


Ес. 4. 0.5 percent silicon iron, 

| untreated (specimen Ш). 0, H 

curve for Hmax=40 oersteds, ар- 
proximately. 


a 4» ө 


give the same information, the former аге not as well 
suited for the illustration of energy changes occurring 
in the region of low field values, because I then changes 
rapidly with very small changes in field. Consequently, 
some of our results plotted as functions of J are re- 
produced in Figs. 5, 6, 7, and 8. All the 0, I curves for 
the larger cycles show a very pronounced initial cooling 
and corresponding final heating in the half-cycle, since 
large changes in field are needed to produce an appreci- 
able change in J, except over a small field range near 

the origin of the hysteresis curve. Again, the curves for 

» the 40- and 200-oersted cycles show remarkably well 
how the effects recorded in describing a cycle with a low 

JB maximum field are reproduced in the appropriate re- 
gions of the О, Г curve for the larger 400-oersted cycle. 

In the case of untreated 4 percent silicon iron the 

curves for the three cycles have a rounded, symmetrical 

ь fprm with a minimum in the region of 1=0, while in 
contrast, the corresponding cycles for the annealed 
material are much steeper at the outer extremities with 

e their central portions more flat. The results for the 
0.5 percent specimens also show the distinction between 

the rounded type of curve characteristic of unannealed 

e  materf>and the angular type of curve for annealed 
material. The 40-oersted cycle curve (not reproduced 
here) for the annealed 0.5 percent specimen has two 
peaks around [= —700 gauss and [= 4-300 gauss, re- 


ee O 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 2 


Digitized Бу Агуа Samaj Foundation Chennai and eGangotri 


э 
IN MAGNETIZATION 23 


spectively. Our records show that these are also present 
in the 400-cycle curves although they are not visible on 
the latter graphs because of the coarse energy scale. 
Туо marked changes in slope are also found both in the 
40- and 400-oersted cycle curves for untreated 0.5 per- 
cent material, but actual peaks are not found. 


VI. DISCUSSION OF RESULTS 


In many of the earlier papers the equation 
УАЕм= fru- УлО, (1) 


which is valid whether the thermal changes are ге- 
versible or irreversible, was used as a basis for the ex- 
amination of results. In this equation, AEy is the finite 
change in the magnetic as distinct from the change in 
thermal energy associated withea change AI in the 
magnetization. Accordingly, Ем was usually plotted 
against Г in order to make clear those parts of a cycle - 
in which the internal energy is changing and the extent 
of the changes. 3 

We have examined the,present results in this form, 
although the graphs are not reproduced here. It may bg 
mentioned that the graphs of Ём for the 40- and 200- 
oersted cycles in all cases show the same features as the 
central portions of 400-oersted cycles. In the case of the 
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larger cycles, at high field values /`НаГ is nearly always 
numerically larger than ZAQ, although both are nega- 
tive, so that the Ем curves show a steep initial fall and a 
final rise. In most cases, the central portions of these 
curves are flat, although there are some interesting 
kinks well brought out when the 40-oersted cycle 
curves are plotted on a large scale. The Ём curves for 
the annealed 4 percent silicon iron specimen show a 

f ul р in the central portions which extends 

1200 to T=+-1200 gauss. 

аретз?'” attempts were made to interpret the 
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Fic. 5. 4 percent silicon iron, untreated (specimen I). О, 7 curves for Hmax=40, 200, and 400 oersteds, approximately. 


found as the field is reduced to a small value and in- 
creased again; on the contrary, arising from a magneto- 
striction term, there was а very pronounced peak of 
about 25000 ergs per cm? in the calculated curve, 
precisely in the field region where the dip is observed 
experimentally. Consequently, we do not reproduce the 
calculations here. 

Probably the most important theoretical study of the 
thermal changes which accompany magnetization i$ 
that of Stoner and Rhodes,” who have attempted to 
interpret Q, H curves in terms of fundamental theoreti- 
cal concepts, in particular those of intrinsic magnetiza- 
tion, rotation of domain magnetization vectors, and 
domain boundary movements. They were at pains 
to emphasize that Weiss and Forrer magnetocaloric 
phenomena could occur in weak as well as in strong 
fields and that they could be especially pronounced in 
the cases of alloys with low Curie points. 

Following Stoner and Rhodes, we write 


| 


| 
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where AQ' is the heat liberated per cm’, а=—Т/1 
ж(41//47), and 6=T/K(dK ДАТ) ; here К is an 205 
{гору constant which measures the variation of the 
potential energy of the system as a function of the 
orientation of the'intrinsic magnetization J, with re- 
&pect to the crystalline axis. The first term on the right- 
hand side of Eq. (2) represents the contribution arsine 
from Changes in the intrinsic magnetization of the 
domains, while the second term represents the contribu- 
tion resulting from domain vector rotations. Thus, for 
the adequate testing of this theory we must have data 
for Го, dIo/dT, К, and dK/dT. Stoner and Rhodes 
showed that effects due to internal stresses and reversi- 
ble boundary movements could be taken into account 
by modifying the coefficient b, and those due to the 
formation of new boundaries by modifying a. 

If we now subtract from the observed heat changes 
those which may reasonably be attributed to changes in 
spontaneous magnetization, we have 


(3) 


Q"—YdQ'—a Ї d(IH)- Ї b" Hdl. 


Fic. 6. Four percent silicon iron, annealed (specimen п). О, 
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In this equation, b” formally corresponds to b, but we 
place it within the integral sign in case it should be 
found to be a variable coefficient which has to be calcu- 
lated from the experimental results. Hence, 6” =1/H 
(dQ"/dI) or, if we wish to make perfectly clear what 
we do with the experimental results, we may write 
b" = AQ"/A f Hdl. r 

We thus see that the quåntity, b” is of considerable 
interest, and it should be possible to find how it varies 
over a hysteresis cycle, always bearing in mind that it is 
expected to be equal to the calculated value b. Naturally, 
exact agreement between b” and b cannot be expected, 
because we do not know the exact value of b, we have 
no means as yet of separating reversible and irreversible 
heat changes, and we do not know how to allow for the 
effects of internal stresses. The latter would require an 
accurate knowledge of the variation of the magneto- 
striction of the material with temperature. But, we 
would expect b” to exhibit discontinuities in regions 
where irreversible processes are prevalent, as, for ex- 
ample, in the hysteresis region between coercive points. 

Representative values of b and b" now available, 
many of them calculated by Stoner and Rhodes, are 


I curves for Hmax=40, 200, and 400 oersteds, approximately. . 
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Fic. 7. 0.5 percent silicon iron, untreated (specimen IIT). 0, J curve for На = 400 oersteds, approximately. 


Uncorrected for-eddy currents — — — —; corrected 


given in Table I, together with theoretical values of 
b. The curves of b" as a function of H calculated by 
Stoner and Rhodes for iron, nickel, and cobalt, and for 
heavily strained nickel by Bates and Davis, are not 
reproduced here, although they are very instructive. 

The Stoner and Rhodes treatment was now applied 
to our results for silicon iron. Referring to Eq. (3)we 
calculated the quantity aJ d(IH) for the 400-oersted 
cycles for the two samples both in the annealed and 
untreated states; the 40- and 200-oersted cycles were 
not further examined in view of the fact that these 
merely reproduce the central portions of the largest 
cycle. The products (ТН) for the several field incre- 
ments used in the thermal measurements were readily 
found over the half-cycle from — Hx to 4- H5. The 
calculation of the coefficient a presented some difficulty. 
It is equal to —T/Io (dIo/dT) where Го is the spon- 
taneous magnetization in zero field at ТК. Now ex- 
AA values of /о and dIo/dT are not yet known 
. for i 


Шау: 

ect on the intrinsic magnetization at absolute 

ng small quantities of silicon to iron is shown 

rth. Taking the value for pure iron 

le for 4 percent silicon iron is com- 
per cm’, Using ће law of corre- 


‘iron. Consequently, we estimated а in the 
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sponding states and taking the Curie point of 4 percent 
silicon iron to be 1008°K (from Brailsford™), we found 
the value of 41,/4Т to be 0.19 cgs units per degree С 
for the temperature at which our experiments were 
made, namely, 290°K. Consequently, the value of a 
was 3.51 102. In the case of 0.5 percent silicon iron 
there is likely to be little error in assuming the value 
3.40Ж10-? calculated by Stoner and Rhodes for pure 
iron. 

The quantity afd(IH) was then plotted against H 
with the Q', Н graphs as in Figs. 9, 10, 11, and 12, 
where it is labeled M.C. (magnetocaloric effect). The 
difference between the ordinates of the two graphs gives 
the quantity Q" which is also plotted on the same 
graphs. 

To calculate the coefficient 6”, we found it necessary 
to plot fHdI against Н, and from this graph and the 
Q" graph the increments AQ” апа А./ НТ were found 
for stated increments of H, the latter increments usually 
being those actually recorded directly during the ex- 
periment. The ratio AQ"/AJHdI was then plotted 
against the mean value of H for each stated increment, 
except at very low field$ where irreversible processes 
predominate and the values of b” are meaningless. - 

Turning now to Figs. 9 to 12, we first note the shape of 


M H. D. Brailsford, Magnetic Materials (Methuen and Company; 
Ltd., London, 1951), p. 90. > 


saa eme 


А лер eT = 


, Digitized by Arya Samaj Foundation Chennai and eGangotri 


. HEAT EFFECTS IN iN 
| | ECTS IN MAGNETIZATION 27 


5 


. > ? 
| м. : + 5000 О ergs cc. 


Етс. 8. 0.5 percent silicon iron, annealed (specimen ША). О, І curve for Hmax=400 oersteds, approximately. 
э 
the a d(1H), H curve with the symmetrical heating Taste I. Values of b and b”. 
and cooling effects associated with the negative value of 
dIo/dT which are characteristic of the magnetocaloric b b Remarks Author 


effect. In the case of 0.5 percent silicon iron, both an- РЕ 7 
nealed and untreated, S HdI is considerably greater in e (238 2023 Ame b 
magnitude than О’; while for 4 percent silicon iron at the ideal) moe AUC E EU ten 
higher fields, J Hdl is smaller in magnitude than Q', -022 Armco, annealed с 

| but is greater at low fields. 'The relative magnitudes of 370 Annealed, Ha 200 cerateds! 4 
Q’ and the magnetocaloric effect for the untreated | И сыг | 2 

Я material (Fig. 9) are such that the Q" curve shows a E. зло енна oersteds 

: . steady heating as H is reduced from —Hmax, COME Ni {55 7 EL ›<400 c oersteds d 
sponding to reversible rotations of domain vectors ог Z065) наана Я 

15 reversible boundary movements. This persists until a 7040, ЗЭН 1 
field of — 10 oersteds is reached, when the rate of heating 37? ‘ 
changes sharply with the marked onset of irreversible 7o} EE 1 
changes. When Н exceeds +50 oersteds, cooling from co Ёлын —24 

ь xeversible processes predominates and continues almost E Unafnealed эс 
linearly to +H max: 'This is precisely what one would 1 
expect, and is very similar to the curve calculated by Цин Fy Guntated 0.5 [ы = PE 

ө Stoner and Rhodes from the results of Hardy and EE Untreated 4 percent 


Quimby on annealed Armco iron. Our untreated slion EEE ee 
iron specimen had а. comparatively high coercivity NEU Ee Е 


z H = ь Bates and Harrison. 
d the irreversible heat ыссы ae ә D 


ь. (approximately 1.9 oersteds) ап 
- à 2 5 9 an is 4 Bates and Weston. е Ф > - 
-  jng, of some 7000 erga per cm, 18 much greater ves « Bates and Davis. e ° Ик 
| found for the other specimens. The reversible cat Ба . : 
7?  - change which occurs between +H max=37/ oersteds » Bates and Marshall. : > 
c A = s 
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Fic. 9. 0.5 percent silicon iron, 
untreated (specimen III). Curves 
of 0’, О”, and b” against H; 
Hmax 400 oersteds. ^ 
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Fic. 10. 0.5 percent silicon iron, annealed (specimen ITA). 
Curves of О’, О”, and b" against Н; Hmax 400 oersteds. 


"from —H max towards zero. In contrast, there is a slight 
and almost linear cooling which persists until the field 
has а small negative value, whereupon there is а Шо 
dip or trough in the curve, some 2500 ergs per сш n 
magnitude, which is followed by a more ишо ы 
rise. этєсеейей by linear heating up to Hass. This 
behavior is remarkable, because the sharp dip in the 
curve occurs in a region where we would айра! ар 
irreversible heating effect. Since the Q^, H and S Hal, 
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curves slope in the same direction, the values of 6” are 
now positive, and b” has the value +0.04 in high fields. 
and remains fairly constant until the region of the dip, 
where it takes a large positive value. 

The Q”, Н curve for untreated 4 percent silicon iron 
in Fig. 11 shows little energy change in the higher fields 
after allowance has been mado for the-magnetocalorit 
effect. There is^actually a small cooling near —H inex, 


and onenear Е Нах, which gives way to a slight heating ~ - | 
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region between —50 
. In the latter region 
‚ of magi itude about 
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1.F our percent. silicon iron, untreated (specimen T). Curves of Q’, Q”, and b” against Н; Hmax 400 oersteds. 
(Note pronounced dip in О”, H curve around H —0.) 


cases are very different. In Fig. 12 the minimum values 
of Q' and of the magnetocaloric effect are about — 31 000 
and — 19000 ergs per cm}, respectively, and the 24 
curve is always below the other. Therefore as H is 
first reduced the Q" curve shows a sharp initial cooling 
which becomes less pronounced until а field of —50 


oersteds is reached, when we find the sudden dip. нэ m 
corded for the two previous specimens. When w 
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Fic. 12. Four percent silicon iron, annealed (specimen II). Curves of Q’, Q”, and b” against Н; Hmax 400 oersteds. 
(Note pronounced dip in О”, Н curve.) 


now always positive with small regions round about 
H= —150 oersteds and H — 4-150 oersteds where it has 
a fairly constant value of 0.1. 

Perhaps the most striking feature of the Q", H curves 
for the last three specimens, the 0.5 percent annealed 
and the two 4 percent specimens, is the dip or trough 
described above. It should be mentioned that it was, of 
course, present in the 40- and 200-oersted cycles, 
althowgh very different field increments from those 
employed in the largest cycle were used in these cases. 
This dip is most unusual, but Bates and Healey® made 
somewhat similar observations in a 100-oersted cycle 
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for annealed Armco iron. They considered that the dip 
was a spurious effect, possibly the result of the effects 
of vibrations upon the measurergents, and they avoided 
its appearance by changing the field in one operation 
from a small negative value to a^small positive value, . 
so that in their view the specimen did not remain in 
magnetostrictive contraction for an appreciable interval 
of time. It seems clear, „however, that as the effect 
appears in the present curves in all the cycles whatever 
field steps were employed, it nfust be areal effect a e 
characteristic of the material. Incidentally, the’ dips 


are clearly visible‘only on the О”, Н and not on. OSE = 
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curves, so emphasizing the importance of plotting 
thermal changes against both Н and Г. 

A priori, one might think that the cause of the dip 
resided in the method of allowing for eddy-current 
heating. The latter is proportional to (dB/dt)? and is 
therefore very large in low field regions and compara- 
tively small elsewhere, so that the correction described 
above is applied mainly in ihe region where the dip is 
found. Suppose now that the method of correction is 
unsound and that the actual correction applied in that 
region is too large. The effect would be to accentuate 
the cooling which is expected as H is reduced from 
— Нах towards zero and to decrease the apparent rate 
of heating as H is increased again, in fact, to give the 
form of Q", H curve actually recorded. To test this 
suggestion, the curves for the three specimens showing 
the effect were plotted without correction for eddy- 
current effects. The curves for the two 4 percent speci- 
mens were only slightly changed in form and a pro- 
nounced minimum remained, so that the suggestion is 
here ruled out. The uncorrected curve for the 0.5 per- 
cent specimen was changed but still showed distinct 
traces of a dip, so that even in this case, inaccurate 
eddy-current correction could not be entirely re- 
sponsible. 

Again, the dip cannot be a result of inaccuracy in 
applying the correction for the magnetocaloric effect 
on the grounds that the Stoner and Rhodes treatment 
can only be approximate at low fields, for the order of 
magnitude of the correction rules out this explanation. 

Now, the saturation magnetization of iron decreases 
with increase in temperature, so that d/,/dT is negative 
and there is a cooling on decreasing the field. But, in the 
hysteresis region where reversible rotations of domain 
vectors and reversible movements of boundary walls 
are important, dI/dT is normally positive because 

! magnetic anisotropy decreases with temperature. Hence, 
А when the cooling due to change of intrinsic magnetiza- 
| tion has been subtracted from the observed thermal 
| changes, there should remain only a heating on de- 
creasing the field. Consequently, the question arises 
as to whether the sign of 41/47 can be negative in 
low fields. 

A mechanism by which the sign of dI/dT could be 
rendered negative in low fields was suggested by the 
— work of Dr. Е. W. Lee. It is based on some work by 
— — Bozorth'5 who tried to account on the domain theory 
for the very low rémanence exhibited by certain alloys, 
which may be as low ав 0.07 Г, for a certain Permalloy 
after heat treatment. Bozorth put forward several ways 

— *in which such low values migbt arise. 
= Тһе most likely explanation takes into account а 
sible departure from normal domain structure in 
- materials of low crystal anisotropy. On such crystal 
| qm Bitter powder patterns are not successfully 

1 


bec АУ e : 
ormed, because the Bloch walls between domains 


wo 


Е. M. Bozorth, Z, Physik 124, 519 (1945). : 
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must be so wide, if they exist, that the stray fields 
above them must be too weak to act upon the colloid 
particles used to form the pattern deposits. Now 
Kittel suggested that under these conditions the flue 
in comparatively large regions of tke material forms 
closed paths when the material is in the demagnetized 
state. On the application of a magnetic field these 
closed lines will be broken, but they will reform on its 
removal. In other words, the material tends to demag- 
netize itself and the remanence falls to less than the old 
theoretical value. This process is clearly the more 
favored the less the magnetostriction and crystal anisot- 
ropy, and as both decrease with rise in temperature, 
the field remaining constant, the flux-closing process 
occurs more easily and the magnetization is further 
reduced. In other words, (47/4Т)и is negative. 

Some evidence regarding the sign of 47/41 for silicon 
iron has been provided by Spooner,'* who measured the 
temperature coefficient of permeability of a number of 
specimens of low and medium silicon electric sheet 
material at various temperatures from — 20°C to +46°C 
over a wide range of induction. The main conclusions 
relevant to the present discussion were that 4 percent 
silicon iron on the average has a large negative tempera- 
ture coefficient of permeability at all inductions up to 
15 000 gauss, though individual samples show con- 
siderable variations. The coefficient becomes more 
negative with increasing silicon content, and the shape 
of the curves also seems to be a function of the induction 
rather than of the field, since a maximum negative 
coefficient is found, whatever the silicon content, at 
about 10 000 gauss. 

Returning to the О”, Н curves for the annealed 
0.5 percent specimen, shown in Fig. 10, there appears to 
be no heating between —Hmax and zero, but simply 4. 
faint cooling over the whole field range. Again, as H is 
increased from zero to +Hmax, we find a slight evolution 
of heat apparently in addition to that produced by 
irreversible processes. We might take this to indicate 
that boundary formation is taking place at high as welt 
as at low values of field as the latter is reduced. 

As the field is reduced from the saturation value, 
domain boundaries must be formed. Initially they are of 
low energy per unit area of boundary surface, since 
they then separate domains in which the domain vectors 
are almost parallel. The boundary pattern becomes 
more and more complex as the field is further reduced, 
and since its formation requires energy, there will be a 
cooling associated therewith. 

The very slight cooling observed at high field values 
with the untreated 4 percent specimen as the field 15 
reduced, and the slight heating on increase to -Г Нах 
is probably to be explained on the same lines as for the 
annealed 0.5 percent specimen. The cooling is much 
more pronounced in the case of the annealed 4 percent 


specimen and extends over the whole range from — Нах _ 


11 С. Kittel, Revs. Modern Phys. 21, 541 (1949). 
18 T. Spooner, Phys. Rev. 30, 136 (1927). 
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to zero field. It seems difficult to account for these large 
thermal changes in the opposite direction to what one 
маша normally expect purely on the basis of Bozorth’s 
flux-closure hypothesis.*But some Bitter patterns re- 
cently recorded оп the surface of a single crystal of 


„Some 3 percent silicon iron by D. Н. Martin may throw 


some light on the problem. The crystal was exposed to 
a high field which. уаз subsequently reduced to zero, 
and during the course of the experiment it was noted 
that closure- domain daggers shot across the surface 
and that strange domain boundaries were formed in a 
perfectly regular sequence. Some of these boundaries 
separated domains whose vectors appeared to meet 
head-on, just as if the page before us was divided into 
two portions by a boundary running across it more or 
less parallel to the lower edge of the page. In the upper 
portion we may imagine the domain vectors to be 
parallel to the long edge of the page and directed down- 
wards, and in the lower portion to be likewise parallel 
and directed upwards. But the boundary is not now the 
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normal straight and clear-cut boundary as frequently 
recorded in Bitter figure work. It twists and wriggles in 
an extraordinary way as if it were trying to counteract 
the formation of free poles on its surfaces. If we have 
here the type of flux closure postulated by Bozorth and 
Kittel, then at the boundary the flux must turn either 
upwards or downwards into the surface of the page on 
both sides of the boundary. The latter is, however, so 
serrated and so narrow that considerable energy must 
be associated with it, and one feels that here is the 
most likely explanation of the observed cooling. 
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DISCUSSION 


G. RATHENAU, N. V. Philips Gloeilampen Fabrie- 
kên, The Netherlands: The number of domain walls 
formed by thermal demagnetization may be much larger 
than the number formed by demagnetization in an alter- 
nating current field of decreasing amplitude at room 
temperature. These additional walls may be in mẹta- 
stable equilibrium at room temperature and give rise 


‚ to nonequilibrium configurations. 


L. F. BATES, University of Nottingham, England: 
The results of measurements of Bitter figures have 
shown very little change in magnetization patterns 
with the temperature ranges from solid CO» to about 
150°C. We have found that “wriggly” boundaries 
appear on specimens which have been demagnetized 
by heating. 


C. A. FOWLER, JR. (with E. M. FRYER), Pomona 
College, Claremont, California: By employing the longi- 
tudinal Kerr magneto-optic effect, photographs of 
domains in the (100) surface of a large crystal of 
silicon. iron have been obtained. A series of such 
pictures clearly shows the characteristic movement 
of domain walls as the sample is carried through an 
initial magnetization curve to saturation. А second 
series of photographs, taken as the originally saturated 
sample has its magnetization gradually reversed to 
saturation in the opposite direction, reveals the sudden 
appearance of a single narrow antiparallel ет 
which proceeds to grow, with increasmg reverse fie 1 
until it covers the entire crystal surface. Preliminary 
results have been described! and photographs of these 
effectS are attached (see Figs. 1 and 2). 
TRÀ 


“С. A. Fowler, Jr., and Е. M. Fryer, Phys. Rev. ус 
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Spontaneous Magnetization— Techniques and 
Measurements 


W. SucxsurrH, С. А. CLARK, D. J. OLIVER, AND J. E. THOMPSON 


University of Sheffield, Sheffield, England 


Measurements on the temperature variation of spontaneous 
magnetization by both the magnetothermal and magnetic 
methods have hitherto been confined to nickel; the extension of 
these measurements, calling for greater sensitivity, is discussed. 
То the direct method devised by Weiss and Forrer has been added 
а direct current amplifier, which allows a small magnetocaloric 
rise of temperature to be measured accurately. The original ferro- 
magnetic balance devised by Sucksmith has been improved and 
now is capable of wider application to measurements of magnetic 
intensity in fields which are due to either air core coils or electro- 
magnets. The method is not complicated by the presence of any 
image effect so that measurements of do/dH in high fields can be 
made with considerable precision. 

Measurements on a copper-nickel alloy (27.5 percent Cu) have 


been made, and it is shown that the two methods give icentica] 
results except in the immediate neighborhood of the Curie temper- 
ature, where the thermal measurements give a steeper descent to 
the temperature axis with little “tail,” while the magnetic data 
indicate a higher Curie temperature with a significant tail. Below 
the Curie temperature the linear relationship between the mag- 
netocaloric rise of temperature and the square of the intensity 
magnetization is found as in nickel and iron; above this tempera- 
ture there is pronounced curvature. 

Measurements have also been carried out on a mixed ferrite 
(MgO ZnO 2Te;0;). Satisfactory agreément between the results 
by the two methods are obtained, both curves differing markedly 
from the law of corresponding states for the ferromagnetic 
elements. 


INTRODUCTION 


НЕ magnetization of a domain in zero applied field 

is known as the spontaneous magnetization (сот) 

_and is a quantity of fundamental significance. Its change 
with temperature, from the absolute zero to the Curie 
temperature, plays an important part in the formulation 
of ferromagnetic theory. In spite of this importance, 
our knowledge of this variation, is extremely limited. 
Of the three ferromagnetic elements, only one, nickel, 
has been the subject of adequate investigation. The 
experimental determinations are not a straightforward 
matter, since the spontaneous magnetization does not, 
in general, admit of direct observation, and it can only 
be obtained by indirect use of the magnetic isothermals 
in high external fields. At the lowest temperatures, there 
is usually no difficulty, since at high values of the field, 
the magnetization increases so slowly and linearly that 
simple extrapolation of this to the axis of zero field can 
be carried out with accuracy. With increasing tempera- 
ture, however, the rate of increase of magnetization 
with field becomes more rapid and nonlinear, so that the 
uracy decreases as the Curie point is approached. 
23 It is in this region that two methods, both developed by 
— Weiss and Forrer,! were successfully applied to nickel. 
e first method is exclusively derived from the 
magnetization isothermals, and curves are plotted giving 
e field as a function of temperature for constant values 
of | ie magnetization.“These curves were found by the 
o be linear for the higher values of the field, and 

olation to zero field gives the temperature which 
C 5 to the value of с employed. The second and 
etter method for determining the spontaneous magneti- 
lon comes from the magnetocaloric effect. The in- 
e е AT on magnetization, at first 
owly until “saturation” is reached, 
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after which it increases linearly with the square of the 
observed magnetization. Theoretical considerations 
show that extrapolation to the axis АТ--0 gives the 
spontaneous magnetization and Weiss and Forrer con- 
sidered that the two methods gave identical results, 
the Curie temperatures obtained differing by not more 
than 1?C. It is necessary to draw attention to the fact 
that the former, purely magnetic method, becomes less 
accurate as the Curie point is approached, while the 
magnetocaloric determinations increase to a maximum 
accuracy at this temperature. This consideration, there- 
fore, offsets in some degree the significance of the agree- 
ment between the two methods. 

Unfortunately, this complete investigation has not 
been reproduced for any other ferromagnetic material, 
probably owing to the severe experimental difficulties 
which confront accurate measurements by both methods 
Potter? succeeded in making simultaneous magnetic 
and magnetothermal measurements on iron in the ele- 
vated temperature range from 523°С to 826?C (Curie 
temperature about 770°С). Up to the present, this work 
is the only attempt to make measurements on the 
magnetocaloric effect other than that of the originators, 
Weiss and Forrer. 

Recently, Myers and Sucksmith? made magnetic 
observations on cobalt (earlier investigations by Bloch?) 
where the high Curie temperature (1120°С) makes 
magnetocaloric measurements virtually impossible. In 
this case, there are difficulties attributable mainly to 
the abnormally high crystalline anisotropy which makes 
the approach to saturation of the polycrystalline 
material very slow. In addiffén, at ordinary tempera- 


*Н. H. Potter, Proc. Roy. Soc. (London) А146, 362 (1934). 
Gist, 12 M ers and W. Sucksmith Р i . (London) 
A207, 427 (1951). cm S 
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„tures, polycrystalline cobalt exists as a mixture of 


hexagonal and face-centered' cubic structures, which at 
about 370°С becomes wholly cubic. For accurate meas- 
urements if. was. necessary to use single crystals and 
. utilize the properties in the direction of easy magneti- 
zation in the low temperature hexagonal state, while 
above the transition range, this breaks down to the 
ordinary polycrystalline cubic material and, therefore, 
suffices. 

“These three researches constitute the total informa- 
tion on spontaneous magnetization available on the 
three ferromagnetic elements. It now is necessary to re- 
view briefly the comparison of these results with existing 
theory. The simple quantum modification of the Weiss 
theory predicts that the variation of the ratio бот/ соо 
(the latter being the spontaneous magnetization at 
absolute zero, i.e., the absolute saturation moment) 
with 7/0 (where 0 ds the Curie temperature in degrees 
absolute) is dependent only on the quantum number 7. 
For the ferromagnetics we put j—1, and thence it 
follows that the variation of spontaneous magnetization 
with temperature should be the same for all ferro- 


— - magnetics, i.e., the quantum version of the Weiss’ Law 


af corresponding states. For the case of nickel, when the 
reduced magnetization (тот/ тоо) is plotted against the 
reduced temperature (7/6), there are slight but defi- 
nite divergences from the theoretical curve. For small 
values of Т/0 the experimental values are slightly 
below, and for 7/0 approaching unity, more markedly 
above the calculated curve. Potter's results for iron in 
the lower temperature range agree approximately with 
those of Weiss and Forrer for nickel, his results cutting 
the theoretical curve at 7/02:0.6, but above this tem- 
perature, the values are in excess of the nickel data, 
thus showing greater divergence from the theoretical 
]= 5 curve. It should be noted that Potter used only the 
magnetothermal method of determining the law for 
iron. The purely magnetic results obtained by Myers 
and Sucksmith fall naturally into two parts, the portion 
below the phase change, in which the structure is close- 
packed hexagonal, and the range above this temperature 
where the structure is face-centered cubic. The former 
portion, extending to 7/0—0.5 where сот/ тоо falls only 
to 0.94, is too short to admit of accurate comparison 
with theory, although the experimental accuracy in 
this range is high. In the face-centered cubic phase, the 
range is adequate for comparison with the previous 
results, and the trend is identical with that of nickel. In 
* other ordo both face-centered cubic structures agree 
within "experimental error, yet differ from the quantum 
modification of the law of corresponding states. It 
would appear that, at least to some extent, the law 15 
Structure sensitive. 

Although a considerable amount of work on magnetic 
alloys has been carried out, there is comparatively little 
Which admits of spontaneous magnetization data being 
extracted from the experimental results. Two excep 
tions are the early papers of Bloch*on cobalt-nickel alloys 
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and papers of Alder,’ who carried out measurements on 
copper-nickel. The reduced magnetization-temperature 
curves for the former system are almost coincident over 
the range extending from pure nickel to the cobalt rich 
alloys, and an extrapolation to 100 percent cobalt is 
employed rather than the interpretation of the slow 
approach to saturation of the mixed hexagonal and face- 
centered cubic polycrystalline material. While this is a 
somewhat hazardous procedure, the later results of 
Myers and Sucksmith discussed above provide justifi- 
cation. When we come to the results of Alder on the 
copper-nickel alloys, it is evident that with increasing 
dilution, the departure from the trend both for theory 
and for pure nickel becomes very marked in that the 
curves become less concave towards the origin. The 
method of determination of the spontaneous magneti- 
zation is of an arbitrary type, and as such open to criti- 
cism. The intensity values at 10 000 and 5000 oe are 
extrapolated linearly to Н=0. Many other cases of 
experiments on alloys assume that the saturation in- 
tensity is an adequate measure of the spontaneous 
magnetization. 

It will be appreciated from the foregoing discussion 
that the determinations on nickel are the only ones 
which can be regarded as satisfactory, and in view of the 
importance of the quantities involved, it seems desirable 
to extend the field of reliable determinations, particu- 
larly for ferromagnetic materials other than the three 
elements. Furthermore, the assumption that both the 
methods are equally valid rests only on the observations 
on nickel, and verification of this assumption for a 
selection of other ferromagnetics is called for. For these 
reasons it was decided to initiate measurements by both 
methods on representative materials. The copper- 
nickel series, which has played an important role in the 
development of the theory of ferromagnetic solid solu- 
tions is an obvious subject for investigation, and an 
alloy, chosen so as to afford the maximum range for 
profitable measurements, has been used. The ferrites 
have recently become prominent in ferromagnetic 
researches, and there are drastic differences from ordi- 
nary ferromagnetics in the intensity-temperature rela- 
tionships of some of these substances. Experiments have 
also been carried out on a suitable ferrite. The present 
paper gives an account of the measurements which have 
been already carried out on one zach of these types of 
ferromagnetics. 

The experimental problem consists of the measure- 
ment of the magnetization in nigh fields together with 
the small reversible rise of temperature (AT) owing to 
the magnetization. In previous work these determina- 
tions have been made in a single apparatus, but in the 
work described here this has not been attempted and 
two distinct pieces of apparatus have been used. The 


resulting freedom in the design of the experiential zi 


arrangements renders а high degree of accuracy at- 


5 M. Alder, ш Zürich (1916). 
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tainable in the separate determinations. The magneto- 
caloric technique has been sufficiently improved to 
enable measurements of the rise of temperature, which 
is much smaller than in previous investigations, to be 
made accurately over an adequate range of reduced 
temperature. The ferromagnetic balance designed and 
used earlier by one of us? was originally employed for 
the intensity measurenfents and was, indeed, used for 
the earlier observations, but during the course of the 
work an improved form was developed which possesses 
considerable advantages over the original, particularly 
for measurements such as where the greatest possible 
accuracy is required for the rate of increase of magneti- 
zation with field. 


THE MEASUREMENT OF THE MAGNETOCALORIC 
EFFECT 


In principle, the method is simple and consists in 
measuring the temperature change in a specimen placed 
between the poles of an electromagnet of which the 
field is switched on or off. 

The specimen was spherical in shape and 0.6-0.7 cm 
in diameter. The thermocouple was inserted in a small 
hole of diameter about 0.05 cm and held firmly in 
position in good thermal contact with the specimen. 


THE THERMOCOUPLE 


A thermocouple of high thermoelectric power is 
required for the experiment. The conflicting require- 
ments are for low electrical resistance in order to secure 
high sensitivity and low thermal conductivity to mini- 
mize the heat losses. Since the thermal conductivity of 
copper-nickel is very much greater than that of the non- 
metallic ferrite, the couple appropriate to the specimen 
has to be selected with some care. This feature will be 
dealt with in connection with the appropriate materials 
below. 
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THE GALVANOMETER SYSTEM 


AND 


The maximum magnetocaloric effect, even at {һе 
Curie point, is only about 0.35°C, and with even the 
sensitive thermoelements described above, together with 
a suitable low resistance galvanometer of short period 
to give adequate quickness of response, it is clear that 
some form of amplification must be employed in order 
to measure the effect accurately over a wide range pf 
both magnetic field and temperature. A galvanometer 
amplifier employing а high degree of negative feedback 
similar to that of Preston? was constructed. This em- 


` ploys two photovoltaic cells connected in parallel with 


the input signal in order to secure à low input resistance. 
The primary galvanometer had resistance 15 ohms, 
period 4.5 seconds, and current sensitivity 193 mm/pA. 
In the secondary circuit, a short period galvanometer of 
period 2 seconds, resistance 26 ohms, and current sensi- 
tivity 150 mm/yA was used. The over-all sensitivity of 
the arrangement using maximum feedback was about 
30 mm/uv corresponding to about 1100 mm/°C for the 
copper-constantan thermocouple. If necessary, this 
could easily be increased by reducing the feedback. 


THE POTENTIOMETER 


[3 


It was essential to reduce extraneous thermoelectric 
emf's as far as possible. The commercial potentiometers 
which were used in the initial stages exhibited these 
spurious emf's to such an extent as to make accurate 
measurements impracticable. It was found necessary to 
construct a special potentiometer in which the electrical 
circuit was composed entirely of copper and a special 
resistance alloy “minalpha” which has a low thermal 
emf against copper, i.e., 0.9uv/°C. The potentiometer 
itself was completely immersed in an insulating oil in 
order to minimize changes of ambient temperature. 
These precautions proved to be highly successful. 


THE ELECTROMAGNET 


A Weiss type electromagnet with 10-cm diameter 
poles was employed. The pole pieces were conical 
truncated to a plane pole face diameter of 2.0 cm, with 
a gap of 1.72 cm. With an excitation of 55 000 ampere- 
turns a maximum field of 20 000 oe was produced. 


EXPERIMENTAL PROCEDURE 


The potentiometer described above was used to 
balance the main emf of the thermocouple and thus 
gave the mean temperature at which observations were 
being taken. After recording the general slow drift of the 
galvanometer at 10-second intervals, the magnet was 
switched on, the magnetocaloric rise of temperature 
being shown by the out of balance deflection. The heat 
produced is dissipated in various ways, and a cooling 
curve is observed, observations still being taken at 
10-second intervals; after about 2 minute the magnet 
field is switched off, and the same procedure followed 


1J. S.-Preston, J. Sci. Instr. 23, 173 (1946). 
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«luring the cooling. Immediately after this, a calibrating 
emf producing the same order of deflection is injected 
into the circuit, and a similar procedure followed during 
the switching om and later during the switching ой. 
These four readings insure adequate accuracy in deter- 
mining the magnetocaloric AT. 
Eddy current effects due to the magnetic field can be 
shown to be too small to be observable. Radiation loss is 
- kept as low as possible by carrying out the experiments 
in vacuum. The chief source of error is probably that 
owing to thermal conduction down the thermocouple 
leads; and by deliberately increasing the extrapolation 
time, it was shown satisfactorily that this source of 
error must be less than 10—?C for the nickel-copper 
specimens. The procedure for the points is dealt with 
below, along with the measurements on that material. 


THE MEASUREMENT OF THE INTENSITY OF 
MAGNETIZATION AT VARIOUS VALUES OF 
THE MAGNETIZING FIELD 


'The intensities of magnetization were, in the initial 
stages, obtained by the method developed by Suck- 
7^7smith.5 During the coarse of the work, an improved 
apparatus was developed, and since the method is 
particularly suitable for this type of measurement, it is 
described in some detail. In order to appreciate the sig- 
nificance of the modifications, some reference to the 
original method is necessary. 


THE ORIGINAL BALANCE METHOD 


'This is a traction method, and the principle is that a 
ferromagnetic material placed in a inhomogeneous mag- 
netic field experiences a force according to the equation 


Е.=отаН „/ах. (1) 


The magnetic field Я can have any direction, but by far 
the majority of applications find it most convenient to 
employ a field whose direction is perpendicular to the 
direction of the force. 

This force is measured by the ring balance, in which 
the displacement of the small specimen, very highly 
magnetized, is linearly proportional to the force which 
amounts to а few grams weight. The field must be 
sufficiently large for the requirements of the investiga- 
tion, while the gradient must be constant over the 
working volume and involving only a small change in the 
absolute value of the field. To achieve this, stepped pole 
faces were employed such that a region of constant 
(and maximum) gradient existed. The balance is only 
intended for fields of some thousands of oersteds and 
upwards, and calibration is effected by comparison with 
а standard iron specimen, whose moment is assumed 
constant in fields above about 5000 oe at liquid air 
température. This assumption is fully justifiable for the 
maximum absolute accuracy claimed (1 percent). 
Comparison results for nickel and iron, together with 
sample ratios obtained at different fields, are given in 
Fig. 1. The field gradient which varies between 140 
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Fic. 2. Variation of magnetic fields and field gradient 
in gap of magnet. 


oe/cm to 600 oe/cm at the maximum magnetizing field 
of 18 000 oe was, of course, not separately controlled, 
and efforts were made to replace this with a coil system, 
а problem in which the suitable disposition and sensi- 
tivity of which presents the chief difficulty. Finally, the 
following improved arrangement for the field and field 
gradient was found satisfactory and adopted. 

A uniform field is employed throughout, and an elec- 
tromagnet of similar type to that previously employed 
is used. The 10-cm pole pieces are truncated with a 
pole face diameter of 5.0 cm, and the gap width is 2.2 
cm. To produce the field gradient, two horizontal copper 
strips 1.0Х0.15 cm mounted symmetrically along, but 
insulated from, the face of the magnet poles (see Fig. 2) 
carry currents in the same direction being mounted in 
series so that the field due to these currents at the mid- 
point is zero. The variation of this field along the x axis 
together with the gradient is also shown in Fig. 2. The 
gradient at the center is shown as a flat maximum with 
variation less than 1 part in 2000 over the central 1.0 
mm. Perpendicular to this, the gradient is a minimum 
the the center, so that in so far as horizontal displace- 
ment is concerned, the specimen will be in a position of 
unstable equilibrium. On the other hand, the flat spirals, 
preventing motion other than in the x direction, easily 
make this equilibrium quite stable. The gradient is 
directly proportional to the current, and for the dimen- 
sions employed the constant of proportionality is close 
to 0.5 when the current is measured in amperes. This 
means that since currents up to about 60 amperes were 
used the forces vary between 5 percent and 20 percent 
of those for the original balance. As stated above, the 
earlier form was concerned with forces up to a few 
grams weight so that no serious difficulty is presented 
by this change. Since the deflection produced is directly 
proportional to the current in tke gradient strips, this 
must be measured accurately, and accordingly the 
usual potentiometer method is employed. А 

If measurements аге restricted to high fields, i.e., those 4 
appreciably in excess of likely, demagnetizing fields, 
accurate shaping of the specimens is unimportant, but 
for reasons which will be discussed below, ellipsoids of 
revolution were used for most nieasureméeats. The length 
was fixed at 5.0 mm, the diameter ranging from 1:25 to 
2.50 mm, according to the intensity of magnetization. na 

Any nonuniformity о the field will be shown by 9 * 
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в. 
E Taste I. Relation between deflection (in units of 107? mm) 
ys and applied field for two specimens. 
л 
S : и. 
И 
3 H in oe Fes Nib Ratioc 
? 
2 4600 2678 2483 3.972 
8600 2677 2486 3.966 

10 900 2618 2487 3.966 
м 14 150 2679 2489 3.964 
> p : 

a Deflection for specimen ої iron, weight 64.8 mg. strip current 36.00 amp. 
M b Deflection for specimen of nickel, weight 143.2 mg, strip current 60.00 
mp. 

= V Ratio of the deflection per unit mass of iron to that of nickel. 


л deflection when the field is switched on, even in the 
= absence of current through the gradient strips. Even 
Е with the utmost care in choice of material and machining 
_ of the pole tips, it was impossible to reduce this to a 
? negligible magnitude. This residual efiect, however, is 
not difficult to eliminate. The double deflection when 
the current through the gradient strips is reversed is 
_ always used. This procedure eliminates the error due 
- to magnet field nonuniformity, the actual “zero” being 
= unimportant and not figuring explicitly in the observa- 
|. fions. 

'Table I shows a sample set of measurements on а 
nickel and an iron specimen. It will be seen that the 
ratios per unit mass of iron to nickel are in good agree- 
ment with the generally accepted ratio (Weiss and 
_ Forrer’). There is no correction for the image effect, and 
deflections expressed per unit mass have only to be 
- multiplied by an instrumental constant for conversion 
“о mass intensity. The double deflection is accurately 
proportional to force up to about 5000 scale divisions 
“(1 division=0.01 mm), which represents +0.15 mm 
ovement of the specimen, over which the gradient 
oes not change perceptibly. This feature promises a 
h relative accuracy in estimating dH,/dx, а precise 
wledge of which is particularly important in deter- 
minations of the spontaneous magnetization. In order to 

st this, high field measurements were carried out on 
psoidal single crystals of nickle cut with their easy 

directions of magnetization along the long axis of revolu- 


a 


x 


5. 
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3 0.04xX 10^. On the other hand, a specimen of poly. 
crystalline nickel increased from 2483-Е1 at 4600 oe to 
24892-1 at 14 100 oe, (see Table I). This gives 40/4Ц 
as 0.14X 10—, whereas the value given by the results of 
Weiss and Forrer? for room temperature is 0.2 10-4, 
While it is not strictly within the purview of зроп- 
taneous magnetization to deal with measurements in 
the low fields below saturation, it would seem not out of 
place in а Congress оп Magnetism, in which experi- 
mental techniques are included in the program, and this 
extension is, therefore, included. There is по a priori 
reason why a pair of air core coils should not replace the 
electromagnet, while the same strips are employed to 
produce the field gradient. Two coils were, therefore, 
disposed Helmholtz fashion t» give calculable uniform 
fields at their mid-point. These coils cover the range up 
to about 2000 oe, and the measurement procedure does 
not differ from that employed for high fields. (There are 
no complications due to stray nonhomogeneity of mag- 
netizing field.) Both electromagnet and air core coils 
are disposed so as to be capable of horizontal translatory 


FIELD COILS 
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DEFLECTION PER 100mg 


1000 1500 ОЕ 
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Fic. 4. Air core field measurement on single crystals of cobalt. 


motion in a direction perpendicular to their fields, so 
that a continuous series of measurements from the ЮУ? 
est fields to the highest can be carried out. Calibration 
is effected by one measurement only at a selected high 
field. The standard calibration material was an ellipsoid 
of pure iron, whose intensity of magnetization at 15 000 
oe and 15°С is taken аз 217.7 per unit mass. This single 
calibration is in contrast with the previous balance 
where comparison at all the high field values employed 
was necessary. | 
To illustrate the adequacy of the method for the 
complete range of fields, the measurements on two single 
crystal ellipsoids of cobalt cut along the easy and diff- 
cult directions of magnetization are included. Figure 3 
gives the results of measurements (corrected for de- 
magnetizing field), while Fig. 4 on a larger scale shows 
the data as obtained for the lower range of magnatizing 
fields. As with the earlier form оѓ Һе balance, measure 


ments can be carried out at all temperatures uP эн 


about 1600°С without any modification or disturbance | 


of the moving system. 4 
kul Kangri Collection, Haridwar 
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THE SPONTANEOUS MAGNETIZATION OF A 
r COPPER-NICKEL ALLOY 


The alloy, chosen so as to afford the maximum range 
over which both methods could be applied with accuracy 
contained 27.5 atomic percent copper. From magnetic 
measurements below room temperature, боо, the spon- 
taneous magnetization at absolute zero, was found to be 
31.0 units, in satisfactory agreement with the results of 
Alder (see reference 5). The magnetic intensity-temper- 
ature measurements were carried out for small tempera- 
ture intervals up to 150°C (Curie temperature ~ 100°C) 
and exhibit the characteristic that the linearity at high 
fields persists to much higher (reduced) temperatures 
than is the case for pure nickel. Even above the Curie 
temperature there is marked linearity. This property 
allowed linear extrapolation to zero field, as well as the 
employment of the curves of constant intensity, to 
determine the spontaneous magnetization; and there is 
little if any difference between the two methods of 
extrapolation. 


0-4 


о о 
№ e 


TEMPERATURE RISE,"C 
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(29) (9) (9) (9) (9) 0) 40 во 120 160 
(sPECIFIC MAGNETIZATION )? 


Fic. 5. Variation of magnetocaloric rise of temperature for 27.5 
percent Cu-Ni alloy with square of intensity of magnetization per 
unit mass. 


^ The magnetocaloric rise of temperature plotted 
against field shows the same features as those previously 
noted by Weiss and Forrer, i.e., linearity for low tem- 
perature with concavity towards the temperature axis 
developing with increasing temperature. The maximum 
AT is 0.35°С as compared with about 1.25°С for nickel 
and about twice this value for iron, while the variation 
with temperature is very similar to the previous results, 


. though the half-width of the peak extends over а 


larger temperature range than in these cases. When we 
examine the variation of AT against the square of the 
magnetization (see Fig. 5), there are new features. 
Below the Curie point the linearity previously observed 
is reproduced, but above this temperature there is 
pronounced curvature, i.e., the relationship AT—Ac is 
not fožowed, and to express the variation a term invol- 
ving a higher power of с is required. 

It is now necessary to compare the values of the 
spontaneous magnetization obtained by the two meth- 
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TEMPERATURE/C 
Frc. 6. Comparison of spontaneous magnetization for a 27.5 


percent Cu-Ni alloy determined from the magnetic measurements 
and from the magnetocaloric effect. 


ods, and this is summarized in Fig. 6. For values of 
T/@ between zero and about 0.9, there is satisfactory 
agreement between the purely magnetic and the mag- 
netothermal methods. Above this temperature, however, 
the curves diverge, and the Curie temperature deduced 
from the magnetothermal data is some 5.5°C below that 
determined from magnetic data alone.* Furthermore, 
the “tail” is much less pronounced in the case of the 
magnetocaloric effect, with a corresponding decrease 
in the uncertainty of extrapolation. 

Finally there is the comparison of these curves with 
the shapes previously obtained, and with the theoretical 
j=} curve. This is shown in Fig. 7. It is quite evident 
that the departure from the theoretical curve is quite 
firmly established. 


4 oe OB REICH 
Te. 


Fic. 7. Spontaneous magnetization of 27.5 percent Cu-Ni 213 
compared with nickel ànd with theory. ашу 


о o2 о. 


* The Curie pointdetermined from’ eti 
was 111?C, i.e., about 12°С higher than the ferromagneti 
temperature. 
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(PECIFIC MAGNETISATION)? 
Fic. 8. Variation of magnetocaloric rise of temperature for 


magnesium zinc ferrite with square of intensity of magnetization 
per unit mass. 


THE SPONTANEOUS MAGNETIZATION OF A FERRITE 


As previously stated, the ferrite chosen was MgO- 
ZnO-2Fe,03. The reason for the employment of this 
particular material was twofold: the low Curie tempera- 
ture combined with the departure of the saturation 
intensity-temperature curve from the conventional 
type [see Snoek, New Developments in Ferromagnetic 
Materials (Elsevier Publishing Company, Inc., Houston, 
1947), pp. 87-90]. No further difficulty was presented 
in the magnetic determinations, but serious reconsidera- 
tion of the thermal measurements was necessary on 
account of the low thermal conductivity. In this con- 
nection Stoner? has drawn attention to the error in the 
results of Weiss and Forrer owing to neglect of the 
thermal capacity of the thermocouple. In order to mini- 


—e— from constant o-curves. 
—o— from ДТ, о? curves. 


” SPONTANEOUS MAGNETISATION PER GRAMO3,.. 


1 170 
TEMPERATURE, С. 


190 20 


omparison of spontaneous magnetization for а magne- 
c ferrite ‘determined’ from magnetic measurements with 
magnetocaloric effect. 9 


г, Trans. Roy. Soc. (London) A235, 165 (1936). 
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mize this, various thermo-elements of different therma] 
conductivities and appropriate cross sections were 
employed for test experiments. Any heat loss will be 
proportional to the product КА for each element, where 
K is the thermal conductivity and 4 the cross-sectiona] 
area. of the element of the couple. Table II gives the 
observed value of AT for a particular set of conditions 
plotted against ХКА. It can be seen that such error ав 
remains for materials of low conductivity can be easily 
corrected for. : 

The intensity-field relationships are quite similar to 
those already obtained for other substances, though 
with increasing temperature, the linear portions in the 
curves of constant intensity become shorter, until at 
o=5 there is virtually no linear portion, whereas even 
at o=1 the copper-nickel alloy displays linearity. On 
the other hand, the magnetocaloric rise of temperature, 
in general, follows the same trend as the ferromagnetic 
elements and is shown in Fig. 8. It 15 noteworthy that 
above the Curie temperature there is no evidence of the 
curvature characteristic of the copper-nickel alloy 
(see Fig. 5). 


TABLE II. Variation of rise of temperature (AT) with material 77: 


of thermoelements for different cross-sectional areas and thermal 
conductivities. 


УКА X105 AT(deg C) 
0.1590 
0.1593 
0.1573 
0.1493 
0.1399 
0.13116 


1. 
2. 
4. 
9. 
13 
IL 


ооо» mmm 


3 
3 


When we consider the variation of spontaneous mag- 
netization with temperature, we find satisfactory agree- 
ment by the two methods until the immediate neigh- 
borhood of the Curie temperature is reached. Above 
130°C (71/02 0.9) there is a slight but definite diver- 
gence, the curve derived from the magnetocaloric rise 
of temperature being lower as is the case with the 
copper-nickel alloy (Fig. 9). The difference is, however, 
quite small, being only about 3°C, and the “tail” is 
markedly less than for other ferromagnetics. Finally in 
Fig. 10, сот/боо is shown, together with the magneto- 
caloric AT for comparison. (The difference between the 
two curves of Fig. 9 is too small to be indicated in the 
figure.) It is quite evident that the variation of the 
reduced magnetization with temperature lies well inside 
the quantum-theory modifications of the law of corre 
sponding states even for the largest values of 7. The low- 
est temperatures employed were around 90°К, and the 
figure shows linear extrapolation to zero temperature: 
Guillaud (Grenoble Conference on Ferromagnetism an 
Antiferromagnetism, pp. 91-103) has shown tlfat this 
linearity in ferrites may persist at least to the neigh- 
borhood of 20°K, so that probably little error is involved 
in this extrapolation. Measurements of the paramag- 
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,netism above the Curje temperature are т progress, so 
that the method devised Бу Néel" for the law of varia- 
tion of intensity with temperature can be calculated. 
Comparison with existing data for other ferrites indi- 
cates that there is likely to be substantial agreement 
between the theoretical and experimental curves. 


CONCLUSIONS 


It is clear that the two methods hitherto employed 
for the determination of the spontaneous magnetization 
are justified over a wide range from the lowest tempera- 
ture to within the neighborhood of the Curie point. In 
this region the two methods diverge at the point where 
Т/0 is greater than about 0.9. The tail is not so extensive 
as had been expected and is smaller for both materials 
when deduced from the magnetocaloric measurements. 
'This feature prompts a re-examination of the results for 
nickel; and this suggests that the absence of tail is not 
50 certain as these writers have supposed (e.g., see 
Potter, reference 2, for comments on this point). 

The magnetocaloric experiments on the nickel- 
copper alloy show that there is substantial deviation 
from the ј = 3 curve, and it may be that the explanation 
is to be found in Stoner's collective electron theory,!! but 
the values do not correspond with those suggested by 
Wohlfarth.” The new property of nonlinearity between 
the magnetocaloric rise of temperature and the square 
of the magnetization above the Curie temperature may 
be a characteristic of a diluted ferromagnetic, but this 
point calls for experiments on other alloys. 2 

19 L, Néel, Ann. phys. 3, 137 (1948). 


п E, C. Stoner, Proc. Roy. Soc. (London), A165, 372 (1938). 
? E. P. Wohlfarth, Phil. Mag. 40, 703 (1949). 
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Fic. 10. Curve showing variation of spontaneous magnetization 
with temperature for a magnesium zinc ferrite. The magneto- 
caloric effect for a high value of the magnetic field is also shown. 


'The most marked feature of the experiments on the 
ferrite is the very close agreement between the magnetic 
and magnetothermal measurements. This is all the more 
striking in the mixed ferrite where deviations could 
reasonably be attributed to the nature of the material. 
When paramagnetic data is available, it is to be ex- 
pected that a satisfactory correlation between theory 
and experiment will be available. 

It should be emphasized that the results presented 
do not represent a completed work, and, therefore, de- 
tailed discussion would be premature. Further experi- 
ments, both on diluted ferromagnetics and on ferrites 
are planned or in progress. 


DISCUSSION 


C. J. GORTER, Leiden University, The Netherlands: 
„Does not the fact that in the Cu-Ni alloy the AT 
is not proportional to 0” above the Curie tempera- 
ture indicate that there the susceptibility must de- 
pend on the field? Then we would not have to do 
with paramagnetism proper. In view of the inhomo- 
genity to be expected, a tail of ferromagnetism in the 
paramagnetic region is no wonder. 


A. ARROTT, Carnegie Institute of Technology, Pitts- 
burgh, Pennsylvania: We have used for the measuring of 


' paramagnetic susceptibilities a method similar to that 


of Shoenberg which we think could be used with several 
modifications to measure saturation magnetization of 
ferromagnets. The motion of a paramagnetic cylinder 
in a uniform magnetic field may be picked up by a pair 
of-detector coils connected in opposition in order to 
- cancel out signals induced by fluctuations of the field. 
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А zero pitch solenoid may be wound on the cylindrical 
surface of the paramagnet so that, with the proper 
current flowing, the movement of the sample plus 
solenoid will cause no pick up by the detector coils. 
'The current then is a measure of the magnetization. 
This works for weak paramagnets, but with ferro- 
magnets the solenoid's field affects the magnetization 
of the sample in no small way. If, as suggested by ]. 
Osborne, the sample is a needle with a cross section 
much smaller than the solenoid, it is possible for both 
to have the same magnetic moment without the sole- 
noid's field being large enough io influence the sample. 
'The equality of the magnetic moments can be detected 
by placing pick-up coils some distance from the sample 
where both the needle-like sample and the solenoid 
will approximate extended dipoles. The advantages of 
the measurement are inthe use of a uniform field and 
negligible demagnetizing effect and in the absence -of 
image effects. _ 2 а : 
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In attempting to explain the unusual magnetic properties of the 
iron-nickel alloys, single crystals of alloys containing 35 to 100 
percent nickel were prepared, and measurements made of the 
magnetic crystal anisotropy and magnetostriction as dependent 
on cooling rate. It is confirmed that there is a large effect of cooling 
rate on the anisotropy in the region near FeNis, but the experi- 
ments show also a substantial effect between 50 and 85 percent 
nickel. Two magnetostriction constants, A1oo and Хи, were meas- 
ured on the same crystals. The effect of cooling rate on magneto- 
striction was found to be substantial only in the composition range 
70 to 80 percent nickel. When the specimens are quenched, Ain 
goes through zero for a nickel content just below 80 percent nickel, 
а composition very close to that for highest permeability. This 
is understandable because the magnetostrictive strain caused by 
movement of the boundary between two domains, each magne- 
tized spontaneously in a [111] direction, depends on Хш alone. 


The same physical picture predicts that near 45 percent nickel 
where [100] is the direction of easiest magnetization and Хур goes 
through zero, the permeability vs composition curve should again 
have a maximum. Such a maximum is known to exist, and initial 
permeabilities as high as 15 000 have been observed. 

Although simple theory suggests that domain-rotation should 
occur in very weak fields when the crystal anisotropy is very small 
(73 percent nickel in quenched alloys), nevertheless, rotation 
involves magnetostrictive strains which prevent uo from becoming 
infinite. Internal poles are also likely to be formed. In slowly cooled 
alloys the anisotropy is zero at about 63 percent nickel; here there 
are random strains caused by magnetostriction and possibly also 
by atomic ordering. 

The principal changes in magnetic properties with composition 
are explained in terms of the crystal anisotropy and magneto- 
striction, and their change with heat treatment. 


INTRODUCTION 


: HE ‘‘Permalloy problem" is to explain the char- 
acteristic magnetic properties possessed by the 

— Бшагу iron-nickel alloys containing 35 to 100 percent 
3 nickel. They have unusually high permeabilities which 
__ ате a maximum at about 79 percent nickel, the perme- 
р" 'abilities are influenced markedly by heat treatment and 
_ specifically are increased by cooling rapidly, and a 
Ex magnetic anneal (cooling in the presence of a magnetic 
- field) causes drastic changes in various magnetic proper- 
— ties, particularly the maximum permeability and the 
_ form of the hysteresis loop. The present investigation of 
. the magnetic crystal anisotropy, and of the magneto- 


RS 


kel alloys. Curves 
en over a period of 


striction of single crystals of these alloys, is a contribu- 


tion to the explanation of the behavior of these alloys ' 


as dependent on composition and heat treatment. 

These properties are illustrated in Figs. 1-3, which 
were drawn some time ago and represent mean values of 
many data.! In addition to the maxima of the perme- 
abilities at about 79 percent nickel (Figs. 1 and 2), 
one should note the secondary maxima at about 45 
percent nickel, which we will refer to later, and the 
shift of the 79 percent maximum with heat treatment. 
The change in the form of the loop with heat treatment 
in а magnetic field, and the associated change in maxi- 
mum permeability, are drastic; there is practically no 
corresponding change in initial permeability. 

In previous attempts to explain these phenomena, 
McKeehan? first stated a qualitative relation between 


the high permeability and the low magnetostriction.. 


Kersten? derived an expression for the highest initial 
permeability attainable in a material which has residual 
magnetostrictive strains. Both McKeehan and Kersten 
used the magnetostriction of the polycrystalline ma- 
terial, which passes through zero at 81 to 83 percent 
nickel. Lichtenberger‘ found that the composition for 
zero magnetostriction is different for the (1001, [110], 
and [111] directions. Also, he noted that the perme- 
ability maximum at 79 percent lies between the com- 
position for zero polycrystalline magnetostriction and 
the composition for zero crystal anisotropy. 2 
Using the ideas of domain theory which have been 
developed during recent years, we expect that when the 
crystal anisotropy is zero and imperfections are absent, 


1 See, for example, R. M. Bozorth, Ferromagnelism (19: Van 
Nostrand Company, Inc., New York, 1951). 

* L. W. McKeehan, Phys. Rev. 28, 158 (1926). 

3 M. Kersten, Z. tech. Physik 12, 665 (1931). See also R. Becker 
and Döring, Ferromagnelismus (Springer Verlag, Berlin, 1939). 

* R. Lichtenberger, Ann. Physik 15, 45 (1932). 
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domain rotation will occur with great ease and the 
permeability will be very high. Also, when the magneto- 
Striction is zero, displacement of domain boundaries 
will occur with negligible resistance, and the permeabil- 
ity will also be high. The work summarized below was 
carried out in order to subject this physical picture to a 
quantitative test and to find out if possible the separate 
roles of anisotropy and magnetostriction. This necessi- 
tated determination of the crystal anisotropy constants, 
and of the magnetostriction at saturation in the prin- 
cipal crystal directions, in single crystals subjected to 
various heat treatments, that is, various rates of cooling. 
A qualitative theory of heat treatment in a magnetic 
field was suggested by the author some years ago.* This 
dealt with the relief of magnetostrictive strains by 
diffusion, in material of low crystal anisotropy. Further 
consideration can now be given to this theory, using the 
results of the present investigation as a background. 
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Fic. 2. Initial permeabilities of iron-nickel alloys, 
averaged over many measurements. 


Determinations of crystal anisotropy and saturation 
magnetostriction in various crystal directions will now 


be described. 
CRYSTAL ANISOTROPY 


Single crystals were prepared by slow cooling of ane 
melt, as described by Walker, Williams, and Bozorth. 

. Specimens were cut in the form of disks, usually in the 
(100) plane, and were normally about 1 cm In diameter 
and 2 mm thick. Accuracy of orientation was a few 
tenths of a degree. After annealing, all specimens were 
cooled at two standard rates: (1) they were withdrawn 


К?М d J. F. Dillinger, Physics 6, 285 (1935): 
Es cilm т PUE of Iron and Nickel. (McGraw-Hill 
"Book Company, Inc., New York, 1938), pp. 214-219. 


6 Walker, Williams, and Bozorth, Rev. Sci. Instr. 20, 947 
(1949). ` 
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Fic. 3. Hysteresis loops of 65 Permalloy, showing effect 
of heat treatment in a magnetic field. 


from the furnace at about 700°C and placed quickly 
on a cold copper plate (quenched), or (2) they were 
automatically cooled from above 600° to below 300°C 
at 2°C/hr (baked). The known order-disorder trans- 
formation of FeNi; is at 506°C. Presumably (1) gives a 
high degree of disorder, (2) a high degree of order, but 
some of our experiments indicate that a definitely 
higher degree of order is obtained by cooling at 1°C/hr. 

Measurements, already reported briefly,’ were made 
by the use of a sensitive torsion magnetometer designed 
by Mr. H. J. Williams, with which a torque of 6 dyne-cm 
could be readily detected. Details of the measurements 
will be reported elsewhere. 

The results are shown in Fig. 4. It is noted at once 
that the slowly cooled alloys have lower (more negative) 
anisotropy constants, especially in the composition 
range near FeNi; (76 percent nickel), at which a deep 
minimum occurs. This confirms measurements pre- 
viously reported by Grabbe.? Atomic ordering was 
detected by x-rays and by neutron diffraction in the 
slowly cooled alloys containing 74 and 68 percent nickel 
but not in the quenched alloys or in a slowly cooled 
specimen containing 90 percent nickel. It seems prob- 
able that some ordering occurs in alloys containing as 
little as 40 percent nickel but not in those containing 
90 percent or over. ? 

The alloy containing 74 percent nickel was cooled at 
various rates, with the results shown in Fig. 5. This 
shows that the degree of ordering is still increasing as 
the cooling rate falls below 2°C/hr. * 

The composition for zero anisotropy varies from 63 to — 
75 percent nickel, depending on the cooling rate. It has. 
previously been pointed out that a low anisotropy is _ 
related to other magnetic phenomena, for example, low ; 

2 > ое 


7R. M. Bozorth and J. С. Walker, Phys. Rev. 83, 871 
ЗЕ. M. Grabbe, Phys. Rev. 57, 728 (1940). у 
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SLOWLY COOLED — №, 
(ORDERED) 


ANISOTROPY CONSTANT, К, IN ERGS/CM> 


PERCENT NICKEL 


Е тс. 4. Crystal anisotropy constants of quenched and of slowly 
cooled alloys. Broken line Xin indicates the composition at which 
the magnetostriction in the [111] direction goes through zero. 


remanence,? high strain sensitivity,” and susceptibility 
to magnetic anneal.! More quantitative tests of these 
relations can now be made. 


MAGNETOSTRICTION 


Magnetostriction was determined on the same disks 
that were used for anisotropy measurements, using 
Strain gauges according to the method described by 
Goldman.” Gauges, usually of 4-1. size, were oriented 
in the [100] and [110] directions in the (001) plane. 
А magnetic field of high uniformity and of strength up 


5x10? 


ANISOTROPY CONSTANT, Ку, IN ERCS/CM3 
1 
v 


-35 
0 15 _102 103 10^ 105 
COOLING RATE їч °с/нв (FROM 600° To 300°С) 


Е . 5. Anisotropy constants of 74 percent nickel alloy as 
lependent on rate of cooling from 6099 to 300°С. Highest cooling 
15 а rough estimate only. 


ozorth, Z. Physik 124, 519 (1948). 
Bozorth and H. J. Williams, Revs. Modern Physics 17, 


i ger and R. М. Bozorth, Physics 6, 279 (1935); 
1 and R. Smoluchowski, Phys. Rev. 75, 140 
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Fic. 6. Longitudinal and transverse magnetostriction of 68 
percent nickel crystal, measured in [100] and [1107 directions, as 
dependent on external applied field. Ratio of diameter to thickness 
of crystal, m=4.4. 


to 5000 oersteds was applied either parallel (longitudinal 
effect) or at right angles (transverse effect) to the gauge. 
Details of the method will be published elsewhere. 


Figures 6 to 8 show the magnetostriction of three 


specimens as dependent on magnetizing field strength, 
as measured longitudinally and transversely in the 
[100] and [110 directions. Figure 6 shows that satura- 
tion is easily attained in the 68 percent nickel speci- 
mens. Figures 7 and 8 show a continually increasing 
length with increasing field with both longitudinal and 
transverse measurements. This is definitely attributed 
to volume magnetostriction, which is known to persist 
to very high fields. The volume magnetostriction, calcu- 
lated from the slopes of the X vs H lines in the high fields 
used, is in reasonably good accord with previous 
measurements by others. The existence of volume mag- 
netostriction does not interfere with the desired meas- 
urement of ^io and A111 for reasons indicated below. 
Using the 2-constant formula! for magnetostrictive 


о 1000 2000 3000 4000 5000 (6000 
APPLIED FIELD STRENGTH, Ha, IN OERSTEDS 


Fic. 7. Magnetostriction of 42 percent nickel crystal, m- 5.5. 
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change in length at saturation; we have 


A= (3/2) (o? В? 02821-0284 — 1/3) 
1 
Я-3Хш(оцаг0182-Н 20:82:83 взвл8381), 

in which the o^s are the direction cosines of the mag- 
netization with respect to the crystal ones, and the 878 
are the direction Cosines of the measured change in 
length; and it 15 apparent that the difference between 
the longitudinal (№) and the transverse (Х,) changes in 
length in the [100] direction gives №00: 

Хг- Ap (3/2)X105, for [100]. 
Here 8:-41, В= 83=0; a=1, o»— 05-0 or о=1, 
a= аз=0. Not quite so obviously, the corresponding 
changes in length in the [110] direction give Ain: 

Ar— A= (3/2) Ain, for [110]. 


Неге B1— Ва = 1/2, Вз=0; «у= а= 1/V2, a3=0 or 
«у= — 1/2, о = 1/\2, a3=0. 
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Fic. $. Magnetostriction of 35 percent nickel crystal, 
showing large volume effect ; т= 3.9. 


Values of Азоо and Ат for crystals heat treated in the 
two ways (quenched on a cold copper plate or cooled at 
2°C/hr) are shown in Fig. 9. It is apparent that the 
magnetostriction varies with heat treatment ш a 
narrower composition range than was observed for the 
anisotropy, namely, from about 68 to 81 percent nickel. 
The measurements for the quenched alloys agree toler- 
ably well with the results of Lichtenberger, but the 
new measurements are somewhat higher in the range 
40 to 50 percent nickel. Тһе ordered alloys are more 
nearly isotropic than the disordered alloys, and at about 
73 percent nickel Атоо and Ain are almost equal. Data for 
the range 60 to 90 percent nickel are shown on a larger 

in Fig. 10. : 
m ED shown later that the composition at which 
№111 equals zero is of special importance for the theory 
ding to the data just presented, 
n is slightly greater than 80 percent 


i ositio : s 
this comp However, consideration 


nickel for the quenched alloys. 


aost 
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Fic. 9. Magnetostriction constants Aio» and Ain, showing de- 
pendence on cooling rate. Broken сигуез show compositions at 
which crystal anisotropy goes through zero, for quenched (QU) 
and slowly cooled (S.C.) alloys. 7 


of the 5-constant formula! for magnetostriction : 


A= hlar bi + ar BY a3 B3 — 1/3) 
+ 25.(019281824- aos Вз-Е всавл8381) 
--74(о:482-н a Bet as! Bet 25/3— 1/3) 
-F2hs(oosatz? bB aaa 88 asara? 8381 
4-74(5-1/3) for nickel, +/s for iron, 
s— ао?-- adag tara, 
shows that 
Ani 2hs/34- 2h5/9, 
whereas the last term is neglected in the 2-constant 
formula. Obviously the constant Лу might possibly 
make an important contribution. (If we take the five 
constants determined! by Döring from the data of 
Masiyama for nickel, we have 
25/3 = —31X10 €, 
2ho/ 3+ 2h;/9= —– 20107°, 


a large discrepancy between the results of the 2-constant 


30x10 


— QUENCHED 
—-—--- BAKED 


MAGNETOSTRICTION OF Fe-Ni ALLOYS 
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Fic. 10 Magnetostriction constants for range 60 te 90 percent 


nickel. Single point shows ıı as determined with greater accuracy = 
uu. 


for a specimen containing 0.5 percent manganese. 
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and 5-constant formulas.) Therefore, it seemed neces- 
sary to determine both Л» and Л in order to be sure of 
М. Moreover, since most of the data on the magnetic 
properties of the Permalloys were taken for specimens 
which contained 0.5 percent of manganese, a single 
crystal containing 78 percent nickel and 0.5 manganese 
was prepared and a disk cut from it oriented accurately 
parallel to а (011) plane. 

The method used for evaluating the five magneto- 
striction constants has been reported briefly by Bozorth 
and Hamming,? and will be described in detail else- 
where. As a matter of fact, 4s in 78 percent nickel is 
found to be negligibly small. Results for the quenched 
specimens are = 13, /i5— 2.6, h= — 0.3, у= —0.1, ай 

= X10-5. Therefore, 


М№п=1 ИХ 10-5. 


This point is plotted with a large circle in Fig. 10. It 
lies close to the Хи curve previously drawn, and a 
new line drawn parallel to the old crosses the axis at 


01) 


Fic. 11. Ideal domain boundary separating [111] and [111] 
domains. No poles are formed at boundary since the normal com- 
ponent is constant across the boundary. The strain produced by 
boundary movement depends only on Xii. 


about 79.5 percent nickel. This is very close to the com- 
position for highest permeability. 

. Incidentally, it may be pointed out that Ёз is а meas- 
| ure of the volume change associated with domain rota- 
- tion. This is the first time that such a volume change has 
. been measured. However, its value is small and may 
exceed the probable error. 


INTERPRETATION OF RESULTS 


Tigh permeability in material free from imperfections 
y be expected to result either from domain rotation 
gains 'eak crystal anisotropy forces or from boundary 
nent when the opposing force is small, as it 


r. It was for this reason that care was 
Arne 5 
ation of 111, as mentioned above. 


Hamming, Phys. Rev. 87, 209 


? 
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According to domain theory, as developed b 
Becker and others, the rotation of magnetization by the 
field, against the forces of crystal anisotropy, gives the 
following formula for the initial permeability : 


ш—1=2л sin?0(I ?/ К), 


0 being the smallest angle between the magnetization 
and a crystal axis, or 


Bos 212/K. 


А formula for ро for the moving boundary process hag 
been given by Becker and Dóring? in terms of interna] 
strains ос Putting c;— AE, as Kersten has proposed, 
we have 

шо 512/ (XE), 


E being Young's modulus and А being the saturation 
magnetostriction in the direction of easy magnetization, 

According to simple theory one might expect the 
initial permeability to become infinite at the two com- 
positions at which К and А are zero. This is obviously 
not the case. In the quenched alloys the lack of a maxi- 
mum at К =0 (75 percent nickel) can be accounted for 
by the presence of residual internal strains caused by 
magnetostriction, the existence of which was pointed 
out by Kersten. These will restrict rotation in the same 
way that crystal anisotropy will, and the resulting 
initial permeability may be estimated by replacing K 
Бу XE. If we use the А for the polycrystalline material 
Мз, then for 75 percent nickel we have 


bo 21 2/ XE =~ 9000 


as the highest uo we should expect, provided the full 
magnetostrictive strains remain in the material at room 
temperature. If they are relieved somewhat by diffusion 
during the cooling of the material, us can be larger, and 
if imperfections are present ир is less. 

In a similar way the calculated limit of the initial 
permeability of the slowly cooled alloy having К=0. 
(63 percent nickel) is 2000 or more. This fits rather 
well with a measured value! of 3000 in 65 percent nickel 
that had been carefully purified in hydrogen, a treat- 
ment that increases the permeability of 45 percent 
nickel from 3000 to 15 000, according to measurements 
of Williams. It is not necessary to invoke any strains | 
of atomic ordering in order to account for the permeabil- 
ity observed. 

Therefore, reduction of the anisotropy to zero does 
not lead to high permeabilities (rotation process) unless 
the magnetostriction also approaches zero. However, 
disappearance of the magnetostriction in the direction 
of easy magnetization can cause high permeability 
(moving boundary) even though the anisotropy is not 
Zero. The importance of Aj; in a material for which 
[111] is the direction of easy magnetization is ‘illus- 
trated in Fig. 11, which is particularly applicable to 


“H. J. Williams, reference 1, рр. 122-123, 
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.the understanding of maximum permeability (see 
below). The magnetostriction strain in the material 
caused by movement of the boundary from (a) to (b) 
is found by. calculation, using either the 2-constant or 
the 5-constant formula, to be a shear strain determined 
entirely Бу Ayu. A similar calculation shows that only 
№100 .15 involved when [100] is the direction of easy 
magnetization. Becker and Döring’ have already pro- 
posed that the initial permeability is controlled by the 
magnetostriction in the direction of easy magnetization 
(A100 ог Аз). 

Some suggestions regarding the effect of annealing in 
a magnetic field were proposed by the author at an 
earlier date,* and it appears at the present time!? that 
the proposed explanation, of the “freezing in" of mag- 
netostrictive strains, is basically correct. However, one 
of the features of the phenomenon that has not been 
explained is that the initial permeability remains 
unchanged by the treatment while the maximum 
permeability is increased by a large factor. This may be 
understood by reference to Fig. 12. Let the solid curve 
represent the local strain (0) from point to point (4) 
in the material, and let Р represent the position of а 
avall before application of a field, according to the 
representation of Becker and Déring’ The initial 
permeability is determined by the form of the o vs x 
curve near P. When the field is increased toward that 
corresponding to maximum permeability, so that the 
wall moves over the top of the strain “hill,” it will 
move freely until a higher hill is encountered, as shown 
by the horizontal solid line. This occurs when the strain 
is not increased by boundary movement, a situation 
that takes place with a 180? wall, or when the magneto- 
striction in the direction of easy magnetization is zero. 
Ordinarily materials contain walls of both kinds, but 
in materials that have responded to heat treatment in a 
magnetic field only 180° walls are ргевеп: 5 However, 
when walls of both kinds occur, movement of the 90? 

* walls (or 70? or 110? when К <0) builds up a strain, 
as shown in Fig. 11 and as represented in Fig. 12 by the 
line S. When this strain is added to the local strain we 
obtain the dotted curve. In this case the wall move- 
ment is limited by strains of random amplitude more 
severely than it is when only 180? walls exist, and in the 
latter case corresponding to the material heat-treated 
in a field, the maximum permeability is therefore 
higher. и - . 

A different explanation of the increase in maximum 
permeability of material heat treated m а шасы 
field can be based on the existence of Néel ‘spikes. 
Williams and Shockley!? have shown that in silicon- 
iron, where there are Six directions of easy ши 
tion, these spikes exert а pull on neighboring doma 


15 Е, C. Stoner, Вер» Prog. Phys. 13, 83-183 (1950), especially 


PVP ian trend a ee ИИ 
illi th, ап ys 3 SiS: 
в а and ХҮ. Shockley, Phys. Rev- 75, 178 (1949). 


walls and so contribute to the coercive force. However, 
in magnetically annealed material in which there are 
only two directions of easy magnetization” the geometry 
does not permit the existence of spikes of this kind, and 
so the retarding action is absent and the coercive force 
is smaller and the maximum permeability larger. 

Let us now compare the experimental results with the 
predictions of theory: 


(1) In the quenched alloys the permeability is a 
maximum very near the composition at which X111 0. 
'The theory also requires that near 45 percent nickel, 
when [100] is the direction of easy magnetization and 
uoo is zero, we should expect another maximum in the 
ро 95 composition curve. Such maxima are apparent in 
Figs. 1 and 2, though they are not as pronounced as they 
are near 79 percent nickel. This may be because K 
is larger at 45 than at 79 percent nickel, and conse- 
quently, domain rotation will not contribute as much 
toward the permeability. In alloys purified by treat- 


LOCAL INTERNAL STRAIN; C 


DISTANCE IN THE MATERIAL, X 


Fic. 12. Diagram of internal strains in material having zero 
magentostriction or having only 180? boundaries (solid curve), or 
in material in which stress is developed by boundary movement 
(dotted curve), showing different magnitudes of maximum per- 
meability expected. 


ment in hydrogen, however, Williams has observed 
an initial permeability of 15 000. 

(2) In slowly cooled alloys as compared with quenched 
alloys, the optimum composition is shifted toward 
higher nickel content, in agreement with the shift in 
composition for Хи 0. 

(3) The higher permeabilities of the quenched alloys 
appear to result from the smaller anisotropy of the 
latter (about 10 times smaller) at the composition at 
which 11,470. The same reason appears to exist for the 
lower permeability at 45 percent nickel than at 79 per- 
cent nickel, as mentioned above under (1). In slowly 
cooled alloys the maximum (and initial) permeabilities 
of the 45 and 80 percent nickel alloys are comparable. 
Also, the magnitudes of the anisotropy constants | 
are about the same (positive in the one case, negative in 
the other). ear | 

(4) Two mechanisms һауе been suggested, both of — 
which are probably applicable, for the increase of the _ 
maximum permeability of iron-nickel alloys by heat - 
treating in а magnetic field. {ee 
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‘The general course of the permeability vs composition 
| eurves of the Permalloys, and their changes with heat 
_ treatment, can be understood in a qualitative way in 
terms of the magnetostriction and crystal anisotropy, 
when we note the importance of the magnetostriction in 
the direction of easy magnetization, and of the internal 
fields associated with the rotation process. 

"This work was carried out with the able assistance of 
J. G. Walker in the preparation of the crystals. The 
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author is also indebted to Mrs. M. Н. Read for the, 


detection of atomic ordering by x-rays, and more ге- 


cently to Dr. L. Corliss, Dr. J. M. Hastings, and Dr. | 


R. J. Weiss of the Brookhaven National Laboratory for 
observation of atomic ordering in one of the crystals 
by neutron diffraction. Finally, the benefit of discussions 
with H. J. Williams, J. К. Galt, and Е. A. Nesbitt is 
gratefully acknowledged. 
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If Permalloy (76 percent Ni—24 percent Fe) which has been 
previously quenched from 600°С is annealed at 490°C, its energy 
content decreases with time of annealing, not monotonically but 
in two steps. By direct measurement of the time-rate of energy 
decrease, it was concluded that the first step is connected with 
formation of short-range order and the second with that of long- 
range order. - 

The effect of а magnetic field applied during the course of 
cooling on the maximum permeability is associated mainly with 
formation of short-range order. Taking into consideration the fact 


on a disk cut from a Permalloy crystal parallel to the (110) plane 
and heat treated in a magnetic field showed uniaxial anisotropy, 
superposed on the ordinary cubic one. This uniaxial anisotropy 
increases with the formation of short-range order, but the forma- 
tion of long-range order, followed after that of short-range one, 
has a tendency to annihilate it. The constricted hysteresis loop, 
which is characteristic of the Perminvar property, becomes most 
eminent at the end of short-range order formation. 

If we assume two neighboring uniaxial domains, whose axes 
intersect perpendicularly with each other, and whose boundary 


—————— 


that the saturation of the ordered state is about 4 percent higher bisects the angle between them, we can easily calculate the hys- 
E than that of the disordered one, one would expect the short-range (егеѕіѕ loop of constricted form. The main characteristic of this 
T order to develop in the form of prolate ellipsoids elongated in the model is that the displacement of the boundary cannot take 
direction of spontaneous magnetization. Torque curves, measured place even in a strong field. 
І. EFFECTIVE TEMPERATURE RANGE FOR П. ANNEALING AT THE CRITICAL TEMPERATURE 
at MAUS FIELD COOLING It has been reported? that, in the alloy corresponding 
> QINCE the discovery of Kelsall in 1934, it has been to the composition Ni;Fe, the critical temperature for 
— well known that, in some nickel-iron alloys, applica- the formation of long-range order on cooling is 490°C. 
tion of a magnetic field during cooling from а high tem- — Small amounts of manganese will result in increase of 
perature strongly influences their ferromagnetic proper- this temperature. For instance, in an alloy containing 
ties, e.g., a large increase in maximum permeability and | percent manganese, this temperature is raised to 
a large decrease in saturation magnetostriction are ob- 500°С. Recently 11445 has completed a series of very 
servable in the direction of the previously applied field, instructive experiments on the formation of short- 
and conversely for the perpendicular direction. This range and long-range order. He measured the time rate 
phenomenon indicates that magnetic domains within ор energy decrease while the specimen is kept at con- 
the specimen are held firmly parallel or antiparallel to gant temperature, after cooling from a high tempera- 
the direction in which the field was applied during ture as rapidly as possible. This was carried out by 
cooling. Later experiments? have shown that this measuring the necessary temperature difference between 
tendency is closely related to the formation of super- specimen and the surrounding container in order to 
lattice of Ni;Fe type, which is known to take place in maintain the temperature of the specimen constant. 
the temperature range from 600°C to 400°C in the Figures 2 and 3 illustrate how the rate of energy de- 
course of cooling. . crease —dU/dt varies with time of annealing, when 
». Ш ап experiment made to determine more definitely specimen is kept at 510°С and 500°С, respectively, after 
the effective temperáture range for field cooling, having been cooled rapidly from 600?C. At 510°С, 
р 'Tomono? applied a magnetic field of 50 oersteds only 
MY in a limited temperature interval of 30°С while the 
* specimen was cooling and measured the dependence of ЭС 
saturation magnetostriction on the temperature at -8 5 
X — which the field was applied. Figure 1 illustrates the Ева 
сл 1 results thus obtained for 76 Permalloy. Аз shown in the ёЕ = 
\ figure, the temperature range between 540*C and 510°С ЭЕ 5 
| is most effective for field cooling. | ene 
КЕЛ |! When the specimen is cooled in this temperature range 5 8 
| without the presence of an external meenen аа ES : 
I magnetic domains, orientations of which are oe u a 3 
D * // at random, will show the tendency to retain the sam 


. B E H е 
/  randomness which characterized this distribution at TEMPERATURE ING С 
| гап 


if high temperature. This is why slowly cooled Permalloy Fic. 1. Dependence of saturation magnetostriction of 76 


Permalloy on the temperature at which an external magnetic field 


/ has a low permeability. of 50 oersteds is applied doring cocling. Magnetic field is kept on. 
ў —————— Physics 5, 169 (1934). TN for a temperatur? interval of 30°С. Cooling velocity is about 
AE dh D of Science, Hokkaido University 2,29 1°C/min. : 
A . MC „2° NEN CEU = 
C Ё (1938). : 4, 298 (1948). +5. Tida JE Phys. Soc. Japan 1, 313 (1952). X 
a зҮ. Tomono, J. Phys- Soc. Japan 4, : 49 eo S 
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Fic. 2. Dependence of time rate of energy decrease —(dU/dT) 
_ оп the time of annealing, when 76 Permalloy is kept at 510°C, 
after cooling rapidly from high temperature. 


—dU/dt decreases monotonically and tends to zero after 
or 4 hours. At 500°C quite some change takes place 
it the beginning, but after several hours it begins to 
increase, attains its maximum at 20 to 30 hours and 
again decreases to zero after about 50 hours. 

These results differ somewhat in numerical details 


-. resistance changes; but this can probably be attributed 
to the difference in manganese content. It can be con- 


$ to the formation of short-range order and the 
d step to that of so-called long-range one. Special 
asis must be laid on the essential difference be- 
the curve form of the first and second energy 
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Fic. 4. Dependence of energy decrease on the annealing time. 
Annealing temperatures are 510°С and 500°С. 


decrease. The first simple decrease can be associated 5 
with the formation of short-range order, or the increase 
of the number of pairs of near neighbors with unlike , а 


atoms, while the second decrease shows the charac- 
teristics of a cooperative rate process or the formation 
of long-range order. Figure 4 illustrates how the energy 
decreases with time of annealing, when the specimen is 
maintained at the respective temperature after cooling 
from 600°С. 


~ 


Ш. CHANGE OF MAGNETIC CHARACTERISTICS А | 
WITH TIME ОЕ ANNEALING | 


As to the dependence of magnetic characteristics of 
76 Permalloy on the time of annealing, Nagashima? has 
carried out a comprehensive study. The specimens of | 
0.3 mm in diameter and 140 cm in length were quenched | 
from 600?C, and then were annealed at 490?C for a few | 
hours and quenched to room temperaturé again. Figure | 
5 illustrates how the hysteresis loop of 76 Permalloy, | 
thus heat treated, varies in its form with time of an- 
nealing. This shows that hysteresis loops of constricted 
form are absent in both the quenched and fully annealed 
states. Їп contrast to this, hysteresis loops of the i 
specimen in which the composition deviates from NisFe ! 
(for instance, 81.5 Permalloy) show well-developed 


| 
76%Ni 1 
600°C 0 490°C 30MIN 5 HR Ч 
[ c 
3 | 
| 
= «| 
5) ГАГ | 
20HR 50HR PERFECT ANNEAL 


Fic. 5. Variation of the form of hysteresis loop fi ; 
5, Va : S or 76 P i 
— with time of annealing. (Annealing temperature490*C.) 2 


* Т. Nagashima, J. Appl. Phys, Japan. 19, 53 (1950). 
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constricted form even in the fully annealed state, as 
will be seen in Fig. 6. Such a difference is to be attributed 


to the lack of perfectness of atomic ordering even in the om 
fully annealed state. Figure 7 shows the dependence of 8 
coercive force and remanence of 76 Permalloy on the 5 
^ - time of annealing. Ы` 
| If we examine the. corresponding change shown in 5 
5) Fig. 2.and Fig. /, 1t can be concluded that the proper- 38 
: tios of Perminvar or of constricted hysteresis loops are EF: 
” 2 "S 5 S 
mainly related to the formation of short-range order, SE Е 
and further that the uniform formation of long-range 89 007 20 40 60. 80 
order has a tendency to annihilate them. TIME: СР ANNFA IMACES 
IV. TOROUE C А Гс. 7. Dependence of coercive force He and remanence J 
Өр Е DISK OF oí 76 Permalloy on the time of annealing. ‘(Annealing tempera. 
| сиге= 490*C.) 
4 In order to obtain a better understanding of the 


As can be seen in Fig. 8, both K, and K,, are negative 


mechanism of magnetic field cooling, Chikazumi® pre- . : ч 2 
7 Y. р in this experiment. The absolute magnitude of К, has 


pared a disk of 76 Permalloy crystal, which was cut 
parallel to the (110) plane, and measured torque curves ANGLE FROM (100) DIRECTION 

о ЗО 60 90 120. 150 — 180 

81.5% Nt 


60020 Q 460°C 15 MIN 30 MIN 
1000 
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Fic. 6. Variation of the form of hysteresis loop for 81.5 Permalloy 
with time of annealing. (Annealing temperature=490°C.) 


for this crystal disk, after it was cooled in a magnetic 
field, applied parallel to (1111, [110], and [001 | direc- 
tions, respectively. Since the torque is the negative rate 
of change of energy with crystal orientation, the energy 
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necessary to bring the crystal to saturation can be 
obtained by integrating the torque curve with angle. 
|6 Figure 8 illustrates the dependence of this energy, thus 
| B obtained, on the crystal orientation in the (110) plane. bu cm 
| The energy E: can be separated easily into two parts, FIELD DURING | 
| Е. and E,. Е, is the ordinary anisotropy energy with : j 
ЛА cubic symmetry, and E, is an anisotropy energy with 
| uniaxial symmetry. They can be expressed in most : 
| simplified form: 
lu cm 280 За? asta) 
| Е,= EJ Eu=K (arias газ ox -r 0102 Р Si 
| ^ +К.(о181+о028:+ 0383)", | Fio. 8. Dependence of anisotropy energy of a 76 Permalloy crys- 
2^ 222 кс А Боя tal on the orientation in шс (110) phus. тоне indicate QE 
| « fs esent the direction cosines of spin tations in which an external magnetic field is applied during cool 
| 5 PEE шор pue to the cubic axes. ing. (Cooling velocity —22?C/min.) Total energy E is analyze 3 
| field, respectively; г into E. and Ey; the former has cubic symmetry and the latter — — 
La 0 Тав Chikazui (unpublished data). uniaxial symmetry. = 
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Fic. 9. A linear assemblage of magnetic domains. The uniaxial 
axes of neighboring domains intersect perpendicularly with each 
other, and their boundary bisects the angle between them. 


been known to increase with the atomic ordering, 
whereas that of К, is expected to increase rapidly with 
ordering, attain its maximum, and gradually decrease in 
accordance with the uniform formation of perfect order. 
The magnitude of К, depends not only on atomic order- 
ing, but also on the direction, to which the magnetic field 
is applied during the course of cooling. As shown in Fig. 
8, the absolute magnitude of K , isa maximum when the 
magnetic field is applied to [111] direction, and is a 
minimum when the field is parallel to the [001] direc- 
tion. Hence, the dependence of K, on the orientation 
of applied field during cooling can be expressed by 


Ku = Kuyt Ки (8:58:-- Bb + 83387) 5 
У. POSSIBLE ORIGIN OF UNIAXIAL ANISOTROPY 


In order to answer the question as to the origin of the 
uniaxial anisotropy, an increase in saturation magnetiza- 
tion caused by atomic ordering will be suggested as a 
possible consideration. This increase is about 3 to 4 
percent in 76 Permalloy, though it depends strongly 
upon the manganese content. If we assume nonuniform, 

locally developed atomic ordering, magnetostatic en- 
ergy caused by free poles within the specimen can be 
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expressed as follows: | 
Em= tN (AJ) V(1— V), ^ 


. where № is the demagnetization factor of-the ordered 


phase, AJ, is the increased amoünt m saturation 
magnetization caused by atomic ordering, and V is the 
volume proportion of ordered phase. If atomic ordering 


develops in needle shape, М varies from zero 4o 27,. 


according to the orientation of magnetization. ЗУЛ, 

If the values АЛ, =40, V —0.5 are substituted in this 
expression, we obtain an anisotropy energy of about 
1000 erg/cc, which is in accord with the experimental 
data hitherto observed. The suggested mechanism of 
the origin of uniaxial anisotropy would become more 
comprehensible if attention 1s drawn to the fact that 
the Curie point is higher in the ordered phase than in 
disordered one. 


Аар 


Fic. 11. Calculated hysteresis loop, when field is applied 
parallel to one of the uniaxial axes, 


VI. DEDUCTION OF CONSTRICTED HYSTERESIS 
LOOP FROM UNIAXIAL ANISOTROPY 


Hitherto the constricted hysteresis loop and the 
properties of Perminvar were believed to be the conse- 
quence of strong interaction between two constituent 
phases, which show quite different magnetic charac- 
teristics with each other, Quite recently lida? has suc- 
ceeded an deducing mathematically the Perminvar 
properties using the simple model shown in Fig. 9. 
This model is, as shown in the figure, a linear assem- 
blage of magnetic domains with uniaxial anisotropy 
only. The orientations of adjacent domains are at 
right angle to each other, and their boundary bisects 
the angle between them. (In the actual case the angle 
subtended between the adjacent domains is 70° or 110°.) 

The action of the external field will be calculated in the 
ordinary way by minimizing the total energy, composed 
of the crystal anisotropy energy and the energy of 
interaction of the magnetization and the external field. 
It must be borne in mind, that in every case the condi- 
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75. Tida (unpublished data). 
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ary should be satisfied M 
2 3 € . Mathe- 
matical deduction of the hysteresis loop and of the 
initial curve can be carried out in quite an elementary 


way. F igure 10 shows the dependence of the shape of 
the hysteresis loop thus calculated on the orientation of 
applied field, where.0 denotes the angle between the 
field-and the wall normal. Explanation will be given 
here only їп one typical case, where the magnetic field 
15 applied parallel to one of the uniaxial axes (91 25 
As shown in Fig. 11, the descending branch of the lis 
is divided into four sections а, 6, c, and d, and three 
abrupt decreases of magnetization (ab), (bc), and (cd) 
exist between them. The change of domains in each 
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Fic. 12. Schematic diagram of the transitions of neighboring 
domains, when magnetization varies along the descending hys- 
teresis curve. 


stage is illustrated in Fig. 12. Following the decreasing 
applied field, an abrupt change (a) will be initiated, if 
the energy of configuration (2) becomes smaller than 
that of configuration (1), and this will be carried out by 
the creation of a new boundary. Since the energy of 
configuration (3) is smaller than that of configuration 
(2), the transition (2) and (3) will be completed simul- 
taneously. aba S 

At the abrupt change (bc), the transition is (5) to 
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Fic. 13. Calculated hysteresis loop of polycrystalline material. 


(9), and this will be analyzed into four intermediate 
transitions, of which (5) to (6) means annihilation of 
boundary and (7) to (8) means its creation. In the 
actual case of an abrupt change, creation or annihila- 
tion of a domain boundary would be accompanied with 
some difficulties associated with nucleation, but we have 
neglected this effect in this calculation. The field in- 
tensity, at which the abrupt change (bc) occurs, can 
be interpreted as the coercive force И, and this 
amounts in this case to 0.73 K,/J,. If we substitute 
К „= 1000, Я, becomes 0.73 oersteds. 

The initial curve can be easily obtained, by super- 
posing the two branches of hysteresis loop, Р.О: 
and P.Q;QR»R, Initial permeability ро is expressed 
in this case: 


во--1--16(72/К,/), 


and this furnishes us: yo=1500, with K,- 1000, 
J,=1000. Both H. and ив accord well with the experi- 
mental values. 

It will be emphasized here, that, in some orientations 
of applied field, the initial curve extends out of the 
hysteresis loop. Figure 13 illustrates the initial and 
hysteresis curve of polycrystalline material, deduced by 
taking the average value, when the orientation of ap- 
plied field varies from 0? to 90°. This agrees qualita- 
tively with the experimental one shown in Fig. 5. 
Quantitatively some discrepancies exist between the- 
ories and experiment. For instance, the remanence J, 
is 0.45 J., while the experimental value is much smaller. 
This discrepancy is probably due to the simplicity of 
the adopted model. In a more cemplete theory, a three- 

. dimensional assemblage of domains, which, in the 
absence of an external field, would permit flux closure, 
should be adopted. 


: DISCUSSION : 


J. E. GOLDMAN; Carnegie Institute of Technology, 
Pittsburgh, Pennsylvania: There are two alternative 
possibilities, in approaching an explanation of the effect 
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of the magnetic anneal on the properties of Permalloy 
in certain specific composition ranges. One of these is 
to suppose that the certain characteristic properties of 
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effective composition range, e.g., anisotropy, 
~ magnetostriction or presence of order, cause the alloy 
_ to be sensitive in some way to the presence of the field 
_ and, when such effects are present, the magnetic proper- 
of the alloy are affected. Such would be the case in 
hikazumi’s suggestion that the magnetic annealing 
effect in Permalloy is the result of a directional order 
governed by the orientation of the annealing field. 
The alternative supposition is that, in general, a mag- 
_ пейс field present during annealing and cooling nearly 
always affects the possible orientations of the domains, 
but that only at certain specific compositions can this 
preferred domain orientation be reflected in major 
changes of the macroscopic magnetic properties. 
Evidence obtained a few years ago by the writer 
1 and А. I. Schindler tends to support the latter alter- 
. . native. Strips of 43 percent silicon iron were annealed 
at 650°C in a magnetic field directed along the long 
— axis of the strip in this field. No significant changes 
© were observed in the permeability at various inductions 
or in the coercive force. But the magnetostriction as 
measured along the axis showed a radical change on 
—— annealing in a field. The magnetostriction curves ob- 
d tained on samples treated in an identical manner but 
С with the field not present were virtually parabolic 
with a magnetostriction at saturation of the order 
_ of 5—7X 10-5. Tn the case of the samples annealed in a 
. field, at low inductions the magnetostriction was very 
‘small and negative and increased slowly becoming 
positive at approximately 11000 gauss and reaching 
_ a maximum value of the order of 1X 10-8 at saturation. 
_ This effect is readily understood if one assumes that the 
field present during annealing and cooling brings about 
“а preferred domain orientation in which all domains 
d to be oriented in the direction of easy magnetiza- 
don nearest that of the field. Thus the process of 
magnetization takes place almost exclusively by 180? 
oundary displacements. Since these do not contribute 
to the magnetostriction, the net effect is to decrease 
the magnetostriction. 
_ Whether this can result in a significant change in 
oth magnetic properties depends on the energy 
quired to move such a 180° boundary. In the theory 
er and Kersten, this would depend principally 
n the magnetostriction. Miss Goetz of the Bell 
hone Laboratories does, in fact, observe a large 
а magnetic anneal on the properties of an alloy 
g 6-7 percent silicon where the magneto- 
triction tends toward zero. We believe that this is 
obably the case in Permalloy as well. Thus it appears 


.on is of the foregoing that the effect of the field ` 


ari annealing and cooling in determining 


listribution is not limited to the specific 
which large magnetic effects are ob- 
ther there at other compositions as well. 
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ties are observed, thesé must be because of the fact that, 
where only 180? boundaries exist, the magnetoclastic 
energy is the principal cause,of resistance to domain 
motion and this is minimized when the magneto- 
striction is zero. Such an explanation is also consistent 
with the sensitivity of the alloys in the Permalloy range 
to rate of cooling, for, as first shown by the writer,! the 
magnetostriction is very sensitive to cooling rate near 
the composition Ni;Fe owing to its strong dependence 
on the state of the order. 2 


1 J. Е. Goldman, Phys. Rev. 76, 471 (1949). 


J. M. HASTINGS, Brookhaven National Laboratory, 
Upton, Long Island, New York: Following a suggestion 
of Dr. Bozorth, based on a proposal of S. Chikazumi, we 
have carried out a preliminary neutron diffraction inves- 
tigation of the ordering in a single crystal of 68 Permal- 
loy. The sample, which he kindly furnished us, was care- 
fully annealed, in the presence of a magnetic field 
directed along a (110) normal, from 600°C to 200°C 
at the rate of 2°/hour. The objective of this experiment 
was to see if there was any difference in the degree of 
ordering, as measured by the relative intensities of 


superlattice reflections, for directions both parallel ^ 


and perpendicular to that of the magnetic field applied 
during the annealing. 

The intensity of the superlattice lines is proportional 
to the square of the difference of the scattering ampli- 
tudes for iron and nickel. Unfortunately, the nuclear 
scattering amplitudes for these two elements differ by 
only 7 percent so that nuclear contribution to the 
superlattice reflections is small. However, there is an 
appreciable difference in the coherent magnetic scatter- 
ing amplitudes which adds to the intensity and, there- 
fore, enables one to perform the experiment rather 
readily. In order to obtain the maximum magnetic 
scattering, it is necessary that the atomic magnetic 
moments be lined up perpendicularly to the scattering 
vector of the particular reflection being observed. This 
is an important consideration for the case at hand, for 
the domains are all spontaneously magnetized along 
the (110) normal parallel to the magnetic-field used in 
the annealing. 

The integrated intensity, nuclear plus magnetic, 
from the set of (110) planes whose normals were along 
the direction of magnetic anneal was measured by 
applying an external field to orient the moments per- 
pendicular to their spontaneously aligned direction. 
Then the external field was removed and the integrated 
intensity from a set of (110) planes having normals 
perpendicular to the direction of magnetic anneal was 
measured. After making an absorption correction, 
these two intensities were the same, and hence, to 
within the precision of our measurement, approximately 
10 percent, there is no difference in the degree of-long 
Tange order in these two directions. Ё 
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calculations, of the а" e : priori 
crystalline materials. This may be atts ын poly- 
sidering the t CE ated by con- 
5 & the three main types of elementary change 
ть change of intrinsic ыр Да iion 
УЕ „Ве is small, but where it i RS 

» 1 It 1$ usually assumed 

that after-effects are negligible (i.e, in high fields) 
the experimental variation of I with H does not 
agree satisfactorily with that given by any of the 
current theoretical treatments. This means that other 
factors are involved possibly connected with the effect 
of “small domains” or with the “fading out” of domain 
walls. (2) For a random aggregate of crystals free from 
strain, the change of magnetization with field in a 
reversible rotational region can in principle be calculated 
if the single crystal anisotropy coefficients are known. 
The result should apply most closely for well-annealed 
material. There is, however, no completely satisfactory 
method of taking into account the interaction between 
the crystal grains; the forms and the orientation 
distribution of the crystals are in general unknown; 
and the degree and character strain distortion is not 
known and, even if it were, the effect on the magnetic 
properties could not be estimated with any accuracy. 
It is not surprising that the agreement between cal- 
culated and observed curves is very poor except under 
special conditions. (3) The detailed character of the 
boundary movement processes depends in a complex 
way, via the localized disperse fields, on the detailed 
localized structural irregularities, caused by inclusions, 
holes, and strains. The detailed character of these is 
again not known and, even if it were, calculation 
of their effect would present prohibitive difficulties. 

The above three types of process are superposed 
and since the extent to which each has taken place is 
determinative of the subsequent course of the changes 
‘vith further change of field, it is virtually impossible 
to calculate magnetization curves а priori except over 
particular ranges of field for materials in a well-defined 
state or under special conditions (e.g., under strong 
tension). : 

It is because of these difficulties that the carrying 
out of supplementary measurements, magnetic and 
magnetothermal, and the consideration of the com- 
bined sets of results have been put forward in the paper 
as the only sound means at present of obtaining 
definite information about the character and proportions 
of the elementary changes occurring along any part of 
a magnetization curve. When the magnetization 
curves of a number of representative uer gu 
been satisfactorily analyzed, it may be hoped | mid 
general course of the changes will become CORN е 
quantitatively as well as N E IRE 
way will be opened for a more fruittu! attac 

f theoretical problems involved. 

complex groups Of. 
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Reasonably accurate prediction as well as interpretation 
of the forms of magnetization curves may then gradually 
Бесоте possible. 


1L. К. Aronin, J. Appl. Phys. 23, 642 (1952). 


L. В. ARONIN, Massachusetts Institute of Technol- 
ogy, Cambridge, Massachusetls: Dr. Kaya has shown a 
two-step behavior in the order-annealing kinetics of 
Ni;Fe at 580°C as compared with a simple behavior at 
510°C. In this connection I should like to point out that 
we have recently observed,! through resistivity and sat- 
uration induction measurements, an anomalous kinetic 
behavior in NisMn which we have interpreted as in- 
dicating changes in local order accompanied by some- 
what slower growth of order domain size. 

Reheating at 425°C an alloy, previously cooled 
through the ordering range and held isothermally at 
400°C and 375°C, resulted in a dip in saturation in- 
duction followed by a subsequent increase. The dip 
may be considered as a decrease in local order with 
the subsequent rise indicating antiphase domain 
growth. The magnitude of this reversal appears de- 
pendent on the relative extents of local order and 
domain size. In low temperature treatment for ordering, 
the value of saturation induction attainable exhibits 
dependence on domain growth previously obtained at 
higher temperatures. 


С. W. ВАТНЕМАФ, М. V. Philips’ Gloeilampenfab- 
rieken, The Netherlands: Experiments which аге re- 
lated to those of Dr. Kaya have been performed at 
Eindhoven by the late Dr. Snoek, and lately by Mr. 
Smit. 

We have found that an alloy of the composition №; Ее 
does not show an energy of anisotropy (Eperpendicular 
— Ерагане!) to field, if, before performing the cooling 
in a magnetic field, the alloy has been ordered. 

Some difficulties remain if one assumes that the 
effect of cooling in a field is to form, only along the field 
direction, cigar-shaped particles of ordered phase 
within the disordered matrix, the anisotropy of shape 
being the only cause of (Eperpendicular— Eparallel). 

(1) The anisotropy of shape calculated in the extreme 
case that the alloy as a whole has been transformed 
into the cigar shaped bodies is 1000 ergs/cm;. Exper- 
imentally more than 2000 ergs/.m; are found. 

(2) The high initial permeability found for alloys 
which have been field cooled is astonishing. Why are 
the 180° walls not hampered in their movement by the 


inclusions? Is it because the diameter of these ordered Ул 
particles is so small compared to the wall thickness? = 
(3) Anisotropy resulting from field cooling has been _ 


found to occur also with NiCo binary alloys end very 
strongly in FeNiCo-Falloys; yet no ordering has bee 
reported as yet for the NiCo alloys. 2 
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An Experimental Study of Barkhausen- Noise in .. 
Nickel-Iron Alloys К 


D. Г. GORDON 


U.S. Naval Ordnance Laboratory, White Oak, Maryland Ч 


INTRODUCTION 


HIS experimental study of the Barkhausen effect 

in nickel-iron alloys was undertaken in the 
Magnetics Division of the Naval Ordnance Laboratory 
as a part of its program of developing improved 
magnetic materials for military and industrial applica- 
tions. This particular study has yielded practical 
results in the form of a high permeability magnetic 
core material with minimum Barkhausen noise. As a 
by-product of this development, experimental data 
were obtained showing the dependence of Barkhausen 
noise on alloy composition and heat treatment and 
showing a correlation with initial permeability. 


MEASUREMENT TECHNIQUE AND APPARATUS 


Figure 1 is a schematic drawing of the apparatus 
used. The samples under test were 0.014-inch strips, 
$ inch wide and 4 inches long. They were cyclicly 
magnetized by means of a magnet rotating at approx- 
imately 33 rpm. This system was used because of its 
convenience, although it is realized that the direction 
of the applied field continually changes. The shielded 
search coils were connected to an amplifier with low 
input noise level followed by a high pass filter and then 
a Ballantine electronic voltmeter as the output meter. 
The average between the maximum and minimum 
deflections of the voltmeter during a cycle of magnetiza- 
tion was taken as the average noise per cycle. 


MEASUREMENT RESULTS 


By use of the method described above, measurements 
= were taken on samples of binary nickel-iron alloys 

"| ranging in composition from 35-99.5 percent Ni. The 
. samples were prepared from materials melted, processed, 
_ and heat treated in the Magnetics Division of the 

Naval Ordnance Laboratory. Samples of molybdenum 
l-iron alloys were also measured. 


TEST 
SAMPLE e 
.AND e 
SEARCH 
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Figure 2 shows average noise per cycle as a function 
of composition for three conditions of heat treatmefit; 
namely, bake, anneal, and quench. This figure clearly 
shows the dependence of noise on composition and heat 
treatment for the binary-nickel-iron series. 

Figure 3 was obtained from measurements on ternary 
molybdenum nickel-iron samples (79 percent Ni, 4 
and 5 percent Mo), heat treated so as to obtain various 
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Fic. 2. Variation of magnetic noise with composition and 
heat treatment of binary nickel-iron alloys. 


values of initial permeability. It is a plot of average 
noise per cycle versus initial permeability. The values of 
initial permeability were obtained from ballistic 
measurements at В=20 gauss on ring laminated 
samples cut from the same sheets and processed and 
heat treated simultaneously with the strips used in 
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Fic. 3. Magnetic noise os Initial permeability of 
ternary Mo-Ni-Fe alloys. 55 
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Mir e noise data. This figure shows a definite with the hope that they may be useful in further 
pendence о! noise on initial permeability. development of the theories relating to the Barkhausen 


5 :Їїесї and the magnetization curve. 
) CONCLUSION XE 5 7 : 
х Ни Е It is planned to extend this study further, with (1) 
| Тһе results of this brief experimental study sum- improved measurement techniques, (2) different sample 
“i marized in Fig. 2 and Fig. 3 have been presented here configurations, and (3) other alloys. 
Í » 
е 
2 
со e. 
‚ 
) 
| a 
i 
e 
L3 
2 
ptm 3 
| 
е 


" 


REVIEWS OF MODERN PHYSICS 


1. The study of the thezmomagnetic properties of a natural 
single crystal of rhomobohedral iron sesquioxide, FesOs, by 
Pauthenet, confirms the hypothesis of the superposition of a 
fundamental antiferromagnetism and a parasitic ferromagnetism. 
Below 260°K the direction of antiferromagnetism coincides with 
the ternary axis; above 260?K this direction is situated in the 
plane perpendicular to the ternary axis, with complete freedom 
of orientation in this plane. The parasitic ferromagnetism seems 
to be formed of two parts, one isotropic, the other anisotropic. 
The latter, tightly coupled with the direction of antiferromag- 
netism, can be observed only above 260°К and in a direction 
| perpendicular to the ternary axis. The corresponding spontaneous 
4 р magnetization may arise from the local imperfections in the com- 
3 
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pensation of the two constituent sublattices of the antiferromag- 
netism, and it is the freedom of orientation of the antiferromag- 

- netism in the basic plane which permits observation of this 
spontaneous magnetization. 
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— Some New Results on Antiferromagnetism and | 
Ferromagnetism oe 
Louis NÉEL : 


Institut Fourier, Grenoble, France 


2. Pyrrhotite corresponds closely to the molecular. formula 
Fe7Ss. The crystal structure contains holes: one of the eight sites 
which could be occupied by iron ions is vacant. Bertaut showed 
that at room temperature these holes form an ordered lattice such 
that the crystal unit of Fe;Ss does not have the NiAs unit but one 
much more complicated, pseudohexagonal and slightly monoclinic, 
containing 8 Fe;Ss. This unit is such that the successive planes of 
iron perpendicular to the pseudo-hexagonal axis are not identical: 
only the odd-numbered planes contain holes. Because the two 
sublattices are crystallographically different, we have imperfect 
antiferromagnetism or ferrimagnetism, analogous to that of fer- 
rites. A magnetic study by Benoit, at temperatures above the 
Curie point, seems to show that the ordered distribution of the 
holes disappears at 560°К. Finally, a thermomagnetic study by 
Pauthenet shows that the pseudo-hexagonal axis, which at ordi- 
nary temperature is a direction of very difficult magnetization, 
becomes progressively, at lower temperatures, a direction of easy 
magnetization. 


^ I. RHOMBOHEDRAL Ее:О: 


: S it was foreseen in the early theory, we know 
: that in antiferromagnetic substances there exists 
a coupling between the direction of antiferromagnetism 
and the directions of the axes of the crystal, analogous 
to the magnetocrystalline coupling which, in ferromag- 

_ netics, ties the direction of spontaneous magnetization 
— to the axes of the crystal. Unfortunately, the properties 
— connected with the orientation of the direction of anti- 
ferromagnetism are much more difficult to demonstrate 
than those which are connected with the orientation of 
‘spontaneous magnetization. In particular, while several 
_ thousands of oersteds are usually sufficient to align the 
Spontaneous magnetization of a ferromagnetic body in 
the direction of an applied magnetic field, several 
hundreds of thousands of oersteds are probably neces- 
sary in most cases to orient the direction of antjferro- 
| magnetism in the plane perpendicular to the preferred 
jrection (see reference 2, p. 161). To study these 
ouplings, which are of great theoretical interest, it is 
]most indispensable to prepare single crystals and to 
study them magnetically in different directions. Up to 
now two examples are known: Bizette and Tsai on the 
one hand, Stout and Griffel on the other, have studied 
ide FeF», which is an antiferromagnetic of 
issic type, while C. J. Gorter and his colleagues 
tudied copper chloride, CuCl, 290, which be- 


a 


ies antife omagnetic at the temperature of liquid 


[у interesting to study from this 
johed.al iron sesquioxide, a Fe;O;, 
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which is found in nature in the form of large, almost 
pure crystals (hematite). Unfortunately, as is shown 
in the works of Townsend Smith? and especially of 
Chevallier,* the magnetic properties of this substance 
are extremely complex. However, as we noted several 
years ago,* it seems that these properties are the 
result of the presence of a fundamental antiferromag- 
netism superimposed on a weak parasitic ferromagnet- 
ism, one hundred to a thousand times smaller than that 
of ordinary ferromagnetics. This ferromagnetism could 
arise from a defect of stoichiometry or of defects of 
crystallization, and we will discuss this later. 

As to the fundamental antiferromagnetism, it is 
probably caused by strong negative interactions of 
superexchange of the type Fe-O-Fe, produced by the 
intermediary of oxygen ions. Iron atoms are arranged 
in almost-plane layers, perpendicular to the ternary 
axis. Each layer is spontaneously magnetized to satura- 
tion in a definite direction, and the successive layers are 
magnetized alternately in opposite directions. This 
structure, deduced from the study of magnetic proper- 
ties*® was subsequently confirmed by Shull and his 
colleagues? by means of neutron diffraction. 

At my request, Mr. Pauthenet has studied? a natural 
single crystal of a Fe;O; which came from the island of 
Elbe and appeared quite pure. The separation of the 


? T. Townsend Smith, Phys. Rev. 8, 721 (1916). 

* К. Chevallier and S. Mathieu, Ann. phys. 18, 258 (1943); 
R. Chevallier, Rapport à Ja Réunion Int. Ferromagnétisme et 
Antiferromagnétisme, Grenoble, 1950. nae 
^L. Néel, Ann. phys. 4, 249 (1949). 

* L. Néel, Ann. phys. 3, 137 (1948). 
% Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 
TL. Néel and В. Pauthenet, Compt. rend. 234, 2172 (1952). 
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ANTIFERROMAGNETISM 
ferro- and antiferromagnetisr is obtained by determin- 
ing the variation of the specific magnetization о in a 
magnetic figld Z/ which is relatively high, 5000 to 
20 000 oersteds. One obtains approximately for 1 g of 
substance 


‘c=0+xH, 


where со may be considered as the spontaneous mag- 
netization of the ferromagnetic part while x is the 
antiferromagnetic susceptibility. Measuremeats have 
been made along the ternary axis and along different 
directions in the basic plane, perpendicular to the tern- 
ary axis. Orientation of the crystal was controlled by 
x-rays. 

Figure 1 gives the thermal variation of the antiferro- 
magnetic susceptibility x, measured aloag the ternary 
axis (curve 2) and along a perpendicular direction 
(curve 1). These curves are rather complicated, but as a 
first approximation, taking into account the inevitable 
imperfections inherent in a natural crystal and the 
difficulties of separation of superimposed ferromagnet- 
ism, they can be described schematically in the following 
way. In the first place, in curve 2, in the neighborhood 
of 260°K, there is a discontinuity of susceptibility which 
corresponds to that which was previously observed in 
the polycrystaline powder by Morin* and by Guil- 
laud? Above this temperature of 260°К. the suscepti- 
bility along the axis has a value independent of the 
temperature, in the neighborhood of 20-1075. Below 
2609К the susceptibility is reduced to a relatively small 
value which seems to approach zero at absolute zero. On 
the contrary, in a direction in the basal plane, the sus- 
ceptibility maintains a constant value, also in the 
neighborhood of 20- 1075, and independent of the tem- 
perature up to 950°K, that is up to the antiferromag- 
nectic transition point (948°K). 

The properties which we have just described corres- 
pond exactly to those of an antiferromagnetic body in 
Which the direction of antiferromagnetism is parallel to 
the ternary axis below 260°K and perpendicular to this 
axis above This result agrees with the conclusions of 
а former^5 study and with the experimental results 
of Shull, given by neutron diffraction. This thermal 
variation of orientation of the direction of antiferro- 
magnetism is obviously to be compared with the analog- 
ous phenomena observed in a great number of uaiaxial 
ferromagnetic materials. Cobalt and manganese-bis- 
muth also possess a temperature of transition at which 
the direction of spontaneous magnetization changes 
from one orientation to another. Finally, this interesting 
thermal change of the orientation of the direction of 
antiferromagnetism shows, in agreement with theoreti- 
cal considerations and contrary to the opinions of 
certaia authors, that the direction of antiferromagnet- 
ism is not determined by the orientation of antiferro- 
magnetic coupling of the type Fe-O-Fe. 


Е. J. Morin, Phys. Rev. 78, 819 (1950). _ 
Ü c Е ]. see radium 12, 489 (1951). 
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We have also investigated whether a small anisotropy 
subsists in the basic plane above 260°K, but we have 
verified that, within one percent, the susceptibility did 
not depend on direction. The result is that, under the 
conditions of the experiment, the direction of antiferro- 
magnetism turns freely in the basic plane and aligns 
itself always in a direction perpendicular to the applied 
field, while the susceptibility remains independent of 
the temperature. Thus it appears that here is an example 
where the original theory of antiferromagnetism!? can 
be applied rigorously. It appears that the fundamental 
antiferromagnetic properties of œ Fe;O; can be inter- 
preted in a fairly simple manner. 

This is not true of the parasitic ferromagnetism. 
Figure 2 gives the results of Pauthenet. Everything 
happens as though there were present an isotropic 
parasitic ferromagnetism which disappears in the clas- 
sical manner at the Curie point, about 1000°K, and on 
which is superimposed, above 260°K, another parasitic 
ferromagnetism essentially anisotropic and dependent 
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Fic. 1. Thermal variation of antiferromagnetic susceptibility 
of а Ее,Оз, along a direction in the basal plane perpendicular to 
ternary axis (curve 1) and along the ternary axis (curve 2), 
(after Pauthenet). 


on direction in the basic plane. This ferromagnetism dis- 
appears also around 1000°K. These results are in accord 
with former observations of Towsend Smith. What is 
new here is the disappearance of the anisotropic para- 
sitic ferromagnetism below the transition temperature 
of 260°K. 

This curious phenomenon can be interpreted if we 
suppose that the direction of the spontaneous magneti- 
zation of the anisotropic parasitic ferromagnetism is 
parallel to the direction of fundamental antiferromag- 
netism, or, more precisely, that it is parallel to the 
direction of spontaneous magnetization of one of the 
two constituent sublattices of the antiferromagnetism. 
Above 260°K, this parasitic ferromagnetism is easily 
observed in some directions in the basic plane, since the 
direction of antiferromagnetism can orient itself freely 
in this plane, which is really an exceptional fact. On the 


contrary, below 260°K the ditection of antiferromagné- { 


tism coincides with the ternary axis; the parasitic spon- 


10 L. Néel, Compt. rend. 203, 304 (1936). 


60 а LOUIS 
taneous magnetization is; then, also oriented along the 
ternary axis, but there is an equal probability that this is 
in one direction or in the opposite direction and there is 
по possibility of returning from one direction to the 
other since the direction of antiferromagnetism is prac- 
tically fixed. The anisotropic parasitic ferromagnetism 
should, then, disappear, or more precisely, the magnetic 
fields used are much {об weak to produce saturation. 
One problem now remains: that of the origin of para- 
sitic ferromagnetism and of the nature of the relation 
between the direction of its spontaneous magnetization 
and the direction of antiferromagnetism. The simplest 
| interpretation is to suppose that the fundamental anti- 
| ferromagnetism of iron sesquioxide is not perfect and 
that for some reason the two sublattices are not exactly 
identical, and that there remains a residual spontaneous 
magnetization due to the imperfect compensation of the 
two sublattices. This is a case analogous to that which 
we encountered in pyrrhotite and which we will take 
up later, but with much less dissymmetry between the 
two sublattices. 
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Fic. 2. Thermal variation of the parasitic ferromagnetic mag- 

netization of о Ее:Оз, along a direction in the basal plane, per- 

| pendicular to ternary axis (curve 1) and along the ternary axis 
| (curve 2). 


This dissymmetry could arise, as in pyrrhotite, from 
а defect of stoichiometry, the exact formula of the 
compound studied being Ее „Оз, with х small; the 
excess iron atoms distributing themselves on only one 
of the two sublattices. According to this hypothesis, one 
— should find a relation between the magnitude of the 
- parasitic ferromagnetism and the excess of iron or 
- oxygen, but so far the experiments have not been 
conclusive. This kind of explanation, subject to the 
same objection, is related to the explanation that we 
oposed previously* and which supposes the for- 
‘mation of very small magnetic particles more or less 
formed. oriented by epitaxy on one of the principal 
s of the crystal. | 
A different kind of explanation is to suppose that 
side of a kind of elementary domain, the two 
es are not equivalent, either for geometrical 
ог on a¢count of-local fluctuations of composi- 
ge composition corresponding to FejO;. 
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Each elementary domain would thus possess a resultin 
spontaneous magnetization parallel in one direction ór 
the opposite to the direction of antiferromagnetism. 
This interpretation could also be extended to other 
antiferromagnetic substances than rhombohedral sesqui- 
oxide of iron, and would possibly permit explanation of 
the hysteresis of certain antiferromaghetic substanges at 
low temperatures. This parasitic ferromagnetism could 
be checked experimentally only if the direction of 
antiferromagnetism, to which it is associated, had^a 
freedom of orientation sufficient to be modified by the 
applied magnetic fields. 


П. THE FERRIMAGNETISM OF PYRRHOTITE 


Pyrrhotite is an iron sulfide in which the sulfur 
content is slightly greater than in FeS, which is an 
antiferromagnet of the classic (уре. Pyrrhotite is 
ferromagnetic and has been studied in detail for a 
long time by Weiss and his colleages." The hex- 
agonal axis is a direction of very difficult magnetiza- 
tion; in this direction the crystal is practically para- 
magnetic. In the basic plane the magnetic symmetry 
is less than the crystallographic symmetry; in the ~ 
direction of the easiest magnetization one finds a mag- 
netization at saturation which is remarkably small, of 
the order of a quarter of Bohr magnetron per iron atom. 
The smallness of this value suggests immediately, by 
analogy with the ferrites, the consideration of pyrrhotite 
as a ferrimagnetic substance. $ 

The study of the magnetic properties of the iron 
sulfides FeS;,. as a function of the composition throws 
some light on the question. According to Haraldsen,” 
these sulfides have a crystal structure of the NiAs 
type, in the range 0x «0.20. However, from the point 
of view of magnetics they are antiferromagnetic in the 
interval 0<«<0.08 and ferromagnetic beyond. Accord- 
ing to Benoit,- magnetization at saturation, at first 
very weak, passes through a maximum at about 
10.14, that is, for a formula of a type Fe;Ss in the 
neighborhood of natural pyrrhotite. 

By analogy with FeO, it is likely to suppose that the 
successive plane layers of iron atoms, perpendicular to 
the hexagonal axis are, in FeS and the neighboring alloys 
(«<0.08), magnetized alternately to saturation in op- 
posite directions: one of the sublattices is composed of 
odd-numbered planes of iron atoms, the other even- 
numbered planes. The two sublattices are essentially 
and crystallographically identical. so that their spon- 
taneous magnetizations compensate each other exactly; 
here we have antiferromagnetism of the classical type. 
On the contrary, when x is greater than 0.08 the two 
sublattices become different and so there is a resulting 


2 V. Н. Haraldsen, Z. anorg. u. allgeni. Chem. 231, 78 (1937). 
p R. Benoit, Compt. rend. 234, 2175 (1952). MEL 
- Weiss, J. phys. et radium 8, 542 (1899); 4, 469 (1905); 
4, 829 (1905); P. Weiss and J. Kuntz, J. phys. её aA 52) 
125) Р. Weiss and В. Forrer, Ann. phys. et radium 12, 279 


15 К. Benoit (unpublished, private communication), 
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net spontaneous magnetization. The problem consists in 
illucidating the nature of this difference. 

А first solution, proposed by several Japanese authors 
and in particular by Yosida, consists in noting that as 
a result of the bivalence of the sulfur, a composite of 
formula FeSi- contains necessarily (1—2x)Fe** ions 
and (2x)Fe*** ions. These ions possess different atomic 
moments, so that it is sufficient for example to suppose 
that the ferric ions assemble on the odd-numbered iron 
planes, in order to obtain the necessary dissymmetry 
between the two sublattices. However, serious objec- 
tions may be raised against this conception. In the first 
place, it appears that the electrostatic forces of exchange 
would bring about electrical equilibrium between the 
successive planes of iron and consequently the two 
sublattices would be identical. In the second place, 
this conception does not take into account an important 
phenomenon which we are going to analyze. 

The lattice of the composition FeS,+, necessarily con- 
tains holes because the structure of the crystal is 
determined by the size of the sulfur ions, which are 
much larger than the iron ions. In a molecule FeS;,;, 
there exists 1-+« sites which may be occupied by the 
iron ions, and there remain x vacancies or holes. The 
properties of the crystal will thus depend on the actual 
positions of these holes. In particular the composition 
Fe;Ss may be written Fe;SsL where L represents a hole. 
It seems hardly probable that at low temperature these 
holes will be distributed at random in the crystalline 
network; it is much more likely to suppose that they 
are ordered in a regular manner. It is tempting to 
wonder if the regular order of these holes would not be 
at the origin of the dissymmetry between the two sub- 
lattices. А priori, it must be relatively easy to find out 
with the help of x-rays if there is a regular distribution 
of the holes, because the reflecting power of a hole is 
very different from that of a ferrous or a ferric ion. 

While the previous experiments have been in accord 
iif attributing to pyrrhotite the simple NiAs structure, 
we asked Mr. Bertaut to take up the study again. In 
fact, this author in studying a natural crystal with 
prolonged exposures, discovered!? in the diffraction 
pattern several hundred spots incompatible with the 
NiAs structure, and he showed that pyrrhotite possessed 
in reality a pseudohexagonal unit, slightly monoclinic, 
with parameters А — 11.94, B— 6.8654 ~4a, С=22.72А 
=~ 4c, B=89°33’, where a and c are the parameters of 
the unit usually used. Figure 3 represents the positions 
of the atoms in the unit cell; this contains 64 sulfur 
atoms and 56 iron atoms, therefore 8 molecules of Fe;S;. 
The black circles represent the iron atoms, the white 
circles the holes. In order to simplify the figure, only 
the iron planes containing holes are shown, that is, 
the odd-numbered iron planes. The even-numbered 
planes, which contains no holes are not represented, 
nor the intermediate sulfur planes. 


16 F, Bertaut, Compt. rend. 234, 1295 (1952). 
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The apparently complicated structure results from 
the tendancy of the holes to place themselves as far as 
possible from each other. Their minimum distance in 
the planes, and in neighboring planes, is always about 
2a. Let us note that the symmetry of the unit, repre- 
sented by Fig. 3, is consistent with the magnetic sym- 
metry: the two directions Л and В in the basic plane 
are different. ; 

Thus, as we predicted, the two sublattices of iron 
atoms are crystallographically different on account of 
the regular distribution of the holes. To finish defining 
the structure and to deduce from it the molecular 
moment, it is necessary to know also the distribution 
of the ferrous and ferric ions between the different 
available sites. This is practically impossible with x- 
rays. Theoretically, the problem can perhaps be solved 
without too much calculations. In distributing the 
ferric ions equally on all the planes of iron, one finds that 
the magnetic moment of a molecule Fe;S; reduces itself 


Fic. 3. Crystal lattice of pyrrhotite (after Bertaut). 


to the atomic moment of the Fe** ion or four Bohr 
magnetons, ив, if we neglect the orbital moment, while 
the experiment gives scarcely more than 2ив. Of course 
this value can be criticized and we can find a distribu- 
tion of ions giving the correct experimental value of the 
saturation moment, but this has little purpose because 
we expect the orbital moment of thé ferrous ion to play 
an important role. Study of the gyromagnetic ratio by 
Coeterier yielded the extraordinary value g=0.67, 
impossible to justify a priori. 

Thus there remains much to be done before we have 
a complete quantitative interpretation of the saturation 
moment of pyrrhotite. However, the general interpre- 
tation that we propose here nevertheless permits co- 
ordination of a certain number of experimental facts. In 
particular, it easily explains why ferromagnetism does = 
not appear as scon as the cofinposition is no longer 
stoichiometric, and why a minimum value of x, in the 
vicinity of х= 0.08, is necessary. In fact, when x is less 


, 


E - Fic. 4. Thermal variation of the reciprocal, 1/х»., of the mag- 
— — -metic susceptibility of a single crystal of pyrrhotite. Curves land 2, 
artificial pyrrhotite; curve 3, natural pyrrhotite (affer Benoit). 


‚ than this limiting value, the holes are too far apart for 
_ their interactions to be effective; therefore a super- 
_ structure of the holes does not form and the even and 
- odd planes of iron remain strictly equivalent, and the 
compound is simply antiferromagnetic. Also, it is known 
- that phenomena of this kind exist in alloys, the super- 
structures occur only in relatively narrow range around 
the theoretical ideal concentration. 

A study of the magnetic properties of pyrrhotite 
ove its Curie point has been made by Benoit at 
зе laboratory in Grenoble and furnishes interesting 
esults. Above the Curie point, about 292°C, up to 
C, the reciprocal of the magnetic susceptibility Xm, 
otted as a function of the temperature, has the hyper- 
ul form characteristic of antiferrimagnetism,® as 

s shown in Fig. 4 by curve 3 relating to natural pyrrho- 
and curves 1 and 2 relating to the sulfide FeS, м. 
ound 560°C a new phenomenon appears; the suscepti- 
y undergoes a sudden discontinuity and becomes 5 

‘or 6 times smaller. At higher temperatures, both in 
ral behavior and in magnitude, the thermal varia- 
оп of susceptibility is much like that of FeS. It is 
empting to consider this temperature of 560°C as the 
erature of the disappearance of the ordered struc- 
ture of the holes; beyond that, the holes are distributed 
- at random on all sites of the sublattices in such a way 
t the magnetic properties of the substance become 


order to prove*this hypothesis, Benoit tried to 
pyrrhotite from a temperature above 560°C, 
reserve the disordered arrangement of the 
erromagnetism should than disappear and 
ауе antiferromagnetism of the classic type. 
fact, the samples have always remained 

т их negative result is explained 
5 that the holes should diffuse 
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then be more difficult to preserve than in metallic 
alloys. Thus it is not yet proved definitely that tie 
ordering of the holes disappears at 560°C, but it js 
magnetically very probable. Ш> 

Pauthenet" has studied the thermal variation of 
magnetization along different crystallographic directions 
in a natural pyrrhotite crystal below room temperature, 
'The measurements have confirmed the results obtained 
by Weiss and Forrer" in the basic plane, which alóne 
had been studied up to now. But, in the direction of the 
axis, as shown in Fig. 5 which summarizes the experi- 
ments, Pauthenet obtained unexpected results. 

In the basic plane (upper part of the figure) the curves 
do not show any remarkable particularities, and they 
resemble those of any ferromagnet, except that the 
magnetization at saturation seems to pass through a 
maximum around 150°K and diminish when the tem- 
perature is lowered further. This phenomenon has 
already been observed by Weiss and Forrer. 

Along the axis (lower part of the figure) the magneti- 
zation at room temperature is apparently proportional 
to the applied field, but it still remains less than one- 
fourth of the magnetization at saturation in the basic- 
plane in a field of 20 000 oersteds. Thus there is a strong 
magnetocrystalline anisotropy which holds the spon- 
taneous magnetization in the basic plane. When the 
temperature drops below 250°K, there appears a new 
phenomenon: a ferromagnetism superposes itself pro- 
gressively on the preceding paramagnetism, the sus- 
ceptibility of which varies little with the temperature. 
Actually, a spontaneous magnetization, parallel to the 
C axis (see Fig. 3), gradually increases. This spontaneous 
magnetization seems to- pass through а maximum, 
around 50°К, of about one-fourth of the magnetization 
at saturation in the basic plane, and then to diminish 
slightly when the temperature is further reduced. One 
has the impression that the magnetizations at satura- 
tion, in the basic plane АВ and along the axis C, vary in 


Along a direction of easy magnetization 
= in the magnetic plone 


Along а direction normal 
sao 10 the magnetic plone 


Fic. 5. Thermomagnetic study of à crystal of pyrrhotite 
(after Pauthenet). 
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complimentary fashion: when бие grows, the other 
shrinks, and vice versa. This all happens as if, in a 
portion of the substance, that is larger, at lower tem- 
peratures, there is a change in the direction of easy 
magnetization. In itself, a change with the tempera- 
ture of easy magnetization is a common phenomenon, 
but generally it is produced suddenly and completely at 
a definite temperature. Here, on the contrary, there is 
а progressive change as if the substance were hetero- 
geneous. As the examples studied are of natural sub- 
stànces, likely to contain many impurities, it is possible 
that local inhomogeneities are at the origin of the ob- 
served phenomenon. 
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Thus it is not certain whether we are concerned with 
а special property of pyrrhotite, Fe;Ss or with а chemi- 
cal effect. Experiments are in process to clarify this 
point. From a practical point of view, these curious 
phenomena complicate greatly the problem of the 
magnetization of pyrrhotite at saturation: is it neces- 
зату, in order to obtain the absolute value, to add the 
magnetization along the axis C to the spontaneous 
magnetization of the basic plane? It seems that one 
must reply in the affirmative, but the practical applica- 
tion of this principle is difficult. One can estimate that in 
the example studied the magnetization at saturation is 
from 21 to 22 cgs units/g. 
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The magnetic properties, of mixed ferrites of iron and cobalt 
of the general class, [xFe:0;, (1—x)CoO], where x is the molar 
fraction, varying from 0.5 to 0.6, are studied. Depending on the 
conditions of preparation, a small amount of the trivalent iron 
may also transform into the bivalent form. These materials not 
only possess remarkable magnetic properties but are particularly 
amenable to a theoretical as well as experimental study of the 
fundamental mechanisms involved in orientation in a magnetic 
field, coercive force, remanence, initial susceptibility, law of ap- 
proach to saturation, and the energies of magnetization. An at- 
tempt has been made to correlate all these factors for these 
materials. 

An x-ray examination shows that these materials consist of 
only a single phase. Direct evidence concerning the mechanism of 
orientation by annealing in a magnetic field has been obtained. A 
study of the magnetostriction as a function of composition, density, 
and temperature—both on oriented and non-oriented materials— 
permits us to investigate the important factors affecting the funda- 
mental mechanism of magnetization. These materials reveal an 
unusual characteristic in that the values for magnetostriction are 
very high (A~3X10~) and their dependence on temperature is 
very great (A~10™ at 20°C and 3X10~ at —196°C). The basic 
phenomena can thus be readily characterized. 

As for the coercive force, we place emphasis on the fact that the 
value of Не depends on the density. When the density, à, of the 
materials is less than 2.9 (theoretical density is 5.1), the value of 
H. for a given temperature is independent of 5 which strongly 
suggests rotations as the only elementary mechanism. Between 
—80°C and room temperature, we have shown that H, is effective- 


1. GENERAL CONSIDERATIONS 


M=? oxides of iron and cobalt, the magnetic 
properties of which are the subject of this paper, 
can be represented by the formula 


®Ее;Оз, (1—2)Co0, (1) 


х being the molecular content of Fe;O;, which varies 
from 50 to 60 percent. The conditions of preparation 
were such that several percent of trivalent iron are 
transformed to bivalent iron. 
_ These mixed oxides possess remarkable magnetic 
properties, which will be discussed throughout the 
paper. Technical litcrature has already pointed out their 
roperties as magnets of iron and cobalt oxides, partic- 
of vectolites,! but these materials differ in com- 
osition and properties from those represented by refer- 
ice 1. We have made this study because it was very 
teresting to explore the main magnetic properties in 
ral. In the present study the principal magnetic 
are explored, and a study is made of the 
of treatment in a magnetic field, of coer- 
fivectolite" vere pointed out for the first time in 

ons and patents (for instance: Y. Kato and T. 


rs. (Japan) 53, 408 (1933)). United States 
ril 9, 1935. 
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ly only a function of the magnetoelastic energy. At temperatures 
lower than this, the phenomena are more complicated and ọne 
must consider as well the magnetocrystalline energy in order to 
account for the values of H. encountered. If the density is between 
2.9 and 5.1, Не depends on ô and, therefore, on the relative volume 
of voids. Accordingly, it is probable that, in this case, wall dis- 
placements also contribute to the properties and we have shown 
that He is approximately proportional to the square of the volume 
of voids. 

We next give a theoretical study of the remanent magnetization. 
The value of the ratio 7,/7,, with 2 mechanism of orientation 
which places the magnetic vectors along cubic axes nearest the 
direction of the field, is in good agreement with our experimental 
results, at least to —80°С. Below this temperature, other phe- 
nomena intervene which we shall discuss. 

A theoretical and experimental study of the initial susceptibility 
both on oriented and non-oriented materials has made it possible 
for us to discern the particular mechanisms which affect the 
orientation, the coercive force, and the remanence. The ratio 
Xoriented/ X nou—orientea has been confirmed. 

Ап investigation of the law of approach has proved that in all 
cases Weiss's law, eg — e«[1— (a/H) ], is confirmed. The value of 
“a” depends on the relative volume of voids and on ^. 

А study of the energy of magnetization as a function of tempera- 
ture on both oriented and non-oriented materials has afforded a 
supplementary proof of the interconnection between the different 
mechanisms. 

Finally, we give a résumé of the principal magnetic character- 
istics of these mixed oxides. 


cive force, of remanent magnetization, of initial mag- 
netization, of approach to saturation, and of energy of 
magnetization. The results are not complete, but it is 
believed that the principal magnetic properties already 
observed can be profitably discussed. The research is 
being continued. 5 

We shall not describe here the different methods of 
preparation and measurement used, except as they are 
necessary for understanding the text. We have made 
many preparations of these oxides and we have studied 
their properties. In this study, they cannot be published 
in the whole, but our results established with any 
samples are general. By varying the conditions of prep- 
aration, it is possible, for example, to obtain very 
different coercive forces, but the laws of variation on 
account of different parameters remain valid. 

This study is the result of group work in which the 
following research men of the Laboratory have collab- 
orated: Bertrand, Medvedieff, Vautier, Gary, Mar- 
tinet, and Barbezat. Detailed publications will be made 
later on the various separate problems. 


П. X-RAY STUDIES 


Studies with x-rays have been undertaken on non- 
oriented samples and on samples oriented by heating in 
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TABLE I. Dependence of magnetostriction and coercive force 
сс on densify. 
Density „3-15 3.50 3.25 2.90 
Х. 108 —110 - —110 —110 —110 
H. 1260 1490 1720 2050 


the presence of a magnetic field. These were in the form 
of flat disks or of cubes. We have used the back reflection 
method with a camera 240 mm in circumference, with 
radiation from an iron tube, monochromated by re- 
flection from a curved quartz crystal and focused on the 
camera slit. The camera used a system of baffles such 
that the lower half and the upper half of the film could 
be exposed successively. In this way one obtained on the 
film two diagrams centtred in the same manner. From 
this it was possible to measure very small differences. 


Results 


1. In spite of an excess of Fe,0; above the stoichio- 
metric content for cobalt ferrite (50 percent mole), 
the samples showed a single phase. The diagrams, after 


Al 6 
е 10, 
0 2/:152-/47:5:25 7888 3 10 1 12х10? H(Qe) 


П 
N 
e 

= 
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exposures reaching 48 hours, did not allow us to find 
а, second phase. But we intend to perform longer expo- 
sures to ascertain the nonexistence of a second phase. 

Though the consequences of orientation are similar 
to those for Alnico permanent magnets, we believe 
that the conditions are much better here, since in our 
samples we have no second phase, which was believed 
till now to play an important part in the orientation 
process. 

2. When studying the oriented material, we used a 
cube cut in this material, in such a way that the direc- 
tion of orientation be along a cube edge, and we re- 
corded two diagrams on the same film: one for a face 
perpendicular to the direction of orientation, the other 
one for a face parallel to this direction. In the former 
case, we find a’=8.379A); in the latter, а= 8.380A. 


TABLE II. Dependence of magnetostriction and coercive force 
on temperature. 


“Temperature, °C х X105 


20°С —110 
—80°С —190 
—196° -210 


"Р" —— 


0 2000 — 4000 600 800 10000 12000 H(Qe) 
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We shall give of these results the following inter- 
pretation: under the effect of heating in a magnetic 
field, the direction of spontaneous magnetization be- 
comes this of the cube edge next to the direction of the 
magnetizing field. Under the effect of this spontaneous 
magnetization, the cube edge bearing the magnetization 
is contracted by about 0.001A. This deformation 
(magnetostriction) is shown by x-rays—when the face 
tested is perpendicular to the easy direction, it is nearly 
perpendicular to the contracted edges, and we obtain 
reflections on planes perpendicular to these axes (and 
thus have a/). 

Where the surface is parallel to the direction of easy 
magnetization, it is the axis a which one obtains. This 
interpretation based on our present results must still be 
supported by other research which we are doing for 
confirmation. 

We have thus a direct measure of magnetostriction: 


А100== 1.2Ж 10-*. 


Ш. MAGNETOSTRICTION 


Knowledge of magnetostriction is indespensable to 
this study. We have measured it as a function of 
composition and temperature and density, in both 
isotropic and oriented materials. 


(1) Magnetostriction as a Function of Density 


Because the coercive field depends on the density, we 
have studied magnetostriction as a. function of density 
for mixed oxides of the same chemical composition 
(56 mole percent Fe;0;), which have had the same. 


TABLE Ш. Effect of composition. 


Content of 
Fe203(%) 52 


Х-108 —i10 —110 ^ —90 
Не 1500 2050 2000 
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Milena] treatments. Samples. of this composition have 


particularly interesting properties and have been used 
often in this study. Results are shown in Table I and 
the curves of Fig. 1. 

The conclusion, which might have been foreseen, is 
that magnetostriction is independent of the density. 
Thus the value of the coercive force depends on density 
alone. 5 


(2) Magnetostriction as a Function of Temperature 


Table II and Fig. 2 give the results of measurements 
made on a mixed oxide (56 percent Fe;0;) which is non- 
oriented, at ordinary temperature, at —80?C and at 
— 196°С. The density of this material is of 2.90. 

Here there is a rapid variation of À as a function of 
the temperature. We shall use these results when we 
study the mechanism of the coercive force and its 
dependance on magnetostriction. 


(3) Magnetostriction as a Function of 
the Composition 


We have varied the composition of mixed oxides from 
50 to 60 molar percent of Ее.Оз. The results are given 
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in Table III. Later we will draw conclusions from these 
data regarding the mechanism of coercive force. 


€ 
(4) Magnetostriction of the Oriented Sample as a 
Function of Temperature. 


At temperatures of 20° and — 80°C the behavior of the 
curves is normal (Fig. 3); that is, in the direction of 
orientation the magnetostriction is small and In the 
perpendicular direction it is negative and large.^In 
addition, the curves obtained seem compatible with 
those of non-oriented oxides. One will note, however, the 
particularly high value of A at — 80°C for the perpen- 
dicular direction. 

At —196°C the phenomena become complicated; the 
measurements become very difficult because the curve 
for the direction of easy magnetization bends over at its 
end in function of the measures and shows a contraction 
of —145-10-5. For magnetostriction perpendicular to 
the direction of orientation there is a well-defined curve. 

At the temperature of liquid nitrogen we find our- 
selves in the presence of a new phenomenon. All occurs 
as if the spontaneous magnetization prefers to be 
oriented in a perpendicular direction. Below we will also. 
point out the relation of these data to the mechanism 
of magnetization. 2 


IV. GENERAL PROBLEM OF REMANENT 
MAGNETIZATION OF ORIENTED OR 
NON-ORIENTED CUBIC 
POLYCRYSTALS 


(1) Hypotheses 


We shall discuss the general problem of magnetization 
in a cubic polycrystal starting with the following 
hypotheses, which are in accordance with our experi- 
mental results: : 


(1) The microcrystalline structure prevents wall displacements. 

(2) Definite magnetocrystalline energy and magnetoelastic 
energy caused by internal stresses of mean value о, distributed ша 
statistical manner, are present. 


(3) After orientation the vectors of magnetization place them- 
selves preferentially on the crystallographic axes of easy magnetiza- 
tion oriented nearest to the directing field. 


(2) Determination of the Ratio I,/I, for 
4 Anisotropic Material 


Isotropic material is composed of crystals having 
axes distributed in a statistical manner. The directions 
of the magnetization vector are restricted according to 
our third hypothesis, Everything occurs as if, after 
onentation by the field, H, during treatment, the 
material considered as the sum of grains possessed a 
unique axis of magnetization lying inside of a well- 
defined area on the Sphere unit, 

To solve this problem it is simplest to fix the position 
of magnetization and to consider-the area in which the 
field vector H is distributed, This field describes in the 
limits a cone in which the generator is the intersection of 


the unit sphere with planes bisecting х--2=0 and 
y+2=0 (Fig. 4). : 


— 


^ 


LE 
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„Тһе probability of the presence of the field И in a 
given area, inside the limiting area, is proportional to 
the area. Let us calculate the expression S S k-ndo by 
designating -by S the area of zone ABCD cut out on the 
unit sphere by plánes х—2=0, y—2=0, х=0, y=0, and 
by К the unit vector along the axis 02; then nde is the 
oriented element of area in the zone. 

To simplify the limits of integration, let us choose a 
system of coordinates и, v, such that the direction of 
field Н is defined by planes 

2—2 tanu— y—z tanv- 0). 


The integral is then 


ФМ aM 
TOR km tuts 
ди Ov 
which reduces to 


The calculation of the derivatives gives as the final 
value of the integration 


у / 
Yu Vu 


duds. 


AE a / 
Хай) 


T prl dudv 
E if | 
0 о соз? cos'*v(1-- tan?u-+ tan2v)? 


The value of the ratio 7,/7, is equal to I/S; but 


TABLE IV. Remanence along the axis of easy magnetization. 


Temp. in 
°K 77 110 140 200 230 290 


I./I, 0.90 0.88 0.87 0.85 0.84 0.84 


S= 7/6, as one may easily verify. The integration of 7 
gives 

5 I= (V2/2) csc tan(v2/2), 
The corresponding value of 7,/I, is thus equal to 
0.839.2 


1= 0.439. 


(3) Ratio I,/I, for К<0 


The preceding hypothesis corresponds to a positive 
value of K. A negative value leads on the contrary to 
eight directions of easy magnetization parallel to the 
body diagonals of the cube. It is easy to see that the 
limiting area for H is a spherical triangle with 3 right 
angles. The corresponding value of 7,/Т, is 0.86. 

One could also consider a more arbitrary direction of 
magnetization, that along the cube face diagonals. In 
this case the area is limited by a spherical rectangle of 
агеа-т/3, since there are 12 possible directions, and the 
calculation of the product 7,/Г, gives 0.91. 


2 Mention should be made of Gans and of Hoselitz and McCaig 
on the values of this ratio. 
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(4) Determination of 7, /Т, for Anisotropic Material 
Magnetized Perpendicular to the Axis 


This calculation is complemental to the preceding 
one, the integral T= Sf f k- nde being the complement of 
the preceding zone with respect to the eighth of the 
sphere. The calculation can be simplified by noting that 


21 k-ndo— f f К. пас. 
FDE ABCD 


The first integral is 7/4 and the second (x/2) csc 
tan(V2/2), whence comes the desired value of the ratio: 


I,/1,— 0.330. 


(5) Comparison with the Experimental Results 
(a) Along the Axis of Easy Magnetization 


Our experimental results are shown in Table IV. 
Above 200°К. we find a value equal to 0.84, while for low 
temperatures the ratio increases. But it is necessary to 
give more weight to our results obtained above 200°K 
because at low temperatures it is difficult to realize 
saturation. Thus at 77°К the maximum value of Я, is 
not yet attained for the very high magnetizing field of 
30 000 oe. * 

To determine the limiting values of He we have used 
laws of approach. In the case of oriented material a 
law in 1/H, analogous to that of magnetization at 
saturation, was satisfactorily used, while for non- 
oriented material the law in 1/7? was best for interpret- 
ing our results? We will have the chance to refer in a 
future publication to the theoretical interpretation of 
the laws of approach. 1 

However, taking into ассоц the values of magneto>~ 
striction at 77°К, we may say that the mechanism of 


3 Medvedieff, thesis (Paris, 1952). 


аа бабы 
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: . orientation at low temperatures is not simple as assumed 
i 3 sr hypothesis. 


ош : 
(b) Along а Perpendicular Direction 

ind that the values of the ratio at 290°С and at 

e; respectively, 0.29 and 0.46. 


(c) Case of Non-Oriented Material 
esults are given in Table V. 


(6) Conclusions 


aterial that is oriented along the axis of easy 
zation there is agreement between calculation 
vent, from ordinary temperature down to 
( But below this temperature the value of 
io increases, while if the magnetization vectors 
уз distributed along cubic axes, this ratio 
ain constant, 

е axis of difficult magnetization we find a 
ghtly too small at the ordinary temperature but 
, and much too high at 77*K. The values 
with non-oriented material are also too 
00°К. Ёс, 

5 these results together with those obtained 
4gnetostriction, it is necessary to 
"mperature the cubic symmetry no 
ere is a possibility of permuta- 
lt axis of magnetization. We will 
moment toward the analysis of this 


| with x-rays. Thus we admit 
r mec 1$ to be correct only to a 


of 200°K, 
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theoretical density obtained with x-rays is about 5. By 
varying the conditions of pressing we have been able t7 
obtain densities which rise gradually from about 2 to 
4.8. In these samples the coercive force increases until 
the density attains 2.9, that is, until the relative volume 
of the holes is about 0.43. Materials at density lower 
than 2.9 have practically constant coercive force which 
isthe maximum. ; < 

Їл order to interpret these results we distinguish ty7o 
regions for the coercive force. From a density of 2.9, 
below which the coercive force is constant, we imagine 
that only rotations occur. The walls which bisect the 
greatest number of holes occupy a position of lowest 
energy and have no effect on the coercive force. Also the 
interactions between crystallites are not effective. The 
coercive force then depends only on K, on Àc, and on 
Js 
The mechanism of rotation here is similar to that 
observed in single domains. Physically we do not have 
isolated domains here; but the elementary mechanism is 
the same. After considering the coercive force under 
these conditions we shall study it as dependent on the 
volume and the number of holes, when both irreversible 
wall displacements and rotation are supposed to take 
place, and when interactions among crystallites are по 
longer negligible. 


(1) Coercive Force of a Domain Having Uniaxial 
Symmetry 


The study of x-rays of this oriented material, having 
the large value of A, justifies the assumption of uniaxial 
symmetry. The presence of elastic strains tends to 
destroy the cubic symmetry by establishing a preferred 


direction. In this way the problem goes back to the . 


simple calculation of coercive force for a uniaxial crystal, 
the magnetocrystalline energy of which can be written 


F-K,sin?0 


if we neglect higher terms. | , 
Adding the magnetoelastic energy to the magneto- 
crystalline energy, we have 


Е= (Kx4-330/2) ѕіп29— К sin*6. 


Under the action of an inducing field Н, making the 
angle o with the axis (see Fig. 5), we have 


Е= К sin?+- HT, cos(0— a). 


"TABLE V. Ratio Г,/Т, at different temperatures. 


I Á— Mtr 


Temp. in : 
°K 77 140 200 290 
1/1, 0.64 0.55 0.51 . 0.46 


бина кс == 


* This elementary mechanism of Coercive force was pointed out 
first by the author as follows: (1) thesis, Strasbourg (1943), (2) 
sealed letter given March 8, 1943, to Compt. rend. 229, 992 (1949), 
(3) Comm. Soc. franc. de Physique Strasbourg (May 31, 1947); 


Xp €t radium 8, 34S (1947), (4) J. Recherches CNRS, No. 9, 


» (5) Compt. rend. 229, 818 (1949), 
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The conditions for equilibrium and for stability are 
obtained by putting 29Р/90--0 апа 9?F/86?—0. Elim- 
ination of о from the resulting equations gives 


H=H,=(K/TI,)(1+3cos?26)}, (1) 


the field strength for reversal of the domain. 

The coercive force is thus a maximum for 0-0, 
H,=2K/I,. There is also an apparent maximum for 
0— 7/2, but its value is purely fictitious because there is 
no corresponding reversal. 

Calculation of the angle @ corresponding to the 
position of instability, as a function of the parameter a, 
gives 


{апа= tan?6. (2) 


Now one can trace directly the curve of the coercive 
force of each domain as a function of a by combining 
Eqs. (1) and (2). One obtains finally for each position of 
а domain characterised by the angle o which its axis 
makes with the field, a definite value of H,=H,(a). 
In the following we shall use the reduced field H,I,/K. 
The curves Н,1,/К, 0, and 0' may be traced as a func- 
tion of a, 0, and 6' being, respectively, the position of 
equilibrium corresponding to the loss of stability, and 
the position of stability corresponding to the same 
critical value Н, of the inducing field (Fig. 6). 


Fic. 8. 


Let us calculate now the moment of the particle in 
terms of the field HI,/K. There are two cases to 
consider. The domains being distributed statistically 
in the nonmagnetized state, one may represent the 
group by two domains having the same axis but 
antiparallel magnetization. When the spontaneous 
magnetization is parallel to the field there is no insta- 
bility and the angle 6’ is a continuous function of 
НГ./К and the component of the magnetization in the 
direction of Н has the value J, cos(o— 6") (see Fig. 7). 

Where the spontaneous magnetization is antiparallel 
to H, there is a continuous increase with 0 up to a 
predetermined value which corresponds to the coercive 
force for the direction a; then the return of the Г, vector 
to the stable position 0, brings us back to the preceding 
case (Fig. 8). The magnetization curves of the two 
grains are represented in Fig. 9. 

Giving each curve the probability sinada, and inte- 
grating the expressions 


| cos(a— @”) sinada, f costat 0) sinada, 


one obtains the lower and upper branches of the hyster- 
esis loop. The algebraic sum of these two curves gives 
the initial magnetization curve (Fig. 10). The experi- 
mental curves are given in Fig. 11. The value of the 
coercive force is 


Н.=К/Г.. 
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(2) Conclusions on the Magnetization Curve 


"This curve shows the results of our knowledge of the 
material, using the original hypotheses. It gives the 
initial susceptibility (tangent at origin) and also the 
ratio 7,/Г, that we have calculated by another method. 
Finally it gives directly the coercive force which could 
have been obtained only by graphical integration of the 
equation 


f (exte O(a, Н.) ]—cos[o— 6 (o, Н.)]) sinada.— 0. 


On the other side, the curve of first magnetization must 
be the mean value of the two parts of the loop of hyster- 
esis, the lower and upper branches; it is easy to confirm 
with the results of experimentation. 

For the oriented and non-oriented material one ob- 
tains a value of H.I,/K between 1 and 1.1. A perfect 
orientation would make this approach the value 2, but 
this can be realized only by a truly uniaxial polycrystal. 


(3) Mechanism of the Coercive Force by Rotation 
(Non-Oriented) р 


We have established the relation 
Н,е (К\-Е3Хх=/2)/1„== К/Т, 


and will now compare this formula with experiment. The 
numerical values are given in Table VI. The propo-tion- 
ality of H. with А holds to the temperature of — 80?C. 
At—196°C the proportionality no longer exists. 

One may draw the following conclusions: 

(1) at 20°C and at —80°C the first hypothesis that 

we may make is that the magnetocrystalline energy 
has only a negligible effect and that only the magneto- 
elastic energy controls the mechanism of the coercive 
force. : 
(2) If we have a magnetocrystalline energy К it is 
necessary that the variation of this energy be such that 
the ratio H./H,’ is equal to ХА/ Хэ, which is not very 
probable. To solve this question definitely it would be 
necessary to determine с by independent means. 


Is e 
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If we go back to Table V giving А and Has a function 
of the composition, we see that the variations of H, can- 
not be explained by variations of Л. We then make the 
hypothesis that as the iron atoms go into solid solution 
the value of c increases—it is the product Ло which 
determines the value of H,. For a molecular content of 
ЕеОз higher than 59 percent the mechanism is less 
simple because above this percentage there are two 
phases. 

. We believe that the mechanism that we have con- 
sidered applies only for F е2Оз contents between 50 and 
60 percent. At — 196°C there is no longer proportionality 
between À and Жу; in fact if this proportionality held, 
the coercive force would be 4850, while experiment gives 
6500. Thus we admit the influence of magnetocrystalline 
energy at low temperature. One can also imagine that 
on account of the tendancy toward uniaxial orientation 
at low temperatures the value of р in the formula 
H.=pK/I, is greater than 1. x 

But as we have already shown in discussion of the 
ratio 7 ,/T,, the phenomena below 200°K are more com- 
plex and necessitate further investigation; 
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As to the influence of orientation above 200°K, we 
have shown that іп twg chemically identical samples, 
which are yery difficult to produce, the coercive force 
of the oriented material is slightly greater than the 
coercive force of the non-oriented material. The statis- 
tical study which we have made has shown that this 
must. be so. 


© 


(4) Coercive Force when H, Depends on 


©. the Holes 


The coercive forces of material having a density, d, 
higher than about 2.9 are given in Table VII and Figs. 


Taste VI. Coercive force and magnetostriction. 


гж 


IC Не A X10 He,20t/d20 
20°C 2050 —110 2050 
— 80°C 3100 — 180 3200 
— 196°C 6500 —270 4850 
E5326 15000 


12 and 13. Values of H, are shown as a function of d 
and of the relative volume, v, of holes. The upper curve 
(1) is the envelope of all the points corresponding to 
the measurements which we have made on a great 
number of samples. Above the curve are all the experi- 
mental points, because the absolute value of the 
coercive force depends greatly on the conditions of 
preparation and it is difficult to reproduce these ex- 
treme values with any certainty. This is why we give 
another curve (2) which corresponds to the samples 
which we have studied in this investigation. 

We have looked for the law which would give Н, as 
а function of v and we find that the most probable one 
is 


Н. Hc (К/1.)(/ 0), 


Нео being the value of the coercive force of the bulk 
rhaterial and v, the volume of the holes for which the 


"TABLE VII. Н. as dependent on the volume of holes. 


v 0 0.05 0.1 0.15 0.20 0.25 0.30 0.35 0.40 0.43 


На 750 790 900 1060 1270 1580 1930 2380 2870 3200 
На 750 770 820 920 1050 1220 1420 1650 1900 2100 


value of H, becomes constant. Г, is the intensity of 
magnetization of the basic material. 

The values of the exponent of v that we find generally 
in the various series which we have studied, rise gradu- 
ally between 1.9 to 2.2. 


VI. INITIAL SUSCEPTIBILITY OF POLYCRYSTALLINE 
MATERIAL 


(1) Non-Oriented Material 


The total energy is composed of magnetocrystalline 
energy, Kı $1120, of strain energy, ($)Ac sin*6, and of the 
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energy of the field, ИГ, cos(0'— 0), as illustrated in Fig. 
14. 
Introducing the reduced field, k= HI,/K, we have 


F= K[sin?0—h cos(6' — 0) ]. 
The condition for equilibrium is 
9Е/90-- K[sin20—h 5ш(0”--0) 1-0, 
and the expression for initial magnetization is 
хо= (I 2/2K) sin’. 


The average of this expression over the unit sphere is 
х-(12/4К) f 1120/20 — I 2/3K. 
0 


(2) Susceptibility of Material Oriented Along 
the Easy Axis 


In oriented material, the limits of integration are 
changed so that 


х-(4/2 | snap / | sin6'd6', 
0 0 
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ch gives for the susceptibility along the easy axis of 
olycrystal 
28 c= (I.2/6K)(3 соза— cos3a— 2)/ (cosa— 1), 


the susceptibility of a non-oriented material. 


| Susceptibility of Material Oriented 
E Perpendicular to the Axis 


> we have 
(2/2К) Ї 277712 / Ї sin6'd6' — 1.171 2/3K. 
OS E Chee 


| Comparison with Experiment 
ceplibility Deduced from Coercive Force 


Using ша (1) we can deduce K from the coercive 
e nd s obtain the calculated values of x shown in 
th column of Table VIIT, and we can then compare 
ith the measured values. 
of measured x are systematically less than 
values, but the order of magnitude is the 
| Е to make measurements of x with 
ion, because with such weak permeabilities 
leakage is of great importance. In the 


elastic energy is 
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Measurements give x1/ х?= 0.50. In this case also the 
agreement is not exact, but we were not able to огїепг 
the material in the form of a torus so have used a circuit 
of square form having sides of oriented material. By 
taking into account the experimental difficulties these 
results may be considered satisfactory. 

We have not made measurements in a direction 
perpendicular to the direction of orientation. The value 
1.17 has not been tested. ; 


VII. LAW OF APPROACH TO SATURATION 


(1) Variation of a as a Function of Temperature 
and 3. 


(a) Case of Non-oriented Material 


Measurements have been made on numerous samples; 
Ње law of approach он= с„(1— a/ П) is verified without 
exception up to fields as high as 25 000 oe. Our results 
are summarized in Table IX. 

One looks for the relation between a and ^; in column 
5 are given the values of 


: а = Q59X4/ ^20. 


Although the variation of À and of a with temperature 
is nearly the same, the proportionality is not rigorous. 


"TABLE VIII. Susceptibility and coercive force. 


°С Не K-1075  x(calculated) x(measured) 
20°С 2000 8.5 0.023 0.020 
—80°С 3050 12.8 0.016 0.013 
— 196°С 6500 27.1 0.009 0.007 


This applies to all the samples we have studied. The 
small variation of spontaneous magnetization at low 
temperature cannot account for the deviation. 


(b) The Case of Oriented Material 


The law in 1/H is also verified in oriented material. 
The 6th column in Table IX gives the values of a 
determined from magnetization curves for the easy 
direction. Here there is greater lack of proportionality 
between А and a. But the magnetostriction in this 
case is not isotropic, and the results are much more 
dificult to interpret; the magnetostriction should be 
measured in different directions. We have also deter- 
mined a as a function of the relative volumes of the 
holes, but our results are still too scanty to be published. 


T 


VIII. THE WORK OF MAGNETIZATION 


"The work of reversible magnetization measured on 
the curve T= f(H) is equal to Хо, if we consider only the. 
magnetoelastic energy ; if we include the magnetocrvstal- 
line energy this becomes F= Ao 2K, /3. ! 

In the case of non-oriented material we find Р 
—6X10* ergs/cm? at 20°C. If the effect of magneto- 


dominant, we have according to the 
п, Haridwar È: 


| 
| 
| 
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measurements, 
. LI 
(2)Xa — 9X 105 ergs/cm*. 


If we take into account the various errors, this value 
agrees with the value K deduced from the coercive force, 
8.5X 105. 


At the temperature of solid carbon dioxide 
2 Е=8.5Ж10, (3)\o=12.7 10°. 


This agrees with the value of К deduced from the coer- 
cive force at this temperature. 

In the case of oriented material, the mean value ac- 
cording to the calculation already made is 0.44. The 
reversible work corresponding to the oriented state is 
then 0.44Хо, We thus have a check on the theory by 
testing the constancy of the ratio of these values of F as 
a function of temperature. The experiment shows that 
the ratio is constant to — 80°C, but not below. 

Thus all the properties that we observe lead to the 
same conclusion: at low temperatures we have a more 
perfect uniaxial symmetry. 


IX. THE MECHANISM OF ORIENTATION 


«First we eliminate the influence of a second phase, 
which up to now has been considered to be of great 


TABLE IX. Values of a at various fields. 


a(measured 
tC He 


ХХ105 a(measured) аг oriented) 
20°С 2050 —110 1560 1560 1000 
—80°С 3100 — 180 2200 2500 2250 
—196°C 6500 —270 3200 3800 5300 


importance, because the evidence does not support it. 
Also, we will not consider the idea that the lattice is 
oriented so that the cubic axes have a common direction, 
that of the field, because the x-ray evidence is against it. 
We will not consider the effect of a demagnetizing field 
of form, the thermal variations of И, invalidating it. 
Similarly, the orientation of crystallites, not supported 
by x-ray study, is not believed to exist. 
^ The whole interpretation of the mechanism of orienta- 
tion rests on our results with x-rays which show that the 
cube axes are different in the directions parallel and 
perpendicular to the direction of the field present during 
the treatment. Although the interpretation of our results 
are not definitive, we believe that the magnetization 
vectors have the directions of the axes nearest to the 

direction of the field. Because the effect of magneto- 

striction is considerable, we observe a real deformation 

of the crystal lattice. At temperatures below 200°K the 

deformation is still more marked and a really uniaxial 

system approximated: 


ег 
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It is easy to understand why the orientation is 
established at a temperature near to 300°C, by referring 
to Fig. 15 by Medvedieff. Here curves are traced giving 
the energy of magnetization as a function of the 
temperature for different values of the ratio c/ag. 
АП of these energies approach zero for a temperature 
close to 300°C, when the magnetization vectors are 
oriented with great ease. In the phenomena of orienta- 
tion this temperature of 300°С plays a part analogous 
to that of the Curie point. We add finally some results 
on electric anisotropy—the ratio of the resistance along 
the direction of orientation to the resistance along a 
perpendicular direction is equal to 1.2. 


X. PROPERTIES AS MAGNETS 


"These mixed oxides possess very interesting magnetic 
properties. Remanent magnetism is of the order of 2500, 
and can attain 3000. The coercive force (for zero in- 
duction) is about 1500 and can exceed 2000. Finally the 
product (BH) max is about 1.5X 105. It is not difficult to 
imagine a new type of magnet which would use these 
elementary mechanisms,—they would be magnets with 
holes, and would be complementary to fine-powder 
magnets. For example, it would be of the greatest inter- 
est to form holes in metals and alloys possessing large 
values of magnetocrystalline energy or of magneto- 
elastic energy. Cobalt, for example, because of its large 


magnetocrystalline energy, seems to be especially 
interesting. - 


CONCLUSION 


Mixed oxides of iron and cobalt permit us to relate 
several of the most important ferromagnetic properties. 
We do not consider this study to be finished, but al- 
ready we can better understand certain elementary 
mechanisms of magnetization. Kt also opens horizons 
interesting from a practical point of view. 

в 


е = 


= [3 2 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ТТИ ЧР РЕР 


Е eiei o 


TS 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


74 CHARLES GUILLAUD 


| DISCUSSION FI 

А.Н. GEISLER: General Electric Research Labora- ten hours at 800°C or less a second phase precipitated 
tory, The Knolls, Schenectady, New York: Y should witha rhombohedral structure like о-Ге:Оз. The sugges- 
like to point out that cobalt ferrites with larger amounts tion was made that the ЕеОз type phase when it first 
of iron oxide that those considered by Professor formed also had a spinel structure characteristic of the 
Guillaud have been found to be two-phase material y-Fe;O; modification so that the response to heat treat- 
susceptible to heat treatment much like Alnico. A ment and magnetic properties could depend upon a mis- 


: m : cibility gap in the solid solution field much like that 
material of the composition CoFeyOs was found to have in the Fe-Ni-Al system. Sensitivity limitations of the” (27 


ж он gious: spinel Ioe ue бош x-ray diffraction technique might prohibit the detec- 
rapidly cooled from 1050*-1150* C, and on reheating for tion of the precipitate that could be responsible for 


1 A. H. Geisler, Trans. Am. Soc. Metals 43, 70-104 (1951). the high coercive force of other cobalt ferrites. 
.H. > . Am. Soc. 
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The Low Temperature Transformation 
: in Ferrites 


Г. В. BICKFORD, JR. 


State University of New Vork, College of Ceramics, at Alfred University, Alfred, New York 


5 The general behavior of magnetite (iron ferrite) at its low temperature transformation (ca 118°К) is 

A reviewed. One of the properties which undergoes a large change is the magnetocrystalline anisotropy, which 
is larger in magnitude and has a lower symmetry below the transformation. The magnetic symmetry 
axis below the transition temperature can be predetermined by cooling a single crystal through the transi- 
tion in a magnetic field, and can be changed from one cube edge to another below the transformation by 
means of a strong magnetic field. 

Directional pressure also appears to be effective in establishing the axis. Hysteresis loop measurements 
show that if a compressive stress is applied along the length of a rod-shaped specimen cut parallel to [100] 
as it cools through the transition, the specimen is more easily magnetized in this direction. No such effect 
was observeď along [110] or [111] directions. 

Changes in dimension occurring at the transition have been measured by means of resistance strain 
gages cemented along the principal crystallographic directions. Data were obtained as the crystal warmed 
through the transition in the demagnetized state after having been cooled in various conditions of biasing 
magnetic field and pressure. It is concluded that the large changes in magnetic symmetry accompany 
small changes in crystal structure. The low temperature form appears to be orthorhombic, the maximum 
distortion from cubic symmetry, along [110], amounting to ca 0.07 percent. All three orthorhombic axes can 
be established unambiguously by cooling the crystal through the transformation in a magnetic field along 
[100] with pressure applied simultaneously along [011]. The change in direction of easy magnetization 
above the transition from [111] to [100] is accompanied by a small dimension change (ca 0.002 percent). 

é Similarities with the behavior of barium titanate at its ferroelectric Curie temperature are pointed out. 


Evidence for the existence of similar transformations in the other ferrites is discussed briefly. 


I. INTRODUCTION 


ЕЕ investigations over the past twenty- 
five years have brought to light many interesting 
changes occurring in magnetite (iron ferrite) at its low 
temperature transformation (ca 118°К). Three of the 
more significant changes are illustrated in Fig. 1. Weiss 
and Forrer! found that the magnetization decreases 
abruptly at the transition, as shown in Fig. 1(a). The 
magnitude of the discontinuity is smaller for larger 
magnetic fields, the saturation magnetization remaining 
unchanged through the transformation. The specific 
heat curve? shows an anomalous peak (Fig. 1(b)), and 
the electrical resistivity? changes rapidly with tem- 
perature (Fig. 1(c)) Lit found that the magneto- 
crystalline symmetry decreases from cubic to uniaxial, 
with a large increase in anisotropy energy. He also 
demonstrated that a magnetic memory effect exists; 
that 15, the direction of easy magnetization, or magnetic 
axis, below the transformation temperature can be pre- 
determined by cooling the crystal in a magnetic field. It 
has been established that the magnetic axis becomes 
the cube edge most nearly parallel to the direction of 
this biasing magnetic field and that it can be shifted 
from [100] to [010] or [001] below the transformation 
by means of a strong magnetic беја. 


* This work was supported in part by the U. S. Office of Naval 
Research. M 
. 1 P. Weiss and R. Forrer, Ann. phys. 12, 279 (1929). 
? R. W. Millar, J. Am. Them. Soc. 51, 215 (1929). 
3 T, Okamura, Sci. Repts. Tóhoku Imp. Univ. 21, 231 (1932). 
1 C. H. Li, Phys. Rev. 40, 1002 (1932). 3 
5L. В. Bickford, Jr., Phys. Rev. 78, 449 (1950). 


Verwey® has proposed that the transformation is an 
electronic ordering phenomenon, in which the random 
distribution of ferrous and ferric ions on the octahedral 
sites of the cubic inverse spinel lattice changes, on 
cooling, to an ordered arrangement. If one makes use of 
this picture, some of the physical changes characteristic 
of the transition can be attributed directly to the 
ordering (specific heat and resistivity), and others to а 
small crystallographic change accompanying the order- 
ing (magnetic properties). 

The crystalline structure change must be very small, 
since a large single crystal will withstand numerous 
traversals through the transformation without shatter- 
ing. Several attempts?^ to detect a crystal structure 
change by means of x-ray diffraction ended in failure. * 

Experimental investigation of magnetite below its 
transformation temperature is somewhat unsatisfactory 
because the physical properties depend on the condi- 
tion in which the crystal was cooled through the transi- 
tion. Exact reproducibility in the measurements is 
difficult to obtain even when these conditions are con- 
trolled as closely as possible. 


IL HYSTERESIS LOOP MEASUREMENTS 


Directional pressure has beer found to be effective 
in selecting the magnetic symmetry axis, but to a lesser 
extent than magnetic field. Fhe ease of,magnetization. 
—— E 

* Verwey, Haayman, and Romeijn, J. Chem. Phys. 15, 181 


(1947). 
7H. Shóji, Sci. Repts. Tohoku Imp. Univ. 24, 250 (1935). 
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x Fic. 1. Anomalies in magnetization, specific heat, and electrical 
— resistivity at the magnetite low temperature transformation. 


“оо cof a rod-shaped specimen with its axis parallel to [100] 
— is increased below the transformation by cooling under 
— — compressive stress along the axis. This effect is not ob- 
-. served in specimens cut parallel to [110] or [111]. 

— — Figure 2 shows a photographic sequence of oscillo- 
оре traces representing hysteresis loops obtained 
low the transformation with a 60-cycle magnetic field 
rallel to the axis of a [100] specimen cut from a 


under identical conditions during measurement, 
dicated in (a). The differences arise entirely from 
ifferent conditions under which the crystal was 


ed with a magnetic field applied along the specimen 
15 and corresponds to a measurement along the 
magnetic axis. The crystal was cooled in a magnetic 
- field along [010] (perpendicular to the specimen axis) 


e crystal. А comparison of curves (b) and 
o illustrate the large magnetic anisotropy. 
was photographed after the crystal had 
a the abserice of а magnetic field and is 


the specimen 
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axis. It shows the effect of a directional pressure. The 
behavior of the crystal in the transformation region 1s 
illustrated in Fig. 2(f), in which is superimposed a 
number of hysteresis loops photographed as the crystal 
warmed slowly through the transformation. 


Ш. STRAIN GAUGE MEASUREMENTS АТ 
THE TRANSFORMATION 


Although dilatometric measurements?? had shown. 
that an anisotropy exists in linear thermal expansion 
along different crystal directions, Tombs and Rooksby? 
reported the first concrete evidence of a change in 
crystalline structure, obtained through an x-ray analysis 
of powder samples. They concluded that the low 
temperature modification is rhombohedral, with the 
maximum distortion from cubic symmetry amounting 
to 0.1 percent along the body diagonal at 95°K. 

Rhombohedral symmetry, however, does not seem 


= 


to fit in with the magnetic behavior, which indicates . 


that the magnetic symmetry axis is one of the cube 
edges. The magnetic symmetry should be related to the 
crystalline symmetry. Moreover, it is of fundamental 
importance to know just how intimately magnetic 
symmetry is related to crystalline symmetry ; whether 
for example, the switching of the magnetic axis is accom- 
panied by a corresponding change in crystalline 
Structure. 

Our approach to these questions has been to measure 
macroscopically the changes in length of magnetite 
single crystals in the transformation region. Resistance 
strain gauges were cemented along the principal crystal- 
lographic directions of disk-shaped specimens cut from 


Fic. 2. Sixty-cycle hysteresis loops at 88°K for natural single 
crystal of magnetite after different conditions of cooling through 
transformation (schematically represented by each inset): In © 


are superimposed loops obtained ав crystal warmed through 
transformation. 5 


uC: A. Domenicali, Phys. Rev. 78, 458 (1950). 


С-0. In Public Domain. eme капот eats dnd иди КооКЗЪу, Acta Cryst. 4, 474 (1951). 
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a synthetic single crystal.f The strain was measured аз 
the sample warmed slowly through the transition, after 
having beep cooled under various conditions of magnetic 
field and stress. This method has two distinct advant- 
ages over x-ray analysis: one, greater sensitivity 
(Al/I— 10-6 or better); and two, ability to observe the 
chapges taking place. The structure cannot be deter- 
mined directly in a single measurement but can be 
‚ deduced by measuring total dimension changes occur- 
ring along the different directions as the crystal trans- 
forms from the unknown state to one in which its 
Symmetry and lattice constant are known. For the 
known state, we chose a point 12? above the transition 
(130°К). The magnetocrystalline anisotropy energy is 
extremely low at this temperature, and therefore the 
symmetry most nearly cubic. 

The first significant observation from the strain gauge 
measurements was that the cube edge which becomes 
the magnetic axis contracts by ca 0.027 percent with 
respect to the others, which actually expand on cooling 
through the transition. Warming curves corresponding 
to these two conditions are shown in Fig. 3, along with 
а, curve for [111]. 

* The magnetic axis transfer from one cube edge to 
another below the transformation is also accompanied 
by a dimension change. Figure 4 shows the relative 
dimensional change along [100] as the direction of a 
strong magnetic field oscillates slowly in the (001) 


b) 11001 II axis 


(c) [111 


(IN PERCENT) 


(41721 


115 120 125 130 135 
T (°K) 


Fic? 3. Thermal expanison behavior of magnetite single crystal 
along (1001 and [111] in the transformation region. 


Kindly furnished by Professor А. R. von Hippel, Laboratory 
cl VERRE Research, MIT; see J. Smiltens, 'Tech. Rept. 49, 
Lab. Ins. Res.; MIT (December, 1951). 
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Fic. 4. Dimensional change along [100] accompanying switch- 
ing of magnetic axis in magnetite single crystal between [100] 
and [010] at 98°К. 


plane between [100] and [010]. An abrupt contraction 
occurs as the magnetic axis transfers to [100] and an 
elongation, as it transfers to [010]. The amount of 
angular hysteresis depends upon the temperature and 
magnitude of the magnetic field. 


1. Structure of the Low Temperature Modification 


The orthorhombic structure shown in Fig. 5(a) has 
been worked out tentatively for magnetite at 115°K 
(just below the transformation), on the basis of strain 
gauge measurements completed to date. The numbers 
on the diagram refer to measured percentage changes 
relative to the dimensions of the cubic crystal at 130°K 
(indicated by the dotted lines). The relatively large 
changes for the face diagonals in the plane perpendicular 
to the c axis (i.e., along a and b axes) were measured 
only after the crystal had been cooled through the 
transformation under the simultaneous influence of a 
magnetic field and a directional pressure (ca 3 kg/mm’), 
orineted as shown in Fig. 5(b). Without pressure, both 
diagonals displayed roughly the same expansion 
behavior. All other measurements were made without 
pressure. К 

The volume change at the transformation, calculated 
on the basis of this model, only amounts to 0.025 
percent. Figure 5(c) shows the erdered arrangement of 
ferrous and ferric ions on the octahedral sites, as 
proposed by Verwey. Our tentative structure is com- 
patible with this arrangement. 


2. Crystallographic Interpretation of the 
Transformation 


~ 

© ^ - gt 
The interpretation which suggests itself is that the 
large change in magnetocrystalline anisotropy occurring 
at the transformation is intimately associated with а 


aridwar 


IZ Re 


(b) 


Fic. 5. (a) Tentative orthorhombic structure for magnetite at 
115°K, with measured percentage changes in dimension relative 
to the cubic crystal at 130°K. (b) Experimental cooling conditions 
prior to obtaining data for plane perpendicular toc axis. (c) Verwey 
model of low temperature form. 


very small orthorhombic distortion of the cubic crystal 
structure, the magnetic axis coinciding with the ortho- 
З rhombic c axis. If a single crystal is cooled through the 
B transformation in a demagnetized condition and in the 
absence of external stress, the resultant state 15 deter- 
mined by the internal stress pattern and magnetic 
domain pattern. The domain pattern predominates 
because the large crystal anisotropy discourages any 
arrangement not resulting in the alignment of the 
magnetization with the magnetic axis. As a result, the 
crystal is no longer a single crystal below the transition 
temperature, but is rather a "hybrid" in which the 
orthorhombic c axis coincides with different original 
— — cubical axes in different regions. In this condition, the 
crystal is not easily magnetized in any direction. 
Cooling the crystal in a magnetic field partially 
removes the hybridization by establishing the с axis 
along the same [100] (most nearly parallel to the 
— magnetic field) throughout the crystal. Some twinning 
E remains, however, in that the a and b axes are inter- 


tals. Calhoun!? has already suggested the existence 

such а situation as an explanation for the double 

SOT]. peaks below the transition observed in 

resonance experiments. 

ested that the hybridization can be com- 
removed by cooling the crystal in a strong 

etic field along one of the cube axes [100] and at 


Lab. for Ins. Res., MIT, p. 50 
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3. Comparison,with the Titanates 


The phenomenon of hybridization is known to exist 
in titanates. Megaw!! has found direct х-тау evidence 
for its occurrence in a titanate cooled throügh the Curie 
region in the absence of an electric field. Certain other 
similarities with the behavior of barium titanate at its 
ferroelectric Curie point are suggestive. It is pefnaps 
unusual to point this out, since comparisons are usually 
made the other way around; that is, ferroelectric һе 
havior is usually described by analogy with ferromag- 
netic behavior. Moreover, the magnetite transformation 
is not a Curie point transformation. However, the 
intimate association of domain structure with crystalline 
structure displayed by magnetite below the transforma- 
tion is more characteristic of'ferroelectrics than of 
ferromagnetics. Barium titanate shows the effects of 
predetermination of the crystallographic c axis by an 
electric field applied as the crystal cools through the 
transformation and of the switching of the axis below 
the Curie point by an electric feld. Ferroelectric 
barium titanate has a tetragonal structure, however, 
so there is no ambiguity regarding a and 6 axes. 


IV. DIMENSIONAL CHANGES ABOVE THE 
TRANSFORMATION 


'The direction of easy magnetization in cubic mag- 
netite changes, on cooling, from [111] to [100] above 
the transformation at са 130°К. We have found by 
strain gauge measurements that this change is accom- 
panied in a demagnetized single crystal by dimensional 
changes: one, а small shrinkage in the direction which 
becomes the direction of easy magnetization; and two, 
a small elongation in the direction along which mag- 
netization becomes more difficult. Figure 6(a) shows 
the thermal expansion along a [100] direction in the 
region of the direction of easy magnetization change- 
over. The effect is most apparent when one measures 
the differential expansion between two crystallographic 


Al/L (IN PERCENT) 


c) C110] - 1001 


0 1, 
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.Fic. 6. Dimensional changes accompanying change-over of 
direction of easy magnetization in magnetite from [111] to [100] 
above transformation temperature. 
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directions. Strain gauges are particularly suitable 
for making this type óf medsurement directly. Figure 
6(b) shows differential'expansion between [111] and 
[100], and (c), between [110] and [100]. The shape 
of these curves, obtained as the crystal warmed, was 
found to be independent of the condition of the crystal 
below the transformation. í 


„У. TRANSFORMATION IN THE OTHER FERRITES 


«~ Several references have been made in the literature 


to a low temperature transformation in other ferrites, 
including those of cobalt,” nickel,? and manganese." 
The most convincing evidence is the magnetization 
data of Guillaud for cobalt ferrite, which show discon- 
tinuities similar to those displayed by magnetite. How- 
ever, present evidence is insufficient to determine 
whether any of the reported anomalies can be classified 
along with the magnetite transformation. Healy's micro- 
wave resonance absorption study! of nickel ferrite has 


12 C. Guillaud and H. Creveaux, Comp. rend. 230, 1256 (1950). 
133 T, Okamura and |. Simoizaka, Phys. Rev. 83, 664 (1951). 
м D, W. Healy, Jr., Phys. Rev. 86, 1009 (1952). 
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shown that no sudden ehange in magnetic symmetry 
occurs between the Curie temperature and 78?K, 
although the anisotropy constants change in a manner 
somewhat similar to those of magnetite. If the inter- 
pretation of the magnetite transformation as an ordering 
phenomenon is correct, it is difficult to understand how 
а similar transformation could occur in other ferrites 
in the same temperature region, since ordering in any 
other ferrite would necessitate ionic motion. 
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Magnetic Study of Low Temperature 
Transformation in Magnetite 


Н. J. УиллАм5 AND В. M. BozortH 


Bell Telephone Laboratories, Murray Hill, New Jersey 


HE magnetic crystal anisotropy of magnetite has 
been investigated with special reference to the 
effect of cooling through the transformation at about 
—160°C in the presence of a magnetic field. In a natural 
crystal we have found an anisotropy such that the 
difference in energy between the directions of easy and 
of hard magnetization is 1.07 X 10% ergs/cm?. When the 
field is applied in a (100) plane parallel to a. [001] 
direction, this direction becomes the easy direction 
whereas [010] becomes the hard direction. This con- 
firms the observation first reported by Li." 

When felds are applied along other directions in 
this plane, the relation between the direction of applied 
field and the consequent direction of easy magnetiza- 
tion is shown in Fig. 1, and similar data for the (011) 
plane are given in Fig. 2. A set of torque curves for the 
(100) plane are shown in Fig. 3. ; 

The results for the (100) plane can be explained as 
follows: When the field used during cooling was applied 
within about 40 degrees of a [001] direction, that 
direction becomes the direction of easy magnetization 

` for all of the crystal; the directions [010] and [001] 


1C. H. Li, Phys. Rev. 40, 1002 (1932); see also Domenicali, 
Phys. Rev. 78, 458 (1950). о 
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being hard directions. When the field during cooling 
is near a [011] direction, some portions of the crystal 


DIRECTION OF EASY MAGNETIZATION IN DEGREES 
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Fic. 1. Natural magnetite ctystal, liquid № tempefature. 
Relation between direction of magnetic field present during cool- 
ing, and resultant direction of easy magnetization, in (100) plane. 
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Fic, 2. Same as Fig. 1, except for (110) plane. 
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‘Fic. 3. Natural magnetite crystal. Li 


‚ Phys. Rev. 78, 449 (1950). 
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etic field applied at various angles to [001] direct: 
of crystal having easy directions of [001] E [01 )] 


BOZORTH 


have easy directions parallel to [001 | and some parallel 
to [010]. One can always'explain the form of a torque 
curve for the (100) plane by assuming a distribution 
between these two directions, and torqué curves so 
determined are given as dotted lines in Fig. 3 where 
they show agreement with the observed curves. How- 
ever, a more complicated mechanism is necessary to 
explain the data for the (110) plane. ^ 

An artificial crystal cut parallel to a (110) plarie 
showed a behavior different from that of the natury 
crystal just described. The direction of easy magnetiza- 
tion was always the [001] direction, and could not be 
influenced by cooling in a field using field strengths up 
to 9000 oersteds. Higher fields have not yet been tried. 

At room temperature the crystal anisotropy constant 
was observed to be — 144 000 for the natural crystal, 
and —122 000 for the artificial crystal. These may be 
compared with the value, —112 000, observed by 
Bickford? in his experiments on ferromagnetic resonance. 

We gratefully acknowledge the assistance of Miss 
M. Goertz throughout the course of the work. 
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‚ Magnetic Spectra of Ferrites 


с GEORGE Т. Rapo 


Naval Research Laboratory, Washington, D. С. 


A brief discussion iş given of the meaning of initial permeability, 
the principles of its measurement, and the nature of “dimensional 
resonance." In considering magnetic spectra containing only а 

single resonance, typical data on sintered ferrites and on finely 
divided ferrite powders are reviewed, and some of the theoretical 
interpretations previously advanced are criticized. The investiga- 
tions involving the two natural resonances found at this labora- 
tory in a commercial Mg-ferrite are then summarized, including 
resonance in single-domain particles as a method for identifying 
dispersion mechanisms, experimental evidence for the inertia of 
domain walls, the nature of internal fields, and the temperature 
dependence of the natura$ resonances and of the spectroscopic 
splitting factor. Using the information obtained from these special 
studies, the following general hypothesis is advanced: In principle, 
two natural resonances are present in the magnetic spectrum of any 


sintered ferrite, and the single resonance sometimes observed 
represents the coalescence of two resonances. Reasons are given 
for expecting this coalescence to occur in some materials only, as 
in certain sintered mixed ferrites containing Zn-ferrite. The new 
hypothesis is consistent with all presently available data, includ- 
ing new spectra, some containing two resonances, that were re- 
cently obtained on pure ferrites at this laboratory. Additional 
confirmatory experiments are described which provide methods 
for separating or coalescing two resonances, and permit distin- 
guishing between internal fields due to anisotropy and magnetic 
interactions. The limitations and possibilities of ferrites for ob- 
taining useful microwave permeabilities are discussed from the 
new viewpoint, the criteria involved in this problem being shown 
to differ from those used at radiofrequencies. 


I. INTRODUCTION 


je is the purpose of this paper to review the magnetic 
~ spectra of special ferrites and to propose a hypoth- 
esis, supported by new experiments, with regard to the 
magnetic spectrum of an arbitrary ferrite. 

In order to avoid ambiguities, several definitions are 
stated below and adhered to throughout the paper. The 
term “magnetic spectrum" will denote the frequency 
dependence of the complex initial permeability, the 
frequency range of interest extending, in general, from 
zero to about 10* megacycles per second (Mc/sec). For 
the sake of brevity, the word “ferrite” will include any 
ferromagnetic oxide, as well as the (ferromagnetic or 
nonferromagnetic) ferrites customarily defined by means 
of the formula MFe:04, where M represents a bivalent 
metallic ion. The expression “natural resonance" will 
refer to any resonance contained in the magnetic spec- 
«trum. This kind of resonance differs from ordinary ferro- 
magnetic resonance, which is sometimes called “induced 
resonance," because the latter requires the application 
of a suitable static magnetic field to the material in 
question. Finally, the adjective “ferromagnetic” will 
include “ferrimagnetic” unless the need for this distinc- 
tion is specifically noted. 

Apart from their theoretical interest, magnetic spectra 
are important because it is usually the initial perme- 
ability that expresses the effect of the magnetic proper- 
ties of a medium on the propagation of electromagnetic 
waves. In some particular situations, of course, this is 
not the case, and these situations will not be discussed 
here. However, it should be kept in mind that perme- 
abilities other than the initial permeability play a role 
in the microwave Faraday effect,’ or any other arrange- 
ment in which a static magnetization exists in a ferro- 


1Е. Е Roberts, J. phys. et radium 12, 305 (1951); C. L. Hogan, 
Bell System Tech. J. 31, 1 (1952). 
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magnetic material, as well as in experiments involving 
alternating fields possessing amplitudes sufficiently large 
to produce nonlinear effects.? 

Although the magnetic properties of solids are, in 
general, most advantageously studied on monocyrstal- 
line specimens, there are two reasons for investigating 
the magnetic spectra of polycrystalline ferrites. First, 
satisfactory monocrystals of ferrites are difficult to 
grow, and so far only a few such crystals of convenient 
size have been produced. It seems probable, in fact, that 
for some time to come the major applications of ferrites 
will involve sintered polycrystals. Second, the very 
perfection and regularity of monocrystals makes it 
difficult, as shown later on, to observe the important 
phenomenon of resonance due to domain walls, and to 
appreciate the strong influence of irregular internal 
demagnetizing fields on resonance due to domain 
rotations. 

Accordingly, the present paper deals primarily with 
polycrystals, and it represents a first attempt at ascer- 
taining the factors that determine the types of natural 
resonance contained in the magnetic spectrum of an 
arbitrary ferrite. The discussion is confined to resonance 
frequencies and related line width problems, and no 
attempt is made to elucidate the nature of the basic 
absorption processes beyond the phenomenology usually 
employed. 

П. MEANING AND MEASUREMENT OF INITIAL 

PERMEABILITY 

The initial permeability of a polycrystal represents an 

average value of a certain position-dependent quantity. 


2J. J. Went and Н. Р. J. Wijn, Phys. Rev. 82, 269 (1951); 
H. P. J. Wijn and J. J. Went, Physica 17, 976 (1951). See also 
comments in reference 18. а = » 

з For the magnetic spectrum of monocrystals of Fe;O 


NiFe:O, see, respectively, J. К. Galt, Phys. Rev. 85, 664 (1952), 


and Galt, Matthias, and Remeika, Phys. Rev. 79, 391 (1950)... 


81 


Kanari Collection, Haridwar 


Е ' Digitized by Arya Samaj Foundation Chennai and eGangotri 


82 GEORGE T. RADO 


If the magnetization proceeds: solely by domain rota- 
tions, rather than by domain wall displacements, then 
this quantity is clearly a special case of the perme- 
ability tensor derived by Polder;! the effective field 
H., occurring in his analysis, is now due to anisotropy 
and internal magnetic fields. Whatever magnetization 
processes prevail in any given material, the average 
value mentioned here is.only meaningful if the material 
is macroscopically isotropic and homogeneous. This con- 
dition obviously requires, in the case of alternating 
fields, that the variations in local properties of a sample 
be on a scale which is small compared to Am, the wave- 
length in the material. In the permeability measure- 
ments performed at this laboratory, the experimental 
method used prescribes that the thickness of each sample 
be much smaller than this wavelength, so that the 
requirement stated above was necessarily fulfilled. 
On the basis of these remarks, the initial permeability 
of a macroscopically isotropic and homogeneous mate- 
rial, possessing no static magnetization, may be defined 
as the ratio 
B/H — u= uy— ips, (1) 


where B and H, representing the magnitudes of the 
parallel vectors B and H, respectively, are proportional 
to exp 164, and H is supposed to be sufficiently small 
to insure и being independent of Я. Here w is the circular 
frequency, and H represents the field inside the speci- 
men, rather than the applied field. The corresponding 
initial susceptibility x is given by 
М/Н= (и—1)/4т= х= xi—ixs (2) 
where M is the magnitude of the magnetization, M. 
In principle, the two components of u are determined 
by measuring the reactive and resistive parts of the 
- “impedance” (or related property) of a circuit con- 
taining the material in question. To determine їл 
uniquely, two sets of impedance measurements must be 
made unless the dielectric constant, e= «,— 1€», is known, 
or the magnetic material is located in а region of the 
electromagnetic field where the electric intensity is 
negligibly small. The latter condition is easily fulfilled 
at sufficiently low frequencies, and at these frequencies 
‘it is customary to obtain и from the impedance of a coil 


i 


и2=АК/ оТ, (3b) 
115 simple case. Неге L; and Ly are, respec- 


inductance of the сой with and without the 
d AR is the additional resistance of the coil due 
се of the core. Appropriate details on bridge 
resonance methods for measuring Ly, Lo, 
> found in summary articles.5 

(1949). 

ngrs. (11) 97, 246 (1950). 


At sufficiently high radiofrequencies and in the micro- 
wave range, on the other hánd, the reactive and resistive 
measurements involve, respectively, the imaginary 
and real parts of the input impedance of a trans- 
mission line, or the resonance frequency and quality 
factor of a cavity resonator. The input impedance can 
be determined by standing wave techniques. At this 
laboratory, measurements have been made over a large 
frequency range (~10 to 10! Mc/sec) by a method?- . 
which uses a thin toroidal ferrite specimen of rectangulaz=— 
cross section, the specimen being inserted into a coaxial 
line at a position of large H (and small E) adjacent to the 
short-circuited termination. By solving the appropriate 
boundary value problem, it can be shown that for ГЕМ- 
type propagation 


ui 14- (3/1) (4a) 
and 
и АЖ 
Яа (--- ын (45) 
t£ E/2«L 


where Г, is the thickness of the sample, Хо is the free- 
Space wavelength, and s is the displacement of the 
voltage minimum from its (previously observed) loca- 
tion in the shorted empty line. The quantities £ and ғ 
denote the voltage standing wave ratio of the actual line 
and the empty line, respectively. Equations (4) apply 
only if the relation 


| es | Qm L/No)««1 (5) 


is satisfied, and if the coaxial conductors are highly 
conducting. These requirements mean, in effect, that 
the sample is thin compared to a quarter-wavelength 
in the material, and that the perturbation of the TEM 
mode is small. The “thin-sample method" outlined 
above, as well as the corresponding method? for meas- 
uring e, was originated by Halpern? in 1942, and the $’ 
correction was developed later." In addition to the con- 
ceptual simplicity resulting from the "separation" of. 
electric and magnetic effects, the thin-sample method 
possesses some practical advantages over certain fre- 
quently used "thin-sample methods" which require 
additional data and involve reference to transmission 
line charts or hyperbolic function tables. A general 
survey of permeabilities at microwave frequencies, 
including concepts, methods, and, results pertaining to 
metals, was given by the writer.? 

For many years it has been known that resonance 
effects are obtained if the relation L-—,/4 is satisfied 
in the type of set-up described above, and that these 
effects are of practical interest. Such a “dimensional 
resonance" could exist, of course, even if ш were inde- 
pendent of о in the vicinity of the observed resonance, 


* Rado, Wright, and Emerson, Phys. Rev. 80, 273 (1950). ~ 
: Rado, Wright, Emerson, and: Terris, Phys. Rev. A 909 11052). 
. Нарег апа М. Н. {publi : 
Radiation Laboratory, Do DRE EMI 


°С. T. Rado, Advances in Electroni i 
New York, 1950), Vol. П, E 251. мана Tre. Dea 
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and thus it should not bg regarded as a natural 
Iesonance or any other,purely magnetic phenomenon. 
Dimensional effects may be expected to occur in any 
arrangement, where L is comparable to the wavelength 
in the material. Brockman ef al.19 found, in fact, that 
dimensional resonances can exist at frequencies near 
the, remarkably low value of 2 Mc/sec, the most 
surprising result of their experiments being the dis- 
_соуегу of enormously large apparent dielectric constants 
in certain ferrites studied at these frequencies. 


III. SPECTRA CONTAINING A SINGLE RESONANCE 
А. Sintered Ferrites 


In experiments on several sintered Ni-Zn and Mn-Zn 
ferrites, Snoek! observed a broad natural ferromagnetic 
resonance at radio frequencies. The typical data re- 
produced in Fig. 1 appear to be the most complete 
results published by him and his collaborators. Except 
for the broad peak in each м: curve, the resonance 
behavior looks almost like a relaxation because no 
values of и <1(.е., x1«0) were observed. 

Snoek's explanation of the resonance is based on the 
idea, contained in the basic paper of Landau and 
Lifshitz,” that crystalline anisotropy is equivalent to an 
effective static magnetic field H;, acting inside each 
crystallite, and that H; produces a Larmor precession 
of the appropriate electron spins. Since the rotation of 
the spins is subject to damping, it is apparent that 
resonance absorption occurs in any given crystallite if 
a small magnetic field, oscillating near the Larmor 
frequency, is applied to that crystallite along a direction 
differing from that of H;. Using the simplifying assump- 
tions mentioned below, Snoek found by means of an 
averaging calculation that the (circular) resonance 
frequency due to domain rotations, w’o, is given by 


wo = Y (M хо’) (2/3), (6) 


for а polycrystal containing randomly oriented crystal- 
lites. Неге M, is the saturation magnetization, хо’ is the 
static initial susceptibility due to domain rotations, and 
y, equal to ge/2mc, is the magnetomechanical ratio 
corresponding to the spectroscopic splitting factor, g. 
For an electron spin, the relevant numerical values are 


“зу/2т--2.80 Mc/ (sec oersted), and g— 2. As pointed out 


elsewhere? (see also Sec. IV), хо is not necessarily 
identical with xo, the total static initial susceptibility. 
In deriving Eq. (6), Snoek neglected all magnetic inter- 
actions and attributed Н; solely to crystalline (and 
later to stress-induced) anisotropy. Тһе (first-order) 
anisotropy constant K does not appear in Eq. (6) 
because the relations 


“Нр-2К/М, (7) 


10 Brock: ‚ Dowling, and Steneck, Phys. Rev. 77, 85 (1950). 
n iit, Snoek, Philips Tech. Rev. 8, 353 (1946); Nature 160, 90 
(1947); Physica 14, 207 (1948); H. G. Beljers and J. L. Snoek, 
Philips Tech. Rev. 11, 313 (1949). : Mr д 

21], Landau апа E. Lifshitz, Physik. Z. Sowjetunion 8, 153 
(1935). 5 - 
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Fic. 1. Magnetic spectrum, at room temperature, of Mn—Zn 
ferrite (a) and of a number of Ni—Zn ferrites of different compo- 
sition (b)-(d). The subscripts 1 and 2 for a given material (e.g., a) 
refer to u; and p», respectively. The dashed line indicates the mean 
relation between the low frequency value of ш (i.e., essentially шо) 
of a certain ferrite and the critical frequency setting a limit to the 
range within which that ferrite can be used in filter coils 
[tan(u»/ui) <0.06]. (Reproduced, with minor alterations of the 
labeling, from the paper of H. G. Beljers and J. L. Snoek, Philips 
Tech. Rev. 11, 313 (1949)). 


and 
xo = M /3K, (8) 


which apply if К is positive, express H; in terms of хо. 
It should be noted that the right-hand sides of Eqs. (6) 
and (8) would have to be multiplied by [1— (31/7) ] if 
domain wall displacements were permitted in the 
theory, because in that case the magnetization vectors 
at the onset of domain rotations would not be oriented 
at random but in accordance with the distribution 
envisaged by Gans.? Using Snoek's model, and thus 
neglecting magnetic interactions, Kittel extended the 
theory of domain rotations in a polycrystal by deriving 
an expression for the complex x. His result is 


ECT wo ?+(d/X00')Liw+ (МИ хов) 0) 
Xo wo? [io Q xo) ]? 


where хоо’ is an average rotational susceptibility ap- 
proximately equal to хо and А is the relaxation fre- 
quency (or damping factor) defined by the last term in 
the Landau-Lifshitz equation of motion 


dM, (Н,. MM, 
dí 


=a xt -н.) (10) 


which describes the response of M, to the total field H.. 
As noted previously,*? it seems probable that Eq. (6), 
and equations similar to (9), eannot be used for reliably 
interpreting observed spectra (even when these are 


13 В. Gans, Ann. Physik V 15, 28 (1932). 
в C. Kittel, J. phys. et radium 12, 332 (1951). 
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l| u1—1 versus frequency in the magnetic spectrum of solid 
-ferramic A at various temperatures (see reference 7). 


e., they de not include the line width caused by а 


assumes that domain wall displacements do 
tribute to the linear magnetization at radio 

Although some of Snoek's data agree 
г well with Eq. (6) and are, therefore, not in- 
e with his assumption, it was shown else- 


ents or later? studies. As shown in Secs. IV 
ver, in some ferrites there are actually two 
14 one of these is due to domain walls. 
9e suggested that the apparently single 
ed bz; Snoek is due to the presence of 
xed ferrites, and it will be argued 

ice, which is advantageous in the 
ion, leads to unsatisfactory 
rties at microwave frequencies. 
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and Mn-Zn ferrite, all of. which he summarized in his 
last paper, Birks used oxides that had not been 
sintered but consisted of fine powers embedded in wax. 
Unfortunately, the results given represent derived 
magnetic properties obtained by extrapolations of 
observed data on the concentration dependence of oxide- 
wax mixtures. As shown by unpublished experiments 
performed at this laboratory, the logarithmic relations 
used for these extrapolations, being adaptations of . 
Lichtenecker's relations for dielectric mixtures, appear 
to be of rather limited validity. It seems doubtful, in 
fact, whether the permeability of a ferromagnetic solid 
can be obtained by any extrapolation whatsoever. Sub- 
sequent work (Sec. IV) has shown that the resonances 
in single-domain particles, at least, are fundamentally 
different from those in “5014” substances. 

As to the mechanism of microwave magnetization, 
Birks ascribed it to domain rotations in a manner 
similar to that used by Snoek in his work on sintered 
ferrites at radio frequencies. In this connection, mention 
should be made of experiments at this laboratory which 
have shown that even in (commercial) mixed ferrites 
which contain Zn-ferrite, where the single observed 
dispersion region in sintered samples is at radio fre- 
quencies, the location of this region in fine powders is 


100 
FREQUENGY (Mc/sec) 


“1000 10000 


Fic. 3. из versus frequency in the magnetic spectrum of solid 
ferramic A at various temperatures (see reference 7). 
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at ис frequencies. Ip some cases this behavior 
may be due to the prongunced stiffness, and hence high 

5 © 
resonance frequency, of domain walls in sufficiently 
small particles; more often, how 


ee t ever, this behavior is 
probably due to the particles being sufficiently small to 


approach single-domain characteristics so that only 
rotątions can occùr (Sec. IV). 


IV. A SPECTRUM CONTAINING TWO RESONANCES 


Ty 


A. Dispersion Mechanisms 


Measurements performed at this laboratory on com- 
mercial ferrites of the “ferroxcube” and “ferramic” 
class have shown that in most of these materials the 
magnetic spectrum contains only a single natural re- 
sonance in the large frequency range investigated. It 
was particularly interesting to find, therefore, that the 
magnetic spectrum of “ferramic A,” a sintered sub- 
stance composed of several oxides!® but consisting 
primarily of magnesium ferrite, contains two natural 
resonances at room temperature. These are shown by 
the curves representing the values, at 300°K, of uı— 1 
(Fig. 2) and pe (Fig. 3). 

, Previous studies!’ conducted at this laboratory had 
demonstrated for the first time that domain rotations 
and wall displacements depend on frequency differently, 
and that at high frequencies (>200 Mc/sec, or even 
lower) the и of iron is primarily due to domain rotations 
and not, as at zero frequency, due to wall displacements. 
In view of these findings it seemed tempting to con- 
jecture that the two resonances in ferramic A arise, 
respectively, from the two magnetization processes 
mentioned. To verify this surmise, it was necessary, as 
in the case of iron, to originate a method for identifying 
dispersion mechanisms experimentally. In the case of 
ferramic A, the identification was based on the following 
idea." Domain wall motion is obviously suppressed if 
the walls are eliminated, and this can be achieved by 
«lividing the material into sufficiently small particles to 
insure that they are essentially single domains; any 
resonance observed after this suppression must then 
necessarily be due to domain rotations, the only other 
kind of basic magnetization process that is possible if 
the conventional concept of domain structure is at all 
meaningful in the material (and at the temperature) in 
question. This idea proved practicable, and the details 
of the experiments were described elsewhere.5? Briefly, 
it was shown that relatively large particles (~0.5 
micron) of ferramic А exhibit essentially single-domain 
behavior, and that the measured spectrum of a mixture 
of these particles and wax clearly indicates (Fig. 4) the 
absence of the radiofrequency resonance (occurring at 
43 Мс/зес in the sintered samples) as well as the 


16 Ferramic A, Туре A-34, Batch No. 165, is referred to. In a 
later shipment, the “Ееграпис А” contained no Mg but more Zn, 
and the spectrum showed only one pronounced resonance. 

© бйлйп, Rado, and Maloof, Phys. Rev. 71, 322 (1947); М.Н. 
Johnson and С. T. Rado, Phys. Rev. 75, 841 (19019); Rado, 
Johnson, and Maloof, Rev. Sci. Instr. 20, 927 (1949). 


.8 


о 


(2 ts} IO 100 
FREQUENCY (Mc/sec) 


1000 10000 


Fic. 4. Magnetic spectrum of 70 percent (by weight) mixture 
of ferramic 4 powder and wax at room temperature. The powder 
particles are essentially single-domains (see reference 6). 


presence of the microwave resonance, the latter occur- 
ring, however, at a somewhat higher frequency (2300 
Mc/sec) than in the sintered samples (1400 Mc/sec). 
This result means that in ferramic А the rf resonance is 
due to domain walls, thus providing the first experi- 
mental support for the concept of domain wall inertia, 
and that the microwave resonance is due to domain 
rotations; these conclusions are not affected by the 
existence of impurities in the material. When combined 
with other evidence, the data show that in ferramic А 
the rotational resonance is due not only to crystalline 
anisotropy but also to internal demagnetizing fields, 7 
that the effect of internal stresses is probably negli- 
gible*? in both resonances, and that the damping is 
not due to microscopic eddy currents. Furthermore, 
a measurement of the effective anisotropy" indicated, 
as expected, that the total static initial permeability 
Lo is too small to be accounted for on the basis of 
rotations only. Finally, the above identification of the 
dispersion mechanisms is supported.by the nature of the 
observed spectrum at remanence even though this 
particular argument cannot be regarded as being inde- 
pendent. In this connection, it should be mentioned 
that the theoretical value of the^relative remanence, 
M,/M., might have been based on the “Gans” distribu- 
tion," but for reasons which are, perhaps, connected 
with the occurrence of 180? wall displacements, the data 
seem to favor the distribution assumed in reference 6. 

It was pointed out® in analyzing the data that, in 


general, : 
x-x x", (11) 


where x^ is the initial susceptibility resulting from 
wall displacements. In describing the rotational res- 
onance at room temperature, the method оѓ. Snoek 


18 С. T. Rado and A. Terris, Phys. Rev. 83, 177 (1951). 
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(Sec. III A) was used. In'describing the wall resonance, 
on the other hand, the equation derived combines the 
Landau-Lifshitz representation of relaxation effects (see 
Eq. (10)) with the concept of domain wall inertia. The 
value, Mw, of this inertia (or effective mass per unit wall 
area) was first calculated Бу Déring,!® discussed by 
И Becker? and Kittel?! and generalized by the writer.? 
- . The (circular) resonance frequency due to domain wall 
| displacements, c", is found? to be 


wo =(М./хо")(8тхо 8/0), (12) 


where 6 is the wall thickness parameter and d denotes 
an average domain size. It should be noted that Eq. 
(12) differs from Eq. (6) only in the last factor (which 
can easily be of order unity) and in the replacement of 
Хо by xo”, the latter being the static value of x". Under 
certain simplifying assumptions,® x” is obtained in the 
form 
n 

Yoo (13) 

1— (w/w) + ilw/w.) 


where the various quantities are given by 
w = (а/п) w/=a/B (14) 
a—Mj/xy'ü, В=А/үд, ть--1/8тү26. (15) 


The approximate condition for a wall resonance (rather 


and 
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than a relaxation) to occur is formally expressed by® 
Х«сүМ,(6/2тха 4). (16) 


© 
In a monocrystal the perturbing offect of internal 
demagnetizing fields, and hence the value of o, the 
“stiffness parameter" of the walls, is expected to be rela- 
tively small, and xo"d relatively large. The inequality 
(16) is, therefore, difficult to satisfy (other quantities 


being assumed the same as in a polycrystal) so that Ше 


dispersion in a monocrystal is usually a relaxation, as 
observed Бу Са! Finally, Eqs. (12) through (16) 
do not include the line width due to a distribution in 
c" values, a limitation that is also present in the Eqs. 
(6) and (9) for rotations. 


B. Temperature Dependence 


The measured magnetic spectrum of the sintered 
samples of ferramic А at various temperatures, repre- 
sented by curves of ш—1 (Fig. 2) and и» (Fig. 3), 
shows that two resonances were observed at 77°К, 
195°K, 300°K, and 411°К. However, the two resonances 
begin to merge at the highest temperature investigated, 
а fact which is probably related to the nature of the 
spectrum, at room temperature, of mixed ferrites con- 
taining Zn-ferrite (Sec. V). For a detailed discussion 
of the temperature effects the original paper? should 
be consulted. Here it will only be noted that и is much 
more temperature dependent in the low rf range, where 
it is ascribed primarily to domain walls, than at micro- 
wave frequencies, where it is ascribed primarily to 
rotations; this fact clearly substantiates that two 
magnetization processes play a role in the spectrum. 
It is also noteworthy that the spectrum of the single- 
domain particles at various temperatures, which is not 
reproduced here, shows that the (single) observed res- 
onance frequency, denoted by Q' (rather than ay’), 
depends on temperature in a similar way as wo’ and во”. 

Although it is not yet possible to predict theoretically 
the widths and shapes of the absorption "lines" in a 
polycrystal, it is possible, as outlined below, to account 
Гог the following two simple experimental facts con- 
cerning the temperature dependence of the mean res- 
onance frequencies (c", wo’, апа 06) in this material. 
(a) As the temperature is decreased from 3009K to 
77°K, the three frequencies wo”, wo’, and Q’ increase 
by approximately the same fractional amount. (b) This 
common fractional increase is somewhat larger than 
that of M, in the range stated. 

Assuming, as indicated by various data, that the role 
of internal stresses is negligible in ferramic A, and that, 
as in the molecular field theory of ferrimagnetism? for 
substances possessing only one kind of magnetic ion, the 


‚ exchange energy varies with temperature as M 4, it can 


be shown’ that the temperature dependence of 
each of the three resonance frequencies is given by 


£M,V(K/M;), where the function € of K/M is 
? L. Néel, Ann. phys. 3, 137 (1948). , 
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different in the three cases and is, moreover, calculable 
for special situations? orily, Тв temperature dependence 
stated above neglects damping but takes into account 
anisotropy, exchange forces, and magnetic interactions. 
If one assumes that, in the range under consideration, 
the proportionality К « M is valid as a rough approxi- 
mation, and neither the atomic order nor the sign of 
К changes, then one obtains 


e 


H 
= ex & ax! & Og! ec М, 


(17) 


which explains “fact (a)" quantitatively. However, 
"fact (b)" is only qualitatively accounted for by (17) 
because measurements? on ferramic A show that the 
product gM, does not increase quite as rapidly in the 
range from 300°K to 77°K as the natural resonance 
frequencies. It is of independent interest, in fact, that 
studies’ of induced resonance indicate that the excess 
of the apparent g over the value g=2, as well as its 
temperature dependence, decreases in ferramic A with 
increasing resonance field. The possible reasons for 
the residual discrepancy between (17) and “fact (5)” 
were discussed elsewhere.” 


V. ON THE SPECTRUM IN THE GENERAL CASE 


It may seem pertinent to inquire into the causes 
responsible for the apparently unique “double re- 
sonance” property of ferramic A. However, there are 
two reasons for approaching the problem from a dif- 
ferent viewpoint. (1) As shown by the experiments 
discussed below, ferramic А is not the only substance 
possessing the double resonance property. (2) There is, 
at present, no acceptable theoretical argument which 
indicates that the spectrum of an arbitrary sintered 
ferrite should not, in principle, contain a wall resonance 
as well as a rotational resonance; it is only in single- 
domain particles and in suitably oriented monocrystals 
that domain theory excludes the possibility of both 
resonance mechanisms playing a role. The general 
validity of this statement is not influenced by effects due 
to internal stresses or cavities in a given material. 

For these reasons, it seems natural to propose the 
hypothesis that the spectrum of any sintered ferrite 
contains.both types of natural resonance and that in 
some cases these resonances coalesce to give the 
appearance of a single broad resonance. The phe- 
nomenon of relaxation is, of course, considered to be 
a special case of resonance. On the basis of the new 
viewpoint, and apart from the question of the physical 
origin of the “damping” (i.e., relaxation) mechanism 
described by the phenomenological \A—term in Eq. (10), 
the principal problem of magnetic spectra consists in 
accounting for the coalescence that leads to the ap- 
parently single resonance discussed in Sec. IIIA. Before 
suggesting a solution to this problem, it is appropriate 
to present some recen? data, obtained at this laboratory, 
on magnetic spectra of pure ferrites exhibiting the 


double resonance effect. 
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Fic. 6. Magnetic spectrum of sintered Lip.;Feo.;Fe:O, sample 
at room temperature. The over-all M, and density are, respec- 
tively, 258 and 4.15. 


Figures (5) and (6) show the magnetic spectrum, at 
room temperature, of Mg-ferrite (MgFe.0,) and Li- 
ferrite (Lio; Feos Fe204), respectively. Similar spectra 
were obtained on Mg-ferrites deviating by +5 mole 
percent from the stoichiometric composition and pos- 
sessing different densities. In all these cases the general 
form of the spectrum is seen to resemble that of ferramic 
A. It should be noted, of course, that these results, as 
well as those mentioned later, are not necessarily in- 
trinsic characteristics of the materials investigated, and 
they do not yet cover the whole spectrum; the data 
represent, instead, limited measurements on samples 
described by a certain chemical composition, saturation 
magnetization, density, and sintering treatment. At 
present, the crucial point is simply the fact, indicated 
by the figures, that two resonances occur in the spectrum 
of a pure Mg-ferrite and a pure Li-ferrite. A theoretical 
explanation for this behavior of these particular sub- 
stances is not now possible because the anisotropy 
constant К is not known. The value of К is known; 
however, for Ni-ferrite (NiFe.O.), and Eqs. (6) to (8) 
predict a rotational resonance frequency (оо) of about 
840 Mc/sec at 298°K. This frequency is considerably 
lower than 3000 Mc/sec, the approximate location of 
the barely resolved microwave resonance in this 
material at room temperature (Fig. 7). It seems possible, 
therefore, that this “peak” of, us at 3000 Mc/sec arises 
from a rotational resonance caused, in part, by internal 


“D. W. Healy, Jr., Phys. Rev. 86, 1009 (1952); Yager, Galt, 
Merritt, and Wood, Phys. Rev. 80, 744 (1950). 
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Upper part: magnetic spectrum of sintered NiFe3O, 
room temperature. Lower part: из versus frequency in 
he magnetic spectrum of same sample at 77°K. The over-all M, 
nd density at room temperature are, respectively, 163 and 3.56. 


10 magnetic interactions. As seen by the lower 
ig. 7, the separation of the two resonances in 
be enhanced by cooling the material to 
in the case of ferramic А, however, the 
ry' of the temperature dependence of 
vo (Sec. IVB) is not applicable here. 
ed ferrites investigated by Snoek (Sec. IIIA), 
10st commercial ferrites, contain Zn-ferrite as 
е al component. According to Snoek's im- 
int discovery, which was interpreted Бу Хе in his 
y of ferrimagnetism, the presence of Zn-ferrite in a 
ure decreases the Curie temperature, thus de- 
-K at toom temperature and increasing ш at 
icies below the resonance region. The decrease of 
, moreover, in the (single) resonance region 
\ relatively low frequencies (see Eqs. (6) to 
). As imp ed near the beginning of this section, how- 
r, neither this fact nor the evidence discussed in Sec. 
quires that the resonance in question be neces- 
1e to rotations only. It seems more reasonable to 
that the lowering of the anisotropy field causes 
‚ decrease of the mean сло’, but also a relative 
f magnetic interactions compared to 


‘of both resonances. Since the mean 
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herent, of course, ім the lack of microwave data іп his 
published results. V. 

The above suggestion concerning the role of Zn-ferrite 
was confirmed at this laboratory by showing that the 
addition of enough Zn-ferrite to Mg-ferrite causes a 
coalescence of the two resonances. An analogous but 
more informative experiment was- performed on a 
mixture containing 40 mole percent Li-ferrite and 60 
mole percent Zn-ferrite. Not only do the two resonances 
almost coalesce (Fig. 8), but the large decrease of thé 
mean wo’ is, in this case, probably due to a decrease of 
anisotropy rather than magnetic interaction fields. This 
interpretation is based on the fact that, by the choice of 
composition, М, was kept roughly constant (226 com- 
pared to 258 in Li-ferrite) while the Curie point was 
lowered substantially. Similar experiments, in which 
Gorter's data for obtaining compositions of different 
Zn-ferrite content but equal M, are used, should make 
it possible to distinguish in many other cases between 
the contribution of K/M, and M, to wo’. Whenever the 
change in wo’ is small, of course, then the suggested 
identification is not unique unless the crystallite and 
inclusion sizes and the density (and hence the coefficient 
of М.) are about the same in the two compositions under 
consideration. 

To summarize, the hypothesis proposed in this paper 
is consistent with all presently available data. These 
include the facts presented in Secs. III to V, the single- 
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Fic. 8. Magnetic spectrum of sintered. 
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sample at room temperature. The ove?all M, and density are, 
respectively, 226 and 4.72. 
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resonance spectra observed ,at this laboratory on a 
suitably prepared Mn-ferrite and Cu-ferrite, as well as 
other results.?^ While the interpretations proposed here 
may even apply to magnetic semiconductors other than 
ferrites, it must be anticipated that, in substances 
possessing а small M, value, the role of Kittel's ferri- 
magnetic effects"'may have to be considered in the 
resonance problem. A more detailed understanding of 
magnetic spectra will probably depend on additional 
measurements of the magnetic constants (К, М., >, 
etc.) of various materials, and on further studies of 
relaxation processes and magnetic interactions. 

On the basis of the above discussion it appears that 
high ш values will be difficult to obtain at microwave 
frequencies. To obtain even u;—2 (with L2) at 101 


(ene Nicks, Fairweather, and Roberts, Phys. Rev. 77, 403 
2 С. Kittel, Phys. Rev. 82, 565 (1951). 


Mc/sec, for example, Eqs. (6) to (8) show that a sub- 
stance characterized by M,>>430 (and hence K>>7.5 
Ж 10? ergs/cc) would be required. Nevertheless, p= 2 is 
clearly more useful than pı=1, and, in addition, in- 
teresting wave propagation effects can be achieved by 
operating within a (narrow) resonance region. It is also 
noteworthy that, contrary to Snoek’s theory, the total 
low frequency и! may still be large even if the micro- 
wave дү is small (see Eq. (11)). Furthermore, materials 
with a low Curie point, such as mixed ferrites containing 
a large amount of Zn-ferrite, are clearly not satisfactory 
for ordinary microwave use, but may sometimes be 
suitable for obtaining low insertion loss in devices based 
on the Faraday effect. 

In conclusion, the writer wishes to thank R. W. 
Wright, W. H. Emerson, A. Terris, and M. Maloof for 
their invaluable contributions to the experiments dis- 
cussed in this paper. 
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AC a certain frequency, of the order of 5-100 
Mc/sec, losses of ferrites in an alternating 
magnetic field are very high. Snoek! has ascribed this 
absorption to rotational resonance of the spins in the 
internal anisotropy fields, and has related the resonance 
frequency fo with the static initial permeability мо Бу 
means of the equation 


Л(ш— 1) = (4/3) М, (1) 


with y the gyromagnetic ratio and М the saturation 
magnetization. Experimentally considerable losses are 
found at the predicted fo, but the absorption region is 
very broad and extends to frequencies above 1000 
Мс/зес. In this connection one of us? has pointed out 
that in the resonating unmagnetized material magnetic 
poles will be created and annihilated on a Bloch wall, 
if the alternating field has a component parallel to it. In 
some regular arrangements of Weiss domains this effect 
can, together with demagnetization at the grain 
boundaries, give rise to high resonance frequencies. 
This, and also the occurrence of losses near fo, will be 
illustrated with the following model. Е 
Consider an ellipsoid divided into thin Weiss domains 
Separated Бу 180° walls perpendicular to one of its 


“ЖАР present at Н. H.^Wills Laboratory University of Bristol, 


England. : 
TES Эс Nature 160, 60 (1947) and Physica 14, 207 (1948). 


2 D. Polder, 7. phys. et radium 12, 337 (1951). 


principal axes. The ellipsoid is embedded in a medium 
with the average permeability и(/) of the material. 
For ac fields perpendicular to the walls only the external 
demagnetization in the field direction plays a role 
(Fig. 1). The effect is reduced by the presence of the 
medium by a factor of the order of и, which is large 
at relatively low frequencies. The influence of de- 
magnetization and the formation of poles on the walls 


a.c. field ма a.c.field // wall 
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Fic. 1. Effect of Weiss domain structure on ferromagnetic 
resonance conditions. 
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5 опз. rom this it may be inferred that a considerable 
part of the resonances in the actual material occurs at 
uencies mainly determined by the internal anisot- 
г fields giving an absorption peak at fo from 


Ба. (1). | 
—— Бог ac fields parallel to the walls we have, besides 
. the external demagnetization of the ellipsoid, the poles 
at the walls. The resonance frequency is now given by 


E. 2f — yM (4r N), 


— М being the demagnetization coefficient in the field 
- direction (Fig. 1). Here we ignore anisotropy and the 
effect of the medium because of the low д at this high 
high f. The maximum resonance frequency is accord- 
ingly given by 2т/..= 70.47, as to be compared 
with 30.2744 for an isolated homogeneously magnetized 
ellipsoid. With this mechanism one can explain the high 
frequency losses in unmagnetized ferrites as observed 
г Beljers, v.d. Lindt, and Went.’ In these experiments 


* Beljers, v. d. Lindt, and Went, 7. Appl. Phys. 22, 1506 (1951). 


T. RADO, Naval Research Laboratory, Washing- 
- C.: As stated in my paper, as well as in previous 
ons, the experimental evidence obtained by 
oup indicates clearly that internal demagnetizing 
ve an important effect on wall resonance fre- 
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strong absorption occurred only if y0.4-M exceeded 


2т f, as was found by temperature variation. 

For the explanation of the losses near fo the ratio of 
the wall thickness and the domain thickness has been 
assumed to be small. The relative influence on the 
resonance frequency is then of the order of this ratio. 

In grains of the ferrite materials with dimensions 
of 10-5 or 10~ cm especially when they are isolated some 
type of flux closure configuration! will exist, or the 
whole grain will be one Bloch wall. It is seen that їп 
these cases losses near fo will be far less pronounced, 
since the resonance condition will largely be determined 
by demagnetization effects giving a peak at some 
thousands Mc/sec this being a fraction of y/2z0.4x M. 
We believe that these effects apply to the resonance 
phenomena observed by Wijn and van der Burgt, and 
may contribute to the two dispersion mechanisms found 
Бу Rado, Wright, and Emerson.® 


‘C. Kittel, Revs. Modern Phys. 21, 541 (1949). 
5 H. P. J. Wijn and С. M. v. d. Burgt (to be published). 
* Rado, Wright, and Emerson, Phys. Rev. 80, 273 (1950). 


DISCUSSION 


quencies and on rotational resonance frequencies. The 
model suggested by Polder and Smit describes some 
detailed manifestations of such demagnetizing effects 
in particular situations. 
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A 5 is known; ferrites show a dispersion of the initial 
> А permeability w at a frequency which is intimately 
related to the low frequency value of the initial perme- 
ability. Snoek? explained his phenomenon as a gyro- 
magnetic resonance of the electron spins. Rado, Wright, 
and Emerson? found two regions of dispersion in a ferrite 
material, “Ferramic A.” The lower frequency of dis- 
persion which according to Snoek’s formula corresponds 
to the value of the initial permeability, has been 
described by these authors as a resonance of the 
domain boundaries, whereas the resonance at 1300 
Mc/sec has been ascribed to spin rotation. 


ees fregi tep 


Fic. 1. The real and imaginary part of the initial permeability, 
ш and и”, respectively, as a function of frequency f for samples 
of NiZn ferrite with varying Ni—Zn ratio 


Chemical composition in mole percent 


Ferrite NiO ZnO Fe.03 
A 18 32 50 
B 25 25 50 
С 32 18 50 
Е 50 — 50 


In order to investigate whether two regions of dis- 
persion occur in NiZn ferrites (Ferroxcube IV), we have 
measured the complex initial permeability (ш=и, 
— ju”) from low frequencies up to about 3000 Mc/sec. 
The measurements háve been carried out on ring cores 


“11, L. Snoek, New Developments in Ferromagnetic Materials 
(Бү: Publishing Company, Inc., New York, 1947). 

2 Т. L. Snoek, Physica 14, 207 (1948). 7 

3 Rado, Wright, and Emerson, Phys. Rev. 80, 273 (195 ). 


91 


in а coaxial line resonator as described elsewhere,! and 
care has been taken to avoid dimensional resonance 
effects.5 Figure 1 gives the results of the measurements 


600, 


0 05 10 шинэ 


Fic. 2. The initial permeability ро of а rod of NiZn ferrite 
(chemical composition in mole percent 18 NiO, 32 ZnO, and 50 
Ёе:0:) as a function of externally applied tension о... 


Fic. 3. The real and imaginary part of the initial permeability, 
в’ and p”, respectively, plotted against frequency for different 
values of externally applied tension ce. Chemical composition of 
the ferrite is that of ferrite A of Fig 1. EM : а 


‘van der Burgt, Gevers, and Wija, Philips Tech. Rev. M, 206 
(1952). 
5 Brockman, Dowling, and Steneck, Phys. Rev. 75, 1298 (1949). 
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T es with varying Ni—Zn ratios on a 
ic scale, so that all the results can be com- 
ne figure. For each ferrite only one region of 


usly.* Moreover, the negative values of p'—1 
igh frequency must be due to а resonance 


m of the electron spins in a Weiss domain, it 
must still occur in ferrites in which boundary displace- 
cannot contribute to the initial permeability. 
condition is fulfilled for NiZn ferrites under ex- 
ernal tensile stress, if the direction of the stress coin- 
les with that of the magnetic field. For the NiZn 


О, 32 ZnO, and 50 Fe:Os, the internal anisotropy is 
еп у small that the energy 3, -о. can be made 
minant. À, denotes the magnetostriction constnat 
the external stress. This becomes clear from 
which for a rod of this ferrite, uo is plotted 
1/с., from which it may be seen that above 
g/mm? the relation between ир and 1/c, be- 


J. Went and E. W. Gorter, Philips Tech. Rev. 13, 181 


RADO, Naval Research Laboratory, Washing- 
^: It was suggested in my paper that the 
m-ferrite to a magnetic ferrite (e.g., Li- 
S to coalesce the two natural resonances, 
‘shown that our experimental results support 
estion. The fact that Wijn, Gevers, and van 
Gv) found only one resonance in some 
Zn ferrites is, therefore, consistent with the views 

ed in my paper. It is noteworthy, moreover, 

ure Ni-ferrite our group observed an indication 
nd resonance (see Fig. 7 of my paper) at a 
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comes a straight line, as is to be expected." We have 
measured д’ and м” vs frequency at different values 
of the tension (Fig. 3). For о.=0 the same magnetic 
spectrum should be expected as that found for a ring- 
shaped specimen of the same chemical composition 
(Fig. 1). It must, however, be borne in mind that the 
rod has been formed by an extrusion process whereas 
the ring was formed by pressing. The permeabilify шу 
decreases when stress is applied, and at the same time 
the frequency fres at which the u” curve has a maximunr 
shifts to a higher value, according to Snoek’s relation: 


2° fres(Ho— 1) =. (2/3) - То. 


Since under a tension of сс--2.7 kg/mm? the greater 
part of the spins can be assumed to be oriented per- 
pendicular to the direction in which ро is measured, the 
factor 2/3 in Snoek's formula must be omitted. This ex- 
periment on а NiZn ferrite is in agreement with the 
view that the dispersion in these ferrites is related to a 
rotation process. 

We wish to thank Dr. G. W. Rathenau for suggesting 
the experiment and Mr. A. van der Grijp and Mr. Н. 
van der Heide for assistance during the measurements. 


? К. Becker and M. Kersten, Z. Physik 64, 644 (1930). 2 


DISCUSSION 


microwave frequency which is just above the highest 
frequency shown in the results of WGv. 

Concerning the mechanisms of magnetization, it may 
well be that at certain relatively low frequencies the 


initial permeability due to rotations predominate over . 


that due to wall displacements in the special case of some 
Ni—Zn ferrites. However, the method used by WGv to 
establish this point may be questioned because the 
presence of an external stress obviously modifies the 


magnetization processes and hence changes the physical 
conditions of the problem. j 
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I, INTRODUCTION 


Е experience of Williams! and his collaborators 
E has shown that it is possible to cut a sample from 
а single crystal of a magnetic material in such a way 
that the domain pattern includes only one movable 
wall. This wall moves as the sample is magnetized, and 
a linear relation exists between the magnetization of 
the sample and the distance between the wall and a 
fixed plane parallel to it. 

We have used similar samples to study the motion of 
domain walls in ferrites, where eddy currents are a 
reatively unimportant source of damping. These 
samples are polygonal rings with each leg along an easy 
direction of magnetization. Since the (111) direction 
is the easy direction in ferrites, the rings are diamond 
shaped with their faces in the (110) plane as shown 
schematically by the solid lines in Fig. 1. The expected 
domain pattern consists of four stationary walls, one 
at each corner, and one movable wall all around the 
ring. This pattern is indicated by dotted lines in Fig. 1. 

The results of our experiments can be understood 
very satisfactorily in terms of the theory of domain 
walls and their motion developed in the last few years. 
In fact, these results may be used to evaluate many of 
the parameters used in that theoretical development. 


П. EXPERIMENTAL 
А. Descriptive 


The first experiment performed on these samples is 
designed to measure, by means of pulse techniques, 
domain wall velocity as a function of the field causing 
the wall to move. The sample is wound with a primary 
and a secondary winding. A square pulse of positive 
voltage is applied to the primary winding in series with 
a resistor which is large enough to keep the pulse rise 
time short. The rise time must be short compared to 
the time required for the field produced by the pulse 
to reverse the magnetization of the sample. On the other 
hand, since the pulse is applied for the purpose of 
reversing the magnetization of the sample, the length 
of the pulse must be longer than the time required for 
the reversal to occur. It must, therefore, be longer than 
the time required for the mobile wall to move from 
one side of the sample to the other under the field 
produced by the pulse. A second pulse of negative 
voltage is applied to the primary during each duty cycle 
in order to bring the wall back to its original position, 
So that the phenomenon may be observed repetitively. 
By synchronizing an oscilloscope sweep with the pulser, 


іН. J. Williams and W. Shockley, Phys. Rev. 75, 178 (1949). 


the signal induced in the secondary winding is observed 
while the applied pulse is on the primary. Since this 
signal is proportional to the velocity of the wall, it is 
constant during the application of a constant field. 
Irregularities in the crystal may cause this value to 
vary somewhat during the motion of the wall, as we 
shall see later, but the observer reads an average value. 

The applied field due to the primary pulse is deduced 
from the current in the primary winding (measured by 
observing the voltage across the series resistor) using 
the solenoid formula H.p,=4mNI. To obtain the rela- 
tion between wall velocity and induced voltage per 
secondary turn we have’ 


Volts/turn=d&/dtX 10-8 
=8rM,(Az/AtwarX10-%, (1) 


where Az/At is equal to domain wall velocity о, and 
20а 15 the width of the wall between the boundaries 
of the sample in the direction perpendicular to the 
direction of magnetization. The result of the experi- 
ment is thus a plot of ferromagnetic domain wall 
velocity versus the applied field. The slope of this plot 
measures а, viscous damping coefficient for the motion 
of the domain wall. 

The second experiment is the measurement of the 
complex initial permeability versus frequency. Standard 
bridge measurements are made of the impedance of a 
coil wound on the sample. 

The interpretation of these experiments is, of course, 
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Fic. 2. Domain wall velocity vs applied field. 


based on the domain pattern indicated by the dotted 
lines in Fig. 1. Observations'on the actual domain 
pattern of each sample are, therefore, desirable. These 
observations have thus far proved the most difficult 
part of the experiments, but the essential features of the 
ideal domain pattern have been observed. 

As a further check to indicate how freely the movable 
wall actually can move in the sample, a hysteresis loop 
is also obtained on the recording fluxmeter.? If the wall 
does move freely, the loop should have sides which are 
almost vertical, of course. 


B. Results 


The first experiments were done on a sample cut from 
а crystal of Fe;O,? These data are shown in the accom- 
panying figures which indicate the nature of the results. 
Figure 2 shows the result of the velocity versus 
applied field experiment. We see that, since the line 
through the data does not pass through the origin, the 
field effective in moving the wall is less than the applied 
field. This difference varies somewhat as the wall tra- 
verses the sample, since the signal induced in the second- 
ary winding is observed to vary, but the average is by 
definition the coercive force, H.. The value of H, is 
given by the intercept of the line drawn through the 
data. 
5 Figure 3 shows the data on complex permeability 
versus frequency. The magnitude of these values of 
permeability is so large that we can be quite sure that 
_ it is due almost entirely to domain wall motion. 
те 4 shows the hysteresis loop obtained on the 
40, sample. The essential features of the domain 
ittern were observed using the same technique as 
f Williams, Bozorth, and Shockley.! These ob- 


off, Phys. Rev. 67, 200 (1945). 

ens, J. Chem. Phys. 20, 990 (1952); Technical Report 

Insulatioy Research, M.I.T., December, 1951. 

5 to express their gratitude to Professor A. von 
iboratory for Insulation Research for providing 
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servations are discussed in more detail in a previous 
publication.* 5 му 

'The nickel ferrite results are broadly similar, but 

they are not as good, and must be regarded as pre- 
liminary. МЕе:О4 is, of course, а more complicated 
substance chemically, and the crystals available thug 
far are not as perfect as the Fe;O, crystal. Under 
chemical attack they show some signs of a variation in 
chemical composition with position in the crystal, ава 
the composition of the crystal from which the bes: 
sample was cut corresponded to the formula (NiO), 4,- 
(FeO)o.osFesOs. As a result of these inhomogeneities, 
the hysteresis loop was not as square as is desirable, 
and as a result of the differential chemical attack, the 
domain pattern on this sample could not be observed. 

The data on domain wall velocity versus applied 
field seem reasonably satisfactory, however. The signal 
in the secondary winding had a sharp peak at the start 
of the applied pulse which we attribute to the motion 
of walls around inhomogeneities, but a fairly constant 
signal of the sort expected followed the peak, and the 
observations were therefore made in this flat region. 
The data followed a straight line of the form v= 20 000 
(Н-1.5) where v is in centimeters/sec, and H is in 
oersteds. Data on other samples indicate that the 20 000 
is accurate to something like 25-50 percent. Since this 
value is considerably higher than the valuefor magnetite 
given in Fig. 2, we see that the damping of wall motion 
in nickel ferrite is considerably less than that in 
magnetite. 

The data on permeability versus frequency show in- 
dications that only part of the movable pattern has 
been observed. There is a substantial contribution which 
shows no frequency dependence up to 20 mc/sec, which 
was the highest frequency at which data could be 
taken. There is a contribution, however which fits a 
relaxation curve much like Fig. 2. This contribution 
gives a permeability at zero frequency of 32, and its 
relaxation frequency is approximately 7 mc/sec. This 
15 consistent with the smaller damping in nickel ferrite 
indicated by the domain wall velocity versus applied 


6000 


10000 
FREQUENCY IN CYCLES PER SECOND 


^ 
Fic. 3. р, p” os frequency. 


5 J. К. бай, Phys. Rev. 85, 664 (1952). 
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field experiment and with the high coercive force of 
this sample (1.5 oersteds) which leads us to expect a 
high o. Thege data are probably somewhat less accurate 
than those on wall velocity versus applied field. 


Ill. THEORY 


А fheoretical treatment of the data divides itself 
rather naturally into two parts. First, we may correlate 
thé data in terms of an equation of motion for unit area 
of domain wall. In doing this we determine the constants 
of motion (mass, viscous resistance, and stiffness) of 
unit area of wall. Secondly, we can show the relation 
between the mass and viscous resistance of unit area 
of domain wall and the constants which characterize 
the ferromagnetic material in general. This last step 
is essentially an application of the recent work of 
Becker,’ Döring,” and Kittel.$ 

Consider unit area of a 180° domain wall between two 
regions of saturated material. Such a system has an 
equation of motion for small amplitudes of the applied 
applied magnetic field H which may be written 


më” + BZ -az—2M .H, (2) 


where z is the displacement of the domain wall along 
its normal, m is its mass per unit area, В is а para- 
meter measuring viscous resistance, and о is a stiffness 
parameter, which has meaning only for small fields 
such as those used in initial permeability measurements. 
When fields larger than the coercive force are applied, 
as in the experiment on wall velocity versus applied 
field, the term containing a disappears and the effective 
feld inside the material is less than the applied field by 
an amount equal to the coercive force; this is shown by 
the data given in Sec. II. These results are quite reason- 
able when one remembers the spikes which pull back 
on the wall, in the experiments of Williams and 
Shockely for small wall motions, and snap off entirely 
if the wall moves a large distance. 

As these remarks indicate, under the conditions of 
the experiment in wall velocity, Eq. (2) takes the form 


Bi =2M,(Happ—H.). (3) 


| This relation obviously fits the data given in Sec. II. 


Let us now consider the initial permeability data. 
We have for the relation between z and y, 


= AB/AH = A9/ Acai AH = 87M zu sau/ AcoiH, (4) 


where зо и is the width of the domain wall between the 
boundaries of the sample in a direction perpendicular 
to the magnetization and Ао is the cross-sectional 
area of the coil around the sample. The general solutions 
of Eq. (2) for a sinusoidal applied field will not be repro- 
duced here, because we note that Eq. (2) can be further 
Simplified since we observe a relaxation mechanism 


В. Becker, J. phys. et fadium 12, 332 (1951). 
т үү, о Naturforsch. За, 374 (1948). : 2501 
(9 С. Kittel, Phys. Rev. 80, 918 (1950); J. phys. et radium 12, 29 
51). 5 Н 
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(see Sec. II). The values of a, В, and m will be calcu- 
lated later; suffice it to say here that the order of 
magnitude of m is such that the first term on the left 
in Eq. (2) is negligible, and we may write 


82--ас-2М,Н, (5) 
which we may solve to give, if H= Жое“, 
2M „Но 1 jeB/a 
2= | = Je (6) 
а 11--а282/о2 14-F-e?B*/a? 


We shall derive values of о and В later by fitting 
Eqs. (3) and (6) to the data. 

We now come to the second part of the theoretical 
problem. Starting with the now familiar equation of 
motion for the magnetization M in a small volume first 
used by Landau and Lifshitz? and taking advantage of 
the recent work of Kittel,’ Becker, and Döring,” we 
derive the relations between В and m and the funda- 
mental constants which characterize the ferromagnetic 
material. 

The equation of motion is 


dM/dt-4[MXH]- Q/M9[Mx(MXH)], (7) 


where y is the gyromagnetic ratio, and Х is a param- 
eter characteristic of a given ferromagnetic material 
which is determined by the magnitude of the damping 
effects in the motion of M and thus determines the 
magnitude of the last term on the right in (7). The 
power dissipated per unit volume is H - (Ма), which is 


H-dM/di=)#, (8) 


where H 2 Ho-- H., Но is the applied field and Н, Ба. 
field associated with the motica of the wall as Recker 


*L. Landau and E. Lifshitz, Physik. Z. Sowjetunion 8, 153 
(1935). 


— FPEM "TD As 


"TABLE I. Values of В. 


B (corrected 


B (from for eddy 

B (from wall vel current 

a initia 7$ H) effects) 
9.1% 108 0.5 0.484 0.406 
7.2X 105 0.016 0.026 0.026 


own. It exists only in the wall and is perpendicular 
he wall. The value of this field is determined from 
precessional angular velocity of the spins in the 
ving wall by means of the Larmor relation. It is 


Н,= — (v/3)(00/22), (9) 


here y is the gyromagnetic ratio and 6 is the rotational 
ngle of the spins in a 180? wall. In the theory of the 
omain wall“ it is shown that 


90/5 [(0)/ 4), (10) 


те A is a measure of the exchange energy per unit 
due to gradients in the direction of the mag- 
tion as given by Eq. (11): 


change energy/unit vol. 
=А[(Маз)*-Е(Уа»)?-Е(Уоз)°]. (11) 


» 9», аз ате the direction cosines of the mag- 
tion. g(8) is the anistropy energy density: 


‚Е (6) = Ky (ata? taataa), (12) 


sed in terms of 0. K, is the first-order anistropy 


е Eqs. (9) and (10) in Eq. (8) and integrate 
et the power dissipated for unit area of wall, 


em HUM e (мл) [Себе (13 


ve used Eq. (10) to transform from integra- 
to integration over 0 as well as to evaluate 


may now write 


2M yA} 
v=- 


= Нь. (4) 
“ЭЭ Geo 

ё 2 X) 

desired relation between v and Но which is 

pared with Eq. (3). In this way we find 
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to (1/87), Hedy, and by means of Eq. (9) he was 


able to write { 


m= aster |” (=) n : (16) 


If we use Eqs (10), (11), and (12), this becomes 


mE ЕРА yf Ге(0у110. (17) 


It will be noted that the above analysis neglects the 
effect of eddy currents. If this effect is not negligible 
(it is not negligible in Fe3O;), Williams, Shockley, and 
Kittel!! have shown that it will contribute part of the 
measured value of В. The equations of Williams, 
Shockley, and Kittel may be used to correct for this 
effect when necessary. н 


IV. DISCUSSION 


It is clear that Eq. (3) fits data of the type shown in 
Fig. 2, and we therefore obtain a value of 8 in this way. 
A value Юг а, and a second, independent, value for 8 
are determined by fitting the data on initial permeability 
to Eqs. (4) and (6). As mentioned in Sec. II, we use 
only the frequency dependent part of the permeability 
for this calculation in the case of nickel ferrite. The 
consistency of the two values of В provides a useful 
internal check on the validity of the data of course, 
but the value obtained from the initial permeability 
involves an estimate of the cross-sectional area of the 
winding, and is therefore not as accurate as the other.* 

The values of and В are given in Table I. In the 
case of FejO,, eddy currents make a small but not 
negligible contribution. This has been taken account of 
by means of the low field theory of Willimas, Shockley 
and Kittel," and the corrected value is given in the last 
column. 

Some remarks on the significance of о and В are in 
order here. As Eq. (2) shows, о measures the rate of 
which magnetostatic energy is built up when the 
position of the wall changes. This energy is built up as 


the wall passes crystal imperfections, impurity in- · 


clusions, and other impediments to its motion. « is 
thus a measure of the magnetic imperfection of the 
sample. Tt is characteristic of a particular sample, and 
may differ widely among different samples of the same 
material. As Eqs. (4) and (6) show, the factor (2M /o) 
determines the value of the initial permeability at low 
frequency. 3 

B, on the other hand, is a fundamental property of the 
material as Eq. (15) shows. Tt is determined by the 


"relaxation time of the spin system, and therefore is а 


measure of the damping of the wall. 


It will be noted that these samples are not expected 
to show the natural ferromagnstic resonance? in the 


Shockley, and Kittel, Phys. Rev. 80, 1090 (1950). 
Wright, and Emerson, Phys. Rev. 80, 273 (1950). 
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anisotropy field, since the alternating field and the 
anisotropy field are parallel.» Equations (4) and (6) 
therefore, are а rather complete description of initial 
permeability versus frequency for these samples over the 
whole frequency range. Another characteristic of these 
samples is the freedom of the moving wall from inter- 
action with other domain walls. This removes one 
impediment to wall motion which must be present 
ordinarily and tends to give them a lower а than might 
be expected in other samples. 

The second part of our theoretical discussion, and 
Eq. (15) in particular, makes it possible to determine a 
value for à from our measured f. It should be empha- 
sized that this value is determined independently of 
the value deduced from ferromagnetic resonance line 
width; it is therefore of interest to compare them. The 
availability of a second independent determination of 


^ is especially desirable since the damping mechanism 


in ferromagnetics is not understood. 
In order to evaluate А using Eq. (15) we proceed as 
follows. Since the wall is іта 110 plane we have 


g(8) - 3Ks[cos*(04-35?16^)--sin?2(0-3-35*16)], (18) 


where 0—0 on one side of the wall and т on the other. 


_ Then, 


ifi " [g(0) a6 — 1.38] K|. (19) 
0 


In performing this integration, care must be taken to 
use the positive value of the square root over the whole 
interval. A is best evaluated from a fundamental relation 
recently derived by Herring and Kittel! between A 
and the Bloch constant: 


A — [So/Q ]H[&/13.3C1 ], (20) 


where & is Boltzmann's constant, C is Bloch's constant 
as used in the relation M,— М(1— СТ2/°), So is the 
atomic spin, and © is the atomic volume. (50/9) is equal 
to the saturation magnetization at 0?K divided by the 
Bohr magneton. 

For Fe;30,, we find C=4X10 by fitting the Bloch 
T! law to the saturation magnetization measurements 
of Weiss and Forrer.“ From Eq. (20), we then find 
А=1.53Ж 10-8. K,— —1.1X 108 as given by Bickford. 
у=1.76Ж 107. Now from Eq. (15), we find Х--3.5Х 108 
in Еез0.. 


13 С. Herring and С. Kittel, Phys. Rev. 81, 869 (1951); see 
Eq. (5). X 
E S esas and В. Forrer, Ann. Phys., Series 10, 12, 279 (1929). 
151, В. Bickford, Jr., Phys. Rev. 78, 449 (1950). 


TABLE П. 
Substance ^ wall motion ^ ferromag. res. 
Fe;0, 3.5105 9 108 (24,000 mc) 
NiFe;O, 2.2% 107 2.1% 107 (24,600 mc) 


7.2% 107 (9000 mc) 


For nickel ferrite in the same way, using the data of 
Guillaud and Roux" for saturation magnetization, we 
find С=7Ж 10-8 and А=9.0Ж10-7. Ку---0.2х 104.17 
Using these figures and our measured value for В, we find 
Х--2.2Х 107 in nickel ferrite. 

The relation between ferromagnetic resonance line 
width and АХ has been given elsewhere.!* Sample shape 
enters this relation, but not in a critical way, and we 
therefore ignore it except as it affects the value of the 
dc magnetic field at resonance, Ите. The relation is 


х= AHYM ,/ Hres, (21) 


where the line width is 2AH. 

Data taken at 24,000 тс! lead by means of Eq. (21) 
to A= 2.1X 107 for nickel ferrite. Data taken at 9000 mc,!? 
however, lead to \=7.2 107 for the same material. If 
we use Bickford’s data on Fe;O4 taken at 24,000 mc, 
Eq. (21) leads to Х--9х 10? for Ее;О,. 

The various values of \ are compared in Table II. 

In view of some of the as yet unresolved experimental 
difficulties in the wall motion experiments and the 
inaccuracy they may have caused, it seems wise to 
emphasize the agreement in order of magnitude be- 
tween the values determined in the two different ways. 
The value of Х determined from ferromagnetic re- 
sonance, in Fe;O;, however, is probably somewhat too 
high because of experimental problems which arise 
when samples are not small compared to the skin 
depth.” Also, further ferromagnetic resonance work is 
desirable to determine the variation of À with frequency, 

АП the factors in Eq. (17) have now been evaluated. 
We find for Fei0, m=9.5X10-" g/cm?, and for 
№МОЕе,Оз, m=9.4X10-". These values are so small 
that we can neglect the first term in Eq. (2) in both 
cases. It is possible, however, that with better crystals 
the value of m in nickel ferrite could be measured from 
the shape of the signal induced in the secondary winding 
in the wall velocity versus applied field experiment. 


16 C. Guillaud and M. Roux, Compt. rend. 229, 1133 (1949). 

17 Yager, Galt, Merritt, and Wood, Phys. Rev. 80, 744 (1950). 

18 See Eq. (A-6) of reference 16. The A of the present paper is 
equal to yaM, in the notation of refereace 16. 

19 D. W. Healy, Jr., Phys. Rev. 86, 1009 (1952). 

20 Yager, Merritt, and Guillaud, Phys. Rev. 81, 477 (1951). 
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magnetic materials the losses in low fields can be 
: divided into three kinds, e.g., hysteresis, eddy- 
— current, and residual losses.! In ferrites the eddy-current 
x E sses generally are negligible, and for very small ampli- 
udes of the magnetic field strength, the residual losses 
e predominant. Snoek? found that in this case the 


The loss factor tanó of a MnZn ferrite with chemical 
on in mole percent about 28 MnO, 19 ZnO, 3 FeO, and 
-as a function of temperature, measured for various 
s at a field strength of 2.5 m6. 


factor tanó remains constant up to a certain fre- 

and from here on rises suddenly to high values. 
тї 68753 this rise to a £yromagnetic resonance of 

electron spins. 

measured the complex permeability of 

d ferrite cores in а Maxwell bridge* as a 
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РМ | 
ЇЕ f 
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tween the frequency and the temperature 
5 of the figures 1 and 3 have a maximum. 
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Richter Type After-Effect in Ferrites Containing 
a Ferrous and Ferric Ions 


Н. P. J. WIJN AND H. VAN DER HEIDE 


Philips Research Laboratories, №. V. Philips’ Gloeilampenfabrieken, Eindhoven, Netherlands 


function of temperature and frequency, and we found 
that for some ferrites still another region of dispersion 
of the initial permeability exists. Figure 1 shows the 
results of these measurements for a MnZn ferrite 
having a chemical composition in mole percent of 
about 28 MnO, 19 ZnO, 3 FeO, and 50 Fe;O;. These 
results are typical for a relaxation phenomenon, and 
look quite similar to those found by Schulze® for 
carbonyl iron having a high Richter type after-effect, 
which has been explained by Snoek.® In Fig. 2 is shown 
the relation between the logarithm of the frequency 
and the inverse of the temperature at which the tanó- 
curves of Fig. 1 have a maximum. This relation can be 
described by the general relaxation formula 


т= ть ехр(Е/ЁТ), 


where т is the reciprocal of the angular frequency, 7` is 
the absolute temperature, and E an activation energy 
determining the relaxation process. The slope of the 
straight line in Fig. 2 corresponds to an activation 
energy Е=0.11 еу. As this small activation energy 
points to an electron diffusion process, the same kind 
of measurements has been carried out for a NiZn ferrite 
(chemical composition in mole percent approximately 
25 NiO, 25 ZnO, and 50 Fe,O3) with a high resistivity, 
e.g., about 1070 cm, while the MnZn ferrite has a 
resistivity of about 1002 cm at room temperature. The 


220 -200 =180 —60 -140 -120 -00 -80 -60 -40 -20 0 + 
— temperature (°C) 


Fic. 3. The loss factor tané at a field strength of 2.5 8 as а 
function of temperature for two NiZn ferrites with chemical 
composition in mole percent about 25 NiO, 25 ZnO, and 50 
Ее;Оз. — — —— ferrite fired at 1250°С, and having a resistivity of 


1070 cm. ferrite fired at 1525°С. and having a resistivity 
of 10:0 cm. Я 


°H. Schulze Probleme der Techniscaen М. agnelisierungskurven 
(Julius Springer, Berlin, 1938), р. 114. 
MUS L. Snoek, Physica 8, 711 (1941). 
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dotted curve in Fig. 3 gives for this NiZn ferrite the loss 
factor tanó, measured аф 100 kc/sec as a function of 
temperaturg. Though in the temperature range covered, 
{апд is not wholly constant, the large relaxation effects 
which have been found in the MnZn ferrite are now 
absent. This NiZn ferrite with a high resistivity was 
fired at 1250°С in an atmosphere of oxygen and we must 
assume that the iron ions are in the trivalent state. 
Therefore we have refired this kind of ferrite in the 
same atmosphere but at a higher temperature (152556); 
thereby introducing the order of 0.5 percent of ferrous 
ions in the ferrite. The influence of this refiring upon 
the loss factor tané is also shown in Fig. 3. It can be seen 
that similar results are obtained as for the MnZn 
ferrite which also contains both ferric and ferrous ions. 
Also the activation energies of the relaxation processes 
in both ferrites are the same (Fig. 2). An activation 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar — . E 


energy of the order of 0.1 ev was found earlier by 
Verwey and Haayman' from the temperature depend- 
ence of the resistivity of Fe,O, above the transition 
point. For a NiZn ferrite the same activation energy 
has been found for the mechanism which governs the 
residual losses and for the temperature dependence of 
the direct current resistance of this ferrite. 

These results are quite similar'to the relaxation found 
by Galt, Matthias, and Remeika’ in the permeability 
of a single crystal of Ni ferrite, and also to the relaxation 
found by Kamiyoshi? for the dielectric constants of Ni 
and Co ferrite. They warrant the conclusion that the 
after-effect found in ferrites containing iron ions in 
two valencies is due to a diffusion process of electrons, 


7 E. J. W. Verwey and Р. УУ. Haayman, Physica 8, 979 (1941). 
* Galt, Matthias, and Remeika, Phys. Rev. 79, 391 (1950). 
? K. Kamiyoshi, Phys. Rev. 84, 374 (1951). 
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| Neutron Diffraction Studies of Various Transition 
| | Elements | 


4 С. С. SHULL AND М. К. WILKINSON 


Oak Ridge National Laboratory, Oak Ridge, Tennessee 


Neutron diffraction measurements are reported on a series of transition elements as an investigation into 
their magnetic structures. Scattering data have been taken for W, Mo, Nb, V, Cr, Mn, and Fe at various 
temperatures as low as 4.2°K, and these data are interpreted in terms of the magnetic structure existing in 
the pure metals. For the first four-named elements, no magnetic scattering either coherent or incoherent is 
found. Cr and a-Mn are established as being antiferromagnetic with Néel temperatures of 475?K and 
100°K, respectively. Paramagnetic scattering has been observed in manganese at room temperature, and 
the atomic moments determined for Cr and Mn follow the general trend of the Slater-Pauling curve. Mag- 
netic superstructure effects and magnetic disorder scattering were looked for in iron and neither was found. 


INTRODUCTION 


N striking contrast to the situation in crystals con- 
taining ions of the transition elements or the rare- 
earth elements, the magnetic structures existing in the 
transition elements can be considered as being very 
poorly understood. Aside from the relatively few cases 
| of ferromagnetism for which an average, effective mag- 
: netic moment per atom can be ascertained from mag- 
netic measurements, the magnetic susceptibility data 
are not too informative. Temperature-independent 
susceptibility values are the rule for the transition 
elements and the interpretation of this is certainly not 
straightforward. Recent researches by Zener and co- 
workers have followed the atomistic viewpoint in which 
the electronic structure of a given atom in the metal 
lattice is considered to be much the same as the con- 
figuration in a frée atom. These considerations have 
suggested the presence of strong localized atomic 
moments arranged in an antiferromagnetic manner, 
and hence their presence is not easily evidenced in 
macroscopic magnetic properties. Since neutron diffrac- 
5 tion measurements are able in principal to determine the 
strength and relative orientation of atomic moments in 
3 а scattering lattice, it was to be hoped that such 
— — measurements would offer illuminating information on 
the magnetic structures. 
_ The transition elements which have been investi- 
= gated in the present study are listed in Table I along 


я "TABLE I. Electronic configuration existing in isolated atoms of 
je various transition elements for which neutron diffraction 


udies are reported. 


with the characteristic configuration of the outer elec- 
tron assembly in the atom as determined from spectro- 
scopic data on the free atoms. If these configurations 
were representative of the metallic atoms, we should 
expect large atomic moments in the metals, for example 
Sue for chromium, since the five 3d electrons are ar- 
rayed with parallel spin according to usual spectro- 
scopic rules. Such atomic moments should contribute 
(a) pronounced coherent scattering to the neutron 
diffraction pattern if there is any alignment correlation 
between neighboring moments or (b) measurable diffuse 
scattering in the pattern if the moments are uncor- 
related in orientation. Powder diffraction data were 
obtained for these elements both at room temperature 
and when held at very low temperature in a double- 
jacketed vacuum cryostat. All were examined at liquid 
hydrogen temperature (20.4°K), some were cooled to 
liquid helium temperature (4.2°K), and others were 
studied at various intermediate temperatures including 
examination at elevated temperatures up to 500°C ina 
furnace. Temperature gradients within the sample 
container were studied by superconductivity observa- 
tions at the very lowest temperatures and with cali- 
brated thermocouples at higher temperatures. 


EXPERIMENTAL RESULTS 
V, Nb, Mo, and W 


The data for these elements are discussed collectively 
since they indicate the complete absence of any meas- 
urable coherent or incoherent magnetic scattering in 
the powder diffraction patterns for these materials. 
All of these materials were of the highest purity avail- 
able (spectroscopically 99.9 percent or higher) and were 
examined in the form of filings or fine powder. The sam- 
ples were sealed in a thin-walled aluminum specimen 
capsule which in turn was placed in a double-jacketed 
Dewar cryostat. The cryostat construction was such 
that a minimum of neutron scattering occurred from the 
vacuum walls and thermal radiation shields, and cor- 
rections were made for this scattering in the neutron 
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Fic. 1. Neutron diffraction pattern for V taken at 20°К. No anti- 
ferromagnetic reflection at the (100) position is to be noted. 


diffraction patterns. Typical patterns taken at liquid 
hydrogen temperature (20.4°K) are shown for V and 
for Mo in F'igs. 1 and 2. 

The pattern for V in Fig. 1 shows the presence of a 
very weak (110) reflection and this is a regular body- 
centered cubic lattice reflection. It is very weak because 
the coherent nuclear scattering cross section for vana- 
dium is very small, amounting to only 0.035 barn as 
determined in the reflection. Practically all of the vana- 
dium nuclear scattering is nuclear spin disorder scat- 
termg, and this appears as a completely isotropic diffuse 


scattering in the pattern. Of interest here is the absence. 


of any measurable (100) intensity. If an antiferro- 
magnetic body-centered cubic lattice existed in vana- 
dium, magnetic reflection should be observable at the 
(100) position with an intensity commensurate with the 
strength of the vanadium magnetic moment. Calcu- 
lating the expected intensity on the basis of a magnetic 
moment of 3 Bohr magnetons (for the three electrons in 
Table I) leads to an expected (100) peak intensity of 500 
neutrons/minute whereas nothing like this is observed. 
An upper limit on the possible (100) intensity can be 


600 


estimated, and this implies that any aligned moments 
in vanadium must be smaller than about 0.1 Bohr 
magneton. Likewise, the diffraction data can be used 
to evaluate the strength of any unaligned moments in 
vanadium from the appearance of the diffuse scattering. 
If unaligned moments are present, then incoherent 
diffuse scattering should be observable and this should 
be recognizable by its form factor angular variation. 
In Fig. 3 is shown the observed diffuse scattering for 
vanadium after correction for the isotropic nuclear 
spin incoherent scattering of 5.1 barns and for compari- 
son the calculated scattering for unaligned moments of 
3 Bohr magnetons. Again the data do not support such 
a large moment and from the sensitivity of observation 
an upper limit of about 0.1 Bohr magneton for the 
possible unaligned moments is the most that would be 
consistent with the data. 

Unlike the vanadium pattern, the pattern for Mo 
given in Fig. 2 contains strong nuclear reflections at the 
regular b.c.c. positions. In addition to the principal 
reflections at the (110), (200), etc., positions produced 
with the primary neutron wavelength of 1.212A, 
there exists a series of weak reflections produced by a 
beam of second-order neutron wavelength (0.606A) 
which is obtained from the monochromating crystal 
in the neutron diffraction spectrometer. The relative 
intensity of second-order neutrons to primary neutrons 
has been determined accurately, and the observed 
intensities of the secondary peaks in Fig. 2 are such as 
to be explained entirely by this contaminant wave- 
length. Thus, there is no observable (100) intensity in 
the pattern, and this indicates the absence of an anti- 
ferromagnetic lattice in Mo. Arguments similar to 
those used for vanadium would place an upper limit of 
about 0.3 Bohr magneton for the possible aligned mo- 
ments and about 0.2 Bohr magneton for the possible 
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1б. 3. Diffuse scattering observed Гог V after correction for 
nuclear spin disorder scattering. The expected paramagnetic 
scattering for 5=3/2 is shown. 


aligned moment strength. The room temperature 
ern for Mo, which is not shown, was completely 
imilar to the low temperature pattern except for a slight 
decrease in the intensities of the lines (the normal 
'e-Waller temperature effect) and a noticeable 


e (100) intensity in any of the patterns, 
'at 20°К or 295°К, and no suggestion of ап angu- 
dependent diffuse scattering. Thus no localized 
moment, either aligned or unaligned, could be 


lition to the patterns taken at liquid hydrogen 
е, two of the elements, У and Nb, were also 


‘conducting transition. This produced no 
Эг patterns so that the magnetic structure 
е unaltered. Further details of these last- 
leasurements will be given in a separate 
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о Cr 


A sample of electrolytic chromium flake was the 
principal source of diffraction specimens: This ПаКе 
was given a quantitative spectroscopic assay and found 
to be 99.984- percent pure with less than 0.01 percent 
Fe and less than 0.01 percent Mn as the only detectable 
impurities. The flakes were ground in a mortar ar.d the 
examination was carried out on a fine powder. A typical 
pattern obtained at 20°K is shown in Fig. 4. Normal 
nuclear reflections are seen at the (110), (200), and 
(211) positions, along with secondary peaks of second- 
order wavelength contribution. In this case, however, 
the intensity at the (100) position is about five times 
what it should be if there were only 4/2 contribution 
from the (200) reflection. Thus, there appears to be a 
weak but perfectly measurable (100) reflection for Cr 
which suggests an antiferromagnetic lattice. 

This reflection has been studied in detail to see if it 
really were of magnetic origin. It was found to be tem- 
perature sensitive, much more so than the other nuclear 
reflections, either the large normal reflections or the 
weak secondary ones. Figure 5 summarizes this tem- 
perature dependence, and it is seen that the (100) 
reflection disappears at temperatures above 200?C. 
The temperature dependence is strongly suggestive of 
a magnetic reflection since it follows a Brillouin func- 
tion variation with a suggested Néel temperature of 
200°С. It was found to be perfectly reversible. The 
possibility that this might be an impurity reflection 
and not a true Cr lattice reflection was studied in a 
variety of ways. An x-ray diffraction pattern of the 
sample showed no lines other than for the pure metal, 
and a very careful study* of the x-ray pattern in the 
region of the (100) reflection showed the complete ab- 
sence of a (100) reflection. Moreover, the angular 
position and temperature dependence of this reflection 
were such as to rule out it being a magnetic reflection 


Fic. 4. Neutron diffrac- 
tion pattern for Cr taken 
at 20°К. Extra antiferro- 
magnetic intensity: exists in 
the (100) reflection over 
and above a weak ^/2 con- 
tribution (compare with 
Fig. 2). 
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(and hence not measurable with x-rays) of the two stable 
chromium oxides, CrsOz and СРО. Additionally, several 
samples which were obtafned from different sources or 
had been subjected to different treatment were ex- 
amined. These included (1) a sample of very fine elec- 
trolytic chromium powder from a different source than 
the chips, (2) a sample of the electrolytic flakes which 
had been crushed only to 30<40 mesh rather than а 
fine powder, (3) a sample of relatively impure chromium 
(containing 0.96 percent Fe and 0.2 percent Mn) manu- 
factured by an aluminum reduction method, (4) a 
sample of electrolytic flake which had been degassed by 
high vacuum heat treatment at 500°C, and (5) а sample 
of electrolytic flake which had been heat treated in air 
at 500°С until noticeable oxide had been formed. 
Examination of all of these samples showed the same 
anomalous neutron intensity at the (100) position 
relative to the large (110) intensity or the (110) (4/2) 
intensity. 

The intensity in the (100) reflection has been placed 
on an absolute scale in terms of differential scattering 
cross section, and -this has been plotted in Fig. 5. It is 
seen to saturate at a value of 0.0038 barn/steradian 
per Cr atom, and this can be used to evaluate the mag- 
пейс moment of the Cr atoms arranged in a simple 
antiferromagnetic array. This results in an effective 
magnetic moment of 0.40 Bohr magnetons per atom, a 
value which is still very much smaller than that pre- 
dicted on the atomistic viewpoint expressed in Table I. 

Again it is instructive to look at the diffuse scattering 
in the Cr pattern to see if there might be any unaligned 
moment contribution. Figure 6 shows the observed 
diffuse scattering obtained for Cr at a temperature of 
20°K and for comparison purposes the calculated mag- 
netic diffuse scattering for unaligned moments of 
strength 5 Bohr magnetons. From the apparent isot- 
ropy in the observed intensity an upper limit on the 
possible magnetic diffuse scattering places the maxi- 
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Fic. 5. Temperature dependence of the Cr (100) antiferro- 
magnetic intensity in absolute units of differential scattering cross 
Section. 
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Fic. 6. Diffuse scattering observed in the neutron diffraction 
pattern for Cr showing the absence of any appreciable compo- 
nent of paramagnetic scattering. 


mum strength of the unaligned moments at about 0.1 
magneton. Thus the large difference between the pre- 
dicted atomistic moment and the 0.40рв which is 
observed in antiferromagnetic alignment can by no 
means be accounted for by an unaligned component. 

It has been suggested that the low value for the ob- 
served Cr moment might be associated with a rapidly 
changing polarity of the moment in the lattice. The 
observed small value of 0.44.2 would then represent a 
residual moment which the neutron would see during 
its passage time (710-5 sec) in the vicinity of an atomic 
moment. If such were the case, the residual moment 
should be quite sensitive to the neutron's velocity or 
wavelength. As a test on this, a pattern was taken with 
a neutron wavelength of 0.900A rather than the usual 
1.212A, and this showed no significant change in the 
intensity of the (100) reflection relative to that of the 
(110) nuclear reflection. Changing the passage time by 
25 percent should have changed the residual magnetic 
moment by several hundred percent if there had been 
a coincidental phase relationship between the neutron's 
speed and the polarity flipping of the magnetic mo- 
ments, and nothing like this was observed. 


Mn 


This material was examined in the form of o-man- 
ganese, which possesses a cubic unit cell of size 8.894A 
containing 58 atoms. The sample first examined was of 
electrolytic origin in the form of a very fine powder. 
This was found to show oxide impurity in the diffraction 
pattern and was discarded in favor of treated electro- 
lytic chips. As obtained from the commercial vendor the 
electrolytic manganese flakes possessed a characteristic 
surface layer of brownish oxide. This oxide layer was 
removed by dipping the electrolytic flakes into dilute 
hydrochloric acid followed by rinsing and drying. The 
flakes, of bright metallic appearance, were ther frag- 
mented in a mortar and placed in a high vacuum fur- 
nace for degassing at about 300°С. Following this, the. 
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Fic. 7. Neutron diffraction patterns for «-Мп taken at 20? and 

295°К. Extra antiferromagnetic reflections are to be seen in the low 


temperature pattern which transform into paramagnetic scattering 
with short-range order characteristics at room temperature. 


small chips were sealed into an aluminum capsule for 
examination in the neutron diffraction spectrometer. 
This procedure of specimen preparation was found to 
show no measurable oxide impurity in the diffraction 
pattern. Spectroscopic analysis indicated a purity of 
99.98-- percent with Ca and Cu as the primary im- 
purities. 

Figure 7 shows diffraction patterns for о-Мп taken 
at room temperature and at 20.4°K. In the room tem- 
‘perature pattern are observed the normal lattice reflec- 
tions caused by nuclear scattering, as well as an angu- 
larly dependent diffuse scattering which is attributed 
to paramagnetic scattering. At the low temperature 


| there is noticed a decrease in the paramagnetic diffuse 


‘Scattering and a pronounced build-up of extra coherent 


- scattering. The new reflections аге at the (111), (210), 


-(300)-(221), and (311) positions. Since these reflec- 


tions have zero structure factors for a lattice in which 
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every Mn atom is the same, their appearance in the low 
temperature neutron pattern immediately suggests an 
antiferromagnetic lattice. The nuclear reflections are 
unaltered in intensity or location, aside from a normal 
temperature dependence, and this can be taken as 
evidence that there has not occurred any gross crystal- 
lographic transformation on cooling. 

А careful study of the temperature dependence óf the 
extra low temperature reflections at temperatures .as 
low as 4.2°К has been made, and Fig. 8 summarizes this 
for the two reflections, (111) and (210). Again as with 
the extra reflection in Cr, a Brillouin-type temperature 
dependence is indicated with a Néel temperature of 
100?K. The intensities are reversible and within the 


significance of the measurements show no hysteresis . 


effects. 5 

Because of the lattice complexity and the limited 
number of magnetic reflections which were measurable, 
it has not been possible to describe the antiferromagnetic 
structure which sets in below 100?K. A number of 
possible models were studied] which led to finite and 
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Етс. 9. Diffuse scattering observed in the neutron diffraction 
pattern for a-Mn at various temperatures. The paramagnetic 


scattering in the forward direction amounts to 0.060-10-?: cm?/ 
steradian per Mn atom. 


reasonable intensities for the magnetic reflections, but 
these had to be discarded for one reason or another. 
In the absence of a detailed magnetic structure model 
it has not been possible to use the coherent intensities 
in assigning an effective magnetic moment for the 
manganese atoms in the lattice. It is by no means cer- 
tain that all of the atoms possess the same magnetic 
moment and this complicates the picture even more. 
Whatever the moment distribution may be, it is certain 
that they must exist in balanced pairs since it has been 
established that manganese metal does not become 
ferromagnetic even at these low temperatures. 

Of interest in the higher temperature patterns is the 
observable paramagnetic scattering. At room tempera- 
ture there is а suggestion of residual short range со- 
herence in the magnetic diffuse scattering and this 
short-range order has been found to disappear at higher 
temperatures. Figure 9 illustrates the absolute intensity 


T We wish to thank Dr. B. W. Roberts for investigating some of 
these models. . 
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of the diffuse scattering expressed in units of differential 
scattering cross section for temperatures of 20°, 2952, 
and 450*K« These curves have been corrected for a 
small amount of thermal diffuse scattering, and the 
differences from one temperature to another represent 
changes in magnetic diffuse Scattering. The charac- 
teristic form factor variation of the scattered intensity 
with scattering angle is to be noticed in the higher tem- 
pérature curves. From the absolute intensity of the 
magnetic scattering (that portion associated with the 
form factor), which is seen to amount to about 0.060 
barn/steradian per Mn atom in the forward direction, 
it is possible to determine an average or effective mag- 
netic moment for manganese in the paramagnetic state. 
Halpern and Johnson! have given a theoretical evalua- 
tion of the paramagnetic cross section as 


do (para) 0.194. 10-245 (5-- 1) cm? 


in the forward direction. Here 5 represents the spin 
quantum number of the magnetic atom. А straight- 
forward application of the above experimental cross 
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Fic. 10. Portion of the neutron diffraction pattern for Fe showing 
the region around the (100) reflection. 


section leads to 5=0.25 and hence a magnetic moment 
of 0.5 Bohr magneton per Mn atom. However, it is 
rather doubtful that the above formulation can be sig- 
nificantly used with such a small cross section corre- 
sponding to less than one electronic magnetic moment. 
Perhaps a more significant interpretation of the cross 
section is in terms of the fraction of the atoms which 
possess say one Bohr magneton with the rest exhibiting 
no magnetic moment. In this way a distribution of 40 
percent of the atoms having 1ив and 60 percent having 
no moment would be in agreement with the observation. 


Fe 


Neutron diffraction measurements on unmagnetized 
and magnetized Fe have been reported earlier, and 
these have shown the presence of ferromagnetic scatter- 
ing superimposed on strong nuclear reflections. The 


E O. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939). 
See also Shull, Strauser and Wollan, Phys. Rev. 83, 333 (1951) for 


experimental results. i 
"P Shull, Wollan, and Koehler, Phys. Rev. 84, 912 (1951). 
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Fic. 11. Diffuse scattering observed in the neutron diffraction 
pattern for Fe. Magnetized sample studies permit a quantitative 
determination of the amount of magnetic disorder scattering which 
might be present in the diffuse scattering. 


strength of the magnetic scattering was found to be in 
agreement with the Fe moment of 2.2255 and the an- 
gular variation of the magnetic scattering was in satis- 
factory agreement with theoretical estimates of the 
magnetic form factor. Since that time, additional 
measurements have been made on the intensity at the 
possible superstructure line position (100) and on the 
diffuse scattering in order to establish limits on the 
possible difference between local atomic moments. 

А concentrated study of the intensity at the (100) 
position for iron was carried out for two neutron wave- 
lengths, 1.212A and 0.900A. The sample was in the 
form of filings from pure Armco iron which were given 
a vacuum heat treatment at 500°C. Figure 10 illustrates 
the intensity in the region of the (100) reflection, and it 
has been established that all of the observed reflection 
here can be accounted for satisfactorily by the second- 
order contaminant of known amount. From the sensi- 
tivity of observation it has been established that the 
differential scattering cross section F199 for magnetic 
scattering in the (100) superstructure line must be less 
than 0.0010- 1077 cm? per Fe atom. This can then be 
used to set an upper limit on the difference between 
the magnetic moments шу and и» which might exist for 
the two unique atoms of the body-centered cubic unit 
cell. Such considerations show that u;— из must be less 
than 0.4 ив. In other words, if an ordered array of iron 
atoms existed with a unit cell containing an iron atom 
of moment y; at the corner position and an iron atom 
of moment и» at the body-centered position, then these 
two atomic moments could not differ algebraically by 
more than 0.4ив. This upper limit for the difference is 
very much smaller than the 6.0u% suggested by Zener's 
model or the 5.0ug suggested by Hume-Rothery, 
Irving, and Williams. 

In addition to the investigation of the coherent 
scattering effects produced by a possible ordered dis- 
tribution of magnetic moments in metallic iron, a study 
of the diffuse scattering shoul¢ yield information on the 


3 C. Zener, Phys. Rev. 85, 324 (1952). Бэл 
+ Hume-Rothery, Irving, and Williams, Proc. Roy. Soc. (Lon- 
don) 208, 431 (1951). А 3 бо 
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ence of a random distribution of moments. If two 
agnetic ions of moments ш and ив were randomly dis- 
ributed throughout the body-centered cubic lattice, 
— magnetic incoherent ‘scattering would be expected 
- — whose intensity would depend upon (ui— из) and which 
would exhibit a magnetic form factor variation of 
intensity with scattering angle. Figure 11 shows the 
diffuse scattering which is observed for Fe and after 
correction for normal Debye thermal scattering, this is 
seen to be closely isotropic. For comparison purposes 
there is also shown on the graph the expected magnetic 
disorder scattering for a randomly distributed arrange- 
‘ment of Fe(d*) and Fe(d!?) ions. Since all of the known 
components in the diffuse scattering are isotropic or 
—— very nearly so, it is not considered possible that the ob- 
— — served scattering could contain very much of the form 
factor magnetic scattering. 

А more quantitative estimate of the magnetic por- 
tion can be obtained if the diffuse scattering is studied 
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12. Comparison between the observed atomic moments аз 
ined by neutron scattering and the Slater-Pauling curve. 


magnetized scattering sample. By magnetizing 
ample in a direction parallel to the scattering vec- 
eby directing all of the atomic moments in this 


p to the theory of magnetic scattering for 
eutrons. This has been tested experimentally by plac- 
the sample between the pole pieces of an electro- 
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DISCUSSION 


Most of the present observations on the magnetic 
structures existing in the transition elements can be 
summarized by reference to the Slater-Pauling curve 
shown in Fig. 12. In attempting to explain the variation 
of saturation magnetization among the ferromagnetic 
elements and some of their alloys, Slater has offered 
band theory arguments to account for the almost linear 
variation of moment with outer electron concentration. 
А simplified picture was independently developed by 
Pauling in terms of a distribution of the outer electron 
system among stable atomic orbitals (which contribute 
to the macroscopic magnetic properties) and molecular 
bonding orbitals (which serve valence purposes), and 
Pauling extended the treatment to include other non- 
ferromagnetic elements. It is seen that the experimental 
data for vanadium, chromium, and manganese do 
indeed follow the general trend of their predictions. 
The manganese crystal structure is so complicated and 
so different from all of the other simple structures that 
the apparent numerical disagreement for this case may 
not be troublesome. 

'The Néel temperatures for Cr and Mn which have 
been reported here have not received strong confirma- 


tion from measurements of physical properties such as ` 


susceptibility, specific heat, resistivity, etc. For chro- 
mium, the recent paramagnetic susceptibility meas- 
urements of Fine, Greiner, and Ellis? and of McGuire 
and Kriessman have not been suggestive of a Néel 
transition at 200°С. 'This may be a consequence of the 
relatively small moment which is found by neutron 
scattering and the relatively high Néel temperature. 
The anomalies in resistivity and other physical proper- 
ties found by Fine ef al. at 40°C for chromium do not 
correlate with the Néel temperature of 200?C. The 
early work of Serres’? on the susceptibility of man- 
ganese did indeed suggest a low temperature anti- 
ferromagnetic transition, but this was open to sus- 
picion because of possible oxide presence (both MnO 
and MnO; possess Néel temperátures in this region) 
as Serres has pointed out. A noticeable specific heat 


“anomaly in manganese at 95°K has been reported by 


Shomate,? and recent unpublished measurements by 
Patrick have also indicated an abrupt change in re- 
sistivity at about 83°K. Both of these latter measure- 
ments may very well be associated with an antiferro- 
magnetic transition. 

The observations on iron have indicated the lack 
of either an ordered or disordered distribution of size- 
ably different magnetic ions at least as seen by neu- 
trons in a scattering experiment. Of course, if such а 
distribution of ionic strength did occur and there were 
very rapid transitions for any one ion from one state to 


5 Fine, Greiner, and Ellis, T. Metals 189, 56 (1951). 
| В. McGuire and C. |. Kriessman, Phys. Rev. 85, 452 
ТА. Serres, J. phys. et radium 9, 377 (1938). 

8 C. H. Shomate, J. Chem. Phys. 13, 326 (1945). 
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another in а time which is müch shorter than the 
neutron passage time of 107 2 Seconds, then the neutron 
would see just the average of the different states and 
all iron atoms would appear identical, in agreement 
with experiment. Since it appears necessary to admit of 
a mixture of states to account for the odd moment, 
this may very well be a reasonable picture. 
. 
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DISCUSSION 


Үү. J. CARR, JR., W estinghouse Research Laboratory, 
East Pittsburgh, Pennsylvania: In connection with the 
data on Ni;Mn and Ni;Fe it seems worth pointing out 
that, since the alloys did not have perfect order, one 
would expect a number of Mn or Fe nearest neighbors to 
exist. If such Mn or Fe nearest neighbors exhibit an 
antiferromagnetic behavior, it would require a reinter- 
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pretation of Dr. Shull's data and lead to different 
calculated moments for the Fe, Mn, and Ni atoms. 


H. ECKSTEIN, Armour Research Foundation, Chi- 
cago, Illinois: Have you assumed purely elastic scat- 
tering? Is it possible that the spin coupling is only 
of the order of a fraction of an ev? Then the elastic 
scattering should be considered. 
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‚ Atomic Moments in Alloys 


J. Е. GOLDMAN 


. Carnegie Institute of Technology, Pittsburgh, Pennsylvania* 


The saturation moment of ferromagnetic alloys has been considered from the point of view of the collective 
| electron theory. Perturbations in band shape due to the fluctuating lattice potential are considered and are 
found to be niore important in some cases than the simple effects of changing electron density characteristic 
of the usual treatment of alloys. The influence of order on the moment is treated on the basis of Slater's Е 
theory of the relation between.the long range order and the energy bands in an alloy. Results of measure- 1 
ments of electronic specific heat and Hall effect are presented which make possible a model capable of 
explaining the unique effects of the order-disorder transformation in NisMn on this basis. In other alloys, 
particularly those which do not follow the Slater-Pauling curve or the classical band model, the saturation 
properties are attributed to the perturbations in the band resulting from the presence in the lattice of ions 3 
with different potentials as seen by the itinerant electrons. The screening of the positive Coulombic charge 
on these ions is accomplished by fluctuations in local electron density of the Fermi gas in some cases and 
by localized bound states in other cases. The effect on the magnetic properties in these two alternative 
cases can be explained and correlated with changes in electrical resistivity on alloying. Atomic moments 
of the constituent atoms for some ordered alloys have been calculated and are in good agreement with 
the experimental values found by Shull in neutron diffraction experiments. 


3 I. INTRODUCTION of the properties of ferromagnetic alloys in a very 


HE inadequacy of the treatment of the 3d natural way as summarized by Stoner!and by Wohlfarth 
electrons in transition metals using localized — !? а paper presented at this conference. 

1 atomic wave functions as in the unmodified Heitler- Several important magnetic phenomena—partic- 
London-Heisenberg and the Zener theories of ferro- Warly those pertaining to alloys—are not readily - 
magnetism has been emphasized from a theoretical explained in terms of the simplified collective electron 
= point of view by Slater! and recently, mentioned Бу theory of Slater and Stoner. We shall consider four of 
- Anderson? On the other hand, several empirical factors these properties in some detail and attempt to interpret 
support the itinerant electron model for these electrons. ‘hese properties in terms of a modified collective 


In particular, the high electronic specific heat in transi- 
tion metals, and the large effective number of con- 
‘duction electrons as evidenced by the Hall effect 
measurements’ strongly suggest that a reasonable 
fraction of the 3d electrons are not localized. Moreover, 
this model is particularly successful in explaining many 
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Atomic moments of the ferromagnetic elements and 
"| their alloys (after Slater, Pauling, Bozorth). 


the U. 5. Office of Naval Research. 

Paper presented at this U. S. Office of Naval Re- 
on Magnetism. The author is indebted to Pro- 

privile е of seeing the manuscript of this 
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treatment in which alloying is shown to have an effect 
upon more than just the electron concentration in the 
unfilled bands. We are concerned specifically with the 
following apparent anomalies. 


(A) Alloys of Iron with such Elements as 
Aluminum and Silicon 


Additions of small amounts of the latter elements to 
iron appear to decrease the moment by precisely 2.2 
Bohr magnetons per atom of solute added. Thus Al 
and Si act as simple diluents. At first sight this is more 
consistent with an atomic viewpoint than with the 
collective electron theory, for in the latter case we 
would expect at least some of the valence electrons of 
the solute atom to go into available 34 states; the effect 


on the magnetization would thus be more than a simple 
atomic dilution. 


(B) The Great Sensitivity of the Magnetic 
Properties to the State of Order 
in the Lattice 


This is particularly evident in such cases as №3Мп 
which is ferromagnetic in the ordered state with a 
moment greater than that of pure nickel but is only 
paramagnetic when disordered. In a smaller measure 


ХЕ. C. Stoner, J. phys. radium 12, 373 (1951). (Proceedings of 
the Grenoble Conference on Ferro- and Antiferromagnetism, p. 224, 
references to other papers by Stoner are included therein.) . 
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such effects are present in many binary ferromagnetic 
alloys which go through order-disorder transformations.® 
Some of these effects have been interpreted by Goldman 
and Smoluchowski* on the basis of assumed fluctuations 
in local electron concentration the statistics of which 
depend on the state of order. This interpretation, which 
agrees remarkably well with the observed phenomena 
in many cases,’ effectively localizes the electrons and 
hence is more closely related to an atomic model. 


(C) Saturation Moments of Transition Alloys 


Most of the alloys of the ferromagnetic metals with 
other members of the first transition series have 
characteristic magnetic moments which fall neatly 
into a single curve. Slater, Pauling, and others have 
made use of this curve to interpret various theoretical 
problems pertaining to energy bands in these materials. 
This curve is reproduced in Fig. 1. The right-hand 
portion of the curve is readily understood from the 
point of view of the band theory. The assumption that 
the only effect of alloying is to change the Fermi 
level in an otherwise undistorted 3d band appears 
tenable. Thus, the addition of copper to nickel tends 
tg fill up the nearly full 34 band, and the addition of 
cobalt or iron tends to deplete it which would cause an 
increase in the net magnetic moment. However, several 
alloys of nickel and cobalt with transition metals do 
not follow this curve. For example, the addition of 
manganese to cobalt or of chromium to nickel has an 
effect on the moment opposite to that which would be 
expected by assuming a simple depletion of the electron 
concentration of the d band. In fact, the decrease in 
moment per atom of diluent is particularly large—of 
the order of four to six Bohr magnetons per atom 
depending on the particular alloy. As pointed out by 
the author,® following a suggestion by Neel, this is not 
inconsistent with an atomic approach in which the 
magnetic interaction is a purely local one and is more 
likely to be antiferromagnetic in the case of the transi- 
tion metals in question when interacting with their 
nearest neighbors in the ferromagnetic matrix. Such a 
mechanism is also consistent with Zener’s theory as 
demonstrated by Carr.? 


(D) Properties of the Copper-Rich 
Nickel-Copper Alloys 


The band theory offers a very direct explanation of 
the linear decrease of the saturation moment and Curie 
point of nickel-copper alloys and the fact that both 
quantities tend to disappear at 60-atomic percent 
copper since the 0.6 hole in the nickel d band would 


5 Th summarized in two review papers: J. E. Goldman, 
J. hou Phys. 20, 1131 (1949); R. Smoluchowski, J. phys. 


t radi 12, 389 (1951). ы = 
3 ‘J. E к and В. Smoluchowski, Phys. Rev. 75, 140 


'(1949); also reference 5. 


1R. Smoluchowski, Phys. Rev. 84, 511 (1951). 
© Ife E. Goldman, Phys. Rev. 85, 375 (1952). 
? W. J. Carr, Jr., Phys. Rev. 85, 590 (1952). 
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Fic. 2. The electronic specific heat of nickel-copper alloys 
plotted against composition. The dashed curve is that which 
one would expect from a straightforward application of band 
theory. The solid curve is the experimental curve of Keesom and 
Kurrelmeyer. The two points marked by an x are theoretical 
points based on the author's theory []. E. Goldman, Phys. Rev. 
82, 339 (1951) ]. 


be filled at that composition if one assumes that the 
s electrons of higher energy donated by the copper 
would tend to occupy available vacant d states. The 
electronic specific heat in alloys containing more than 
60 percent copper does not, however, support this 
oversimplified view. The data of Keesom and Kurrel- 
meyer!? are reproduced іп Fig. 2. We note that in the 
region of interest, the y-values, which are a measure of 
the density of states at the Fermi surface and are 
high in the case of transition metals with unfilled 4 
bands, are still anomalously high in the composition 
range of interest. Moreover, the magnetic susceptibility 
of these alloys!! also reflects а complication not antici- 
pated in the straightforward application of the band 
theory. 


IL NATURE OF THE ENERGY BANDS IN 
TRANSITION METALS 


Any attempt to interpret the magnetic properties 
mentioned above on the basis of the band theory 
requires a more complete consideration of the influence 
of alloying elements on the energy bands apart from 
changes in electron concentration. We first consider 
the nature of the unfilled bands in transition metals. 
Several calculations have been made of the bands in 
such metals. The first of these is due to Slater and 
Krutter? who carried out calculations for copper 
using the cellular method and one electron Bloch 
wave functions. Manning and his collaborators? 
carried out a similar calculation for both allotropic 


10 W. Н. Keesom and B. Kurrelmeyer, Physica 7, 1003 (1940). 

u А. В. Kaufmann and C. Starr, Phys. Rev. 63, 445 (1943). ~ 

2H. M. Krutter, Phys. Rev.?48, 664 (1935); J. С. Slater, 
Phys. Rev. 49, 537, 931 (1936). > Le: 

5 M. F. Manning, Phys. Rev. 63, 190 (1943); J. B. Greene and 
M. F. Manning, Phys. Rev. 63, 203 (1943). 
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Fic. 3. C,/T plotted against 7? for ordered and disordered 
NisMn. The intercept on the ordinate is the coefficient of the 
electronic term in the specific heat. 


forms of iron. Recently, Fletcher and Wohlfarth“ and 
Fletcher" have calculated the band structure of nickel 
from the alternative approximation of tight binding. 
All the calculations show a fine structure in the density 
of states vs energy curve in the 34 band with two peaks 
separated by a minimum. Thus, the basic features of 
Slater and Krutter's curve for the density of states 
in the d band for copper may be extrapolated back to 
— other elements of the transition series. That this type 
‘of structure can be carried as far back as titanium is 
suggested by the experimental measurements of the 
electronic specific heat in Ti and Cr by Friedberg, 
— Estermann, and Goldman.5 The very low value 
btained for the density of states at the Fermi level 
| chromium suggests that the Fermi level in this case 
esat the minimum of the curve. That the extrapolation 
ds easonable is also suggested by the fact that effects 
on the band due to the changing lattice constant and 
re potential (both of which are very small) will 
to oppose each other. 
e absolute energy values at the Fermi level and 
at the top of the band present a slightly different 
[i ure. In this case the only evidence available is 
_ that obtained from soft x-ray absorption and emission 
. data. Comparison of the energies corresponding to the 
peak in the Kgs emission line in copper and in nickel 
m the work of Beeman and Friedmann!” shows the 
rgy level at the maximum density in copper to lie 
somewhat below that of nickel. This result although 
(18 not unexpected in view of the greater positive 
tential of the copper ions. We shall return to 


[INFLUENCE OF ORDER ON THE BANDS: Ni,Mn 


first pointed out by Slater, there is a very direct 
| on the energy band in an ordered alloy. The 
posed double periodicity of the lattice potential 
d in two and effectively alters the density 
rgy curve. We have investigated the effect 
the bands in Ni;Mn. Measurements 
d E. P. Wohlfarth, Phil. Mag. 42, 106 (1951). 


ГОС. Phy, - Soc. (London) 65, 192 (1952). 
г-аапп, and J. E. Goldman, Phys. 
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have been carried out by the author and D. Burk on 
the electronic specific heàt of ordered and disordered 
NisMn. The cryogenic technique is identical with that 
used in the earlier investigation of the specific heat of 
transition metals by Friedberg ef 00.5 The presence 
and absence of order in the two samples used in the 
investigation was confirmed by means of neutron 
diffraction at the Brookhaven pile. On the basis of 
approximate measurements of the integrated intensity 
of the (100) superlattice line, it is estimated that the 
long range order parameter in the ordered sample is 
of the order of 0.75. The results of the specific heat 
measurement are given in Fig. 3, where С,/Т is plotted 
against 7?. The intercept on the ordinate is y which is 
directly proportional to the density of states at the 
Fermi surface. The values of y are 11.7 and 22.4Ж 104 
for the ordered and disordered samples,. respectively. 
Since the ordered sample is ferromagnetic, it is probable 
that the half-band of one spin is full or nearly full 
and hence only d electrons of one spin contribute to 
the electronic specific heat. Thus, the difference of a 
factor of approximately 2 in the values of y is not 
unexpected. Тїе observed difference does, however, 
substantiate the Mott-Slater approach to the band 
theory of the d electrons in transition metals апа 
emphasizes all the more the validity of the itinerant 
electron model. 

The measured electronic specific heat coupled with 
the disappearance of ferromagnetism in the disordered 
state has made it possible for us to put together a 
qualitative picture of the d band in ordered and 
disordered №3Мл. This schematic representation of 
the density function in these two cases is presented in 
Fig. 4. The fine structure in the d band for the disordered 
alloy has been smeared out in this case. As will be shown 
below, this is not unexpected when the two alloying 
constituents differ in atomic number by more than one 
or two. The electron “sees” only the average potential 
of the nickel and manganese ion core. The resulting 
band should be not very different from that in y-iron 
both as regards shape and band spread. The fact that 
this alloy is not ferromagnetic agrees with this and 
further suggests that at the Fermi level the density 
must be decreasing as а function of energy so that а 
possible gain in exchange energy would be more than 
offset by the additional Fermi energy that would be 
required to achieve such a spontaneous magnetization. 

The situation is altered in the ordered alloy. Following 
Slater!* we suppose that the band is now split although 
the energy limits are unchanged. Thus, the Fermi 
level is at a point in the density-energy curve where 
the former is increasing which would be conducive to 
ferromagnetism on the collective electron theory. 
This representation is confirmed by recent unpublished 
results obtained in our laboratory by Foner оп the 
Hall effect in ordered and disordered NisMn.!° These 


195. Foner (to be published). We are indebted to Dr. Foner 
for permission to quote his results prior to publication. In the 
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measurements were made on samples of the same 
material treated in the same manner. The results show 
a change of sign in the Hall effect; the disordered sample 
has a positiye Hall coefficient suggesting hole conduc- 
tion and the ordered sample has a negative Hall coeffi- 
cient, indicating conduction by electrons. This is con- 
sistent with our picture since in the ordered case, V(E) 
is increasing with E which implies that PE/OR will.be 
"positive for most directions and conduction will be by 
electrons and conversely for the disordered alloy. 


IV. SPATIAL CORRELATION OF THE d ELECTRONS 
THE MOMENT IN Ni;Mn 

Thus far, we have considered only the distribution of 
electron states in energy space which corresponds to 
the usual treatment of energy bands in pure metals. 
The determinantal wave functions for the crystal are 
eigenfunctions appropriate to each of the energy 
eigenvalues in the band and would consist of linear 
combinations of atomic wave functions normalized to 
unity in the volume comprising the crystal. One cannot 
think of individual localized electrons but rather of the 
probability amplitude of the distribution of electronic 
charge in the crystal which for any small volume is 
given by >): few#dr integrated over that volume and 
clearly would have maxima near the lattice positions, 
since near the nucleus the wave functions are essentially 
atomic in character. This spatial distribution of the 
charge associated with the electrons in the Fermi 
distribution is of particular importance in considering 
alloys. In an alloy, the potential attributed to an ion 
at a lattice point must be a screened Coulomb field in 
order to avoid an anomaly inelectrical resistance.?? 
Since, in this model, the d as well as the s electrons are 
assumed to constitute the Fermi gas, the screening 
must be done by the positional correlation of these 
various electrons. (The argument is not at all altered 
if one assumes that some fraction of these electrons 
are in localized bound states as was done by Freedel.?!) 

Consider now the specific case of an alloy such as 
Ni;Mn which we shall use as an example. The total 
number of "valence" electrons contributed by the 
nickel and manganese atoms to the Fermi distribution 
is 10 and 7, respectively. An atomic cell containing a 
Nit? ion must also contain a net distribution of charge 
due to a probability concentration of “s” and “d” states 
equal to 10, i.e., 27; eVs?dr-- DiS ead — 10, where, 
as before, the integration is over the volume of the 
atomic polyhedron. We shall assume that the overlap 
between the 4s and 3d bands is not very much different 
from the case of the pure ferromagnetic elements and 
therefore, the number of Fermi electrons in the s 
band is the same. Suppose we take for the number of 
s electrons in the case under consideration 0.3 (a value 
half that of nickel is justifiable both on theoretical 


Case of the ferromagnetic ordered alloy, the results quoted are 
for the Hall coefficient above saturation (see E. M. Pugh and 


N.R R f 3). 
20 N E Mor. ОЕ Phil. Soc. 32,381 (1936). 


21 J. Freedel, Phil Mag. 43, 153 (1952). 
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grounds and on the basis of the Hall effect data). 
The remaining +-9.7 ionic charge must be screened by 
а local concentration of states of primarily d character. 
Of these, at most five can be occupied by electrons of 
given spin but we should expect all states of positive 
spin to be occupied if the 4 band satisfies the criteria 
for ferromagnetism. There will thus be 5 occupied 
states of --spin and 4.7 of —spin or a net moment per 
nickel atom of 0.3 Bohr magneton. No coherent 
polarization of electrons in s states can take place 
without requiring the expenditure of too much kinetic 
and correlation energy. Similarly, near the manganese 
atoms there will be а build-up of charge to shield the 
ionic charge of -Е7 with 0.3 electron in s states, 5 in 
d states of positive spin or a net moment of 3.3 Bohr 
magnetons. This gives good agreement with the 
macroscopic m: ment as well as with the local moments 
observed by Shull in neutron diffraction experiments 
on ordered Ni;Mn.” In this representation we have 
assumed that distribution in space of charge density 
associated with s states does not vary for the two types 
of constituent atom. Although this is a reasonable 
assumption, the general result will not be changed 
very much if the local concentration of charge owing 
to s states is allowed to vary slightly. 

A similar analysis carried out for the case of Ni¿Fe 
gives for the moments of the Ni and Fe atoms 0.4 and 
2.4 magnetons, respectively, which again gives the 
proper macroscopic moment and agrees very well with 
Shull’s results and is reasonably close to those of Weiss, 
Corliss, and Hastings. This treatment contrasts, how- 
ever, with the local electron density model of Goldman 
and Smoluchowski based on statistical fluctuations in 
atomic concentration. The moment and the influence of 
order is interpreted quite differently in these two models. 
In particular, the discussions of Ni;Mn and FeNi; by 
the author? are based on a quasi-atomic model of the 
ferromagnetic interaction and, therefore, may not be 
expected to hold. On the other hand, the correlations 
discussed by Smoluchowski* for some of the other 
properties probably fit into the band scheme quite 
readily if one considers the adjustable range of the 
screened Coulomb potential and assumes that this is 


+ spin -spin 
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Етс. 4. Schematic representation of the probable distribution 
of states in energy space for ordered and disordered Ni 5 Tn 


based on the electronic specific heat and Hall effect measurements. 
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the quantity that varies depending upon the local 
fluctuations in concentration. 


V. THE SATURATION MOMENT OF 
TRANSITION ALLOYS 


We have considered above the atomic moments in 
alloys with ordered structures. In this qualitative 
treatment, it has been implicitly assumed that the 
distribution of states in the band is not appreciably 
altered on alloying. This is а reasonable assumption 
in the case of the ordered state when the disturbance 
in the perfect periodicity of the lattice potential is 
itself periodic and would, therefore, have an effect on 
the density of states in the band as noted. Consider, 
however, small additions of an alloying element which 
differs greatly in atomic number, e.g., chromium in 
nickel or vanadium in cobalt. These will presumably be 
randomly disposed in the lattice. As in the previously 
discussed case, the boundary condition requiring the 
crystal wave functions to approach the atomic wave 
functions near any nucleus leads us to the conclusion 
that certain energy eigenvalues allowed where all 
sites have the same potential will now no longer be 
possible if the potential at one or more lattice points 
is changed. If the "impurity" ion has a less positive 
potential, the states of lower energy are those which 
are affected. The density of states at the bottom of the 
band 15 thus decreased and additional allowed states 
would be added at the top of the band. In a ferro- 
magnetic alloy, the states of lowest energy are all of 
one sign of spin due to exchange. This is represented 
schematically in Fig. 5. It is seen that on this model 
the role of the impurity is to decrease the density and 
to cause electrons, which would have occupied states 
of + spin if the band had been unperturbed, to dis- 
tribute themselves among the available states of both 
spin at the top of the Fermi distribution. The number 
of states so affected and, therefore, the net decrease 
in moment, is to be determined by the relative difference 
in ionic potential of the two constituent types of 
atom. An alternative mechanism for demonstrating 
quantitatively the proposed effect of alloying on the 
band is that proposed by Friedel and employing scatter- 
ing theory. Friedel’s calculations for the scattering of 
5 electrons by the screened Coulomb field of a solute 
jon can be carried over to itinerant 3d electrons and 


epresentation of the effect of a perturbation in 
| of the lattice on а feyromagmetó 


псађоуаіп. Сав р аи Нефайвавыар ава] 


Digitized by Агуа Samaj Foundation Chennai and eGangotri 
é 


E. GOLDMAN 


the same effect on {һе distribution in energy space of 
allowed states is noted. 

An interesting case that may be explained on this 
basis is that of the nickel-copper alloys. The variation 
of the saturation" moment with composition in the 
nickel-rich region of alloys is usually interpreted on the 
basis of the filling of the available states in the 34 band 
by. the additional electrons contributed by the copper 
atoms which at 60 percent copper would be sufficient 
to fill the 34 band completely. If this were in fact the 
case, one would expect the electronic specific heat in 
these alloys to decrease to approximately that of copper 
at a composition of 60 percent Cu as shown in the 
dashed curve of Fig. 2. Actually, we see that this is 
not the case and that at even higher copper concentra- 
tions the electronic specific heat remains large. That 
the alloys in this composition range do, in fact, behave 
anomalously is further supported by the peculiar 
temperature dependence of the paramagnetic suscepti- 
bility of these alloys as shown in Fig. 6 and the unusual 
behavior of the Hall effect in this same region.?? Clearly, 
the peculiar temperature dependence of the suscepti- 
bility precludes the association of the anomaly with 
either clustering of the nickel atoms or an atomic shell 
character with unfilled levels for the nickel atoms, for, 
in such cases one would expect normal paramagnetic 
behavior. 

It has been suggested? by the author that these 
anomalous properties can in fact be at least qualitatively 
understood on the basis of the band perturbations 
discussed above. The effect of copper atoms in the 
lattice is again to cause some of the states at the bottom 
of the d band to become less probable and new, some- 
what localized, states added at the top of the band. 
These are the states that are not normally occupied 
but to which electrons can ordinarily be excited so 
that there would be an additional contribution to the 
electronic specific heat. This implies, too, that a collec- 
tive treatment for the electrons is appropriate and that 
some form of peculiar temperature dependence of the 
susceptibility is to be anticipated. This is being inves- 
tigated from both a theoretical and experimental point 


of view in the author's laboratory by A. Arrott and the 
writer.] 


УТ. ALLOYS OF IRON WITH SILICON 
AND ALUMINUM 


Several of the alloys of iron behave quite differently 
from those of nickel. For example, alloys of nickel with 
aluminum are explainable in terms of the simple band 
considerations previously applied to copper but with 
appropriate correction for the different valence state 


ЗА. I. Schindler and E. M. Pugh (to be published). 

ATIE: Goldman, Phys. Rev. 83. 49 (1951). 

T Note added in proof —The author has recently suggested-that 
such states may, in fact, also explain the anomalous resistance of 
copper at low temperatures when small amounts of impurities 
are present (see Bull. Am. Phys. Soc. 28, No. 1 (1953)). The 
possibility of segregation in the Cu-Ni alloy and the ensuing 
paramagnetic behavior of the subdomain пуске!“ particles with 
interactions as being responsible for the effects in Cu-Ni are 
war 
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of the aluminum atoms. The decrease of the moment 
with added aluminum? is readily understood if one 
assumes that the three valence electrons contributed 
by each aluminum atom occupy available d states. On 
the other hand, addition of Al to iron merely decreases 
the moment by the effective moment of the single 
Iron atom it replaces. The same is true in the case of 
silicon-iron alloys. 

^ A reasonable explanation may be given of this on 
the basis of the band theory. One would suspect that the 
energy spread of the 4 band in iron is somewhat 
greater than in the elements which follow it in the 
periodic table. This is consistent with observations of 
the relative interatomic spacing, the soft x-ray spectra 
and the theoretical calculations of Manning e al. 
Although the ground state of the system is a ferro- 
magnetic one, the greater spread means that the Fermi 
energy of the electrons is greater for а ferromagnetic 
case. The state of minimum energy need not necessarily 
be one in which the half-band of positive spin is 
completely filled. One may suppose, therefore, that the 
number of s electrons is the same as in the other ferro- 
magnetic elements, and that for small additions of AI 
or» Si, the valence electrons contributed by the solute 
occupy states of either spin with equal probability. 
However, if all such valence electrons were to thus go 
into available d states, the half-band of + spin would 
be filled up all too rapidly, and the change of shape 
in the moment vs composition curve would be appreci- 
able at а much lower Al or Si concentration than is 
actually observed. We suspect, however, that some of 
these electrons do in fact remain in р states and, there- 
fore, do not affect the magnetic moment other than by 
simple dilution. This is supported by the empirical 
observations that the addition of silicon or aluminum 
to iron has a much greater effect on the electrical resis- 
tivity than other alloying constituents. Preliminary 
calculations by Rostocker and the author show that 
this is just what one would be led to expect if the screen- 
ing electrons surrounding the “impurity” ion are in 
p states rather than d states. Such an explanation is 
admittedly very qualitative but there is good reason 
to expect that further calculations on this problem will 
make possible a clearer picture of the band structure 
in such alloys. 


DISCUSSION 


C. J. GORTER, University of Leiden, Holland: Accord- 
ing to the Heisenberg model a specific heat anomaly 
should be expected below the temperatures where in 
Cr and Mn antiferromagnetism disappears, and an 
entropy of at least Кш2 should be connected with this 
anomaly. In the band model this anomaly might be 
much smaller, as would seem in better agreement with 
the data on specific heats. 

J. E. GOLDMAN, Carnegie Institute of Technology, 


Pittsburgh, Pennsylvania: We have investigated the spe- 
cific heat of chromium not only in the liquid helium 
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Fic. 6. Temperature-susceptibility curves of nickel-copper alloys 
of various compositions (after Kaufmann and Starr). 


VII. ACKNOWLEDGMENT 


Part of this paper was written while the author was 
a visiting scientist and consultant at the Brookhaven 
National Laboratory. The author would like to express 
his gratitude to the laboratory for its hospitality during 
this period and, in particular, to Professor J. C. Slater 
Dr. D. Kleinman, and the neutron diffraction group 
(Dr. R. J. Weiss, Dr. L. Corliss, and Dr. J. Hastings) 
for many stimulating discussions and very helpful 
cooperation. He is also indebted to Dr. N. Rostocker 
for his helpful criticism of the manuscript and his 
collaboration on some of the theoretical problems 
contained therein; and to Dr. C. G. Shull for discussions 
of the results of his neutron diffraction experiments 
in advance of publication. 


temperature range but at higher? temperatures as well 
in order to see if there 1s any evidence of a second-order 
phase transformation as first suggested by Néel and 
recently re-echoed by Zener. We have found that the 
curve is continuous from 2°K to a little under room 
temperature and merges very well with the curve of _ 
Armstrong and Grayson-Smith. There is^no, evidence 1 
of an anomaly either in the low or high temperature 1 
range other than the appearance of a significant elec- Е 
tronic contribution to the specific heat at temperatures `. 
low compared to the probable degeneracy temperature. pe 
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Diiraction Studies of Zinc F errite and 
Nickel Ferrite* n 


J. M. Наѕтічоѕ AND Г. M. CORLISS 


The chemical and magnetic structures of zinc ferrite and nickel ferrite hav 
neutron diffraction. In agreement with previous x-ray investigations zinc ferrite 


has been found to possess a completely regular spinel structure with an ox 
The diffraction peaks show no evidence of coherent magnetic scattering, whereas the background exhibits 
s eliminates the possibility of an antiferromagnetic structure 


he case of nickel ferrite, calculated intensities based upon an inverted structure 
and the Néel model of ferrimagnetism are in good agreement with the observed intensities. 
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e been investigated at room 


ygen parameter of 0.385-Е0.002. 


INTRODUCTION 


АНЕ crystal structure of ferrites has been the sub- 
ject of several investigations in recent years.^ 
from questions of technology, considerable in- 
st derives from the explanation of their interesting 
agnetic properties given by Néel? The saturation 
отелі, according to the theory of Néel, is related in a 
sir le and elegant manner to the distribution of mag- 
netic ions among the available lattice sites. However, 
t cise location of the various cations by means of 
s presents a difficult problem in many cases of 
est because of the similarity in scattering power of 
on group elements. Neutron diffraction as а tool 


Chem. Phys. 15, 174 


for studying the ferrite problem offers not only the 
means of distinguishing between the various members of 
the iron group but also a means of determining the 
location, magnitude, and relative orientation of atomic 
moments. 


CRYSTAL STRUCTURE 


Nickel and zinc ferrite belong to a large class of com- 
pounds having the general formula X?Y;"O, and 
crystallizing with the spinel structure. The unit cell 
is cubic with a cell edge of approximately 8.4A and con- 
tains eight molecules. The structure can be described 
as a close-packed assemblage of oxygen atoms with 
metal atoms occupying positions in some of the in- 
terstices. The metal positions are of two types: those 
in which the oxygen atoms are tetrahedrally coordinated 
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Fic. 2. Projection. on a cube face of lower half of spinel 
unit cell (after Wyckoff). ' 
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Fic. 5. Neutron diffraction pattern of NiFe;O4 with improved resolution. 


to the metal atom, and those in which the surrounding 
oxygen atoms have octahedral symmetry. Of the 
twenty-four positions available to the metal atoms in 
the unit cell, eight are of the tetrahedral type and 
sixteen belong to the octahedral category. One ob- 
vious way to meet the symmetry requirements would 
be to place the sixteen trivalent ions in the sixteen octa- 
hedral positions and the eight divalent ions in the eight 
tetrahedral positions. It was shown by Barth and 
Posnjak* that another arrangement, which they have 
termed an “equipoint” structure, is also possible. 
According to this scheme, the sixteen trivalent 1015 
occupy all of the tetrahedral sites and half the octa- 
hedral sites taken at random, while the divalent ions 
fill the remaining octahedral positions. The first arrange- 
ment in which each cation species occupies only one 
P" type of site is commonly referred to as "regular" or 
“normal,” whereas the *equipoint" structure has been 
. — given the designation "inverted" or “inverse.” It is 
also conceivable that cases will arise that are inter- 
/c mediate between these two extremes. In Fig. 1 are shown 
2 two octants of the spinel unit cell for both the inverted 
50 and regular arrangements. Figure 2, taken from 
* Wyckoff,° is a projection on а cube face of the atoms in 
the lower half of the unit cell. 
7 Verwey and Heilmann! have investigated a large 
5 number of spinels from both а theoretical and experi- 
3 mental point of view. On the basis of electrostatic 
considerations, they conclude that the regular arrange- 
ЛЕ ment should be more stable than the inverted one, in 
E: compounds of the type X? Y;*O,. They report that 
x-ray studies confirm the prediction for the cases of 
ZnFe;:0, and CdFe;O, but not for CuFe;O, and 
MgFe,0;. Furthermore, they show empirically by a 
consideration of the variation of lattice constant with 
- the divalent ion radius that the ferrites of Ми, Fett, 
Cott, and Nitt may also be inverted. More recently 
rtaut,* working in the region of anomalous x-ray 


2 9, 
"TABLE I. Coherent scattering amplitudex 102 cm. 


Nuclear Magnetic 
0.58 3206 
0.96 1.35/ 
1.03 0.54/ 


arth and E, Posnjak, Z. Krist. 82, 325 (1932). 
Cr Structures (Interscience Publishers, 
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dispersion, has concluded that zinc ferrite is regular and 
nickel ferrite inverted, while the ferrites of magnesium 
and copper are partially inverted to an extent which 
depends on the conditions of preparation. 


THE NÉEL MODEL 


According to the Néel model of ferrimagnetism,’ the 
exchange integrals between an arbitrary pair of metal 
ions is such as to produce an antiparallel alignment of 
the two. The octahedral-tetrahedral coupling, however, 
is taken to be considerably stronger than that between 
ions located on the same type of crystallographic site. 
Thus, the spins of ions in the octahedral positions are 
coupled parallel to one another and at the same time 
antiparallel to those of the tetrahedral ions. In an 
inverted spinel the saturation moment is then deter- 
mined solely by the atomic moment of the divalent 
cation. In zinc ferrite where only the weak octahedral- 
octahedral coupling can be of importance, one would 
anticipate paramagnetic or at most antiferromagnetic 
behavior. A neutron diffraction study of Fe;O, has been 
recently reported by Shull, Wollan, and Koehler,’ and 
it confirms both the inverted structure and the Néel 
coupling scheme. In the present paper neutron diffrac- 
tion data on both ZnFes0; and NiFesO, will be pre- 
sented. Work on other ferrites is in progress and will 
be reported in the near future. 


EXPERIMENTAL 


The neutron diffraction apparatus and technique 
used in the present experiments are very similar to those 
of Shull, Wollan, and co-workers. A heterochromatic 
beam of neutrons emerging from the reactor is made to 
strike a lead single crystal oriented on a spectrometer 
table set to diffract 1.125A neutrons. The reflected 
beam passes over a second spectrometer table upon 
which the powder sample is placed. The monochromatic 
beam is diffracted into a series of Debye halos which are 
scanned automatically by rotation of a ВЕ; detector 
about the axis of the specimen. The chief innovation 
of the present apparatus is the use of Soller slits and 
wide beams to obtain improved resolution without too 
great a sacrifice in intensity. 

The samples of zinc ferrite and nickel ferrite used in 
the present investigation were very kindly prepared by 
Dr. V. C. Wilson at the General Electric Research 


6 Shull, Wollan, and Koehler, Phys. Rev. 84, 912 (1951). 
1 Е. О. Wollan and С. С. Shull, Phys. Rev. 73, 822 (1948). 
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Laboratory. The specimens were examined in the form 
of 325 mesh powders, contained in flat cells 2 in.X 23 in. 
X4 in. in size, and as sintered blocks having about the 
same dimensions and about 0.9 the theoretical density. 
Different preparations were found to agree to within 
the precision of measurement on any one sample. 
Diffraction patterns obtained with these materials 
are Shown in Figs. 3, 4, and 5. The last of these patterns 


avas taken under conditions of somewhat improved 
resolution. 


METHOD OF CALCULATION 


The integrated power Pj; of a diffraction peak ob- 
tained in transmission through a flat cell is computed 
from the expression 


Ркы== (РоХ 4) QN? hp! / p) (67% зев /sin?20)J pF rrt. (1) 


The first term is an instrumental constant in which Р, 
is the number of neutrons striking the sample in unit 


TABLE II. A comparison of observed intensities with those cal- 
culated for a regular structure for ZnFe.O,;. Absolute units 
(neutrons/min) are used, based upon nickel as a standard. 


hkl Calculated Observed 

(111) 1900 1900 
(220) 727 757 

(311) 4820 4840 

(222) 166 144 

(400) 5890 6320 

(331) 52 0 

(422) 375 325 

(511) ; (333) 3940 4100 
(440 9820 10300 

(531) 900 1035 

ER 172 100 
21 1210 1190 

(444) 2340 2300 

(711); CU. 1030 1205 
(731); (553) 2620 2720 
(800) 2260 2360 


time, А the wavelength, / the counter slit height, and r 
the distance from the counter slit to the sample. The 
second term, which is a constant for a given specimen 
contains JV the number of unit cells per unit volume, / 
the nominal thickness of the sample, p' the apparent 
density of the powder, and p the density of the solid. 
In the third term, 0 is the Bragg angle, and и is the 
effective linear absorption coefficient determined Бу 
measurement of the actual transmission of the sample 
£^. ур is the multiplicity, and Ғһы is the structure 
factor for the (ЛЕ) reflection. In the case of scattering 
of unpolarized neutrons both by nuclei and by aligned 
atomic spins, Halpern and Johnson? have shown that 
the structure factor is given by 


- jp Fasc Ишке, (2) 


where F nyc? is the structure factor for nuclear scattering 
alone and Fma,? is the structure factor for magnetic 


* О. Halpern and М. Н. Johnson, Phys. Rev. 55, 898 (1939). 
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Fe САГС ARBITRARY SCALE 


F?oBs, 


A (IN DEGREES) 


„Гіс. 6. The ratio Fors ?/Feai? for ZnFe.O, plotted as a func- 
tion of the parameter A, which describes the oxygen positions in 
the lattice. 


scattering. If e is a unit vector parallel to the scattering 
vector (in this case, the normal to the set of diffracting 
planes) and x is a unit vector in the direction of mag- 
netization, then the quantity 4? is given by 


ф=1— (e-x)?- sin'(e, к). (3) 


The magnetic atomic scattering amplitude to be used 
in the computation of Fmag is given by the expression 


D=—ySf=0.539X 107-125] cm, (4) 


mc 


where 5 is the electronic spin quantum number of the 
scattering atom, e and z are the charge and mass of the 
electron, у is the magnetic moment of the neutron in 
nuclear magnetons, and f is the form factor for the 
magnetic electrons. Halpern and Johnson have also 
shown that for the case of an ideal paramagnetic sub- 
stance the magnetic scattering will be entirely inco- 
herent. The differential cross section for magnetic 
scattering into solid angle 49 is given by 


4в== $5 (4-1) (Cy/mey f'9, (5) 


where all the symbols have the same meaning as in (4). 
The above equations and their experimental implica- 
tions have been discussed at length by Shull and co- 
workers? in connection with their extensive investiga- 
tions of the scattering of neutrons by magnetic ma- 
terials. The coherent scattering amplitudes used in the 
present calculations are listed in' Table I. The nuclear 
amplitudes are taken from the tabulation of Shull and 
Wollan,” and the magnetic amplitudes are computed 
from Eq. (4). 

The diffraction pattern of ZnFe;O; shown in Fig. 3 
can be interpreted quantitatively in terms of a regular 
spinel structure, with no coherent magnetic contribu- 
tion. Table II lists the calculated integrated intensities 


9 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 
19 C. С. Shull and E. О. Wollan, Phys. Rev. 81, 527 (1951). 
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ТИ. Comparison of calculated and observed integrated 
for NiFe.0, for inverted form using Néel scheme of 
coupling. Absolute units (neutrons/minute) are used. 


Calculated 


Nuclear magnetic Total Observed 
111 730 6020 6750 6470 
(21) 2010 1270 3280 3270 
(311) 8490 0 8490 8550 
(222) 93“ 893 986 1110 
(400) 5880 1210 7090 7270 
НЬ - (331) 2 1207 1210 1170 
iet (422) 1280 380 1660 1700 
(511); (333) 23 Ay 5530 5790 
pu (440) 144 ) ; 15620 
È (531) 370 600 15440 5 
к. (620) 730 105 х 
ЕЕ (533) 2115 0 3150 3280 
E (622) 55 n 
К (444) 2530 5 
Em) (551) FEE: EU 200 
b. 642) 5 5 Р 5 
О (731); (553) 4150 0 5390 5280 
153) za 0 3550 3390 
(660); 3) 705 0 
(751); (555) 3170 0 3920 4120 
a E 0 
: (840 Е 
(911) 230 0 4650 4710 


ed оп this structure together with the corresponding 
erved intensities. The data have been put on an 


g a coherent scattering cross section of 13.4 barns. 
Debye-Waller temperature factor was obtained in 
sual way from a plot of PF.i/Fo against 
2. The positions of the oxygen atoms in the spinel 
ure are fixed by a parameter 4, which is in the 
ighborhood of 4. If w is exactly 2, the oxygen atoms 
cubic close-packed array. А и parameter greater 
this value implies a contraction of the oxygen 
ce about the octahedrally coordinated metal atoms 
d a corresponding expansion about the tetrahedrally 
nated ones. Figure 6 shows a plot of Ponic2/Fove” 
е ‚ deviation A of this parameter, expressed in an- 
ular measure from the value $ [u= (135?-- 4)/360? ]. A 
value =3.5° or u=0.385 was used. The calculated 
| sities are sufficiently sensitive to this parameter, 
ell as to partial inversion, to permit a determination 
4-0.79 or 1t to --0.002. An upper limit of 5 per- 
be set on the amount of possible inversion. 


sloping background at low angles characteristic 
ignetic diffuse scattering. The diffuse scatter- 
ection has been measured as a function of 


tion for a paramagnetic arrangement 

n the octahedral positions is 3.39 
Пе. This agreement together 
E 


Y Papa 
cn о 


uclear scattering was 
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octahedral-octahedral magnetic coupling at room tem- 
perature. It should be emphasized that antiferromag- 
netic coupling of the Fe*? ions on the octahedral sites 
would lead to a coherent magnetic contribution to the 
diffraction pattern comparable in magnitude with that 
of the nuclear scattering, thereby completely spoiling 
the agreement in Table II. 

The interpretation of the NiFesO, data involves ап 
additional consideration, namely, the coherent mag- 
netic scattering. The “chemical” structure, as distinct 
from the “magnetic” structure, can in principle be de- 
termined from the outer Bragg peaks which have no 
magnetic contributions because of the form factor fall- 
off. However, the nuclear scattering amplitudes of nickel 
and iron differ by only seven percent, so that these 
peaks are insensitive to the degree of inversion. The 
magnetic contributions, on the other hand, are strongly 
dependent on the model. If one assumes a completely 
inverted structure and the Néel scheme of antiferro- 
magnetic coupling between octahedral and tetrahedral 
sites, satisfactory agreement with experiment is ob- 
tained as is shown in Table III. The magnetic scattering 
has been corrected assuming a g factor!! for Ni** of 2.3 


20, 
ш 
a 
8815 
Ф ol3 
= 
~ 
оч 
“LS 80 04 08 12 16 20 24 28 
Р 20 2 
sin U/ X 


Fic. 7. Ratio of calculated to observed structure factors for 
diffraction peaks of NiFesO; plotted against sin?0/X*. 


and a saturation magnetization" at room temperature 
equal to 0.9 times the value at absolute zero. As in the 
case of ZnFesO,, a Debye-Waller temperature correc- 
tion and a 2 parameter were determined. Figure 7 shows 
a plot of Fcai?/ Fog? versus sin?0/ X which was used to ob- 
tain the effective Debye temperature of NiFe;O;. The 
u parameter was determined in the same manner as for 
the zinc compound and has the value 0.381--0.003. 

In order to fit the calculated intensities to the ob- 
served, it is necessary to assume a form factor, shown in 
Fig. 8, describing the angular dependence of the mag- 
netic scattering amplitude. In the case of NiFe:04 the 
form factor cannot be obtained by independent means 
but can be justified by the following considerations. 
The curve shown in Fig. 8 is smooth and can be made to 
extrapolate, as it should, to unity at zero scattering 
angle. The use of an incorrect model to calculate not 
only the relative peak intensities but also the absolute 
intensities of Table III would, in general, require a form 
factor curve of irregular shape. The curve of Fig. 8 
is similar to that obtained by Shull, Strauser. and 
Wollan? for Mn++ in the compounds Маг» and MnO. 

11 H. С. Beljers and D. Polder, Nature 165, 800 (1950). 

1% В. Pauthenet and L. Bochirol, J. phys. et radium 12, 249 
(1951). 
ukul Kangri Collection, Haridwar 
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In fact, the intensities computed using the Ми” form 
factor agree moderately! well with those observed for 
NiFe:O,. While it is not unreasonable to expect the form 
factor to resemble that for Mn**, it should be remem- 
bered that the curve for nickel ferrite is a rather com- 
plicated average involving two ionic species and two 
diffgrent crystallographic sites. A radial distribution of 
the magnetic electrons is obtained in a formal way by 
Tnverting the form factor curve. Such a distribution, 
which of course can have only qualitative theoretical 
significance, is shown in Fig. 9. 


Lol: T T T [-2e zl 24) 
Ss (N) z] 
9r ^d 
BE 
ль d 
(9r 
5r 
Gm (444) = 
4: (531) 
2} P 
м < 
Ц- Ёс 
` 
^9 1 ! | | je SSS ee = 
1 2 3 4 5 6 7 8 
4500 
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Fic. 8. Magnetic amplitude form factor for NiFe:0, 
obtained from Bragg reflections. 


Although the fit obtained using the Néel model is not 
necessarily unique, certain other structures consistent 
with the saturation moment can be unambiguously 
eliminated by the difiraction data. For example, a 
completely regular structure containing ferromagneti- 
cally coupled Ni** ions on tetrahedral sites, and either 
paramagnetic or antiferromagnetically coupled Fet 


М (r) dr -ARBITRARY UNITS 


г IN ANGSTROMS 


Fic. 9. Radial distribution of “3d” electrons in NiFe.0, 
obtained from inversion of form factor in Fig. 8. 


ions on octahedral sites would result in a (111) intensity 
which is lower than the observed by a factor of about 20. 
An inverted arrangement in which the Fe* ions are 
paramagnetic is likewise eliminated by the data. On 
the other hand, assuming the Néel model, the computed 
intensities are not sensitive to incomplete inversion. 
The data require nickel ferrite to be at least 80 percent 
inverted, i.e., 80 percent of the nickel ions must occupy 
tetrahedral sites. If, however, the departure from the 
ideally inverted structure were as great as this, the 
saturation moment as calculated by Néel's method 
would be grossly in error. The possibility of ordering 
the Fe*** and Ni™ ions on octahedral sites according 
to the scheme proposed by Verwey, Haayman, and: 
Romeijn” for Fe3O; at low temperatures has also been 
considered. Calculations show the effect to be too small 
to be observable with a powdered sample. 


В Verwey, Haayman, and Romeijn, J. Chem. Phys. 15, 181 
(1947). - 


DISCUSSION 


C. KITTEL, University of California, Berkeley, Cali- 
fornia: We can estimate the Néel temperature for 
zinc ferrite by extrapolating experimental measure- 
ments of the Curie temperatures of Mn-Zn and Ni-Zn 
ferrites. In this way we find Т,-150--509К, so that 
Hastings and Corliss should not have expected order 
in zinc ferrite at room temperature. Neutron work at 
liquid air temperature is indicated. 


C. P. GUILLAUD, Centre National de la Recherche , 
Scientifique, Bellevue, France: We pointed out for the 
first time that atoms located in different crystallographic 
planes could give rise to a kind of antiferromagnetism, 
which afterward Néel called ferrimagnetism. In the 
definite compound MnSb,! we distinguished between 
manganese Миг atoms located in the (001) planes and 


! C. Guillaud, thesis, Strasbourg (1943). 
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manganese Mnr; atoms not located in the basic planes 
(Fig. 1). In order to interpret the saturation moment, 
we advanced the hypothesis that the Mn; atoms are in 
the 348, 4s? state and the Mnrr atoms in the 347 state, 
the moments of spin of these two groups of atoms being 
antiparallel. In support of this hypothesis, we had 
considered the paramagnetic properties, the curvature 
of the curve 1/х= f(T) being explained by the existence 
of two different values of the molecular field. This 
hypothesis was likewise supported by the spontaneous 
magnetization curve с/о0-/(Т/0), by the empirical 
laws of Hume-Rothery and by the distance of 2.70А 
between Mn; and Миг which gives rise to negative _ 
interactions. е ара 

In the course of our work, other substances have 
exhibited these properties in our opinion. We mention ў 
in particular the definite compound Mn,N, which was 


D 
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studied with Wyart? as co-worker, the saturation 
moment of which can be explained by an analogous 
mechanism. 

In the diagrams of alloys of composition close to 
— — Мыл, superstructure lines appear with lattice spacings 
—— — of 3.8A and 2.71A corresponding to the planes (100) 
— — and (110), respectively; they are caused only by the 
. — diffraction of the nitrogen atoms. In the close-packed 
| cubic lattice which contains 8 tetrahedral holes located 
— — at the centers of the cubes and 4 octahedral holes 
— located at the middle of the edges, the nitrogen atoms 
© could be imagined to be distributed at random in the 
= octahedral holes which are the largest. The x-ray 
— diagrams show that the nitrogen atoms are regularly 
у arranged in the centers of the cubes (Fig. 2). 
- In order to explain the resultant moment, which we 
find is very close to one Bohr magneton, we have con- 
—sidered two different states of the manganese atoms: 
-3d*4s? for the atom at the corner of the cube and 348 for 
the three atoms at the centers of the faces. With an 
antiparallel arrangement of the spins of the two groups 
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of manganese atoms we then obtain а resultant moment 
equal to 3Ж2—5=1 Bohr magneton in agreement with 
the experimental moment. The distinction between the 
Mn atoms is supported by the difference in the distances 
to the nitrogen atom ; this should result in the ionization 
of the manganese atoms which are nearest to the nitro- 
gen atom. We have likewise proved this mechanism by 
the spontaneous magnetization curve (Fig. 3). The dis- 
tance of 2.72А which we found between manganese 
atoms of the two groups therefore would give rise to 
negative interactions. 

We shall compare the properties of MniN with those 
of Fe,N,; which we prepared and investigated and 
which also exhibits a superstructure which is identical 


to that of Mn4N. The saturation moment of Fe,N is ` 


2.20 Bohr magnetons, equal to that of iron. In this case, 
the mechanism of antiferromagnetism probably does 
not operate. The distances causing negative inter- 
actions obviously are different for the manganese atoms 
and the iron atoms. 

We also advanced the hypothesis of negative inter- 
actions in solid solutions of manganese arsenides and 


919 
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antimonides.! In the manganese antimonides, the varia- 
tion of the saturation moments with composition leads 
us to believe that the Mn atom which enters into solu- 
tion is in the 34, 4s? state, the other manganese atoms 
being in the 347 state, as we demonstrated. The solid 
solution limit ends when an Sb atom is replaced by а 
Mn atom and the experimental saturation moment 
which is found for this limit is in good agreement with 
the discussed mechanism of antiferromagnetism. 

An additional factor is supplied by this study. The 
distance 2.78A should also give rise to negative inter- 
actions. 

We shall probably find this same mechanism in the 
manganese arsenides,! although our investigations in 
this field are less accurate. The manganese atom which 
replaces for the arsenic atom should be in the 30, 45° 
state, with an antiparallel arrangement of the man- 
ganese atoms in the basic planes. 

We supplement these results with results relating to 
the definite compound Mn;As. We prepared a single 
crystal of the Min;As compound, which denotes the 


*C. Guillaud and H. Creveaux, Compt. rend. 222, 1170 (1946) 


UU me vU Ml 


2 Digitized Бу Агуа Samaj Foundation Chennai and eGangotri 


NEUTRON DIFFRACTION STUDIES 


limit of ferromagnetism of manganese-arsenic alloys. 
The results obtained until now enable us to consider the 
Mn atoms as arranged in alternate planes. We advance 
the hypothesis of a mechanism of antiferromagnetism 
between two adjacent planes. Thus Mn;As would have 
a perfectly compensated antiferromagnetism. 

We assume that this mechanism of antiferromagne- 
tisnt likewise operates in the compound MnP, the con- 
secutive planes being occupied by atoms in the 34, 
45°, and 347 states. This hypothesis is supported by the 
small moment which we found experimentally andwhich 
is slightly higher than 1 Bohr magneton, We also call 
attention to the very great variation of the Curie point 
with field strength for MnP. 

This mechanism which we observed in manganese 
alloys, however, is not peculiar to manganese. We 
investigated in particular the compound СгТе and the 
small moment which is found, 2.40 Bohr magnetons, 
seems to be explicable by a mechanism of antiferro- 
magnetism. 

We shall supplement these data on the distances 
causing negative interactions in manganese alloys by 
data on the lower limit of positive interactions which 
result in ferromagnetism. If the Curie points of the 
définite compounds, MnBi, MnSb, and МпАз are 


4 С. Guillaud and H. Creveaux, Compt. rend. 224, 266 (1947). 
5 С. Guillaud and S. Barbezat, Compt. rend. 222, 1224 (1946). 
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plotted against the effective distances between man- 
ganese atoms, the lower limit of the distances giving 
rise to positive interactions is found to be about 2.81A. 


R. SMOLUCHOWSKI, Carnegie Instilule of Tech- 
nology, Pittsburgh, Pennsylvania: From your experi- 
mentally determined form factor you calculated the 
radial density distribution of the 3d electrons. How 
does this distribution compare with the results of theo- 
retical calculations based either on the Fermi or the 
Hartree method? Would this indicate the location of the 
unpaired spins in the 3d shell? 


Ј. С. SLATER, Massachusetts Institute of Technology, 
Cambridge, Massachusetts: In answer to this question I 
may say that the radius of the 3d shell as obtained from 
these neutron diffraction data is smaller than the theo- 
retical radius. We really do not understand why it is so 
and what this signifies. 


L. M. CORLISS, Brookhaven National Laboratory, U p- 
lon, Lond Islang, New York: One should add also that 
the results are average values for the 3d shells of nickel 
and of iron atoms in the nickel ferrite. Also the atoms do 
not occupy equivalent sites in the lattice so that a direct 
interpretation of our radial density distribution is not 
simple. 


ODERN PHYSICS 


relation to various theories of metals. 


VOLUME 25, 


The temperature range of magnetic susceptibility measurement xtend 
Ve 1850°С. In the range from 25°C to the highest temperature measured, the susceptibilities of V, Nb, and Ta 
EC decrease with increasing temperature, while the susceptibilities of Mo and W increase. A periodicity in the 
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s has been extended from 1450°С to 


sign of the temperature coefficient of the magnetic susceptibility of the transition elements is discussed in 


INTRODUCTION 


[HE paramagnetism of the nonferromagnetic 
transition elements might be explained on the 
“аяс f several theoretical approaches which should 
giv least general predictions about the variation 
gnetic susceptibility with temperature. These 
ches are the collective electron picture suggested 
Stoner! and extended by Wohlfarth? and the 
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antiferromagnetic model advanced by Néel and 
Zener.5 However, comparison with experiment, espe- 
cially at high temperatures, has not been possible because 
of the lack of data. The only data over an appreciable 
high temperature range were those on Ti and Zr? 
Cr,' and Mn.5-!? Much of the classic work of Honda! 
on almost all of the transition elements up to 1100?C is 
considered unreliable because of impurities in the 
samples used. The present work extends the temper- 
ature range of magnetic susceptibility measurements 
from 1450?C to 1850?C and furnishes data on the 
susceptibilities of V, Nb, Ta, Mo, and W from 25°С 
to about 1850°С. 


EXPERIMENTAL METHOD 


The susceptibility was measured with apparatus 
similar to that described by McGuire and Lane.” A 
small sample is suspended in an inhomogeneous 
magnetic field from one end of a torsion balance arm. 
The force, which is directly proportional to the suscep- 


TABLE I. Purities and susceptibilities of the metals measured. 


x 106 1019 Ax 

Metal Purity, % Literature Present work ХА АТ 

M 99.8 4.52 5.00 —0.52 
Nb 99.9 2.285 2.20 —1.3 
Та 99.9 0.84905 0.827 —1.2 

У 99.99 0.284а 0.32 +0.87 

Mo 99.95 0.949 0.93 +0.88 


^ W. J. deHaas and P. M. i ‚ 36, 
263 (1933). Van Alphen, Proc. Acad. Sci. Amsterdam 


aes Е. Hoare and J. С. Walling, Proc. Phys. Soc. (London) 64B, 337 


3L. Néel, Ann. Phys. 5, 232 (1936). 
* C. Zener, Phys. Rev. 81, 440 (1951). 
5 С. Zener, Phys. Rev. 85, 324 (1952). 
T 2) Е. Squire and А. R. Kaufmann, J. Chem. Phys. 9, 673 
1 T. В. McGuire and С. J. Kriessman, Phys. Rev. 85, 452 (1952). 
: С. Grube апа О. Winkler, 7. Electrochem. 42, 815 (1936). 
9 A. Serres, J. phys. et radium 9, 377 (1938). 
_ 3* M. Isobe, Sci. Rept. Tohoku University АЗ, 78 (1951). 
E onda, Ann. Physik 32, 1027 (1910). 
M ге апа. 


. Lane, Rev. Sci. Instr. 20, 489 (1949). 
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tibility according to the equation 


dH, 
F.—mxH.——, 


2 


where x is the magnetic susceptibility per gram, is 
balanced electrodynamically by passing a small 
current through a coil on the other end of the torsion 
balance arm. The balance condition is determined by a 
split cathode photocell method. 

The high temperature furnace is shown in Fig. 1. 
The heating element is а cylinder of 0.003-inch sheet 
tantalum which is firmly clamped in heavy copper 


electrodes. Water-cooled copper tubes which are’ 


brought through the demountable brass furnace 
cover by glass-to-metal Kovar seals both support the 
electrodes and carry the heating current. The cover is 
sealed to the brass furnace body by a Neoprene gasket, 
and the furnace is evacuated and then filled with helium 
to protect the sample and heating element. The furnace 
body is cooled by water flowing in the outer jacket. 

At 1900°C the heating current is about 500 amperes 
at 10 volts, which is supplied by a 208-volt step-down 
transformer. These large alternating currents cause 
vibrations in the heating element which restrict its 
life time to an average of three runs from 25°C to 
1900°C. However, it is a relatively simple matter to 
remove the heating element assembly and replace the 
tantalum cylinder. 
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The metal to be measured, usually in the form of a 
small cylinder, is suspended from the torsion balance 
by a thin tungsten rod which passes through an axial 
hole in the sample. This eliminates the use of a container 
which might react with the metal. The small force 
introduced by the tungsten rod is eliminated by 
calibration. 

The temperature is measured with a Leeds and 
Northrup optical pyrometer, which is sighted on the 
inside of the furnace through a small hole in the 
heating element. There are glass ports in the furnace 
body and the water jacket. A radiation shield protects 
the inner port. The optical path is calibrated for 
absorption by placing a standard tungsten filament 
blackbody source inside the furnace. 


RESULTS 


'The Nb, Ta, Mo, and W samples were obtained in 
the form of spectroscopically pure rods from Johnson, 
Mathey, and Company, while the V sample came from 
the Electro Metallurgical Company. The purities of 
the samples as reported by the suppliers are shown in 
Table I. Field-dependence data at room temperature 
indicate that the spectroscopic samples contain only 
small ferromagnetic impurities requiring corrections of 
0.01 to 0.02 10-5 susceptibility unit at 2600 gauss, 
the field used in the high temperature measurements. 
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The same type of correction for V amounts to 0.25х 10-8 
unit. The experimental results are shown in Figs. 2 
to 6. Data have also been taken between room tempera- 
ture and 800°C with another furnace,’ and these 
results are indicated by solid lines. 

'The susceptibility of V decreases from 5.00X 02е 
at 25°C to 4.57Ж10-6 at 1700°C, although this high 
temperature value is in doubt because there 15 а large 
scattering of the data аз the melting point is approached. 
The temperature dependence observed here for V is 
different from that of Honda," who reported that the 
susceptibility of V increased with temperature. How- 
ever, the data of Klemm? from —195°С to room 
temperature indicate а slight decrease in susceptibility 
with increasing temperature, and Klemm’s room 
temperature value of 4.5 10-5 is much closer to the 
present value than Honda’s 1.50X10-5. Klemm 
suggests that the temperature dependence he observed 
for V is due to a small amount of iron present in a 
paramagnetic form, but this would not account for 
the continued decrease in susceptibility at high temper- 
atures. 

The susceptibility of Nb decreases from 2.20 10-8 
at 25°C to 1.79Ж 10-6 at 1575?C, at which point it 
appears to level off. A crystal structure change might 
explain this behavior, but recent x-ray studies reveal 
no such transition in Nb. 

= The susceptibility of Ta decreas&s uniformly from 
= 0,827X 1075 at 25°C to 0.668Х 1078 at 1850°С. 

_ Unlike the preceding metals, W and Mo show an 
creasing susceptibility with increasing temperature. 
e susceptibility of W increases from 0.321075 at 


ure susceptibility values available in the 
re for these metals and the values found in 
rk. If the difficulties in the preparation of these 
onsidered, agreement is good except in 
W, where thé" value 0.32 10-6 is closer to 


- Appl. Phys. 22, 424 (1951). 
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Honda’s old data. The last column in Table I gives a 
rough measure of the relative: change in susceptibility 
over the entire temperature range. 


DISCUSSION 


The most notable feature of the experimental results 
is that the temperature coefficient of the magnetic 
susceptibility of the transition elements alternates in 
sign with the columns in the periodic table. V, Nb, and 
Ta, all in the fifth column of the periodic table, have a 
negative temperature coefficient, while W and Mo, in 
the sixth column of the periodic table, have a positive 
temperature coefficient. When the data on Ti, Zr, 
Cr, and Mn are added, as shown in Table II, this 
periodicity becomes more evident. The ability of 
existing theories to qualitatively account for this 
effect will be discussed. 

Stoner! has investigated the temperature coefficient 
of the magnetic susceptibility by using 


2° EE 
Eo 


= Хо(1 Tree E — 
х= хо(1-ЕсүТ?) | zT 


where N(E) is the number of energy states per energy 


interval and хо and c are constants. The sign of the 
temperature coefficient у depends critically on the shape 
of the curve for the distribution of energy states at 
Es, the Fermi limit. For the usual forms assumed for 
N(E) at Eo, e.g., Е} or E^, y is negative. However, if 
E, is very close to a minimum in the N(E) curve as 
shown in Fig. 7(a) then y can be positive and the 
magnetic susceptibility can increase with temperature. 
Now if we assume that the main contribution to the 
paramagnetism of the transition elements is from 
electrons in the d band, then the Fermi limit of an 
element like Cr, which has a positive y, should occur at 
a minimum in the JV(E) curve for the 3d band. No 
actual calculation for the curve of the distribution of 
states for Cr has been made, but it should qualitatively 
resemble the N(E) curves for Ni and Cu. The V(£) 


TABLE П. The temperature coefficient of the magnetic suscepti- 
bility, the electronic specific heat constant, and the antiferro- 
magnetic ordering ил (in Bohr magnetons) found by neutron 
diffraction. 


Ti У Сг Мп 
Temperature + = + — 
coefficient 
а: 10 8.3 14 3.7 42 
Hn 0 0.4 (=0.3) 
7х Nb Mo Tc 
Temperature + = + 
coefficient 
а-10 6.0 60 
Ил 0 
Hf Ta уу -Ве 
"Temperature - 3r 
coefficient 
а-10* 19.4 5.1 
En 0 


i 
| 
| 
| 
| 
| 
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клды чо: the 34 band in Cu given by Krutter and 
c and а moe exactecalculation for the 3d band in 
Ni by Fletcher!® are shown т Fig. 7(b) on arbitrary 
scales. Although these curves differ in some important 
details, both indicate a minimum where the 3d band 
would be approximately half filled with electrons. 
This minimum occurs, then, about where one would 
expect the Fermi limit of Cr with its five to six 34 
electrons. 

Another property which depends on the distribution 
of states at Ey is the electronic specific heat. Recently, 
Friedberg, Estermann, and Goldman" have suggested 
that the surprisingly low electronic specific heat of Cr 
may be explained by a minimum in the 34 N(E) 
curve for Cr. Values for the constant a (often called 
y in the literature), which is a measure of the magnitude 
of the electronic specific heat, are shown in Table II. 
Here too, a periodicity is evident. Elements in the Ti 
and Cr columns have lower electronic specific heats 
than their neighbors. Therefore, reasoning as in the 
Cr case, one might expect minima in the d band N(£) 
curves of Ti, Zr, Mo, and W, and a resulting increase 
of susceptibility with temperature, just the behavior 
which is observed. The basic feature, then, of the d 
band in the transition metals would be its division 
into two parts, the upper part having a very high 
density of states. In the case of the Ti and Cr type of 
elements an increase in temperature will cause a move- 
ment of electrons to the high density portion of the 
band, resulting in an increase in susceptibility. The 
N(E) curve and Fermi limit calculated for W by 
Manning and Chodorow!5 is shown in Fig. 7(c). Here 
again the Fermi limit occurs at a minimum in the 
N(E) curve, and here again the susceptibility increases 
with temperature as in the case of Cr. 

Another approach which may also give a qualitative 
explanation of the periodicity in the sign of y is the 
assumption of Néel and Zener that the d shells of the 
transition elements are antiferromagnetic. The metals 
with a positive y would have a high antiferromagnetic 
Curie point, ie., the observed susceptibility curve is 
rising toward a maximum while the metals with a 
negative y would have а low antiferromagnetic Curie 
point, i.e., the observed susceptibility curve is decreas- 
ing from a maximum. No Curie point in the susceptibil- 
ity of the transition metals has been observed except 
the apparent one found at low temperatures in crystal- 
line Mn by Serres? and more recently by McGuire and 
Kriessman ;!® however, in the same temperature range 
Bates and Pantalu? have observed no such Curie 


15 H. М. Krutter, Phys. Rev. 48, 664 (1935) ; J. C. Slater, Phys. 
Rev. 49, 537 (1936). X 

we. (Cs ie Proc. Phys. Soc. (London) 65, 192 (1952). 

п Friedberg, Estermann, and Goldman, Phys. Rev. 85, 375 
(1952): ^ 

18 М. Е. Manning and M. I. Chodorow, Phys. Rev. 56, 787 
(1939). 3 

19 T. R. McGuire and C. J. Kriessman (unpublished results). 

2 L. F. Bates and D. V. Pantalu, Proc. Phys. Soc. (London) 
47, 197 (1935). : 
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Fic. 7. (a) Idealized N(E) curve with а minimum occurring at 
Es. (b) Two calculations for the 3d band distribution of states 
curve. The Krutter-Slater curve for Cu is based on the cellular 
approximation. The Fletcher curve for Ni is based on a tight 
binding approximation. Both curves are qualitatively reproduced 
here, and only the solid portion of the Fletcher curve represents 
the actual calculation. The dotted portion has been added accord- 
ing to a suggestion in the original paper by Fletcher. (c) The М(Е) 
curve and Fermi limit for W calculated by Manning and Chodorow. 


point in amorphous Mn. This would seem to indicate 
that the maximum observed depends on the crystalline 
ordering, and this is consistent with the requirements 
for antiferromagnetism. The absence of Curie points 
in the other metals is not contradictory at the present 
time since their susceptibilities have not yet been 
measured at the highest or the lowest temperatures. 
Antiferromagnetism can be detected directly by 
neutron diffraction! Therefore, one should find a high 
temperature antiferromagnetic ordering for the positive 
y-metals like Ti and Cr and a low temperature anti- 
ferromagnetic ordering for the negative y-metals like 
V and Mn. The data of Shull” on some of the transition 
metals are shown in Table IL. Antiferromagnetic 
ordering is found in Cr corresponding to about 0.4 of 
a Bohr magneton with a Curie point of about 150°С. 
However, it is difficult to бее how this antiferro- 


21 C, С. Shull and J. S. Smart, Phys. Rev. 76, 1256 (1949). 
2 C. С. Shull, Phys. Rev. 86, 599 (1952). > 


| dis ears at 150°C can account for 

which is still slowly increasing at 
n keeping with a suggestion by Zener;? 
the toms begins to fluctuate rapidly 
make detection of antiferromagnetic 
by neutrons impossible. No ordering in W is 
{ its moment might be expected to be unde- 
since the susceptibility of W is only one 

of Cr. Now Mn, which has a negative y, 
antiferromagnetic ordering at low temper- 
123 does find antiferromagnetic ordering in 

emperatures, although at the present time 
ering is uncertain. In the case of V and 
) magnetic ordering is found, and unless the 
re too small to detect or fluctuate too 


(private communication). 


C. J. KRIESSMAN 


rapidly, this weakens the argument that antiferro- 
magnetism is responsible fcr the periodicity in у. 
Neutron diffraction data on Ti would be enlightening 
since they should show antiferromagnetic ordering 
similar to that in Cr if antiferromagnetism actually 
is responsible for the periodicity in y. 
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{ HE magnetic moment orientation and the thermal 

expansión of the antiferromagnetic compound 
CrSb have been investigated by neutron and х-гау 
diffraction techniques. The crystal structure and 
magnetic properties of this compound previously have 
been investigated by Haraldsen, Rosenqvist, and 
Grgnvold.' They confirmed that this compound has 
the nickel-arsenide crystal structure and found that 
the magnetic susceptibility showed the typical behavior 
of an antiferromagnetic compound with an antiferro- 
magnetic Curie point of 450°C. 

Neutron diffraction data, obtained by the author? 
at the Argonne National Laboratory, led to the relative 
atomic magnetic moment orientations shown in Fig. 1. 
The atomic magnetic moments are aligned perpendic- 
ular to [001] planes, i.e., along the c axis, in such a 
manner that they are aligned in the same direction 
(ferromagnetically) in any [001] plane but oppositely 
directed (antiferromagnetically) in adjacent [001] 
planes. The nearest neighbor chromium atoms are thus 
aligned antiferromagnetically whereas second nearest 
neighbors are aligned antiferromagnetically. 

The thermal expansion of CrSb has been investigated 


from room temperature to 800?C with the results 
shown in Fig. 2. There are several interesting correla- 
tions among the thermal expansion data, the magnetic 
data, and the neutron diffraction results, but only a 
fragmentary discussion can be given here. 

The axis which expands on heating is the c axis 
which is the axis along which the magnetic moments 
are aligned. The break in the a axis vs temperature 
curve and the upper break in the а axis vs temperature 
curve both occur at 450°C which is the antiferromag- 
netic Curie point. There is no change in lattice type 
observable at any temperature from room temperature 
to 800°С. A 19-cm x-ray diffraction camera was used 
which had a high enough resolution to make any 
appreciable line splitting easily visible. A plot of unit 
cell volume vs temperature also shows a break at 
450°C. The unit cell volume undergoes an increase of 
2.9 percent from room temperature to 450°С. The 
question of whether the interactions between chromium 
atoms are direct or whether the interactions are through 
the antimony atoms or the extent to which each mode 


‘of interaction contributes is of interest, and some light 


can be shed on these points by consideration of the 
various types of data available. Experimental details 


n А and a fuller discussion of the experimental results will 
be given elsewhere. 
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of Nd and Er 


Paramagnetic Scattering of Neutrons by 


EUTRON diffraction measurements have been 
made on the oxides of the rare earths in order 
to study the paramagnetic scattering by ions of the 
Af series. Up to the present, magnetic scattering studies 
have been confined primarily to members of the 3d 
transition group for which the orbital moments are 
in general strongly quenched and the scattering arises 
in most cases from spin moments only. This is the case 
for which the magnetic scattering theory of Halpern 
and Johnson has been worked out. For many rare 
earth ions, however, magnetic susceptibility data 
show the orbital moments to be wholly operative, and 
it was one of the objects of this study to obtain informa- 
tion on the nature of the magnetic scattering for such 
cases. 

Not all of the rare earths are amenable to study by 
neutron diffraction methods, either because of the 
excessive thermal neutron capture cross sections of 
some of them, or because of the extreme rarity of others. 
Fortunately, as a result of the development of column 
extraction techniques, we were able to obtain sizeable 
quantities (several grams) of Nd;Os and Рг›Оз from 
Dr. Е. Spedding at Ames, and of Er:0; from Dr. С. 
Boyd of Oak Ridge. The pair №9+++— Er*** is partic- 
ularly interesting because these ions are complementary ; 
Nd*** with three 4f electrons is in a 5s? state, and 
Етен with three vacancies in the 4f shell is in a 
47 15/2 State. 

Room temperature measurements were made on the 
hexagonal sesquioxides of Pr and Nd for scattering 
angles from 3 to 90 degrees, and for the cubic form of 
№40; and Ег:0; over the same angular range. From 
the analysis of the data, the following conclusions 
were reached: 


(1) In each case the cross section for magnetic 
scattering in the forward direction is in satisfactory 
agreement with that calculated by replacing џ°,5(5--1) 
by £;J(J--1) in the Halpern and Johnson expression 
for the magnetic scattering. 
| (2) The angular dependence of the magnetic scatter- 
- ing is similar for Pr:@; and Nd;Os, but markedly differ- 
- ent for Ег.Оз. For comparison purposes the amplitude 


. This electron distribution form factor, which 
ply to magnetic scattering arising from spin 


N-SMITH, University of Alberta, Can- 
Ing the specific heat of chromium, as 


W. С. KOEHLER AND Е. О. WOLLAN 


Qak Ridge National Laboratory, Oak Ridge, Tennessee 


moments only, falls essentially to zero for k— 4v sin0/X 
=5.0. For ЕгОз, the observed magnetic scattering 
amplitude has the same general character but it 
persists to considerably higher k values. In Nd;0, 
and Pr,Os, the scattering amplitude is essentially 
angularly independent from k=0 to k=3.5 after which 
it fails off slowly to zero in the neighborhood of k=6.5. 
(3) The cubic form of NdOs was prepared to change 
the electrostatic field acting on the Nd ion. Within an 
estimated experimental error of less than 10 percent no 
change in the magnetic scattering was observed. 


Measurements were also made on these salts at 
temperatures down to 20.4°K. No coherent scattering 
effects suggestive of strong exchange coupling were 
observed, and the diffuse scattering remained constant 
within experimental error. 

The theory of magnetic scattering of neutrons has, 
as we have mentioned, been worked out for the case 
of spin moments. In those cases where there are also 
orbital contributions the theory becomes much more 
difficult. 

The difference in the angular dependence of the 
scattering by the neodymium and erbium ions, however, 
can be approximately accounted for on the basis of 
the following considerations. Although the forward 
scattering is proportional to g*J (J4- 1), it is, in this case, 
approximately proportional to (7--25), and it may 
be considered that the scattering amplitudes are 
approximately of the form (/:-5/,), where the + 
sign would apply to Er+++ and the — sign to Nd***. 
Now the angular dependence of f, depends on the 
electron distribution and can be obtained approximately 
from Pauling and Sherman. The orbital moments, on 
the other hand, may be considered, on a classical basis, 
as distributed over the area of the electronic orbit, 
and hence the form factor for orbital scattering will 
persist to larger scattering angles than for the spin. 
A reasonable estimate of fz leads to an angular depend- 
ence of the scattering by neodymium and erbium which 
is in good accord with the experiments. 

А more rigorous treatment of this problem has been 
made by G. Trammel of the Oak Ridge National 
Laboratory who calculated the first two terms in а 
series expansion of the magnetic form factor for та 
апа Er^*, and, over the range of validity of the 
expansion, the calculation agrees with experiment. 


% DISCUSSION 


Dr. Shull has mentioned, Armstrong and 


myself 
observed no anomaly in the neighborhood of 475°К, 
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where the neutron diffraction experiment indicates 


an antiferromagnetic Сие point. However, at the 
highest temperatures reached, around 1150°K, the 
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specific heat was observed to be rising rapidly, їп а 
manner to suggest an anomaly at some still higher 
temperature. 
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. Some Magnetic and Electrical Properties of 
Gadolinium, Dysprosium, and 
Erbium Metals* 


S. Гесуото, Е. Н. Speppinc, Е. Bansow, AND J. Е. ELLIOTT 


Institute for Atomic Research and Department of Physics, Iowa State College, Ames, Iowa 


EASUREMENTS of the ferromagnetic proper- 

ties of the rare earth transition metals have been 

reported by Trombe!? and Klemm and Bommer? 

Further measurements on these metals are currently 

under way at the Ames Laboratory and this report pre- 
sents results of some of the preliminary work. 

In the case of gadolinium metal, which has the h.c.p. 
strutture, a ring wound torus has been used for de- 
termining the Curie point and the magnetization as a 
function of field intensity for low fields. The torus was 
machined from a vacuum-cast cylinder of metal and 
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* Work was performed in the Ames Laboratory of the 0.5. 
Atomic Energy Commission. 

1M. F. Trombe, Ann. phys. 7, 383 (1937). 

2M. Е. Trombe, Compt. rend. 221, 19 (1945). 

з W. Klemm and Н. Bommer, Z. anorg. u. allgem. Chem. 231, 
138 (1937). 
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had a rectangular cross section with an outer diameter 
of 2.58 cm, an inner diameter of 2.00 cm, and a thick- 
ness of 3.3 mm. The Curie point data are shown in 
Fig. 1, where the value indicated for the Curie point is 
16--1°С in good agreement with the 162°C reported 
by Trombe.! 

Magnetization curves obtained with the torus are 
shown in Fig. 2. The data have been corrected for leak- 
age through the pick-up coil. For the 77°K data, it is 
believed that an additional small correction should be 
made because of the oxygen content of the nitrogen 
bath, but it is difficult to estimate the magnitude of the 
correction. The results reported here indicate much 
higher magnetizations at low fields than those indicated 
by Trombe’s! data. His lowest field intensity measure- 
ment was at 3000 oersteds at which the specific mag- 
netization о was about 195 cgs units. In the data of 
Fig. 2 this value of с is obtained at the same tempera- 
ture with an applied field of the order of 500 oersteds. 


250 


200 


с MAGNETIC MOMENT 
эм 


12 1314 15 6 17.8 49 20. 
Hx? OERSTEDS 


Fic. 2. Magnetization data for gadolinium. (Ordinate values 


in cgs units.) 
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TABLE I. Data on samples (spectrographic analysis). 


—— K KCC C C Css s s s s aa 


Mg Ca Tb 
Gadolinium* <0.02% <0.03% Faint trace 
Dysprosum? Weak line Strong line 
(No quant. 
methods) 
Erbium* «200 ppm 


70.0297, 


Faint trace 


«300 ppm 


Fe Sm Ho ; Y Ta 
<0.15% 


20.07% Faint trace 


0.1% 


Faint trace 


» Cast under vacuum, rolled to shape, and annealed 7 hours at 550°C 


b Cast under argon atmosphere, turned to size, and annealed at 500°C for 66 hours. 
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Fic. 3. Electrical resistivity of gadolinium metal. 


Further measurements at higher field intensities are 
under way. 

The electrical resistivities of gadolinium, dysprosium, 
and erbium rods have been determined from room 
temperature down to 2.2°K to ascertain the tempera- 
tures at which anomalies in the properties of the metals 
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Fic. 4. Electrical resistivity of dysprosium metal. 
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* Free of all other rare earth metals. 
4 Cast under vacuum, filed to shape, unannealed. 


occur. The purities and methods of preparation of the 
rods are shown in Table I. 

In Fig. 3 it is seen that there is an abrupt change in 
the slope of the resistivity curve for gadolinium at 
about 300°K. This we consider evidence of the influence 
of the magnetic properties of the metal on the conduction 
process at this temperature. The break occurs some ten 
degrees above the Curie point reported above. 

For dysprosium a behavior similar to that for gado- 
linium is observed in the neighborhood of 155?K. See 
Fig. 4. Here, however, there is a long temperature in- 
terval over which the resistivity is nearly constant. 
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Fic. 5. Electrical resistivity of erbium metal. 


Magnetic susceptibility measurements of Trombe? sug- 
gest a basis for understanding the effect. A slight pecu- 
liarity in the curve was also noticeable (and repeatable 
on different samples) at 73°K. - 
Contrasted with dysprosium, the curve for erbium 
(Fig. 5) shows just a moderate change in the conduction 
. process at about 80°K. Magnetic susceptibility meas- 
urements of Klemm and Bommer’ indicate that the mag- 
netic properties of this metal may be associated with 
this resistivity anomaly. It may be noted that erbium 
has an extremely high resistivity for a pure metal at 
room temperature. 
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Magnetic Energy Formulas and their Relation 
to Magnetization 'Theory 


Утллам FULLER BROWN, Тв. 


Sun Physical Laboratory, Newtown Square, Pennsylvania 


1 | Present theories of magnetization are based largely on energy formulas. These are incomplete because 
Б , they rely on a calculation of magnetization work in the absence of strain and of strain work in the absence 
of magnetization. The present paper summarizes and relates to magnetization theory a calculation, already 
published elsewhere, in which magnetization and strain are assumed from the start to be present simul- 
taneously ; furthermore forces are calculated directly, without use of energy arguments until the properties 


special materials are considered. An important result is that the separation of the force on part of a body 
: И у 2 2 
Into a “magnetic” force and a force derivable from "stresses" can be accomplished in more than one way. 


The theory confirms the traditional results for fluids; but for 


elastic solids, it yields terms not present in 


the formulas of the traditional theory. These terms may be important in the magnetization process. For a 
uniformly magnetized ellipsoid they lead to a nonuniform magnetostriction “form effect” with 2 mean 


strain equal to the strain calculated by Becker. 


ДЕ theory of domain formation, magnetization, 
and magnetostriction is based on the concept of 
Spontaneous magnetization, on symmetry requirements, 
and on energy formulas. The energy formulas are usually 
quoted as if they were a part of everybody's back- 
ground of knowledge. Unfortunately this knowledge is 
not in a very satisfactory state. Many of the textbook 
treatments assume a constant permeability ; the results 
are therefore useless for ferromagnetic purposes. Other 
treatments introduce other restrictive assumptions, 
which are often not stated explicitly. 

The basic formulas used in magnetization and 
magnetostriction theory may be summarized as follows. 
The work of magnetizing unit volume is calculated for 
а body with no strains: 


dwm=H -dM (1) 
(H= magnetizing force, М = magnetization). The work 
of straining unit volume is calculated for a body with 
no magnetization: 


dw,—X.dei;4-:::-EYdey4d-: (2) 


(the stress and strain notation is that of Love!). These 
two expressions are added to get a formula for the 
change of free energy density when magnetization and 


strain both occur: 
dF — dw; --dw,. (3) 


The free energy density is expressed as a series in the 
magnetization and strain components, in conformity 
with symmetry requirements and to as many terms as 
seem necessary. Other formulas are derived from this 
one by simple applications of differential calculus: 


ӘЕ/ӘМ,= Н., ӘЕ/Әе..= X, дЕ/де.=У,=2,. (4) 
Occasionally a magnetician becomes uneasy about 
the effect of strains on magnetic formulas. Stoner in 


1A. E. Н. Love, А Treatise on the Mathematical Theory of 
Elasticity (Cambridge University Press, New York, 1934), fourth 
edition. 

? Edmund C. Stoner, Phil Mag. 23, 833 (1937). 


1937 recognized that his formulas applied strictly only 
to a rigid body; but he found no way of improving on 
them. Becker? in 1933 took account of magnetization 
and strain simultaneously, in his calculation of the 
magnetostriction of an ellipsoid. He concluded that the 
magnetostriction is shape-dependent, and he verified 
this conclusion experimentally. Nevertheless this “form 
effect" is scarcely mentioned in Becker and Dóring's 
book; and it has been ignored by recent authors. 
Furthermore, Becker’s calculation does not tell us 
what happens to the form effect when the specimen is 
not an ellipsoid or the magnetization is not uniform. 

Occasionally, also, an elastician becomes uneasy 
about the effect of magnetization on elastic formulas. 
Brillouin,’ in his book on tensors, remarks that in a 
polarized body the stress tensor is no longer sym- 
metrical: that is, Y., the у component of force across 
unit area perpendicular to z, is no longer equal to Z,, the 
2 component of force across unit area. perpendicular to 
y. Sokolnikoff? makes a similar statement in his book on 
elasticity. If Brillouin and Sokolnikoff are right, then 
what does one get by differentiating а free energy 
density with respect to a shearing strain? 

The traditional formula for magnetization work has 
various “derivations.” One of them is the following. 
When the magnetization is changed by controlling the 
current 7 through a coil, work is done against the in- 
duced electromotive force E£.. The rate at which work is 
done can be expressed as a volume integral: 


dW/dt- ТЕ, f J- Edz, (5) 


E 


where J is the current density and E the electric field 


3R. Becker, Z. Physik 87, 547 (1933). 

+ К. Becker and W. Dóring, Ferromagnetismus (Julius Springer, 
Berlin, 1939). ^ 

5 L. Brillouin, Les Tenseurs en Mécqnique et en Elasticité (Dover 
Publications, New York, 1946), рр. 14, 216-217. 

81. S. Sokolnikoft, Mathematical Theory of Elasticity (McGraw- 
Hill Book Company, Inc., New York, 1946), p. 43. 
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intensity. The integral can be transformed by use of 
Maxwell’s equations. The result is 


ат’ аг! aM 
==- | Hear |+ f [m (6) 
di 4ї2ү ot 


plus terms that are unimportant in magnetostatics. The 
constant y is 4т in Gaussian units. Up to this point the 
derivation is completely general. In the next step the 
quantity (9М/90)0, the change of magnetization at a 
fixed point of space, is identified with the change dM of 
magnetization at a definite point in a body: 


dW=perfect differential-- f H-dMdr. (7) 


This step is valid only for rigid bodies and, under special 
conditions, for fluids. In the final step a transition is 
made from a whole body to a volume element, by re- 


Fic. 1. Definition of the magnetic or long-range force on an 

_ arbitrary part of a magnetized body. First calculate, by macro- 

x scopic methods, the force exerted on the matter inside 5: by the 

Ес matter outside 51; then let 51—52. Deviations of the actual force 

from the force thus calculated are interpretable in terms of 

т —siresses. Such deviations are due partly to the presence of non- 

rz magnetic short-range forces and partly to inaccuracy of the macro- 

scopic magnetic formulas at molecular distances. In a macroscopic 

theory, the two terms cannot be distinguished, and even the 

separation of the total force into a long-range term and a stress 
term can be made in several ways. 


- moving the integral sign (Eq. (1)). This step has no 
mathematical justification, for the preceding formula 
has been established only when the integral is extended 
over all space. The final formula is therefore not a logical 

- — Consequence of the preceding argument; it is an addi- 

— tional postulate suggested by it. 

porri Other derivations use other postulates. Some of these 
postulates concern the nature of the “effective field” 

_ inside a magnetized body. Some concern the localization 

of energy in the: electromagnetic field, or the deriva- 

bility of forces from tensors. The literature in this field 

“185 full of speculations and controversy. Livens’ at his 


Livens, Phil. Mag. 36, 1 (1945) and 38, 453-479 (1947); 
71, 58-63 (1947) - Proc. Cambridge Phil. Soc. 44, 534- 
itorial note, Proc. Cambridge Phil. Soc. 47, 450 
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a paper on the subject, and Diesselhorst,? Gans,? and 
Döring” promptly rushed into print to refute it. 

Are such postulates necessary, or can the genera] 
problem of magnetic forces and energies be handled 
by using only the laws of mechanics and the formula 
for the forces between dipoles? I once thought that 
additional postulates were necessary, because the dipole 
formula does not lead to any unique expression for the 
“effective field intensity" inside a magnetized body 
Several years ago, however, I decided that despite this 
fact, the dipole formula should be sufficient, without 
additional postulates. My reasoning is illustrated by 
Fig. 1. 

The basic problem is to calculate the magnetic force 
and torque on an arbitrary part of a magnetized body. 
To do this, let us first calculate the force and torque 
exerted on the matter inside a surface 5 by the matter 
outside a slightly larger surface 51; and then let us find 
the limit as the surfaces come together. Гог this calcula- 
tion we do not need to know anything about an effective 
field inside S5; all we need to know is the part of the field 
inside S» that is due to magnetized matter outside Sj, 
and this we know how to calculate. 

The result can be written in several equivalent forms; 
here is one of them: i 


F= f M-VHdr+4y Ї nM „45, (8) 


Te | rx[M- VH т 
iy | rX [nM „45+ f МхНат. (9) 


These formulas are rather distressing þecause each 
contains a surface integral that cannot be transformed 
into a volume integral. The force is not just so much per 
unit volume; it also contains a term that depends on 
the shape of the volume considered. Such forces are 
quite different from the “body forces” allowed in the 
standard theory of elasticity. Therefore, how can we 
justify applying the elasticity formulas to a magnetized 
body? 

-In the end I decided that there was only one way 
out of this difficulty: to abandon the standard theory 
of elasticity, and to develop, instead, a theory that 
would take account of the peculiar nature of magnetic 
forces. 

It turned out that the modifications needed were 
rather minor. One is the asymmetry of the stress tensor 
mentioned by Brillouin and Sokolnikoff: 


Y,—Z,— (MXHB);; 


this comes from the existence of a couple per unit 


(10) 


? H. Diesselhorst, Ann. Physik 9, 316-324 (1951). 
10 Richard Gans, Ann. Physik 9, 337-340 (1951). 
п W., Döring, Ann. Physik 9, 363-372 (1951). 
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volume, MXH. Then there are 


some extra terms in the 
surface traction formula:^ 


Х,- [X2+37(M2— M2) -- X m X an. (11) 


Finally, there are extra terms in the equations of 
motion: 


(9/94) (X .--3yM 2) +(dX,/ay) 
E. +(9X,/dz)+M-VH.+pX= pf. (12) 


Once these formulas were derived, the special case 
of a fluid was easy to treat. АП the electrostrictive or 
magnetostrictive properties of a fluid in equilibrium 
came out of the theory directly, without introduction 
of thermodynamic arguments as such. But the results 
were very perplexing. All the final formulas for observ- 
able quantities were identical with those derived by 
the energy method and given, for instance, in Abraham- 
Becker.” Yet some of the intermediate formulas were 
incompatible with those of Becker. For instance, 
according to Becker a fluid is а substance in which 
"there is only one kind of elastic stress, namely equal 
pressure in all directions"; but according to my for- 
mulas the pressure in a polarized fluid depends on the 
orientation of the surface element across which the 
pressure is being computed. This same anisotropy of 
of pressure had been found earlier by Guggenheim.” 

Eventually it became clear that these differences were 
differences only of definition: my “pressure” and 
Becker’s "pressure" were different quantities. The 
principle involved here is the following. There is no 
unique way of separating the total force into a long- 
range or "magnetic" force and a short-range force 
described in terms of "stresses." The reason is that 
"long-range" forces, such as magnetic forces, do not 
act exclusively over large distances; they are also 
effective at small distances. The expression for the 
magnetic force can always be changed by adding a term 
that affects only the short-range behavior; for the 
change can be neutralized by making a corresponding 
change in the definition of the stresses. Whether such a 
term is to be considered part of the magnetic force or 
part of the stress system is purely a matter of definition, 
and it happens that my definition is different from 
Becker’s. The reason that this nonuniqueness has 
escaped attention so long is that most of the calcula- 
tions have been done by energy methods, rather than 
by direct calculation of the forces. In an energy method, 
it is difficult to determine what definition of magnetic 
force is implied by the equations. 

Once this nonuniqueness principle has been grasped, 
most of the controversy in the literature becomes point- 
less. The question is not “Which of these formulas is 
right?” It is “What definition of magnetic force and 


Мах Abraham, The Classical Theory of Electricity and Mag- 
hes КАЙП by Richard Becker, translated by John Dougall 
(G. E. Stechert and Company, New York, 1932), Chapter V. Е 

Е. A. Guggenheim, Proc. Roy. Soc. (London) А 55, 49-70 
and 70-101 (1936). 
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stress is implied by each of these formulas?" It is not 
important which definitions are used, but it is essential 
that the stress formulas used be the ones appropriate 
to the force definition adopted. 

With this apparent discrepancy explained, the next 
step was to calculate the work done, in an arbitrary 
change of magnetization and deformation, upon an 
arbitrary mass m. One form of thé result is the following. 
The work done can be separated into two terms: 


dW =dU n+ Ї drdm. (13) 


'The first term is the differential of 
1 
и.--— 1 M-Hidz; (14) 


here 7 is the volume instantaneously occupied by the 
mass m, and Н, is the contribution to Н from mag- 
netization in т. The value of U,, for two parts of a body 
combined is not the sum of its values for the separate 
parts. The other term of dW does have this additivity 
property but is not in general a perfect differential: 


dF—H-DM-rV[(Xz--14M 2)de..4-- - - 
+3(V.+Z,)dey.+---]. (15) 


Here М is the moment and У the volume of unit mass, 
and the symbol D is used for a change computed with 
respect to axes attached to the mass element. In this 
formula the strains are not necessarily infinitesimal: 
dezz etc. are defined not as differentials of strains but 
as products of dí by velocity strains. 

The separation into two terms is not unique; it can 
be made in various ways, corresponding to choice of 
H, of B, or of something else as independent field 
variable. The ultimate formulas for observable quanti- 
ties will be independent of this choice. 

For reversible isothermal processes, the term with the 
additivity property becomes the differential of а free 
energy. Since the formula holds for an arbitrary part of 
a material body, and not just for all space, the integrand 
is the differential of а free energy per unit mass. This 
differential is given by an expression (Eq. (15)) more 
complicated than that of the traditional theory. 

For elastic strains, the free energy per unit mass can 
be expressed as a series in the strains, through degree 2, 
with coefficients that are functions of the components 
of specific magnetization M in axes fixed in the mass 
element. Symmetry can be used, high order terms 
neglected, and so on, as in the traditional theory. In 
this way the theory of magnetization and magneto- 
striction can be put on a sound basis. If the quantity 
being calculated in shape-dependent, that fact will 
emerge automatically from the calculation, because 
everything relevant has been fut into the basic equa- 
tions. No restrictive assumptions have been made, and 
no arbitrary postulates have been introduced. 
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I have worked out the defails of such a calculation 
for an ellipsoidal specimen of isotropic material, in a 
state of uniform magnetization and strain. The problem 
is to find the applied tractions necessary to maintain 
such a strain, and in particular to find whether the 
assumed uniform strain is compatible with zero surface 
traction. It turns out that it is not. The magnetostric- 
tion is therefore not uniform, as was assumed by Becker 
in his form effect calculation. The actual strain can be 
calculated approximately by the following method: 
first find the surface tractions necessary to maintain 
zero strain; then imagnine the negative of these trac- 
tions applied to an ordinary elastic, nonmagnetic body, 
and calculate the resulting strains. The second step 
is difficult to carry out completely, except for a sphere; 
but the average strain is easy to compute. It turns out 
to be equal to the strain that Becker computed by 
assuming uniform strain and minimizing the energy. 

The details of this special calculation are given in an 
appendix to this paper. The general theory appeared in 
the American Journal of Physics in 1951.45 I hope 
that it will prove useful in other problems in magnetiza- 
tion and magnetostriction. 


APPENDIX. MAGNETOSTRICTION OF AN ELLIPSOID 


In Voigt’s!® notation (x1—622,:::, X4—6ys: 7), for 


small elastic strains 
Е= АУ :Ва: 35У: Cun 


where 4, B;, and С;;= Су; are functions of Mz, му, and 
м. The strain and specific magnetization components 
are referred to axes that rotate with the mass element 
(reference 14, Sec. 4.4). 

Suppose first that M is everywhere along the local 
z axis: then for isotropic material, by symmetry, 
В:= В, В,= By— В=0, and the nonvanishing C's are 
Cii Co, Css Са=Сь, Cos, Сь=Си—2Сь, and Cis 
(reference 1, р. 160, Sect. 110, (2)). Since M.— М,=0, 
the conditions that dF in Eq. (15) be a perfect differ- 
ential give 


(A1) 


YX;-—0F/0xi— ВСС -Cisxs, 
УТ, = дЕ/дх»= Bi--Cixi- Cuixo-Casxs, (A2) 
У(2.-+3 М?) = дЕ/дхз= B3--Cis(314-x2) 4- Cava ; 


Y-4(Y, +Z,) = OF /0x4= Сыз, 
У:3(2.-Х,) = 9Е/9х5= Си, 
V-3(Xy+V z) = 0F/ 025 — Caes. 


(A3) 


M William Fuller Brown, Jr., Am. J. Phys. 19, 2 
333-350 (1951). ДЕНО 0 17. 220304 and 
15 The work reported here grew out of the author's activities 


as a member of the Coulomb's Law Committee of the American 
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Now suppose further that the rotation vanishes; that 
the only nonvanishing strains'are an extension x; along 
the fixed x and y axes and an extension x; along the 
fixed z axis; and that 21, xs, and м= м; are all inde- 
pendent of (a, y, z). Then since the magnetization is 
along and the strain symmetric about the z axis, 
Н.(-9Е/дм.) and H,(=90F/dar,) must vanish; and 
the relation IJ, — 9 F/9ar; requires that H, be independ- 
ent of (x, y, z). Since м and the dilatation are independ- 
ent of (x, y, 2), so too is M. If, therefore, the specimen 
is an ellipsoid, the assumed state of magnetization and 
strain can be maintained by a uniform applied field and 
by suitable surface tractions, which will now be 
determined. 

Under the assumed conditions МХН=0, so that 
Y.—Z,=0, etc., by Eq. (10); and since x4—35— 29— 0, 
Y .--Z,— 0, etc. by Eqs., (АЗ). Therefore У.= Z,— 0, etc. 
The remaining stress components are given by Eqs. 
(A2). To the first order in the strains, 


1/V = (1/Vo)(1—224— 23), 
where Vo is the specific volume in the unstrained state, 
and therefore 
Х,= Ү,-01--(си -Fc12)21- 61333, 

Z;FiyM?-b34-263131-- 6333, 


(A4) 


(A5) 
with 


b;—BjVo ci-(Có—B2)/Vo. 


(Note that if Вз>= Bi, then c13 c31.) 
The tractions on the surface of the ellipsoid are, by 
Eqs. (11), 


X,— (Х.-5ҮМ,)1, 


(A6) 


Y,—(Y,—àyM )m, 


7 

Z,-[Z;-Hy(M?— M2) |. an) 
Substitution of Eqs. (A5) in Eqs. (A7) gives 

Х,/Л1= Y ,/m- (6114-612)1-- 6133 +b i yM m, (A8) 


Z,/n= 263121 +633%3+b3— iyM?n. 


Consistently with the symmetry already assumed, 
suppose the ellipsoid to be one of revolution about the 
z axis. Then if the ellipsoid is finite, the quantities on 
the right vary with position on the surface because of 
the term -4үй 2. Consequently, no values of «1 and 
x3 will make X,, Y,, and 2, vanish at all points of the 
surface. The assumed uniform state is not a possible 
one for an ellipsoid with its surface free; such a state 
can be maintained only by applying forces to the 
surface. 

The tractions required to maintain zero strain are 


X n= (bY Mm), 
Y p= (by —4yM?n?)m, 
Z o= (b3—4M?n?)n. 


(A9) 


The actual magnetostrictive strains can be calculated 
approximately by finding the strains produced in 2 


3 
2 
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nonmagnelic elastic ellipsoid by the tractions (-х 
— У». —Z,). In the limiting case of a long needle- 
ellipsoid, the term —3yM?n? becomes negligible except 
near the ends, and the strains are those due to tractions 
(= 01, —bym, — ban). This part of the strain is independ- 
ent of position and corresponds to uniform stresses 
X—Y,——b, Z.——b,in the nonmagnetic ellipsoid. 
With respect to it as standard, the “form effect” strain 
-is that produced by normal tension ЗҮМ212, 

The strains produced by such a normal tension can 
be computed for a sphere by methods described in 
reference 1, Chapter XI. For a nonspherical ellipsoid 
of revolution, the complete solution would require an 
extension of methods at present available. However, 


v0; 


the volume average strains can be computed by formula’ 


(13) of reference 1, p. 175: 


21= (yM?/2E у) f Es- a(my+nz) 2248, 
(A10) 
B= (yM*/2EV) Jl Ге се ay peas! 


Here E is Young's modulus, о is Poisson’s ratio, and V 
is the ellipsoid volume. For a prolate spheroid, the para- 
metric equation of the surface in cylindrical coordi- 
nates is 


5=а соѕ0, 


(A11) 


and the volume is тад2/3. By integration over ¢ and 
introduction of the eccentricity e=(1—J?/a*)!, the 
problem can be reduced to the evaluation of the two 
integrals 


p=6 $118, 


A201 (1947). 


И M. А. Sadowsky and E. Sternberg, J. Appl. Mech. 14, A191- 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


135 


л= | v —e)-du- e ыга) 6) Je) 
2 =N/[4x(1—e)], (A12) 


1 
Je 1 ие) щие), (А13) 
0 


Here N is the longitudinal demagnetizing factor. 
The strains given by Eq. (A10) consist of a pure 
dilatation 


ay’ =x; = 4M*(1—8)J31/6k— (y/Av)N М?/6Ь (A14) 
(&— bulk modulus) and an equivoluminal strain 


—2x/ = x)! 24MY4— &)(3J2— J1)/4G 
-(y/Ax)[(8—4)N—4z(1—2)]M?/429G (А15) 


(С= rigidity). These agree with Becker's formulas for 
the form effect, which he assumed to be uniform. 

This method of evaluating the strains is an approxi- 
mation, not merely because it neglects the variation 
of “elastic constants" (с;;) with magnetization, but also 
because it neglects in all the equations some terms that 
no longer vanish when the strain varies with position. 
A rigorous calculation would require simultaneous 
solution of the equations of elastic equilibrium and of 
Poisson's equation and would probably show that the 
magnetization as well as the strain varies with 
position. 

My crystal calculation of 1945,5 which led to a 
paradox, was valid for a rigid crystal; but for a crystal 
capable of deformation, the derivation holds only if the 
approximations of the traditional theory are accepted. 
The theory outlined here provides a method of carrying 
out a rigorous calculation for a deformable crystal. 


15 William F. Brown, Jr., Revs. Modern Phys. 17, 15-19 (1945). 


І. INTRODUCTION 


ne wishes to measure relaxation effects connected 
ingle domains in a ferromagnetic material, he 
ids that it is difficult to do this by purely magnetic 


БЭЭ 


ds since а magnetic field causes all domains to 
| the direction of the field and hence they are 
tially coupled. Any relaxation effects, such as 
> connected with eddy currents, are characteristic 
pecimen size rather than the domain size. How- 


up along the direction of the applied stress. 
е, half of them line up with their magnetic 
g along one direction parallel to the 
d the other half in the opposite direction 
er-all flux is generated by the applied 
t of this the effects of magnetic changes 


main and hence relaxation effects con- 
echanical properties are determined Бу 


“mechanical properties affected by domain 
and domain rotation are the elastic con- 
decrement. In an annealed specimen it is 
hat he elastic modulus is lower in the 
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Measurements of the AE effect and the decrement made by Bozorth, Mason, and McSkimin and by 
Johnson and Rogers are compared with that expected from a calculation of domain wall relaxations for a га 
distribution of domain sizes as determined by the optical measurements of Williams and Walker. At low 
frequencies the agreement is good but at high frequencies a second relaxation region is indicated. It is shown 
that this region is consistent with a domain rotation relaxation and introducing this effect, a good agree- 
— mentis obtained between theory and experiment for the entire frequency range. 


demagnetized state than in the magnetized state, since 
an applied stress generates not only an elastic strain 
but also a strain due to the magnetostriction effect 
caused by the shift in the direction of the domain to 
directions parallel to the applied stress, and these 
effects are additive. This difference in the elastic 
modulus for saturated and demagnetized states is called 
the АЕ effect. If the stress alternation 15 so rapid that 
the domain wall motion or the domain rotation cannot 
follow the applied stress, this effect disappears. ‘Che 
other mechanical property affected by domain wall 
motion or domain rotation is the decrement of the 
material which is determined by the eddy current loss 
in the regions for which the direction of magnetization 
is changing. When these regions are connected with 
domain sizes this loss is known as the microeddy 
current loss. As long as the motions can follow the 
applied stress this loss should be proportional to the 
frequency but when the wall motion or domain rotation 
can no longer follow the applied stress, the decrement 
should rise to a maximum value and decrease to zero 
for very high frequencies. 
П. EXPERIMENTS AND THEORETICAL 
CALCULATIONS 

Previous measurements! of the AE effect in poly- 

crystalline nickel rods have shown the presence of a 


Ут = 500х105 CM/ SEC 


Es-2.22 x 101? DYNES/CM2 


Fic. 1. Fractional change in 
Young's modulus, and the 
decrement, plotted as а func- 
tion of frequency for rod No. 1. 
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domain wall relaxation in nickel Which causes the 
effective domain susceptibility and hence also the 
AE effect to decrease with increasing frequency. For a 
single domain size it was shown that the AE effect and 
the associated decrement are given by the formulas 


AEa4 5Сд 2 Ё. 1 
EE И 
4245) ә Cun— Ci 3C4 EE 1+ f?/fo? 


(1) 
2 ( 5Сд EST JI fo 
111 
5 Сп Cis -3C44 I son 


where №; is the magnetostrictive constant for nickel 
along the [111] direction (—25X10-9); SCu/(Cn 
—Cir3C4) is a ratio of elastic constants equal to 
1.33; хо is the initial susceptibility; E, the saturated 
value of Young's modulus (2.22 10” dynes/cm?); J, 


Qo 


o 
№ 
ES 


VsAT = 5.00 X105CM/SEC 
Es = 2.22 X 101? DYNES/CM? 


© 
№ 
о 

2 


2 
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Fic. 2. Fractional change in Young's modulus, and the decrement, 
plotted as a function of frequency for rod No. 2. 


the saturation magnetic intensity (485 for nickel) and 
fo the relaxation frequency for domain motion given 
by the equation 


fo R/96 xoD*?, (2) 


where Ё is the resistivity in cgs electromagnetic units 
(8000 for nickel) and D is the domain thickness in the 
direction of domain wall motion. 

The measured values for two nickel rods are shown by 
Fig. 1 and Fig. 2. The rods had a measured perme- 
ability of about 340—х=27.1—ап@ the measured 
value of AE/Ep and the measured decrement do not 
indicate a single domain size; this is confirmed by 
optical domain size measurements made by Willimas' 
and Walker of which a typical photograph is shown 
by Fig. 3. The photograph indicates a domain size range 
from 0.02 mm to 0.2 mm. To take account of the domain 
Size range, Eqs. (1) should be replaced by equations 


2H. J. Williams and J. G. Walker, Phys. Rev. 83, 634 (1951). 
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Fic. 3. Photograph of domains in a single nickel crystal 
(after Williams and Walker). Field of view, 0.5 mm. 
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where V;/V is the ratio of the volume of domains of 
size D; to the total volume and f; is the relaxation fre- 
quency for a domain size D;. The measured values of 
rod No. 1 which was carefully annealed at 1100°С for 
an hour are quite well matched by taking 5 relaxation 
frequencies ranging from 8 kilocycles to 800 kilocycles 
equally distributed on a logarithmic scale and all with 
equal weights. As shown by Fig. 4, the calculated 
values from Eqs. (3) are shown by the lines marked 
theoretical AE effect and theoretical decrement while 
the measured values are shown by the dashed lines. The 
second rod which was annealed at 1050°C for a shorter 
time indicates a smaller number of the large size 
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Fic. 4. Calculated values of AE/Ep and the decrement for 
distribution of relaxation frequencies determined by the optic: 
measurements of domain size range. i 
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Fic. 5. Measurements of Johnson and Rogers for the change in 
elastic shear modulus and Young’s modulus in a high frequency 
range. 


domains. From the assumed relaxation frequencies the 
domain sizes vary from 0.02 mm to 0.2 mm, in agree- 
ment with the optical measurements. 

Recent measurements of the change in velocity of 
shear and longitudinal waves in a polycrystalline nickel 
rod made by S. J. Johnson and T. Е. Rogers,’ show that 
the change in velocity divided by the velocity, in going 
from the demagnetized state to the saturated state, 
decreases rapidly with increase in frequency up to a 
frequency of about 5 megacycles but then levels off 
to a value of 0.008 for shear waves and 0.002 for longi- 
tudinal waves as shown by Fig. 5. The longitudinal 
points multiplied by 2 to give the ЛЕ change are 
plotted on Fig. 4 and agree reasonably well with the 
theoretical curve up to 3 megacycles but show a larger 
effect for higher frequencies. The higher frequencies 
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Fic.4. Decrement for single crystal as measured 
^ by Levy and Truell. 


S. J. Johnson and T. Е. Rogers, J. Appl. Phys. 23, 574-578 


Thanks are due T. Е. Rogers who furnished an advance 


of his curves shown by Fig. 5. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


MASON 


correspond to the conditions that domain wall motion 
can no longer occur but domain rotation can still occur, 
For shear waves Dóring! has shown that the change 
in elastic constant divided by the shear elastic constant 
is equal to 


Ap 4uMii?xo ( 
--3-----, 4 
и ihe 


where Ap and и are, respectively, the change and the 
value of the shear elastic constant. From the measured 
value of Au/ equal to 0.016 (twice the Av/v value) and 
the shear modulus of 0.8X 10? dynes/cm?, the indicated 
value of initial susceptibility is 1.87. The value indi- 
cated by the longitidinal wave measurement is less than 
this but is less reliable since the elastic constant con- 
trolling the longitudinal wave is no longer the Young's 
modulus for these high frequencies but is approaching 
the average Суу value for which the calculated. AE 
effect 1$ zero.* 
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Fic. 7. Comparison of theoretical curves with experiment 
taking account of both domain boundary motion and domain 
rotation. 


'The value of initial susceptibility of 1.87 is not far 
from what one would calculate for rotational effects. 
If there are no stored internal stresses the initial 
susceptibility is 


17,2 235000 
xo=- —=——_= 1.99, (5) 


where К; is the anisotropy constant which for nickel is 
59,000 ergs per cubic centimeter. 

From the data on the initial permeability and loss, 
due to rotations, given in Becker and Dóring;? it can be 
shown that the relaxation frequency for rotational 
processes is given by the formula 


Ј= К/25тхв?, (6) 


where xz is the susceptibility due to domain rotations, 
and hence is not much different from the domain well 


«уу, Döring, Z. Physik, 114, 597 (1939). : А 
5 R. Becker and W. Döring, Ferromagnetismus (Julius Springer, 
Berlin 1939), рр. 380-381. 
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relaxation formula of Eq. (2). Hence one would not 
expect the AE effect du* to rotation to fall markedly 
before a frequcndy of 10 megacycles with an average 
domain size of 0.03 mm found above. 

The only measurement of decrement due to the 
microeddy current effect in the high frequency range 
are those on single nickel crystals made by Levy and 
Truell* In this paper the difference in attenuation 
between a demagnetized and a saturated crystal is 
measured for a longitudinal wave whose direction is 
approximately 12° from the [111] direction of the 
crystal. The path length per trip is 1.62 centimeters 
and the decrement of the crystal can be calculated 
from the equation 


à— Aw f, (7) 


where Ло is the attenuation in nepers per centimeter 
(1 neper equals 8.68 db) о is the wave velocity and jf 
the frequency. From their measurements the decre- 
ment for this crystal versus frequency is shown Бу 
Fig. 6. While the absolute values are not comparable 
with those calculated for the decrement since a different 
elastic constant is operative, the shape of the curve is 
indicative of a relaxation in the rotational effect? with 
am average domain size of about 0.03 mm, which is 
consistent with the average size measured for domain 
wall relaxations. 

For both domain wall motion and domain rotation, 
the formulas for the AE/Ep effect and the decrement 


( E oes Levy and Rohn Truell, Phys. Rev. 83, 668-669 
1951). 

7 According to the second half of Eq. (8) with the distribution 
in domain sizes from 0.02 mm to 0.2 mm, 80 percent of the decre- 
ment is due to domain wall motion and 20 percent to domain 
rotation at 10 megacycles. At 60 megacycles, 46 percent is due to 
domain wall motion and 54 percent to domain rotation. 
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where хт and xz are, respectively, the initial suscepti- 
bility due to domain wall translations and domain 
rotations. If one takes these to be 25 and 2, respectively, 
Fig. 7 shows a comparison of the theoretical curves with 
experiment and it is evident that a good agreement is 
obtained. 


Note added in proof.—ln a recent Air Force report, Johnson 
and Rogers have ascribed the high frequency АЕ effect of Fig. 5 
to a frequency-independent microhysteresis effect. However, at 
low inductions when Rayleigh’s law applies, the expression for 
AE depends on the initial permeability (Eq. (3) above) which is 
not affected by a hysteresis loss. Thus, it is hard to understand 
how the microhysteresis loss can affect ЛЕ. It can, of course, 
affect 6, the expression for which involves the hysteresis loss 
when the usual term for this loss is added to Eq. (3) above. 
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a REVIEWS OF MODERN PHYSICS VOLUME 25, NUMBER 1 JANUARY, 1953 
: Ultrasonic Attenuation in Magnetic Single 
Crystals* 
SneLtpon Levy AND Вонм TRUELL 
Brown University, Providence, Rhode Island Р 
А striking techo has been found between the magnetic properties and the ultrasonic attenuation 5 E: 


properties of a nickel single crystal. The magnetic anisotropy has been detected by measuring the attenuation 
as a function of applied field intensity. Information about the vibrations of Bloch walls and the number of 
vibrating walls per unit length has also been obtained. The dependence of the attenuation on magnetic 
3 induction for 5-100 mc shear and longitudinal waves propagated in the [110] direction was the same for B 
, parallel to both the [111] and [001] directions. The shear modes induce much greater losses than the longi- 
| tudinal mode. 
Similar measurements on a 3.8 percent Si-Fe crystal showed that the walls in this alloy are not as easily 
! vibrated, i.e., there is a small difference in attenuation between the magnetized and unmagnetized states. 
i At these frequencies this indicates that there is a direct connection between the magnetostrictive constants 
; and the dynamic behavior of Bloch walls. | 
The elastic constants were computed from velocity measurements, but no AE effect was observed. | 
Pulsed ultrasonic techniques as described Бу Roderick and Truell (see reference 4) were used in taking 
the measurements. The single crystals used were grown from the melt in a hydrogen atmosphere and then 


oriented so that pure modes of vibration could be propagated. 


I. INTRODUCTION 


ТТ is well known that internal strain is coupled to 
А Bloch wall movement in a ferromagnetic material; 
however, no law governing the interaction has been 
established. This coupling is responsible for the mag- 
netomechanical loss which occurs when an elastic wave 
traverses а ferromagnetic material. 

Recently there has been a great deal of interest in the 
magnetomechanical losses‘ as well as the absorption of 
ultrasound in the saturated crystal. This last interest is 
due to the possibility of using such measurements to 
determine ferromagnetic resonance. 

Tt is about the magnetomechanical losses associated 
with the transmission of 5-100 mc ultrasound through Ni 
and 3.8 percent Si-Fe crystals that this paper is written. 


II. EXPERIMENTAL METHODS 
1. Ultrasound Equipment and Techniques 


The pulsed ultrasound technique for determining 
attenuation and velocity in solids requires the produc- 


- — tion of a short pulse of mechanical energy and the 
= ability to accurately measure the ratio of the amplitudes 
- — ef successive echoes and the time-delays between them. 
44 At megacycle frequencies this can be done with radar 


type circuits and piezoelectric transducers which con- 
vert the electrical energy into mechanical energy and 
vice versa. Such equipment has been built in the Metals 
Research Laboratory at Brown University and has been 
described elsewhere.*5 The transducers, X and AC— 
quartz, were cemented to the specimens with salol. 


Н ж Supported by the United States Air Force Contract AF 
< 33(038)—15602. 
XT. Ре Klérk, Nature (London) 168, 963 (1951). 
zorth, Mason, and Mc?kimin, Bell Syst. Tech. J. 30, 970 


Rogers and S. J. Johnson, J. Appl. Phys. 21, 1067 (1950). 
; UE and R. Truell, J. Appl. Phys. 23, 267-279 (1952). 
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2. Specimen Preparation 


The large single crystals of nickel and 3.8 weight per- 
cent silicon-iron used were grown from the melt in a 
hydrogen atmosphere and then accurately oriented by 
means of x-rays. The stock metals from which they 
were grown had the following trade names and percent 
purities: Mond nickel pellets, 99.90; Plast-Iron, 99.91; 
silicon (Electrometallurgical Corporation), 99.8--. 

Surfaces parallel to the (100), (010), and (011) 
planes were cut and accurately ground on both Si-Fe 
crystals while the nickel crystal was prepared with its 
surfaces parallel to the (111), (110), and (001) planes, 
as in Fig. 1. These planes were chosen to satisfy the 
requirements for propagating longitudinal and shear 
elastic waves in the crystal (see Appendix I) and per- 
mitted the external magnetic field to be applied in the 
easy, medium, and hard directions of magnetization in 
the nickel sample. | 

Great care was exercised in surface grinding the 
crystals so that the strained layer caused by this opera- 
tion would be as shallow as possible. The depth of the 
layer in the nickel crystal was less than 0.1 mm as was 
determined by taking back reflection Laue photographs 
after successive acid etches until all strained material 
was shown to be removed. The sharply defined Laue 
spots on the last of the above photographs indicated 
that the crystal was well annealed and possessed a high 
degree of perfection. 

The dimensions of the nickel crystal Ni-I are Juro 
—1.28 cm, Дооу= 1.76 cm, and /p15—1.67 cm. The 
Fe-Si crystals will be referred to as Fe-Si Т and Fe-Si Г Т, 


5 R. Roderick, Ph.D. thesis, “Оп the measurements of ultra- 
sonic attenuation in solids by the pulse technique; Brown 
University (1951). . 
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Fic. 1. Exploded view of experimental arrangement. 


whose respective dimensions are (1100-2535 cm, 
о = 1.29 cm, and Июл = 2.28 cm, Шош= 2.07 ст. 


3. Magnetic Considerations and Measurements 


The magnetic field was supplied Бу an electromagnet 


with a cold-rolled steel. core of 16 cm? mean area, wound 
with 5550 turns of No. 22 wire. The cylindrical poles of 
the magnet were tapered to a rectangular shape 1.6 cm 
X3.2 cm, which permitted a uniform field of 19 kilo- 
gauss to be obtained with an air gap of 0.1 cm. 
Because of the irregular shape of the nickel crystal 
and its large anisotropy energy, auxiliary soft iron pole 
pieces (accurately ground to match the crystal sur- 
faces) were inserted when the magnetic field was ap- 
plied in the [001] and [111] directions. These were es- 
sential when the field was applied in the hard direction 
of magnetization because of the large anisotropy energy. 
'The magnetic field was measured with a Dyna-Labs 
Gaussmeter (probe size 1.75 in. 0.200 in. X 0.025 in.), 
which measures the component of magnetic induction 
normal to a germanium crystal whose cross-sectionalarea 
is 0.01 in.2. The probe was inserted in the air gap between 
the auxiliary pole pieces and the specimen, and it was 
assumed that the field measured was the same as the 
field in the specimen. This assumption was made be- 
cause the normal component of the induction must be 
continuous across a boundary. The accuracy of the 
Eaussmeter was within 3 percent as determined by 
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measuring the field of a solenoid and was frequently 
checked with a 1000-gauss standard. 

When the field was applied parallel to the direction 
of propagation, a special electrode was used. 

Figure 1 shows the arrangement employed for apply- 
ing and measuring the magnetic field. 


Ш. EXPERIMENTAL RESULTS 
1. Velocity Measurements 


The velocity of propagation of ultrasound in nickel 
was measured at 27 mc for a longitudinal wave propa- 
gated in the [001 | direction and at 30 mc for the longi- 
tudinal and the two transverse waves propagated in the 
[110] direction. The mean time delay between echoes 
was obtained by least square computations, and the 
effect of the transducer on the length of the sound path 
was not taken into account. These velocities and the 
elastic parameters as computed from (11) and (13) of 
the Appendix I and p=8.90 g/cm’ are listed below: 


V i1001 = 5.27 X 105 cm/sec, 

Ура = 5.96Х 109 cm/sec, 
Ут-ша=3.69Х 10° cm/sec, 
Үтә = 2.31X 105 cm/sec, «2 2А 

Cu=2.47X10" dynes/cm?, 

Са= 121Х 102 dynes/cm?, 

C= 1.52 109 dynes/cm?. ` 


` 
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Fic. 2. Attenuation vs induction for № showing coincident 
behavior for B parallel to the easy and hard directions of mag- 
netizations. 


The AE effect was not observed at any frequency 
covered, i.e., no change in velocity with the application 
of a magnetic field was detected. 

The yelocities of propagation of ultrasound in 3.8 
percent Si-Fe, and the corresponding elastic param- 
eters were found to be 


V {100} = 5.30X 109 cm/sec, 
Уо) = 6.20X 10° cm/sec, 
V rug = 4-01 X 10$ cm/sec, 
Си --2.15Х 10" dynes/cm?, 
С›=1.27Ж 10? dynes/cm?, 
Cas= 1.23 X 10? dynes/cm?. 


In computing the above we used p— 7.65 g/cm’. 


2. Dependence of the Attenuation of Ultrasound in 
Nickel on the Magnetic Induction 


The attenuation per unit length was computed using 
the method of least squares from measurements taken 
with the techniques described in Part II. In all cases 
only readings taken within the plane wave region were 
used.‘ Except for frequencies adjacent to 50 mc the 
easurements were highly reproducible if care was 
еп, in ,cementing the transducer to the sample. In 
t measurements tak@a at the same frequency ob- 


AND 
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gave attenuation measurements well within experi- 
mental error. 9 

The results for the case V||[110], «(1101 are shown 
in Figs. 2, 3, 4, and 5. The coincident dependence of the 
attenuation coefficient o, in DB/in., on the induction 
for an ultrasonic wave with V||[1101, el|[110] when the 
induction is in the easy or hard directions of magnetiza- 
tion, is shown by Fig. 2, which is representative of these 
plots at all frequencies. 2 

A composite graph showing the relation between а 
and В at 5.8, 16.5, 21, 27, 30, 52, and 90 mc for V ||[ 1107, 
e|[[110]], and BV is given by Fig. 3. The sharp break 
at the “knee” and "instep" of the curves was easily 
observed when the measurements were made and oc- 
curred at 1800 and 3800 gauss for all frequencies. 

The variation of the attenuation with frequency is 
shown in Fig. 4, where the attenuation coefficient for 
zero and saturation values of induction are plotted. 
A “dip” in both curves occurred near 49 mc and was 
first throught to be due to the low frequency equip- 
ment. This opinion was not substantiated, however, 
for later the dip occurred in measurements made with 
the high frequency gear and was then attributed to a 
“resonance” in the nickel. Later the source of the dip 
become even more difficult to explain when an indica- 
tion of this effect was observed at 49 mc for transverse 
waves (cf. Fig. 7), whose wavelength differed by nearly 
a factor of two. Figure 5 shows the dependence of œ on 
B for v||[ 110], є at 15, 19.5, and 
34.5 mc. Here the sharpness of the “knee” and ‘ ‘instep”’ 
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Fic. 3. Attentuation vs induction for Ni with V||[1101. «101, 
and ВІ V at 5.8, 16.5, 21, 27, 30, 52, and 90 mc. 
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Fic. 4. Attenuation vs frequency for Ni in the unmagnetized 
state ([=0) and saturated state (1--1,) with V||[110], «|(1101, 
and B.LV. 


breaks is absent, but the value of о for zero and satura- 
tion induction is in agreement with the values obtained 
for B.LV. 

The coincident behavior of о vs B for the two possible 
cases of В 1 У was observed at all frequencies used for 
V||[110] and «10011. Д 

A composite plot of о vs В for V||[110], «|(0011, 
and В 1 И is shown in Fig. 6, while Fig. 7 reveals the 
dependence of o (saturation) and о (no field) on fre- 
quency for these conditions. 

Only one set of measurements was taken with 
У 101, &|[ 110], and B.L V. The response of o to the 
induction for this case at 10 mc is shown in Fig. 8. 


| | 
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Fic. 5. Attenuation vs induction for Ni with V||[110] «1101, 


and B||V at 15, 19.5, and 34.5 mc. 


a -DB/IN 


0 ! 2 3 4 5 
B—KILOGAUSS 


Fic. 6. Attenuation vs induction for Ni with V|IL1107], «[|[0017, 
and В} V at 9.5, 16.5, 25.5, and 29 mc. 


The coincident dependence of a and B for BLV in 
the foregoing results is further exemplified by Fig. 9 
where the attenuation coefficient for а transverse wave 
is plotted against the magnetization current. This cur- 
rent is essentially proportional to the magnetic field 
intensity H. These measurements show the behavior 
one would expect from the foregoing results on the de- 
pendence of о on В and the B-H curves for the easy 
and hard directions of magnetization of nickel. 

The attenuation coefficient of 3.8 percent Si-Fe was 
found to be small at all frequencies, less than 1 DB/in. 
at 50 mc for longitudinal vibrations in the [110] 
direction. The change in this value as a saturation 
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Fic. 7. Attenuation vs frequency for № in the unmagnetized 
шин с. 0) and saturated state (1-1,) with УЦ 101, «170011, 
and ВАУ. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar Ч s 


S. LEVY AND 


a vs B for 
NICKEL 
у = |O MC 
VULITOJ 
e Il [110] 


B — KILOGAUSS 


Fic. 8. Attenuation vs frequency for Ni with V||[110], 
i «11107, and B.1 V at 10 mc. 


etic field was applied, and although present, was 
measurable with the present equipment. 


IV. CONCLUSION 


The magnetomechanical losses associated with the 
—— propagation of ultrasound through a nonsaturated 
magnetic crystal arise from the fact that the spins 
lattice are affected by the energy in the sonic 
hile the law governing the behavior of the 
е elastic wave traverses them has not been 
> it is plausible to consider the Bloch wall 
“driven” by the harmonic elastic wave. Two 
probably occur: (1) a vibration of the center 
the wall, and (2) a periodic variation in the 
the жай, А combination of these two effects 
omain rotations. 


B ions This work lead to defining a 25 
? k, which relates the amplitude of the wall 
ration to the energy in the ultrasonic beam. Further- 
re, the calculations showed the attenuation due to 
anical effects is proportional to the num- 
walls affected by the ultrasonic wave. 


| ingen ted em the shape of the attenuation 
Versus шо induction В curves, which 
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In the approximate ranges 0« B «3D, 3B,« B«$B,, 
and 2B,« B one has small decrease in а, large linear 
decreases in « and constant o, respectively, as B 
increases. 

Тһе first of these ranges corresponds to reversible 
wall movements and show that & decreases slightly with 
increasing induction. For 3B.<B<4B, there are re- 
versals of the domains resulting in a loss of the number 


of domain walls. The experimental results in this range. — - 


indicate a linear decrease in the number of movable 
domain walls per unit length with increasing В. 

A proposed explanation for the constant value of œ 
when B2B, is that walls with some orientations, be- 
cause of the anisotropy, may not be affected by the 
ultrasonic wave. Hence, after В» 2В, all of the walls 
which can be vibrated by the wave have been elimi- 
nated in the magnetization process. We speak here of 
wall motion in the general sense which includes partial 
rotation of the domain. 

The smoothing out of the curves (Fig. 5) as com- 
pared with Fig. 3) showing the response of а vs B for 
ВИ 110] тау һауе been caused by the larger air 
gap required in the magnetic circuit in order that the 
special electrode (Fig. 1) could be inserted. This effect 
warrants further investigation. 

As expected, greater sensitivity occurred when 
transverse waves were used. The anisotropy or the large 
difference of attenuation between the two polarizations 
of transverse waves propagated in the [110] direction 
is interesting. The attenuation was so great in the un- , 
magnetized state for V||[110] and dj[ 110] that no 
echoes were observable at 10 mc. However, by extra- 
polating the data taken near the saturation region one 
finds that the attenuation caused by magnetomechani- 
cal losses is approximately 30-35 db/in. which agrees 
with Bozorth, Mason, and McSkimin’s? value of 32 
db/in. 

The results of the experiments reported here indicate 
that k is frequency dependent, large for highly magneto- 
strictive materials, and small for those materials which 
exhibit little magnetostriction. 
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Fic. 9. Anisotropy of attenuation in Ni at 27 mc 
with V||[110],¢||[001]. 
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Тһе сазе with which the elastic parameters can be 
determined with pulsed ultrasound is apparent from 
(11) and (13) of Appendix I. The values obtained for 


the elastic parameters of nickel agree with those re- 
ported in the literature.2:3.5-7 
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APPENDIX I. ON THE PROPAGATION OF 
LONGITUDINAL AND TRANSVERSE WAVES 
IN AN ANISOTROPIC ELASTIC SOLID 


In an anisotropic elastic solid the stress-strain rela- 
tions are 


01j— Cijkiekl 2 j= 1; 25 Вя (А1) 


where the c;;;; are the elastic parameters. In the absence 
of body forces the equations of equilibrium read 


сіі pü; ]=1,2,3. (А2) 


Here р is the density of the solid. Using the definition 
of the strain є:;= (0; Ни, ;), one gets from (A1) and 
(A2) 

P122731673 uF t, ТЭР pii;, j= 1, 2 3. (A3) 


If a plane wave is traveling in the (/;, J2, l) direction 
with the velocity v and the displacement is in the 
(dı, d», d3) direction, one has the displacements given by 


uj=Adje*(vt—l-r) 1=1,2,3, (A4) 


where к is propagation constant. The 1,5, 4,5, and 7 
must satisfy 
Cikililidg— р, j= 1, 2, 3: (A5) 


For any direction of propagation (A5) gives three 
real velocities (see Love?), which have mutually or- 
thogonal displacements. 

“5 For cubic symmetry (1) has the form 


(с11— Cas) ld t- (сәси) (6124-644) lad 
= (02— 644)d3, 


(ciot ca4) а (си са)1242-- (ciot C44) lalsds (Аб) 


= (р?— c14)ds, 


(cizl- C44) lslad ЫЕ (c wt C44)lalodo-1- (си— c44)ld3 
= (p? —c44)d3, 


6K. Honda, and Y. Shirakawa, Sci. Rep. Res. Inst. Tohoku 
Univ. 1, 9 (1949). 

1M. Yamamoto, Phys. Rev. 77, 566 (1950). TAI 

8 Bozorth, Mason, McSkimin, and Walker, Phys. Rev. 75, 1954 
(1949). р p : 

ЗА. Е. Н. Love, Mathematical Theory of Elasticity (Cambridge 
University Press, 1934), fourth edition, p. 298. 


where 


C11— C1111— 222255 03333, 

C127 C1122= 2211 €1133= C3311 = 622337 3322, 

C447 C1212 = 62191 = 61313 = (313155 232355 64232. 
0= суи for all other parameters. 


(A7) 


Solving (Аб) for the displacement direction, one ob- 
tains 


h 15 E 
Е. ) (A8) 
Х-4- 2 Atel? xdg 


(di, d», d3)= ( 


Here A= pvc 1—1 and c= (¢y2+2¢44—C1)e44-! is the 
anisotropy factor. 

In ultrasonic testing one usually uses either longi- 
tudinal or transverse waves; hence we shall consider 
these modes of vibrations. 


Case I. Longitudinal Waves 
Equation (A8) gives 


h lz В 
4, 4 = 5 2 2 (А9) 
Meli? Acl MEG 
If c0, clearly 
= h= 13, 
h=h, 1-0, (А10) 


and their equivalents are the only directions in which 
longitudinal waves can be propagated. From (A6) one 1 
finds the corresponding pv's are 


РТ оор = Си, Up = 3 (Cr+ C12 2614), 


A11 
pU pu 3(eud- 262-4644). ( ) 


Case II. Transverse Waves 


From (A8) and d/;— 0 one gets $ 
М--23Хс(1:2124-1212-1-12222)--04121212-0. (A12) 1 

If the solutions for à of (A12) are substituted into | 
(A6), one finds that the only directions which satisfy 
the conditions for transverse waves are those which . 

satisfy the conditions for longitudinal waves. Further- E 

more, it is only necessary to polarize the vibration for E 

propagation in the [110] direction. The р are | 


p T (109] = C44; » л 
P mio] = 644 
pP rerio) = 3 (11—612), 

pt rp = 3 (erty cu C12). 
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Domain Pattern in Silicon-Iron under Stress 
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This paper discusses investigations into the detailed changes in domain structure of ferromagnetic ma- 
terial under externally applied stress. The changes in the domain pattern of grain-oriented silicon steel with 
large grain size were observed and photographed while the specimen was stressed in tension. 


Experiments in which the grain under observation 


had the (110) plane in the surface of the specimen and 


the (110) direction parallel to the specimen axis, along which tension was applied, are discussed in detail. 


At a load of approximately 0.2 kg/mm? the original d 


omain pattern vanishes. After a transition stage in 


which, over a certain range of loads, no pattern is visible at all, a new stress-induced domain pattern appears. 
The behavior of these patterns in horizontal and vertical magnetic fields was studied, and an interpretation 
of both the transition stage and the stress-induced pattern is given. In these experiments the applied stresses 
are all within the elastic range of the material. In the plastic range, the knowledge of the stress-induced 
pattern permits the detection of residual lattice strains in suitably oriented materials. 


[^ has long been known that a direct relationship 
exists between the ferromagnetic properties of a 
crystal and its state of stress. The ferromagnetic domain 
pattern of a crystal which 15 a manifestation of its 
magnetic properties changes with suitable change in 
state of strain of the crystal. Williams, Bozorth, and 
Shockley! and others observed changes in domain 
pattern of samples which were subjected to external 
Stresses. 

On the other hand, it must be possible to develop 
the relation between stress and domain pattern to such 
an extent that some conclusions can be drawn from a 
given pattern as to the stage of strain of the specimen.” 

It was the purpose of this investigation to study the 
detailed changes in the domain structure of grain- 
oriented silicon steel under externally applied stress. 

Some work along these lines has been done before. 


(c) | 


Fic. 1. Domain pattern under stress (25X); T =direction of 
stress; —[001]; f [110]. (a)—original pattern; (b)— transition 
. Stage; (c)=stress pattern 7; (d)- residual stresses after plastic 
| deformation. „ 
ee 


5 * Mrs. Е. Franklin. © 
_1 Williams, Bozorth, and SHockley, Phys. Rev. 75, 155 (1949). 


-3 Dijkstra, Cavanagh, and Martius, Proceedings of the Detroit 
ongress of the American Society for Metals, 1951. 
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Williams, Bozorth, and Shockley! showed how slip lines 
in Permalloy were made visible by colloid-technique, 
and Akulov and Myriasov? studied the domain pattern 
of plastically deformed crystals. These latter, however, 
did not electropolish their specimens and hence ob- 
served the maze pattern. 


I EXPERIMENTAL TECHNIQUE 


The investigations were conducted on grain-oriented 
silicon steel. The rolling texture of this material is such 
that the (110] plane is the preferred surface plane and 
the (001) direction is close to the rolling direction. 
Small specimens of tensile test piece shape were chosen 
so that the center of the specimen contained a large 
single grain with the {110} plane close to the plane of 
the specimen. The grain diameter is approximately 1 
mm, and the specimen thickness is 0.1 mm. The direc- 
tion of the applied load made a known angle with (001) 
direction. These specimens were etched out or cut out 
of the sheet and subsequently annealed, polished, and 
electropolished. They were tested in a micro tensile 
test machine. The tension was applied by means of а 
calibrated spring and the whole set-up could be placed 
on the stage of a Bausch and Lomb metallographic 
microscope. During the test the specimen was kept 
between two microscope cover glasses under liquid 
colloid. The changes in domain pattern with increasing 
stress were observed, and photographs were taken at 
all stages of the experiment. 


П. EXPERIMENTAL RESULTS 
A. Pattern Under Stress 


As long as the applied stresses were within the elastic 
range of the material, the original pattern returned 
after unloading. Figures 1(a), (b), (c), and (d) show а 
sequence of changes in domain pattern with increasing 
load. The tension is applied along the [110] direction 
in the plane of the specimen. Although the details of 


3 N. S. Akulov and М. Z. Mirygsov, J. Tech. Phys. U.S.S.R. 
18, 389 (1948). 
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DOMAIN PATTERN 


Fic. 2. „Stress pattern 7I 
(100%); 111101) 7 =direc- 
tian of stress. у 


these changes in domain structure may vary from sam- 
ple to sample, the general picture is always the same. 
Figure 1(a) shows the domain pattern with no applied 
load. The grain is divided into large domains magne- 
tized along [001 ]; the direction of the domain walls in 
the picture is also [001]. In the silicon steel, used in 
these investigations, the plane of the surface of most 
grains is close to (110). In this case the domain walls 
are generally continuous across the grain boundary, 
because in such arrangement magnetic charges at the 
grain boundary are kept to a minimum. With increasing 
load the domain walls along [001] get less and less 
pronounced. They break up and disappear gradually. 
This breaking up is followed by a transition stage 
(Fig. 1(b)) where, within a certain range of load, no 
pattern is visible at all. Further increase in load causes 
the appearance of a set of parallel lines perpendicular 
to the original domain structure and more narrowly 
spaced, the stress induced pattern J (Fig. 1(c)). It is 
faint at its first appearance, but becomes more distinct 
and narrower in spacing as the load increases. Figure 
1(4) shows the residual stress pattern after plastic 
deformation, as discussed in Sec. IV. 

There is, however, а second type of stress induced 
pattern (stress pattern ТТ), which can be seen in Fig. 2. 
It is characterized by wavy boundaries approximately 
parallel to (001) and a very fine division in the surface 
with its main direction close to (111). The two pat- 
terns can exist side by side within one grain. The first 
pattern to appear is usually pattern J, but pattern II 
once started at any point within a given grain grows on 
the expense of pattern Г. Apparently there is complete 
flux closure between the two types of pattern. Both 
patterns occur within the elastic range and disappear 
when the stress is relieved. 


B. Stress Pattern in a Field 


In order to determine the change in basic domain 
arrangement, the behavior of the stress induced pattern 
and the transition stage were studied in horizontal and 
vertical magnetic fields. The field strengths ranged 
from 25 to 75 oersteds. First a weak magnetic feld was 
applied normally to the surface of a grain in the “transi- 
tion stage." This normal field causes the stress induced 
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pattern J to appear under loads which were not suffi- 
cient to cause its appearance in the absence of the field. 
Figure 3(a) shows the transition stage in one of the 
specimens. Figure 3(b) gives the same spot in a field 
normal to the surface. Figures 4(a), (b), and (c) show 
the action of a normal field of opposite directions on 
pattern 7. The load was sufficiently high to cause the 
clear appearance of the stress'patterns in the absence 
of a field. If pattern J is subjected to a horizontal field, 
the pattern changes in such a manner that adjacent 
domains shrink and grow, respectively. Figures 5(a), 
(b), (c), and (d) show the same pattern in a field of 
identical strength but varying direction. Observing a 
specific domain it can be seen that this domain grows 
when the field makes an angle between 0? and 90° 
with [001], reaching its maximum width at 90°. It 
then shrinks within the range of 90? to 180?. At 180? the 
pattern is identical with the original. After 180? the 
domain shrinks further, reaches minimum width at 270°, 
and starts to grow after that until the original configura- 
tion comes back at 360?. In addition to the change in 
spacing, there is a change in the intensity of the lines. 
Adjacent lines change their intensity in the opposite 
sense. For 0? and 180? spacing and intensity are iden- 
tical over the whole pattern. i 

If the same experiments are carried out with pattern 
IT the basic domains shrink and grow in the same way 
as in pattern J. The above described behavior in a hori- 
zontal magnetic field shows that the wall between the 
basic domains of both pattern J and JI is a 180° wall, 
because when the direction of the field changes with 
respect to the direction of the specimen axis, the same 
pattern occurs after rotation of 360°. Ninety-degree 
walls would show a 180° symmetry. 


Ш. INTERPRETATION OF THE STRESS INDUCED 
DOMAIN STRUCTURES : 


The observations, described above, led to the follow- 
ing interpretation of the stress induced domain patterns. 
The basic domain configuration of the unstressed grain 
consists of large domains magnetized along [001] or 
[001 ]. In the majority of the grains the angle 9 between 
the [001] axis and the surface does not exceed a few 


(2222 


(а) ^ (b) - 


Fic. 3. Transition stage in normal field (50%); (11011. (a)=no 
field; (b) = magnetic field normal to the surface. 


DIJKSTRA AN 


) Fic. 4. Pattern J in a normal field (80X); (11011. (а)=по 
E field; (b) and (с) = normal fields of equal strength and opposite 


directions. „ 


degrees. The observed spacing of the walls of the domain 
pattern in these grains is always of the order of 0.01 cm. 


This magnitude can be understood as follows: The spacing is 

— determined by the minimum value of the sum of the magnetostatic 
— * energy Ex, owing to magnetic pole distributions and the wall 
— energy Бу. Because of the interaction between the grains, the 
—— observed spacing is an average value to which more than one grain 
- contributes. As a basis for an estimate of the spacing we take the 

- domain pattern of the center grain of Fig. 1(2). X-ray determina- 
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tion showed that a value for 0 of about 1° is generally representa- 
tive for this type of pattern. (If 0 isxa few degrees, Ём increases, 
but is greatly reduced by the formation of more or less compli- 
cated patterns on the surface of the basic domains, also visible in 
Fig. 1(a). This effect, which means that the higher magnetostatic 
energy is reduced by the substructure and not by a decrease in 
spacing, tends to justify our estimate on the basis of the simple 
pattern), Then (see Kittel’) the magnetostatic energy per cm? of 
the surface equals 


2d 
Ey=1.71 2 sin’ ==44; 


d=domain spacing, и*=41.2/2К, K=crystal energy constant. 
The wall energy per cm? of the surface is equal to 

а-тү1з? B 
p cane ur 
a=specimen thickness. The equilibrium spacing do— (B/A). If 
we take 0—1?, 7,—1580 gauss, К=2.8Ж105 ergs/cm?, yigg 
=1.5 ergs/cm?, then dp=2a cm. This is the observed order of 
magnitude since “а” is approximately 0.01 cm. 


А few remarks have to be made. In the first place 
we have neglected, in the energy term Ezr, the mag- 
netostatic interaction between the magnetic poles on 
top and bottom face of the specimen. Further calcula- 
tion shows that this is not serious for an estimate of the 
order of magnitude of the spacing d as long as d is not 
larger than a, as is indeed the case. In the second place 
we have neglected the contribution to Ем by the mag- 
netic pole distributions at the grain boundaries. But 
usually the angle between the [001] axis in adjacent 
grains does not exceed 5°, and very often the magneto- 
static energy located at the grain boundaries is reduced 
by the formation of spikes. An upper limit of this 
energy term can be obtained by using the above formula 


Fic. 5. Pattern J in horizontal field. (a=angle between Æ and 
[001]) (505); (11011. (a) «=0. The pattern for «=0 is iden: 
tical мын the pattern for Н=0; (b) «=90°; (с) «=180°; (d) 
a=270°. 


4 С. Kittel, Revs. Modern Phys. 21, 541 (1949). 


. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


DOMAIN PATTERN IN SILICON-IRON 149 


for Ем, which is, strictly speaking, only valid if the 
ОЕ 15 а cornpared with the dimensions of 

пе pane. | Une has to take 1/5* instead of 2/(1-- и*), 
since the ferromagnetic medium is on both sides of the 
boundary. ] In our case where the grain diameter is 
about 10a, this limit turns out to be of the same order 
as the term Ad. Hence, it will not be too serious to 
neglect this energy term. The grain diameter will only 
enter in the calculation for values of this diameter much 
smaller than 10a. 

The plane of the specimen is a (1 10) plane; hence, 
[001] is the only direction of easy magnetization that 
lies in the surface. Under the conditions of our experi- 
ments the magnetostriction of Si-Fe is always positive; 
when the external stress is applied along [110], then the 
two other directions of easy magnetization become more 
favorable because they form angles of 45? with the direc- 
tion of stress. This results in a rearrangement of the 
basic domains. They will now be magnetized along [010] 
or [100]. It should be emphasized here that this change 
in domain structure is not a continuous transition from 
the original pattern by growth or shrinkage of domain 
under stress (as pictured in most of the earlier work on 
ferromagnetism); it is the formation of a new con- 
figuration which requires nucleation of new domains. 
Details of this nucleation process are not known. 
There is, however, experimental evidence on how the 
new domains within pattern J nucleate and spread. 
The spacing of the domains in pattern J decreases with 
increasing stress. That means that new domains must 
nucleate and propagate through the grain. This process 
starts, as shown in Fig. 6, at the grain boundaries. 
Here conditions seem to be favorable for the formation 
of a stable nucleus, because of two factors that come into 
the picture. There are, first of all, magnetic charges at 
the grain boundaries which have opposite charges in 
neighboring domains. The spacing of these opposite 
charges, and hence the magnetic energy, is reduced by 
the formation of new domains. Secondly, stress concen- 
trations can occur at grain boundaries, which may also 
facilitate the nucleation of new domains. Figure 6(b) 
and (c) show this process of nucleation and propagation 
of new domains. Because of the coherence of the domain 
pattern within a group of grains these new domains 
propagate across grain boundaries across which the 
domain configuration is continuous. 

When the original pattern changes then there are 
important differences between the possible configuration 
of the basic domains magnetized along [010] or [100]. 
If they are separated by walls parallel to (011), the 
flux through the specimen can be closed by surface 
domains magnetized along [001]. This is not possible 
if the basic domain walls are parallel to (100). 

The stress induced pattern I corresponds to the flux 
closure configuration with surface domains magnetized 
along [001 ] | Fig. 7(a) ], while pattern II is interpreted 
по} cm Jr., dissertation, Carnegie Institute of Technology, 

1950). 
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Fic. 6. Nucleation and propagation of new domains (40X); 
1 [110]; T direction of stress. (a) — initial state (no applied stress 
but residual stresses); (b) and (c)=increasing applied stress. 


as а configuration with basic domain walls parallel to 
(001) and with a complicated surface pattern due to the 
free charges. 5 


In order to obtain a rough value of the critical stress ¢, at which 
the original pattern switches over to pattern J and 9f the spacing ~ 
for which the secondary pattern appears, the following estimate can 
be made. We shall neglect the strain energy caused by the elastic 
interaction between the superficial and interior domains. Taking 
the state of the primary pattern, spacing do and stress с, as the 


peace ose pr ee 


Umm 
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ид 


(8) (b) 
Fic. 7. Configuration of pattern 7 (schematic). 


reference state, the thermodynamic potential of the secondary 
configuration is 


$4495 5 IIE- 6) ise eto D; 


d=spacing of secondary pattern, yoo? = Zy, AL— magnetostric- 
tion along [011] axis on turning 7, from [001] into [010]. The 
equilibrium spacing for given с follows from (9%/94). =0 and is 


d=[ayi0°/(A + tv20Al) }. (1) 


[То obtain the actual dependence of d оп с the strain interaction 
and the opening-up effect, discussed later, had to be considered. ] 
For a qualitative comparison Fig. 8 shows the observed values of 
@ against c for increasing stress. The solid line represents the 
slope of the theoretical curve, based on formula (1). The crosses are 


3 experimental data measured for increasing stress. The secondary 
3 pattern becomes more stable than the primary for $ «0. This 
Ён yields, using the above value for d and taking AJ=10~5, а=0.01 


cm and 0=1°, cerit=0.2 kg/mm? and derit=a in agreement with 
the observation. The foregoing are equilibrium considerations 
which do not take the kinetics of the process into account. 


The experimental evidence mentioned earlier shows 
that the lines in pattern 7 become more and more pro- 
nounced with increasing stress and that the originally 
fine lines widen out into bands. At the same time the 
spacing decreases. When the stress is gradually released 


3 the process is reversed, the spacing increases and the ~ 


bands form back into lines, get fainter, and disappear. 
This behavior can be explained qualitatively as fol- 
lows: In the closed flux configuration which is formed 
when the original pattern switches over, the surface 
domains which are magnetized along [001] still con- 
л stitute а considerable portion of the total volume of the 
crystal. With increasing stress these domains become 
energetically less and less favorable. The tendency to 
decrease this volume will lead first to а decrease in 
: spacing through the formation of new domains as 
described above [see also formula (1)], and secondly 
there will be an “opening up” of the closed flux struc- 
ture as pictured in Fig. 7(b). In this case there is an 
increase in energy dué to the free charges from the basic 
domains on the surface but also a decrease in energy 
due to the decrease in wall area, in addition to the 
decrease in energy due to the increased volume of the 
basic domains. 
‘This picture leads to a possible explanation of the 
sition’ stage.” At very low loads the opening up 
is very small, and,consequently, the close prox- 
y of the opposite charges of the domain walls and 
isic domains localize the stray field at the surface 
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The observed behavior of the domain pattern in a 
field substantiates this interpretation. The magnetic 
field in these experiments is weak, so as not to upset 
the basic domain structure. The basic domains grow 
and shrink depending on their orientation with respect 
to the field, but the surface domains remain practically 
unchanged. The change in volume of the basic domains 
leads to the opening up” effect of the growing domains 
and an increase in intensity of the corresponding lines 
on the surface. The effect is reversed in the case of the 
shrinking domains. 

In the transition range the normal field causes the 
appearance of the pattern, but, as shown in Fig. 5(c) 
and (d), only every second line appears in a normal 
field of a given direction. In addition to any action of 
the “opening up” effect, there is of course the well- 
known effect of an applied field on the line intensity! 
This effect, however, cannot explain the observed be- 
havior of the pattern in a horizontal field. 
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Fic. 8. Change in line spacing of pattern 7 with increasing stress. 


IV. PLASTIC DEFORMATION 


As soon as the applied load is increased beyond the 
elastic limit of the material, permanent changes occur 
in the mechanical state of the specimen. 

After unloading the original pattern does not return 
completely. In some parts of the grain stress induced 
patterns are still visible, which means that these parts 


of the grain are under residual strains. Figure 1(d) and | 


6(а) show two examples. Figure 1(d) is the picture of 
the center grain of Fig. 1(a) after the specimen had been 
deformed plastically and the load had been released. 
This picture shows the residual strains in the interior 
of the grain as well as the residual strains between 
neighboring grains. 

The authors are indebted to Dr. O. W. Ellis, Director, 
Department of Engineering and Metallurgy; Ontario 
Research Foundation, for his continued interest in this 


REVIEWS ОЕ MODERN PHYSICS 


VOLUME 25, NUMBER 1 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


JANUARY, 1953 


Hall Effect in Ferromagnetic Materials 


EMERSON M. PucH AND NORMAN ROSTOKER 


Carnegie Institute of Technology, Pitlsburgh, Pennsylvania 


to 800°K. 


оеша results are reviewed for Fe, Co, Ni, the Co— Ni and Ni— Cu alloy series. Most of the 
ments were made at room temperature. In the case of Ni, data are available from about 10°K 


In every case studied, the Hall emf consists of a sum of two terms. The first term is proportional to the 
magnetizing field and has been called the ordinary Hall effect. Its order of magnitude and sensitivity to уагїа- 
tions in temperature and in composition are comparable with the Hall effect in nonferromagnetic metals. 
The second term is proportional to the magnetization and has been called the extraordinary Hall effect. 

At room temperature, the extraordinary effect is usually much larger than the ordinary effect. Large 
.changes in the extraordinary effect may be produced by variations in temperature or composition. 

Е In the theory of the ordinary effect, а representation is employed т which conduction may take place 
in both the s- and d-bands. This theory appears to be moderately successful in interpreting the experi- 


mental data. 


Various proposals that have been advanced to account for the extraordinary effect are considered briefly. 
We consider that a satisfactory physical basis for this phenomenon has not yet been established. 


1. INTRODUCTION 


S early as 1893, it was known that the Hall effect 
in the ferromagnetic elements Fe, Co, and Ni is 
determined mainly by the magnetization. In subsequent 
experiments by one of us,” it was established that the 
Hall voltage is proportional to the magnetization at 
fields up to magnetic saturation and has all of the 
inherent irreversibilities of magnetization curves. These 
experiments were made with polycrystalline materials. 
Webster? measured the Hall effect in single crystals of 
iron and obtained similar results. Webster's measure- 
ments were made with the primary current and Hall 
potential along the simple crystallographic axes [100], 
[110], and [111]. His results showed that the Hall 
effect due to magnetization is practically isotropic. 
Most of the early measurements were made for 
fields below saturation. The Hall constant was defined 
as it is in nonferromagnetic materials. That is 


R=E,/Hojz, (1) 


where R=Hall constant, Е,=НаШ electric field, 7: 
=primary current density, and H )=applied magnetic 
field in the z direction. Usually a sample was measured 
that was sufficiently thin in the 2 direction relative to 
the dimensions in the « and y directions so that the 
demagnetizing factor would be very nearly 4т and 
H&B, the magnetic induction of the sample. 1 

In Fig. 1 the measurements made by Smith* for Ni 
are reproduced. We have plotted the Hall electric field 
per unit current density e, Ey/ jz, against the applied 
field or magnetic induction of the sample. The Hall 
constant according to Eq. (1) would be the slope of the 
initial steep portion of each curve. The temperature 
dependence of R, as shown in Fig. 2, is particularly 

Ч 1 1893). 

33 M Е 61503 0930) Е. М. Pugh and T. 


W. Li t, Phys. Rev. 42, 709 (1932). 
2 WI De Webster, Proc. Cambridge Phil. Soc. 23, 800 (1925). 


А. W. Smith, Phys. Rev. 30, 1 (1910). 


striking because the Hall constant does not usually 
vary significantly with temperature in metals. More 
recent measurements for Ni by Kikoin® confirm the 
essential features of Smith's data. Smith* also made 
measurements for Co and Fe which show similarly 
anomalous behavior. 

The Hall effect in ferromagnetic metals appears to 
be a fundamentally different phenomenon from the 
Hall effect in other metals according to the experimental 
data for fields below saturation. When magnetic satura- 
tion is achieved, or the domains have been oriented 
in the direction of the applied field, the magnetization 
is almost constant. The Hall effect continues to increase 
with increasing applied field, but much more slowly as 
can be seen in Fig. 1. Accordingly the following empirical 
formula has been suggested for the Hall effect in 
ferromagnetic metals?.5: 


e,7 RH + Ri, Q) 


where e,— Hall electric field per unit current density, 
Н = magnetizing force in the z direction, and M= mag- 
netization in the z direction. Ко and К; have been 
designated the ordinary and extraordinary Hall con- 
stants, respectively. The data of Smith for Ni have been 


m 


(-ey) volt cmZomp х 1077 


Holl Electric Field per Unit Current Density 


Magnetic Induction В — Klogouss © 
Fic. 1. Hall effect in nickel frem the data of A. W. Smith. 


5T. K. Kikoin, Physik. Z. Sowjetunion 9, 1 (1936). 
ЗА. W. Smith and В. W. Sears, Phys. Rev. 34, 1466 (1929). 
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¥ic. 2. Hall constants for nickel determined from the slopes 
of the initial steep portions of the plots of Hall electric field per 
unit current density versus magnetic induction. 


3 reconsidered’ on the basis of Eq. (2). Although Smith's 
3 data above saturation are not very accurate it was 
possible to determine approximate values of Ri and Ro 
over the entire temperature range studied by Smith. 
The constant Ro=—0.61 X10-" volt cm/amp gauss 
at room temperature, was of the same order of magni- 
tude as the Hall constants for the nearest neighbor 
- — nonferromagnetic elements in the periodic table 
— (8--093х10-2 volt cm/amp gauss for Mn and 
i: =—0.55Ж10-2 volt cm/amp gauss for Cu). The 


7 


— "Hall constant defined in the usual way for ferromagnetic 
— metals by Eq. (1) is about a factor of 20 larger. Of 
x. particular significance was the fact that the values of 
Ry determined from Smith's data were approximately 
independent of temperature over the entire tempera- 
ture range.? Recently Jan and Gijsman? have obtained 
— "more accurate data at low temperatures which show that 
| Ro decreases significantly in magnitude between room 
- temperature and 14°K. With the possible exception of 
this fact, the order of magnitude and temperature de- 
| pendence of Ко is about the same as for the Hall con- 
= stant ef nonferromagnetic metals. (Above the Debye 
characteristic temperature of the lattice the Hall con- 
stant is almost independent of temperature in most 
metals. Low temperature behavior is rather varied. 
According to Alterthum,? when the temperature is 
decreased from room temperature to very low tem- 
peratures, the Hall constant increases to a maximum 
— „in diamagnetic metals such as Au, Cu, Cd, and de- 
® creases to a minimum in paramagnetic metals such as 
BC Al Pt.) 
| The constant Ri= —74.9x10-? volt cm/amp gauss 
— for Ni at room temperature. It increases rapidly with 
_ temperature by as much as a factor of about 5 in the 
neighborhood of the Curie point.” The Hall effect due to 
_ magnetization is of a tundamentally different character 
from the usual Hall effect. Although it has been ob- 
served only in ferromagnetic metals, it should be 
_ pointed out that if such an effect were present in other 
- metals it would be indistinguishable from the ordinary 
effect because M would be proportional to H. The 


met 
ostoker, and Schindler, Phys. Rev. 80, 688 (1950). 
2 and Е. М. Pugh, Phys. Rev. 82, 125 (1951). 
Т.Р. J: d H. M. Gijsman, Physica 5, 277 (1952). 
^ Alterthum, Ann. phys. 39, 933 (1912); 40, 391 (1913). 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


E. M. PUGH AND N. ROSTOKER 


existence of this effect above the ferromagnetic Curie 
point when Ni is still strongly paramagnetic suggests 
the possibility that it may occur in nonferromagnetic 
materials? 

In most of the earlier measurements found in the 
literature, investigators have studied the Hall effect 
below saturation. The main reason for this is that а 
very high magnetic field is required to study most 
ferromagnetic materials above saturation. The only 
data above saturation that has been available is for Ni. 
The recent acquisition of an A.D.L. magnet at Carnegie 
Institute of Technology has made fields up to 40 
kilogauss available. The group at C.I.T. has under- 
taken the study of a variety of ferromagnetic metals 
with the primary objective of measuring the ordinary 
Hall constant Ry for which no data have been available. 
The results to date will be reported herein, and the 
interpretation of the measured values in terms of the 
usual theory of the Hall effect will be discussed. These 
data help to fill an existing gap in the knowledge of 
the electrical properties of ferromagnetic metals and 
when completely understood may considerably enhance 


o Recent Measurements by Jan ond Gijsman| 
e Computed from the Data of A.W. Smith 
80 + 
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Fic. 3. Temperature dependence of the field 
parameter а, for nickel. 


our presently inadequate understanding of the behavior 
of the d-shell electrons. 

Тре origin of the Hall effect due to magnetization 
must be of a fairly general character since similar effects 
due to magnetization are present in an entire class of 
conduction phenomena. For example, the Ettinghausen, 
Nernst, and Righi-Leduc effects are also proportional 
to the magnetization below saturation and increase 
linearly with H after all of the domains have been 
oriented,» 

Considerable thought has been given to the possi- 
bility that an effective magnetic field deflects”! the 
conduction electrons. That is, 


Н.„= Н --4тоМ,, (3) 


where Н = magnetizing force, М, = saturation magneti- 
zation in a domain, a—a parameter which would 
usually be much greater than unity. 


ML. L. Campbell, Galvanomagnetic and Thermomagnelte 
Effects (Longmans Green and Company, New York, 1932). 

В С. S. Nielson, Phil. Mag. 18, 575 (1934). 
‚ВК. Kondo, Rep. Inst. of Sc. and Tech., Tokyo 4, 79 (1950) 
(in Japanese). 


HALL EFFECT 


Below saturation when the domain 
aligned, the effective field given 
produce а Hall electric field whose magnitude and 
direction would be different for each domain. However 
it has been proved’ that the resultant observable Hall 
emf would depend on the macroscopic magnetization 
M or the average domain orientation and the Hall 
constants for the sample would be the same as the Hall 
constants for the domains. Therefore without loss of 
generality we can forget about the domains and replace 
the 4a M, term of Eq. (3) by the uniform field 4тоМ. 
Then Eqs. (2) and (3) imply the following expression 
for Hall effect: 


з are only partially 
by Eq. (3) would 


y= КоНен, (4) 


where И.и=Н-4таМ is the effective field in the 
z direction, and a= R,/4rRo. 

In the case of Ni it has been possible to estimate the 
values of « over a wide range of temperatures from 
Smith's data. In Fig. 3, « has been plotted against 
temperature. It is not possible to estimate a satis- 
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Fic. 4. Comparison of Hall effects for a number of materials 
investigated by S. Foner. (The Hall voltages refer to samples 
which are 1 mm thick in the direction of the field and carry a 
current of 25 amperes.) 


factorily for low temperatures from these data. This 
gap has recently been filled by the measurements of 
Jan and Gijsman? which are also shown in Fig. 3. It 
appears quite definite that a approaches 2 at very low 
temperatures. 

This is in good agreement with the recent work on 
the magnetoresistance of Ni carried out by Smit." 
According to Smit the magnetoresistance produced by 
the influence of the Lorentz magnetic force on the 
electron orbits is obscured by the much larger magneto- 
resistance due to the influence of changes in intrinsic 
magnetization on the scattering probability of elec- 
trons, except at low temperatures. He has studied the 
“orbital” magnetoresistance at liquid nitrogen tem- 
perature and finds that an effective field with 0222 is 
consistent with his data. à 

Several attempts have been made to give a physical 
basis for the effective бе1д. 434545 These attempts have 


м 1. Smit, Physica 17, 612 (1951). 
ву БОЛ Exp. ed Phys. USSR 9, 262 (1939). 
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Fic. 5. Ordinary Hall constant versus composition from the 
measurements of Hall emf above saturation by Schindler and 
Foner. (1* is the number of conduction electrons according to ele- 
mentary theory for the Hall effect. я, is the number of s-band 
electrons according to the simple band picture.) 


all started from the one-electron approximation in a 
perfect lattice corresponding to 0°К and might be 
considered as possible explanations for the low 
temperature behavior of the Hall effect due to magneti- 
zation. However, no success has been achieved in ex- 
plaining the increase of х from about 2 to almost 100 
in Ni when the temperature is increased up to the Curie 
point. These attempts also fail to clarify the experi- 
mental data for Fe, Co, the Co— Ni and Ni— Cu alloy 
series presented herein. 


2. RECENT MEASUREMENTS OF HALL EFFECT AT 
ROOM TEMPERATURE 


Hall effects in the Cu— Ni and Co— Ni systems have 
recently been measured by Schindler!” and Foner.! In 
Fig. 4 the Hall voltage is plotted against the applied 
magnetic field for a number of materials investigated 
by Foner. From such curves, the values of Ry and а 
in Eq. (4) were determined. In Fig. 5 the values of Ro 
are shown for all of the elements and alloys measured 
to date. In Fig. 6 the corresponding values of a are 
shown. 


3. INTERPRETATION OF THE ORDINARY HALL 
EFFECT IN FERROMAGNETIC MATERIALS 


According to the Sommerfeld theory the Hall con- 
stant R is related to the number of conduction electrons 
by the formula!® 

R=—1/(nNec), (5) 


where »=number of conduction electrons/atom, № 
— number of atoms/unit volume, e— magnitude of elec- 


16 А. С. Samolovich and B. L. Konkov, J. Exp. Theoret. Phys. 
USSR 20, 783 (1950). 

Y A, T. Schindler and E. M. Pugh, Phys. Rev. 83, 208 (1951). 

18 5. Еопег and E. М. Pugh, Phys. Rev. 87, 210 (1952). 
References 17 and 18 refer to abstracts of papers presented to the 
American Physical Society. The experimental results have not 
yet been published at the time of writing this paper and але repro- 
duced here with the kind permission of Dr. A. I. Schindler and 
Dr. Simon Foner. s 3 

19 А. Sommerfeld and №. Н. Frank, Revs. Modern Phys. 3, 1 
(1931). 
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Composition of Sample 


Fic. 6. Field parameter a, estimated from the measurements 
of Schindler and Foner. 


tronic charge, and c-— velocity of light. Equation (5) 
is applicable to а case where conduction occurs in a 
single band which is nearly empty. In this case the 
energy levels are approximately given by 


є-(72/2т,)8, (6) 


where є = electron energy relative to the lowest energy 
level of the band, k= magnitude of electron wave vector, 
and m,-—effective mass of electrons in for example an 
s-band. 

An effective number of electrons z* can be calculated 
from Eq. (5) and the experimentally determined values 
for Ry. Making use of Eq. (5), 


п*= — (1/ ес) (7) 


has been calculated and plotted in Fig. 5. The numbers 
of s-band electrons/atom indicated by magnetization 
measurements, are also shown in Fig. 5 for each material. 
Excluding the case of Fe, 7 does not differ from 7, by 
more than a factor of 2 in any case. This is about the 
extent of agreement usually obtained between the 
number of conduction electrons expected and the 
number calculated by means of Eq. (5) and Hall 
effect measurements for nonferromagnetic metals. For 
example the agreement in the case of Cu shown in 
Fig. 5 is within a factor of 1.5. 

In the case of nonferromagnetic metals the dis- 
crepancies between the measured Hall coefficients and 
Eq. (5) can often be resolved by replacing Eq. (6) with 
a more realistic assumption for the band structure. 
'For metals that conduct in a single band such as Cu, a 
more general formula for R such as Jones and Zener”? 
have given indicates that the discrepancies may be 
accounted for by departures of the Fermi surfaces from 
spheres. For metals that can be expected to conduct 
in more than one band a representation has been 
_ employed where one band is nearly empty and the other 
nearly filled. In the nearly empty band (s-band) the 
energy levels are assumed to be given by Eq. (6) and 
e nearly filled band (d-band) by 


= є= em— (I2/2ma)P, (8) 
maximum eneígy of the band, — а= effec- 


ones and C. Zener, Proc. Roy. Soc. (London) A145, 269 
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tive mass of d-electrons, l= wave vector measured from 
the highest level em. With this representation Sondhei- 
mer?! gives for the Hall constant, 


1 1 ус, 5 1 уса 2 
MO) o 
NecLns < o пах с 

where л, = number of s-band electrons, па= number of 
d-band holes, c,—s-band conductivity, oa=d-band 
conductivity, o= o,toa= total conductivity. Equation 
(9) has been moderately successful in explaining depar- 
tures from the Sommerfeld formula” and the occurrence 
of positive Hall coefficients in many metals where con- 
duction can be expected from more than one band. 

It appears to be both reasonable and necessary to 
assume for the ferromagnetic materials that the 
d-electrons are itinerant and contribute to conduction. 
We can for example account for the measured Hall 
coefficient of Ni by means of Eq. (9) with 1,—14-—0.6/ 
atom and c4/e—0.23.! Similarly the measured Hall 
coefficient for Fe can be accounted for with ь=0.6 
atom, 44—2.2/atom, and са/т=0.87. It should be 
noted that Co, according to the old definition of Eq. (1) 
for the Hall constant, had a positive Hall constant 
indicating predominating hole conduction, whereas ac- 
cording to the present definition, Ко is negative and 
agrees fairly well in magnitude with the Sommerfeld 
formula and 2,=0.7/atom. (The reason for this can 
be seen in Fig. 4. The slope of the plot of Hall voltage 
versus magnetic induction is positive below saturation 
and negative above.) 

The main features of the К constants for ferro- 
magnetics can be understood in terms of the usual 
theory of Hall effect for a uniform applied field. The 
degree to which measured values of the Hall constants 
agree with predictions by theory is about the same as 
for nonferromagnetic metals. Close agreement with 
formulas based on spherical Fermi surfaces such as 
Eqs. (5) and (9) usually cannot be expected since most 
attempts at calculating wave functions and energy 
levels for ferromagnetics indicate that the Fermi 
surfaces are not spherical to a good approximation ex- 
cept in limiting cases.? : 


4. SPECULATIONS ON THE ORIGIN OF THE 
HALL EFFECT DUE TO MAGNETIZATION 


There are usually transverse voltages present which 
are not due to the Hall effect. Transverse temperature 
gradients produced, for example, by the Ettingshausen 
effect, result in a transverse voltage due to the thermo- 
couple action of the sample and potential leads. 
Magnetoresistance effects which are particularly large 
in ferromagnetic materials may also result in a trans- 
verse voltage. In the data reported herein, particular 

21 E, H. Sondheimer, Proc. Roy. Soc. (London) A193, 484 (1948). 

2 For example, see E. Justi and M. Kohler, АБВ. Braunschwelg 
Wiss. Ges. 3, 44 (1951). 


% For example, see H. M. Krutter, Phys. Rev. 48, 664 (1935); 
С. С. Fletcher, Proc. Phys. Soc. (London) A65, 192 (1952). 
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HALL EFFECT 


care has been exercised to correct for t 
that the corrected measurements ma 
garded as Hall effect. 

In order to describe the Hall effect in ferromagnetic 
materials within the framework of existing theo ЯН 
effective Lorentz force has been introduced. We dte 
effective magnetic fields for the Lorentz force, | 


hese voltages so 
y be properly re- 


H,=H+4ra,M (10) 
for electrons that are mainly in s-states and 
Н:-Н--4тааМ (11) 


for electrons that are mainly in d-states. This leads to 
the Hall effect expression of Eq. (4) where №, is given 
by Eq. (9) and 


= ==) = (12) 
Ко үес! No/ m, с/ па 

In order to explain the observed values of o for Ni, 
it is necessary to give a physical basis for values of a, 
and аа that are much greater than unity and to account 
for the rapid increase of a with temperature from about 
2 to almost 100 mainly through a temperature de- 
pendence of œs, аа. А correct explanation must also sug- 


gest the changes in œ with changes in composition 
shown in Fig. 6. 


a. Lorentz Force due to Internal Magnetic Fields 


The magnetization arises from the electron spin which 
produces dipoles that are very small even on an atomic 
scale. The magnetic field produced by these dipoles 
varies over a wide range of values in extremely short 
distances. The resultant effect on an electron which 
traverses many interatomic distances can be described 
in terms of an effective magnetic field such that 


(= — (6/0) (vx). — (©/6)((У)мЖНы), (13) 


where f— Lorentz force; the ( Yay denotes an average for 
the electron being deflected, h=actual magnetic field 
at the location of the electron under consideration, 
v=electron velocity, Her= effective magnetic field. 
For a beam of Dirac electrons with extremely high 
velocity, so that v may be considered a constant of the 
motion, Weizsäcker“ has shown that Ны‹=Н-4тМ. 
According to Lorentz the spatial average of h is 
(hy, H-4-42M so that in this case the beam electrons 
simply report the average field. Wannier's? calculations 
for high energy cosmic ray particles consider the effect 
of the beam particle on the local distribution of mag- 
netization. He finds small deviations from the limiting 
case treated by Weizsücker which are produced by 
Coulomb interaction between the beam particle and 


the "electrons. ў 
These calculations do not apply to ће relatively slow 


С F. v. Weizsäcker, Ann. Physik 17, 869 (1933). 
% G. Н. Wannier, Phys. Rev. 72, 304 (1947). 
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conduction electron for which the crystalline field can- 
not be neglected and for which v could not be con- 
sidered а constant of the motion. Nevertheless, it has 
been considered by Webster? that on the basis of 
Wannier's calculations the effective field for conduction 
electrons would be less than (h)4, because the Coulomb 


‚ repulsion between conduction and d-electrons would 


prevent conduction electrons from reaching the high 
field regions near the d-electrons. j 

Kondo” has recently made a calculation appropriate 
to the conduction electrons of Ni and finds that 
Н.н= Н +4таМ where «,=0.34 for s-electrons and 
aa=2.5 for d-electrons. Не has also found a linear in- 
crease with temperature of а., аз due to the influence 
of the lattice vibrations on the microscopic distribution 
of magnetization, but it is much too small to explain 
the Hall effect. 

There does not seem to be any possibility of account- 
ing for values of о very different from unity on the basis 
of the magnetic field due to the polarized d-electrons. 


b. Effective Field due to Spin-Orbit Interaction 


Rudnitsky!5 first suggested the possibility of a Hall 
effect due to the action of the inhomogeneous field 
from the primary current on the spins of the d-electrons. 
The magnetic field due to the current is illustrated in 
Fig. 7. For simplicity we consider a model where there 
are JV electrons per unit volume of magnetic moment 
и and charge —е. These electrons are assumed to 
produce the primary current and to have their spins 
aligned in the z direction so as to produce a magnetiza- 
tion M — Ny. Due to the inhomogeneous field from the 
primary current, the force on an electron in the y 
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Fic. 7. A typical Hall effect sample. The directions of mag- 
netization, primary current, and Hall voltage are shown. The 
magnetic field due to the primary current density is indicated 
roughly by field lines. 
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26 D, L. Webster, Am. J. Phys. 14, 360 (1946). 

21 K, Kondo, Saitama University, Tokiwacho, Urawa, Japan. 
We wish to thank Professor Kondo for showing us his calculations 
prior to publication. 
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here Z,- magnetic field due to the primary current 
nsity jz. According to Maxwell's theory, 


аН,/эз= (дН./ду)— (4/0) jz. (15) 


_ Hy, Н, may be calculated from the Biot-Savart law 
with the assumption that 7, is constant. For a sample 
of the dimensions ordinarily employed in Hall effect 
studies 
| 9Н,/д:25-(4т/0)7, 

_ and 
id | fg (Arn /c) jz (16) 


— In order to satisfy the condition that j,=0, there must 

be a transverse electric field such that f,—cE,— 0. 

—— Making use of Eq. (16) and writing М = Nu, we obtain 
the following rough estimate of the Hall effect, 


E,=—(4nM/Nec)j:. (17) 


- Equation (17) has the required symmetry and form of 
a Hall effect expression. Aside from the questionable 
mulation, the main objection is that the estimated 
effect is too small to explain the Hall effect except 
haps at very low temperatures. If we take into 
msideration the fact that the d-electrons carry only a 
all fraction of the primary current in most ferro- 
gnetic materials, the predicted Hall effect would 
ill smaller than the right-hand side of Eq. (17) by 


- Rudnitsky's theory can be interpreted as a classical 
« tion of the interaction of the spin of an electron 


g of the spin of an electron with its own orbit 
be а much greater effect. Several investigators 
ttempted to calculate the Hall effect due to 
7 Е 

spin-orbit interaction energy of an electron can 
tten in the form?* | 


„= — (1/2mc)[ (иХЁ)-р|, (18) 


=magnetic moment of the electron under con- 
tion, p=momentum of the electron, E=electric 
field due to all the other charges. In a one-electron 
Tartree type approximation U,» may be regarded as a 

| jn term. It is similar in form to the pertur- 

n (e/mc)(Á-p) that accounts for the Hall 
e usual theory” for a constant field H — curl 
igh calculation we consider the effective 


/2е 


=(1/2e)[(y-V)E—u(V-E)]. (19) 
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An order of magnitude estimate is obtained by regarding 
the magnetic moment and velocity of the electron under 
consideration as constants of the motion and H,, as an 
operator for which the average value is 


Н.н- | оН. „йт. (20) 


ex is the unperturbed Bloch wave function for the 
electron under consideration in a crystal lattice. We 
shall consider а unit volume over which c; is normalized. 

For a perfect lattice | 4|? and E should have crystal 
periodicity making possible the reduction of Eq. (20) 
to an integral over a single atomic polyhedron. Any 
polyhedron may be approximated by an inscribed 
sphere of radius ro and volume то=1 / N where N is the 
number of atoms per unit volume. In the atomic poly- 
hedron we assume that o, has the symmetry of an 
s- or d-function and E&E(r)r/r is approximately 
spherically symmetric. With these assumptions Eq. (20) 
can be reduced to 


Н.н=— @тхь/зд) | | ёь| 2рЧто, (21) 


where р is the charge density define Бу V-E=4zp, 
which is due to the nuclei and all other electrons except 
the one under consideration. Equation (21) is essentially 
the same as the result obtained by Konkov and 
Samolovich.!5 

In the limiting case where the electron under con- 
sideration is free, | e|*— 1, Nf pdro—e, so that the 
result due only to the missing charge under consideration 
is Huc — (4т/3)и which is vanishingly small. 

A very much larger result can be obtained when the 
electron under consideration is not free. We shall con- 
sider the case of a d-electron and assume that near the 
center of the polyhedron the wave function approaches 
the atomic wave function which vanishes at the center. 
This is a characteristic property of the d-state. Accord- 
ingly, the charge density p to be considered in evalu- 
ating Eq. (21) is only that due to the Z electrons outside 
the nucleus. Forany polyhedron f pdro= — Ze, omitting 
the nuclear charge and neglecting the charge of the 
electron under consideration. Therefore 


| | е [?рато= — Ze| s (r3) 


where Ёу(7) is the radial part of øx and 7; is some value 
of r between 0 and ro, the radius of the inscribed sphere 
of the polyhedron. Since Ми is of the order of magnitude 
of the magnetization M, the effective field is of the form 
Н.и=4лоМ, 
with 
a—1Z|Ry(n)|?. (22) 


For the ferremagnetic elements Z is about 26, and it is 


м-т. 


3, 


HALL EFFECT 


reasonable to suppose that [,(71) [2 would be greater 
than the free electron value of unity so that a value of 
а might be obtained that is much greater than unity. 
According to this rough calculation, the direction of 
effective field for an electron depends on the spin 
orientation. "Therefore a net effect would only be ex- 
pected if there is a net polarization of the conduction 
electrons. 

A Hartree type calculation such as we have outlined 
would give too large a result for the effective field be- 
cause it neglects correlations of the electrons. The 
probability of finding any other electron close to the 
electron under consideration should be very small. It is 
especially improbable to find an electron of the same 
spin close to the electron under consideration. Kondo! 
attempted to correct for correlation of electrons by 
introducing "Fermi holes" around electrons where it 
would be improbable to find any other electron. From 
a numerical calculation he estimated 01214 and 
a¢=28 for d-electrons in Fe and Ni, respectively. His 
calculations show that these results are extremely 
sensitive to the choice of wave functions and therefore 
should not be taken too seriously except perhaps as 
order of magnitude estimates. 

Calculations to date have only been attempted for a 
perfect lattice with all spins oriented consistent with the 
Pauli principle and the observed magnetization. The 
temperature dependence observed for a has not yet 
been explained. It does not seem likely that the in- 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


IN FERROMAGNETIC MATERIALS 157 


fluence of lattice vibrations on charge distribution can 
account for this. A possible explanation of the tem- 
perature dependence may be in the spin dependence of 
the correlations of electrons. The correlation of electrons 
when there is a net polarization of electron spins at low 
temperatures should be substantially different from the 
correlation near the Curie point when the net polariza- 
tion becomes very small. It will be necessary to im- 
prove considerably the semiclassical calculations made 
to date in order to investigate such effects. 


5. CONCLUSIONS 


The ordinary process for Hall effect accounts for 
only a small part of the observed Hall voltage in ferro- 
magnetic materials. A satisfactory physical basis has 
not yet been established for the large Hall effect pro- 
duced by the magnetization. Of the proposals ad- 
vanced to account for this, only the spin-orbit coupling 
of conduction electrons appears to offer any possibility. 

Since the situation is simpler at low temperatures 
from a theoretical point of view, we are of the opinion 
that at present, the most profitable approach to the 
problem is to study Hall effect in ferromagnetic 
materials at low temperatures where experimental 
data is nonexistent except in the case of Ni. 

We wish to express our appreciation to Dr. А. I. 
Schindler and Dr. Simon Foner for permission to present 
their measurements and to Dr. ]. E. Goldman for 
discussions and criticism of this paper. 
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Magnetomechanical Effects in an 


Antiferromagnet, CoO 
M. E. FINE 
Bell Telephone Laboratories, Murray Hill, New Jersey 


HE formation of antiferromagnetic order in CoO, 
Street and Lewis! report, causes a large decrease 
in Young's modulus. We have made a detailed study 
of Young's modulus and internal friction in a sample 
of CoO. The experimental facts are as follows: On 
cooling, Young's modulus decreases rapidly near the 
Néel temperature, —2?C in our sample, reaching 
a minimum value at approximately —17°С. The 
modulus drops from 17 to 6.4Х10" dynes ст”, а 
change of 60 percent. The effects of antiferromagnetism 
on the modulus persist to at least —196°C, for at 
—196?C the modulus is half of its room temperature 
value. The internal friction, on cooling from room 
temperature, rapidly increases near the Néel tempera- 
ture reaching а maximum value of 1/0=9Ж10-3 at 
approximately the same temperature as the minimum 
in modulus. At room temperature and at —20°С in- 
creasing the maximum strain amplitude from 107% to 
10-5 has little effect on E or 1/Q, but at —190°С Е 
decreases 1 percent and 1/Q increases from 5 to 25 
х10-4, 

Тһе large decrease in E implies that an applied stress 
causes strains in addition to the normal elastic strain. 
The additional strains are comparatively large approxi- 
mately equalling the normal elastic strain. In trying to 
deduce the origin of these strains one can get ideas 
from the sources of anelastic strains in ferromagnets. 
For example, in CoO at low temperatures where E 
and 1/Q are functions of strain amplitude, a mechanism, 
predicted by Bozorth analogous to the stress-induced 
change in domain structure in ferromagnets? (the so- 
called AE effect) is plausible. In annealed nickel* the 
AE effect lowers the modulus some 30 percent. In CoO 
Shull, Strausser, and Wollin* have found the atomic 
magnetic moments to be aligned antiferromagnetically 
parallel to a. (100) direction. The antiferromagnetism 
distorts CoO from cubic (NaCl structure) to tetragonal. 
This has been reported by Tombs and Rooksby® and 

1В. Street and В. Lewis, Nature 168, 1036 (1951). 

2R. М. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
Inc., New York, 1951), pp. 472, 595. 
3M. Kersten, Z. Physik 85, 708 (1933). 
45, Siegel and 5. L. Quimby, Phys. Rev. 49, 663 (1936). 


% Shull, Strausser, and Wollin, Phys. Rev. 83, 333 (1951). 
6N. C. Tombs and H. Р. Rooksby, Nature 165, 442 (1950). 


"ue 


CC-0. In Public Domainl&&tukul Kangri Collection, Haridwar 


Greenwald and Smart.” The c/a ratio becomes increas- 
ingly less than one as the temperature is lowered below 
the Néel point. Now suppose we have a single crystal 
at room temperature. As it becomes antiferromagnetic 
on cooling there are 3(100) type directions which may 
become the magnetization direction and the direction 
of the shortened c axis. Thus the crystal when it becomes 
antiferromagnetic may become divided into 3 types of 
domains differing as to which of the original (100) 
directions is the c axis. If a tensile stress is applied, the 
area of that domain whose c axis is most nearly per- 
pendicular to the stress axis would increase thus in- 
creasing the length of the sample. The converse would 
occur on compression. Hence there is a lowering in 
modulus. The tetragonality at — 180 is approximately 
100 times the magnetostriction in nickel and is ample 
to yield strains of the same order of magnitude as the 
normal elastic strain. Since the tetragonality increases 
on cooling, one might expect the modulus to continually 
decrease, contrary to our observation. But as the tem- 
perature is lowered domain boundary movement be- 
comes more difficult because it generates larger internal 
strains. 

Near the Néel temperature where the magnetic 
moments are loosely coupled and any domain structure 
would be diffuse and where E and 1/Q are independent 
of strain amplitude, another mechanism may be the 
source of the additional strain. Analogous to the stress 
induced volume magnetostriction in ferromagnets,* in 
CoO near the Néel temperature an applied stress may 
change the degree of antiferromagnetic order. The 
strain would come from the tetragonality and volume 
change. The volume increases 10X107? ст /сш on 
cooling. E and 1/Q are more conceivably independent 
of strain amplitude by this mechanism. 

'Thus in these measurements of elasticity and internal 
friction in an antiferromagnet we find evidence for 
mechanical effects similar to magnetomechanical effects 
in ferromagnets and also experimental evidence for a 
domain structure. 


15. Greenwald and J. S. Smart, Nature 166, 523 (1950). . 
* R. Becker and W. Döring, Ferromagnelismus (Julius Springe" 
Berlin, 1939), p. 337. 3 
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Institute for Fluid Dynamics and Applied M athematics, University of Maryland, 
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N the Ising model of ferromagnetism a scalar “spin’ 
variable, о, is associated with each lattice point. 
The possible values of ø are chosen to be +1, and the 
interaction between the jth and kth lattice points is 
postulated to be 


3 


= | — Јо;сь if j and k are nearest neighbors, 
jk 


0 otherwise. 


A magnetic moment и is assigned to each spin so that the 
interaction energy of the jth particle with an external 
field H is chosen to be 


Е;= — yHo;. 


Although the Ising model lacks several important 
characteristics of a real ferromagnet, it is of considerable 
interest because it is one of the simplest examples of a 
system of interacting particles which still has some 
features of physical reality left in it. Also, it is equivalent 
to a very good model of a binary substitutional alloy 
and an interesting model of a gas or liquid. 

The partition function of the Ising model can be 
expressed conveniently in terms of either of the follow- 
ing two quantities 


(a) the largest characteristic value of a matrix 
whose elements Р(Х, £^) are 


exp- (V(Z)- У(Х, Z))/kr— P(Z, Z’), 


* This is an abstract of an extensive review (with the same title) 
of recent developments in the theory of the Ising model of ferro- 
magnetism. Because of its length, the publication of the full text 
will be postponed until the next issue of the Reviews of Modern 
Physics. 


where Z and X’ represent spin configurations on two 
adjacent layers of a crystal (or two adjacent rows in а 
two dimensional lattice), V(Z) is the potential energy 
of interaction between nearest neighbors on a layer 
in the Zth configuration, and V(Z, Z’) is the poten- 
tial energy of interaction between spins in neigh- 
boring layers. 

(b) The number of ways a closed path of a given 
length can be constructed on a lattice of interest. 


Both of these formulations of the partition function 
have been successfully applied in the investigation of 
two-dimensional lattices. The first was used by Onsager 
in his derivation of the thermodynamic properties of a 
square lattice, and the second has been examined re- 
cently by Kac and Ward. Both formulations are dis- 
cussed in our review. 

The specific heat of a two-dimensional Ising model has 
a logarithmic infinity at the temperature at which long 
range order disappears. The spontaneous magnetiza- 
tion, which has been calculated exactly by Yang, 
drops very rapidly to zero at the Curie point. To date no 
one has found exact expressions for thermodynamic and 
magnetic properties of the two-dimensional Ising model 
in the presence of an external magnetic field, or in a 
lattice in which interactions between next nearest 
neighbors contribute to the interaction energy. The 
effect of lattice vibrations on spin interactions has not 
been determined. 

No exact formulas for the partition function of a 
three-dimensional Ising model have been discovered. 
However, a rather large number of terms have been 
calculated in series expansions which are valid at very 
high or very low temperatures. These are discussed in 
the review. 


DISCUSSION 


W. OPECHOWSKI, University of British Columbia, 
Vancouver, Canada: All calculations on the two- 
dimensional Ising crystal involve the assumption that 
N—œ ( is the number of atoms composing the 
crystal). The results so obtained will, in general, 
give an excellent approximation to the actual physical 
situation, for which М is very large but necessarily 
finite: However, it may not be so for a range of tem- 
peratures that includes the Curie point. The range 
would certainly be very narrow, but perhaps not so 
narrow as one might think at first sight. The reason 


for these doubts is as follows. In the one-dimensional 
case rigorous formulas can be obtained easily for 
any finite N. The Curie point is, in this case, of course 
identical with the absolute zero. It turns out that, 
for the susceptibility vs temperature curve, devia- 
tions of the kind mentioned above occur for tem- 
peratures T for which T<J/klogN, where J is the 
interaction constant (note the logarithmic dependence 
on №).1 Р 


5 


1 For more details, see Opechowski and Bryan, Can. J. Phys. 29, 


236 (1951). 
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INIER, Вей Telephone Laboratories, 
‚ New Jersey: The formulas found in the 
e, to which Dr. Opechowski objects, I believe 

the correct answer, because the range of the 
ve formula which he proposes gets probably 
and smaller as the number of particles is 
eased. However, it should be possible to investigate 
point explicitly because the results for finite M 
lished as sums, and the assumption of infinite 
kes integrals out of them. Opechowski's problem 
therefore in this passage to the limit. 


M. LAX, Syracuse University, Syracuse, New York: 
г the study of the statistical mechanics of a magnetic 
m, the scalar Ising model discussed by Dr. Mon- 
be improved upon by using instead a lattice of 
vectors, i.e., the Heisenberg model. The partition 
ion in the vector case has been evaluated in the 
5р eri 1 approximation, as a generalization of the 
. B erlin-Kac treatment of the scalar case. 
An improvement of the spherical model in either 
the scalar or vector cases can be made by treating 
ctly one atom or cluster of atoms. For the case of а 
m, this leads to an expression for the molecular 
g on that atom. The molecular field has the 
sual form of the external field plus a term linear in 
magnetization: Но--И’М. The molecular field 


3: 


Melvin Lax, J. Chem. Phys. 20, 1351 (1952). 
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constant W of the Weiss-Van Vleck theory is independ- 
ent of temperature. Our constant W varies slowly with 
temperature above the Curie temperature Т. The 
effect of this variation is to make the “paramagnetic 
temperature” of the high temperature susceptibility 
larger than the actual transition temperature Т. 

The Curie temperature for a simple cubic lattice with 
exchange constant J is found in dimensionless units 
kTc/J to be given by 1.98. The corresponding result 
by the Bethe-Peierls-Weiss method is 1.85. The most 
reliable Zehler-Opechowski result is 1.93. The seemingly 
high accuracy of the spherical model at this stage of 
approximation is probably fortuitous. 

For the case of a negative exchange integral, anti- 
ferromagnetic order occurs, and the molecular field is 
found to contain a part that changes sign from one 
sublattice to another. Results similar to those of Van 
Vleck (1941) are obtained. 

As usual in the spherical approximation, phase 
transitions are found to occur in three dimensions 
but not in one or two. The method discussed here can 
be applied to a variety of crystal structures, spins, and 
types of interaction; e.g., it can be used to handle 
long range dipole-dipole coupling that may be important 
ів some of the paramagnetic salts. ў 

Improvements in accuracy can be obtained by 
treating exactly a cluster of atoms, 1.е., by combining 
the spherical and Bethe-Peierls-Weiss techniques. 
Results will be reported in detail elsewhere. 


1 
1 
| 
“ 
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„НЕ paramagnetic behavior of most salts of 
divalent copper is relatively simple. The free 
copper ion is in a *D state, but in the solid the orbital 
angular momentum is largely quenched, and the ion 
is effectively in an *S state. Residual coupling to the 
orbit causes the spectroscopic splitting factor g to be 
anisotropic, with values ranging from about 2.05 to 
2.4, but the susceptibility follows Curie's law rather 
accurately. Thus for Tutton salts of copper (ionic 
volume about 200 cc), deviations from Curie's law 
become appreciable only well below 1?K. In the less 
dilute salt, CuCl: 290, whose ionic volume is 70 cc, 
antiferromagnetism sets in only below 4.3°K, according 
to the work of Gorter and his colleagues at Leiden. 

The ionic volume of copper acetate monohydrate, 
Cu(CH;COO), H.0, is 106 cc, and one would not 
therefore expect any serious deviations from Curie’s 
law. above helium temperatures. Guha,’ however, 
found that the susceptibility of this salt passes through 
a maximum at about room temperature, and then 
decreases so rapidly that it would apparently fall to 
zero at about 50°K. No sharp transition is observed, 
which suggests that if this is due to a cooperative 
phenomenon, only a few atoms are involved. 

On investigating the paramagnetic resonance spec- 
trum (mostly at 90°K) of single crystals of copper 
acetate, it was observed immediately that the spectrum 
was quite different from that of normal copper salts. 
At 3-cm wavelength a line was observed in zero 
magnetic field, which is quite incompatible with a 
spin 3. At 300°K, the lines were stronger and broader, 
but at 20°K they vanished. This intensity variation is, 
of course, related to that of the susceptibility. At 
shorter wavelengths the spectrum showed а triplet 
structure, which was very similar to that of the nickel 
Tutton salts (Griffiths and Owen?) where the divalent 
nickel ion has spin 1. : 

The hypothesis which we have put forward to explain 
these anomalies is as follows: Isolated pairs of copper 
ions are coupled together strongly by exchange ов 
The two electron spins then interact to form a To 
state, in which the spins are parallel, and а sing 3 
state with the spins antiparallel. The former Rer 
be paramagnetic and would give spectrum опе; 
ing to S=1, while the latter is diamagnetic, with >= ©: 


акр. 
* The following is а résumé of work z i БП. Mag. 43, 372 


owers, which has been briefly reporte tis 
(1952), cas Gh which a full account will appear shortly in 
Proceedings of The Royal Society. ) A206, 353 (1950). 


If the former lies higher in energy by about 450°К, 
the drop in the susceptibility at low temperatures can 
be accounted for by the ions (or rather pairs of ions) 
draining out of the paramagnetic state into the diamag- 
netic state. The vanishing of the spectrum at 20K 
follows, since only the diamagnetic level is occupied at 
this temperature. 

Copper acetate grows in monoclinic prismatic form, 
but the detailed crystallographic arrangement has not 
yet been established by x-ray methods. The paramag- 
netic resonance spectrum corresponds to there being 
two paramagnetic units in the crystal cell, one derived 
from the other by a reflection in the crystallographic 
ac plane. The spectrum of each pair can be fitted to 
the spin Hamiltonian 


502 D(S2—1S(S4-1)]--E(S2— 57) 
Bg SH. - gS e+ gus v] (1) 


with S=1. The values of the constants are found to be 
as follows: 


|D| =0.34-0.03 стг, g,7 gu=2-4240.03, 
E—0.012-0.005 cm, ge=gy=g1=2.08+0.03. 


Apart from the small term in E, the Hamiltonian 
reflects axial symmetry, with the axis of the splitting 
term D being the same as that of the g values. The 
latter are very close to those found in many other 
copper salts. 

To explain these results, we have assumed a Hamilto- 
nian in which two copper ions with the usual types of 
crystal field are coupled together by an exchange term. 
We have then 


gt Xi+-Xo—IS1 SX SiL 82] 
--BH-[(Li--28))-(L--282) J+ NitN2. (0) 


Here subscripts 1,2 refer to the two ions. X is the 
crystal field, of predominantly cubic symmetry, with a 
component of axial symmetry ; the axes of the crystal 
fields are assumed to be identical for the two 1015. 
J is the exchange integral, А the spin-orbit coupling 
coefficient, and № the interaction with the nucleus 
of the copper ion. 2 

When this Hamiltonian is evaluated as far as terms 
of the order (V/A, (Л / A) in the energy (when А is the 
crystal field splitting of the orbital levels), it is found 
that it gives a singlet state -which has only a quadratic 
Zeeman effect, together with a triplet state which lies 
higher in energy by —J. The quadratic Zeeman effect 
gives rise to a small temperature-independent suscep- 
tibility. The behavior of the triplet state in а magnetic 


one С бий, mem RUE S ia Roy. Soc. (London) field is equivalent to that given by the spin Hamiltonian 
A213, 459 (1952). 161 | 
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—- Gu 2Y- (2X), (3) 
sions for the g values which are similar to 
ordinary copper salts, involving à and A. 
> splitting of the triplet state due to the term 
) arises from the combination of the exchange 

ag and the crystal field interaction. 
isceptibility may readily be evaluated, and by 
р a value of about 450°K=315 саг”! for (-J), 
easonable fit with the experimental results of Guha 

tained. The calculated values lie a little too high 
at the low temperature end, but this could be corrected 


Y 


|J is assumed to vary slightly with temperature. 
s may well be the case, since the overlap of the 
nctions which determines J varies rapidly with 
nter-ionic distance, which may change slightly 
temperature owing to thermal expansion. А 
tion in J of 20 percent at 90°K would fit both the 
bility measurements and the variation in 
of the spectrum between 60°К and 90°К, 
es — J.—3702-:50*K. The sign of J corresponds 
ntiferromagnetism. 

‘hypothesis of two interacting ions receives 
support from the peculiar hyperfine structure. 
/5 seven equally spaced lines, with intensities 


m+mz) from the center, where A is the hfs coupling 
coefficient, and mı and mz the nuclear magnetic 
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quantum numbers. The various ways in which th 
can combine to give a particul a 

\ р ular value of the sum 
accounts for the intensity ratios. А is anisotropi 
and varies from about 0.008 стг! parallel to the z Е 
to less than 0.001 cm™ perpendicular to this 218 
These values are roughly the same аз those observed 
for the copper Tutton salts.’ 

Insertion of the values of J, gu, and g, into (3) gives 
a value for D of 1.10.4 cm". This is rather larger 
than that observed experimentally, but the discrepancy 
is probably due to the assumption that J is the same 
for all the orbital levels. The value of J which has been 
deduced from the susceptibility measurements is that 
for the ground orbital level, but in fact in (3) the values 
of J involved are those for two excited orbital levels, 
We may conclude from the results that J is probably 
not greatly different for these levels from that found 
for the ground state. 

Finally we should add that preliminary x-ray 
analysis of the crystal structure by Dr. Davies at 
Oxford supports our hypothesis of isolated pairs of 
copper ions. Though the analysis is not complete, it 
seems likely that the distance between the two ions 
of a pair is about 2.5A and the line joining them is 
parallel to the z axis of our measurements. With this 
small distance there will also be a magnetic dipole 
interaction between the ions which gives a splitting 
of about 0.2 cm™!, and its sign is such that it would 
reduce the value of D found from (3). 


3 Bleaney, Bowers, and Ingram, Proc. Phys. Soc. (London) A64, 
758 (1951). 
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Some Magnetization Studies of Cr^ Fe Фа 
and Cu" at Low Temperatures and in Strong 
Magnetic Fields 


WARREN E. HENRY 
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Ч A 7 E have undertaken a study of magnetic proper- 

ties of paramagnetic coolants at well-known 
temperatures in as low a range as possible. First, we 
studied moderately “well-behaved” paramagnetic 
substances in the liquid helium range. As is shown in 
Fig. 1, these substances, containing Сг+++ (‘Fz state 
for the free ion, but quenched to a free spin system by 
the crystalline electric field), Ёет (6552 state for 
free ion), and Gd ^* (557, state for the free ion), all 
follow free spin Brillouin functions (except for almost 
negligible deviations) up to over 99.5 percent saturation! 
for 50 000 gauss and 1.30°К. 

In order to extend our knowledge of the possible 
causes and consequences of small departures which 
may become important in some paramagnetic coolants 
at extremely low temperatures, we carried out similar 
magnetization experiments on copper sulfate penta- 
hydrate? in which the departure from a€Brillouin 
function was very pronounced in the helium range. 
That is, a plot of magnetic moment against H/T gives 
magnetic isotherms which do not superimpose. In Fig. 2 
we note that this dispersion is in qualitative agreement 
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Fic. 1. Plot of magnetic moment vs H/T for (Т) potassium 
chromium alum, (II) ferric ammonium alum, and (ПТ) gadolinium 
sulphate octahydrate. 


1 W. Е. Henry, Phys. Rev. 85, 487 (1952); Phys. Rev. 88, 559 
(1952). x 
2W. E. Henry, Phys. Rev. 87, 1133 (1952). 
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with calculated moment isentropes of Geballe? since 
isothermal and adiabatic moments should approach 
each other in the limit of zero field. It has been suggested 
by Geballe that this anomalous behavior may be as- 
sociated with antiferromagnetism.* Since it is incon- 
venient to work under the Néel (antiferromagnetic) 
temperature for CuSO,-5H;O which is considerably 
under 1°K, we have also started a study of CuCl;-2H;0 
for sub-Néel magnetization studies as its Néel tem- 
perature? is ~4.3°K. We used the same technique for 
copper chloride dihydrate as for the other salts. This 
consisted in moving a spherical sample (a powder in 
this case) from the center of one coil to the center of 
a duplicate, oppositely wound coil. The deflection of a 
ballistic galvanometer in series with the coil system 
was proportional to the moment of the sample. The 
experimental results which we obtained indicated con- 
stant moments for fixed fields in the sub-Néel range 
studied as is indicated by sample values in Fig. 3 and 
symbolized by 


(OM(H)/8T) n=0 (1) 


32 49 


0 8 16 2, 
GAUSS / DEG 1107 


Fic. 2. Plot of relative moment vs, H/T for copper 
sulfate pentahydrate. 


3T. Н. Geballe and W. Giauque, J. Am. Chem. £oc. 74, 3513 


1952). 
i Чэ Néel, Ann. Physik X 18, 5:(1932), XI 5, 232 (1936); J. 


H. Van Vleck, J. Chem. Phys. 9, 85 (1941). 


5 C. ]. Gorter and J. Haantjes, Physica 18, 285 (1952). 
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‚ Fic. 3. Plot of 
relative moment vs 
T for two values of 
magnetic field for 
„copper chloride di- 
hydrate. 


H = 18,000 GAUSS 


т(°к) 


derately high feld range at liquid helium 
res. Our experimental results may be com- 
litatively with announced? results of van den 

ulis, and Gijsman’ in the moderately high 
е. According to our results, if one now plots 
H/T (see Fig. 4) as was done for the very 
agnetic salts, one obtains, for a given 
nt which decreases linearly with tempera- 
sumption is made that the transition from 
to antiferromagnetic behavior is not 
brupt, but perhaps gradual for some struc- 
hen | or these structures one may expect a de- 
from a Brillouin function even for a sample con- 


С. E. С. Hardeman, Physica 18, 201 (1952). 
Poulis, and Gijsman, Physica (to be pub- 
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the linear range (no saturation effects), the magnetic 
moment may be represented by 


M=F(T)H, (2) 


where F(T) goes from a T^! dependence in the para- 
magnetic case to a constant in the antiferromagnetic 
case. F(T) depends, at least in part, on the distance 


2 G 06 (2 0 287 835 
H/T X 1075 (GAUSS/DEG) 


Fic. 4. Plot of relative moment vs H/T for copper 
chloride dihydrate. 


above the Néel temperature and the strength of the 
forces contributing to the manifestations of antiferro- 
magnetism, as was shown by Van Vleck. Further 
study on this dependence would be helpful, for, knowing 
F(T), one could better attack the problems of magnetic 
and thermodynamic behavior of paramagnetic coolants 
at extremely low temperatures. 
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Two Organic Molecules 


J. Yvon, J. Horowrrz, AND А. ABRAGAM 


Laboratoire de Chatillon, Seine, France 


o 


Е Tsai, and Wucher! have studied the variation 
of susceptibility with temperature of two organic 
molecules : 


Г.Ев(СН:СОО)6(ОН):1МХО:4-6Н20 | acetate, 
[Fe3(CsHsCOO).(OH) 1 

X(C&«H*COO)(CIO9--H?O benzoate, 
between the temperatures of 2°K and 293°K. Between 
73°К and 293°К the two complexes follow Weiss law 
with 
ив=5.19 peratom б=—443°, 
per atom 60-—572*. 


acetate 
benzoate ив=5.5 


Below 20° they follow another Weiss law: 


„acetate — up—1.2 рег molecule 0— —2^, 


benzoate ив=1.26 per molecule 60— —6.?5. 


As suggested by Foex eż al., the three spins of the ferric 
ions must be coupled in such a way as to give a smaller 
magnetic moment at low temperatures. 

The experimental value of x at high temperatures 
demand 5= 5/2 for each ion, in accordance with the 
electronic structure of Fe***. 

The simplest possible interaction between the 3 
spins is 


90--7(8::82:--82:823--83:81)-5/.5(5--1)- const, 


where 5 is the total spin. S can take all values between 
1/2 and 15/2. Each value, except 15/2, can be obtained 
in several ways (2 for the ground state 5= 2). 

'The theoretical curve 1/x against T', obtained with 
this hypothesis is not unlike the experimental one, 
except for an important bump which does not actually 
occur. In order to improve the model, we assume that 
the interaction between two of the ionic spins s» and s; 


1 Foex, Tsai, and Wucher, Compt. rend. 233, 1432 (1951). 


is different from the other interactions. The Hamil- 
tonian can be written: 


= J (81 Sz. $i: $3)-2-J (14- 37)82: Эз, 
where m is a parameter 
36— 3J.SCS-2- 1)--3mJ S' (S"-- 1), 


and S’ is the resulting spin of s» and зз. The additional 
interaction 1mJ.S'(S'4-1) lifts all the degeneracies ex- 
cept those due to orientation. Reduced curves (1/x)/J 
= f(kT/J) can be plotted for different values of m. 
Some of these curves (particularly m=0,5) have shapes 
similar to those of the experimental curves. 

То obtain agreement between the experimental and 
theoretical curves, a value of J/k of the order of mag- 
nitude 60, is required. There remains, however, a 
serious discrepancy at very low temperatures. The 
existence of a small negative Curie temperature could 
be explained by assuming a negative intermolecular 
field. 

However, the slope of the low temperature part of 
the curve, which corresponds to ив--1.2 or 1.26, in- 
stead of ив=1 as demanded by the hypothesis 5-2 
for the ground state, is not understood. 

It has been thought preferable to wait for more ex- 
perimental evidence (in particular in replacing of the 
ferric ions by other ions), before trying a more com- 
plicated model. 

Note added in roo f.—Aíter this work was completed 
we learned that Dr. Kenjiro Kambe? had already pro- 
posed this model in 1949 to explain the susceptibility 
measurements made by Welo? in 1928. Welo's measure- 
ments did not extend below 200°K, which led Kambe to 
assume that equal interactions between the three ions 
gave satisfactory agreement with experiment. 


? Kenjiro Kambe, J. Phys. Soc. of Japan, 5, 48 (1950). 
3L. A. Welo, Phil. Mag. 6, 481 (1928). 


DISCUSSION 


C. J. GORTER, University of Leiden, The Nether- 
lands: Dr. J. van den Handel has found suscepti- 
bility curves for a substance containing organic 
radicals which are somewhat similar to those men- 
tioned by the preceding speakers (papers of B. 


Bleaney, and of Yvon, Horowitz, and Abragam). 

It seems to be quite frequent that negative 
exchange interaction does not lead to antiferro- 
magnetism but to saturation within small groups of 
ions. 


> 


m 


Ero wr 


purpose of this note is to give a brief account 
some theoretical work which was done some 
and which has a bearing on the resonance 
nena in copper acetate. 
‘problem considered was that of investigating 
ange interactions between two paramagnetic 
а crystal field and allowing for the spin-orbit 
. Two approaches can be used. First it can 
ed that the exchange interactions between 
are large compared with spin-orbit forces 
e ions. This is the method used by Bleaney 
ers) except that they do not use the 
interaction as the coupling between the ions 
се it by an interaction 75,-5,. This is not 
orrect, but it has the advantage that their 
sontains only one unknown, J, apart from the 
. The other approach is to assume that the 
“forces are small compared with the spin- 
тсез and use as unperturbed wave functions 
states of the copper ion in its crystal field. We 
1l gi a short account of the results of this in a form 
uitabl wo other problems as well (e.g., the 
eric 10n). 
ng the interactions the wave functions are 


Vee Б ү 


f*- g* 


d 
Р во. 

g denote orbital wave functions centered 
d р and 4 denote orbital wave functions 
leus B. The above states are the most 
Ле for a single electron system. The 
toni ritten as a 4X4 matrix and expressed 
erms of Pauli spin matrices along the lines of the 
d spin- tonian formulation. The result is 
‘becomes у 
В)вус2--3(Е4-Ё--Е--Ё)с do 2 

1 ~—hi(E—E-F+F)o20,7 

oy d-3(C--C)od o7 
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where 


--2 [шума — —2 [эры 


С- 2 куа, = —2 аута, 


b= 2 [ты jg -2 | ший, 


и: = (f*p--g*q) for electron 1, 
u= (f*4-g*q) for electron 2, 


2; — (fq— gp) for electron 1, 
25— (fq— gp) for electron 2, 


where 


and V is the Hamiltonian of the combined system. 
The wave functions for copper have been given Бу 
Polder? so that 


фә-Еф— АХ Фг-09-: 
v2 ЕЕ v2 
—^ 9-1 
Е 54-53 
Е&—Ёз v2 


and р and 4 are similar but with possibly a different 
direction for the axis of quantization. It does not seem 
possible to evaluate the coefficients 4, B, etc., without 
prohibitive labor and the only thing to do is to consider 
their orders of magnitude. Thus 


ANF, 
с,р--0/А)4, 
В,Е--(/АУА, 


assuming that the exchange integrals for different 
orbital states are of the same orders of magnitude. By 
using these relative magnitudes in the interaction 
Hamiltonian, one finds that it approximates very 
closely to that used by Bleaney and Bowers. 

It may be noted, in conclusion, that in ions like 
cerium where there is a strong spin-orbit coupling, 
similar arguments suggest that exchange interactions 
may be considerably anisotropic. 


? D, Polder, Physica 9, 709 (1942). 


| 
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Crystal Field Theory in the Rare Earths 


К. J. ELLIOTT 


Clarendon Laboratory, Oxford, England 


A The paramagnetic properties (in particular the resonance data) of the rare earth ethyl sulfates are con- 
° sidered in the light of a theory in which each ion is assumed to be in a static electric field of Caa symmetry. 
It is found that this is consistent with the observations in cerium ethyl sulfate, and it is possible to solve that 
problem to find the magnitude of the interaction of this field with an ion. It is then shown that similar fields 
give good agreement with the observations in other salts. 


HIS work on the theoretical interpretation of the 

paramagnetic properties of some rare earth 
salts has been done in association with Dr. K. W. H. 
Stevens and will be published elsewhere in a more 
complete form.! It has been stimulated by recent 
measurements on these salts by Bleaney and others*? 
using resonance methods, which have added important 
new information to the older measurements of sus- 
ceptibility, Faraday effect, and absorption spectra. 
It is found that it is now possible to treat the problem 
more extensively and completely than was possible 
in the earlier work of Penney ef al.* The basic approxima- 
tion is essentially the same one as they used and has 
been used by other workers on the iron group salts 
(Abragam and Pryce,? Van Vleck,® etc.), namely, that 
the rare earth ions in the crystal are free except for 
the interaction between an ion and its surrounding 
lattice, which is replaced by a static electric field (the 
crystal field). The problem is then reduced to finding 
the eigenvalues of an ion in such a field. The energy 
of interaction of the field with the electron cloud is 
found to be smaller than the spin-orbit interaction 
(this is opposite to the state of affairs which holds in 
iron group salts). Thus, the field can be considered as 
causing a Stark splitting of the lowest energy level of 
the free ion. This level is given to a good approximation 
by Russel-Saunders coupling and the Hund rule, which 
means that it is characterized by values of L, S, and 
J, the orbital, spin, and total angular momenta. This 
was shown to be consistent with susceptibility measure- 
ments at room temperature by Van Vleck.’ 

The crystal field will have a certain symmetry related 
to the crystal structure. The work here reported has 
been carried out on the ethyl sulfates, where each ion 
has identical surroundings which have a threefold 


1R. J. Elliott and К. W. Н. Stevens, Proc. Roy. Soc. (London) 


(to be published). 

2B. Bleaney and H. E. D. Scovil, Proc. Phys. Soc. (London) 
A63, 1369 (1950), ibid. A64, 204 (1951). 

3G. S. Bogle and H. E. D. Scovil, Proc. Phys. Soc. (London) 
A65, 1952). 

1 We. ршн and В. Schlapp, Phys. Rev. 41, 194 (1932); 
W. С: Penney and С. J. Kynch, Proc. Roy. Soc. (London) 170, 
112(1939). 

oe UE and M. H. L. Pryce, Proc. Roy. Soc. (London) 
205, 135 (1951): 206, 164, 173 (1951... . 3 

6 J. H. Van Vleck, The Theory of Electric and Magnetic Suscepit- 
bilities (Oxford University Press, London, 1932). 


symmetry axis with a plane of reflexion symmetry 
perpendicular to this; i.e., Ca, symmetry (Ketelaar’). 
This is rather different from the predominantly cubic 
fields which usually hold in iron group salts; and it is 
not improbable that fields with a threefold axis occur 
in a number of rare earth salts. The interaction of the 
field and the electron cloud adds a term to the Hamilto- 
nian which may be expanded in spherical harmonics. 
Only electrons not in closed shells give a nonzero 
contribution to this term, and since in this instance 
these are f electrons, only spherical harmonics of order 
not greater than 6 are required. Terms of odd order also 
give a zero contribution, so that the term has the form 


ү-Х(А2(2-2)-42(355-3027--3/) 
-FAq9(23125— 31521722 - 1052255 — 575) 
+A l 15253?--15a2y1— 99)), 01) 


where (x, y, z) are the coordinates of an electron and 
the summation is taken over all f electrons. The А," 
are constants related to the complex of charges sur- 
rounding the ion, but they are difficult to determine 
from the crystal structure. 

Most of the work has been carried out on those ions 
with an odd number of electrons. In this case by 
Kramers'? theorem all the energy levels must have an 
even degeneracy, and in fact, the above type of field 
always reduces these to doublets. (In ions with an even 
number of electrons the problem is complicated by 
Jahn-Teller? effects. The above theory does, however, 
provide a starting point for these calculations which 
will not be considered here.) It is in the lowest of these 
doublets that resonance transitions are observed when 
the doublet is resolved by applying a constant magnetic 
field H to give a Zeeman splitting. The resonance is 
often complicated by hyperfine structure caused by the 
magnetic and electric fields set up by the electron 
cloud, interacting with the magnetic and quadrupole 
moments of the nucleus. It is always found that the 
resonance pattern can be described by a "spin Hamilto- 


> 
> 


17. A. A. Ketelaar, Physica 4, 619 (1937). 
3 H. A. Kramers, Proc. Amsterdam Acad. Sci. 33, 959 (1930). 


9H. О. Jahn and E. Teller, Proc. Roy. Soc. (London) 161, 220 — 1 


(1937). : 
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erimental and theoretical results. Parameters and energies given are in спа, 
9 


Гог experimental results see references 2, 3, and 11. 


иг a ------- 


Ton Се уут Nd***4f? 4/2 5п+++4]5 9775/2 Ert**4fü 471572 
EREMO 0 0L —- 
. 0 0 0 
Energy 3 0 a 
1 0.955--005 3.725-&0.01 3.535--0.002 0.596--0.002 1.47--0.03 
Co Su 2118525005 0.20 +£0.05 2.073--0.002 0.604-0.002 885402 
First-order states \+1/2> |+5/2> соо posu |4-1/2» ЭШ0 БӨ + апо] 9=5/2> 
Аз — 15-510 —10 0 0 
Parameters А (7) —402:12 —34 —36 —40 
Aer) av —92+2 — 60 — 54 —30 
Ac&(r®)ay 1150+30 660 590 330 
Theoretical 0.955 3.72 3.57 0.635 1.47 
Rae la 2.185 0.22 211 0.615 8.85 
SE == 1.94 0.24 0.166 


nian” (Abragam and Pryce) * 


= gub ASt g bH SH HS) HAS: 
4-8(5.1-5,/)--Р112-3111--03, (2) 


where S is a spin operator corresponding to a spin of 
3 and Г is the angular momentum vector of the nuclear 
spin. The terms in g represent the Zeeman effect, those 
in А and В the nuclear magnetic effect, and P the 
nuclear quadrupole effect. The resonance data give these 
constants. It is the task of the theory to find a crystal 
field (since this must be of the form (1), from the 
crystal structure this involves finding the Аг”) that 
will give a ground doublet which has gy, ру and A /B 
like the experimental values. The theory can then be 
x used to find the nuclear magnetic and quadrupole 
1 moments from the magnitudes of А and P. The values 


of А.” chosen must of course also account for the 
positions and properties of the other doublets. These 
E can in principle be found experimentally from sus- 
: ceptibility and spectral measurements, although there 
1 are often difficulties of interpretation. 
E As a first approximation the terms in (1) are con- 
sidered to be sufficiently small to ensure that the lowest 
doublets arise entirely from the Hund level. The 
first three terms in (1) are of purely axial symmetry, 
— so that these cause a splitting into doublets which 
have eigenstates | EJ; where 2 is the symmetry axis. 
| The fourth term of (1) admixes states in which J. 
‘differs by 6, so that the doublets are in fact described 
“Бу states of the form 


“gL, S, J, Е Л,> НИЛ, S, J, = (71.—6)> 
EM +41, S, J, 4:6)». (3) 


'he matrix elements of (1), and hence the separation of 

he doublets is found in terms of parameters A-”(r‘)1 
| is the average of 7° over the 4f wave functions) 
perator equivalents (Stevens!?). Cerium ethyl 
in some ways а simple example. The lowest 
Cet++ ion is ?Fj, and here the fourth term of 


Stevens, Proc. Phys. Soc. (London) A65, 209 (1952). 


о 
mee: 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


(1) is zero and the doublets are simply characterized 
by |-ЕЛ.>. Two doublets are observed in resonance 
(Bogle et а) with gy=0.955+.005, g,— 2.185--0.005 
and а= 3.724-0.01, g, = 0.204-0.05, respectively. Doub- 
lets with J,—1i and $ have theoretically gi 0.86, 
£,—2.57, and в, =4.29, g,—0. Although these values 
are near to the experimental ones, more refined calcula- 
tions are clearly needed. 

It can be deduced that one of the approximations has 
broken down by considering the results on an ion with 
а hyperfine structure in the light of the following 
theorem. Both the magnetic moment of the electron 
cloud and the magnetic field set up by the electrons at 
the nucleus are vector quantities. Within a manifold 
of constant angular momentum (ie. where J is a 
good quantum number), these will transform in the 
same way, and in particular, 


Ag,/Bgy=1. (4) 


In the measurements of those ethyl sulfates that 
display a hyperfine structure this quantity has the 
following values: 1.12, in neodymium, 0.24 in samarium, 
and 1.0 in erbium. In the first two cases it is clear that 
J is no longer a good quantum number, and this can 
only have been destroyed by the crystal field terms (1) 
admixing states of other J levels into the lowest 
doublets. This is borne out by the fact that in samarium 
where the discrepancies are largest the first excited J 
multiplet is close (Van Vleck®), while in erbium where 
they are smallest the excited level is more distant and 
the terms of (1) smaller. These arguments are independ- 
ent of any assumption of Russel-Saunders coupling. 
In fact, it is known from spectral work” that this 
assumption is also inadequate, but it can be shown 
that the correction to the magnetic properties 18 negligi- 
ble. The calculation of the higher order perturbation 
effects involving the crystal field are straightforwar 


и Bogle, Cooke, and Whitley, Proc. Phys. Soc. (London) A64, 
931 (1951). 7): 

ВН A. Bethe and Е. H. Spedding, Phys. Rev. 52, 454 (193 ); 
Е. Н. Spedding, Phys. Rev. 58, 253 (1940). 
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and have, in general, been done by perturbation 
methods; but the numerical work is very heavy, and 
no isl wil be given here. The matrix elements 
of (1) between the manifolds of different J are found 
to be related to the Wigner coefficients (Stevens!) 
When detailed calculations are made, it is found that 
cerium ethyl sulfate proves to be a special case. Since 
Сеї++ has only one electron outside closed shells the 
theory is fairly simple, and the problem of a cerium ion 
in the crystal field can be solved without using perturba- 
tion theory. It is assumed that the electron is in a 4f 
state, and the spin-orbit interaction and (1) are con- 
sidered together. In cerium ethyl sulfate it was found 
necessary to add small terms of trigonal symmetry to 
(1) in order to obtain agreement with experiment. 
Such terms are not incompatible with the crystal 
structure, for it is possible that the internal structure 
of the waters and the ethyl groups may destroy the 
reflection symmetry. With this added term and using 
the accurate g values of the two levels observed in 


TABLE П. Nuclear data. их is the nuclear magnetic moment 
in nuclear magnetons; Q is the nuclear quadrupole moment in 
units of eX 10?! cm?; (1/73) д, is used throughout in АСЗ. For ex- 
perimental results see references 2 and 3. 


Isotope ма 15Nd Sm 19Sm 168Er 
A | X107* ст-1 380.4 236.4 60 49 52 
В| X107* cm 198.9 123.7 251 205 314 
P| X10- cm «1 «1 <4 <4 30 
им | (1/r3)ay 40.7 25.3 38.1 31.0 39.6 
О | (1/7з)Ау <40 <40 <29 <29 795 
(1/r3)ay 40+10 40+10 462-10 46:10 78 +20 
uN | 1.00.25 0.62 +0.15 0.82--0.2 0.67--0.2 0.50--0.12 
01 «1 <1 <0.9 <0.9 10:53 


resonance, it is possible to work back and determine 
unique values of the parameters 4,709), for the 
dilute salt. Unfortunately, however, the g,” —0.20 
+0.05 is too inaccurate for this, so instead we assume 
the third doublet is situated 1252-25 стг! above the 
ground ones, which is compatible with susceptibiltiy 
measurements. The parameters so obtained are 


4002), — 15-10, 449). — 402-12, 
Ad (в) „= —92-Е2, Авив), = 1150-Е30(а in cm~). 


These give, with a suitable trigonal term, g, 6/2 = 0.22 
which is within the experimental error. Slightly different 
values of the parameters also give agreement with the 
susceptibility and rotation measurements in the 
concentrated salt where the g values and level scheme 
are a little different. It is hoped that more information 
will become available to provide a more exact check. 
Tt has not proved possible to determine the param- 


an uncertainty in (1/7 }w. 
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Fic. 1. The theoretical susceptibility of neodymium ethyl 
sulfate compared with experimental points. Upper curve, per- 
pendicular to axis; lower curve parallel to axis (x in emu/g). 


eters uniquely in any of the other ethyl sulfates, 
because there is less information available and because 
susceptibilities are difficult to interpret. Instead an 
extrapolation of the above parameters has been used 
in a perturbation calculation. For example, in the Nd 
salt the extrapolated parameters give as lowest doublet 


со50| эр, J.—2:7/22-rsinü|fygs, „Л,==5/2>, 


where 0==25° and gy=3.52, g,—2.24, which agrees 
quite well with the experimental gu=3. 545, g,—2.072 
(Bleaney and ScoviP). The agreement is improved by 
higher order calculations and slight adjustments of 
the parameters, and those giving best agreement with 
experiment are given in Table I. By use of these param- 
eters the calculated susceptibility is found to be in 
good agreement with the experimental determination 
of Van den Handel and Hupse” (see Fig. 1). 

Further along the series the information is scantier 
and. sometimes contradictory. We have confined our- 
selves to choosing rather arbitrarily values of the param- 
eters not unlike those of cerium which predict a 
lowest doublet with properties like those observed in 
resonance. The best values of the parameters and the 
theoretical results they give are compared with exper- 
iment in Table I. 

It has been shown that a type of crystal field has 
been found which gives a good agreement with the 
experimentally observed results. It is then possible 
to use this theory to obtain values of the nuclear 
magnetic and quadrupole moments; these are given in 
Table II. The large errors arise almost entirely from 


LJ 


и J. Н. Van den Handel and J. C. Hupse, Physica 9, 225 (1942). 
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+. Measurement of the Nuclear and Electronic 
Contributions to the Specific Heat of 
Neodymium Ethyl Sulfate near 1°K 


L. D. Вовевтз, C. C. ЅАКТАІХ,* AND В. ВовтЕ 


Oak Ridge National Laboratory, Oak Ridge, Tennessee 


Л The molar specific heat Ст of neodymium ethyl sulfate has been measured on three samples of separated 
\ neodymium isotopes in the temperature range 0.95°K-2.15°K by the magnetic method of Benzie and Cooke 


at frequencies from 300 to 1200 cps. The measured Cr may be described within 1 percent by C1=b/T?, 


3 where T is the temperature and 6 is the constant. АП three samples were shown by x-ray diffraction measure- 
ments to have the same structure as that given for neodymium ethyl sulfate by Ketelaar. For the electron 
contribution to the specific heat we obtained б,:-0.146--0.004Х 105, and for the hyperfine splitting contri- 


effects below 1°К. 


butions we obtained 5113 5.082:0.05 X 105 and 6145=1.7=0.2Х 105 erg degree. These values of b143 and 6145 
agree within experimental error with the corresponding values computed from the microwave measurements 
of Scovil. Thus, the hyperfine splitting contribution to the specific heat for Nd! (С.Нь5О.)з3-9Н2О is some 
35 times larger than the electron contribution which makes this material of interest for the study of nuclear 


INTRODUCTION 


'T has been suggested by H. B. G. Casimir! and by 
С. J. Gorter® that the properties of magnetically 
te paramagnetic salts (excluding lattice effects) can 
д cribed in terms of a paramater b/C the ratio of the 
specific heat constant b to the Curie constant C. Here, 
iven by the equation C r—5/T?, with Ст the molar 
cific heat at constant magnetization and T the abso- 
ute temperature. 
In this paper, we show that 5—5,--5,, where b, is 
oduced by the electron dipole-dipole and exchange 
eraction contribution to the specific heat, and bn 
es from the electron nuclear interaction. Because of 
ear contribution of bn to b, it is possible to meas- 
"for several samples of different isotopic composi- 
and separate the nuclear contribution. This new 
dure differs from the dilution technique? of measur- 
пе nuclear contribution to the specific heat in that 
polation to infinite dilution is unnecessary and 
ssumptions regarding the linearity of b, as a function 
ution do not enter. Thus it is possible to measure a 
еіп the presence of a large bn. 
e parameter 6/C has been measured for three 
les of neodymium ethyl sulfate Nd(C2H;SO,)3- 
the temperature region near 1°K. Sample I was 
d from neodymium of normal isotopic composi- 


П 
EX 


Nd”, and in sample III the neodymium 
enriched in Nd‘. When the measured values 
ch of the three samples were multiplied by 

tant C, the respective specific heat con- 


om the University of Alabama. 

and Very Low Temperatures 
idge, 1940). А 
(Elsevier Publishing 


three simultaneous equations, we have calculated the 
electron spin interaction contribution to the specific 
heat ф,/Т? and the hyperfine splitting contribution to 
the specific heat b,,/T?, for both №! and Ма, 


THEORY 


Following Casimir!, Gorter, and Benzie and Сооке* 
we may obtain the specific heat from purely magnetic 
measurements. It is given by 


СЭР Хь 
uerum 
(T—6)* XTE Xs 


Hm, (1) 


where 0 is the Weiss constant, xr and x, are the iso- 
thermal and adiabatic differential magnetic suscepti- 
bilities, respectively, and H is an applied constant 
magnetic field. The above H is applied parallel to the 
relatively small alternating field used to measure the 
susceptibilities. At zero magnetic field, Хт= Хз; and 
when а field is applied, хт remains constant within a 
small saturation correction.! On the other hand, Xs 15, 
in general, а function of the magnetic field, the specific 
heat resulting from electron-spin interactions, the 
electron spin-lattice relaxation time, the specific heat 
of the lattice along with the sample surroundings, and 
their thermal conductivities When x; is measured at 
sufficiently high frequencies, relaxation time and ther- 
mal conductivity effects can be made negligible. In 
these experiments, the reactive component of the Pe 
ceptibility x.’ was shown experimentally to be inde- 
pendent of the frequency within approximately өр 
percent in the range from 300 to 1200 cycles per secon x 
This is taken as sufficient evidence that x, varies ЫГ 

H, T, and Cr only, in this frequency range, and that the 
А.Н. Cooke, Proc. Phys. Soc. (London) 


iR. J. Benzie and 


A63, 213 (1950). 
21р о. Phys. Rev. 84, 548 (1951). 
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measured х, is the x , of Eq. (1). Assuming that the spe- 
cific heat from about 1°K to 2°K may be described by 


Cr=b/T?, (2) 
s we find that Eq. (1) reduces to 


о 


b Jis Xe 


С (7-8) хех, 


LI (3) 


Equation (3) was used to calculate 0 and b/C from our 
measured values of H, T, x+, and xr. 

To demonstrate that b—5,4-b,, we begin with the 
partition function z 


9 а= Туе ЕТ, 


$. where 3C is the Hamiltonian describing the salt and & is 
the Boltzmann constant. The specific heat is then given 
| i 
| д5 OT Inz 
| Ci- T—-— NET 
oT oT? 


where М is Avogadro’s number. Expanding 2 to second 
order in Tr3¢/kT, we find 


| 1 Тис? 
| Cr=Nk- (4) 
| ЕТ? (2541) (2141) 


| Неге 5 and 7 are the electron and nuclear spins. 
The Hamiltonian for Ха(С-Н:50,)::9Н.О at liquid 
He temperatures is 


36— AIS 2+ B(I S 4-I 25 )2- P(S). (5) 


The first two terms on the right are the contribution to 
the Hamiltonian produced by the asymmetrical hyper- 
fine coupling as given by Bleaney and Scovil,® and the 
third term Р(5) corresponds to the electron dipole-dipole 
and exchange interactions as discussed by Van Vleck." 

Since T'rI — 0, there are no cross terms, and 77902 re- 
duces to 


Try — Trl AI oS H-B(,S,-1.5,) P--TrPXS). (6) 


Хэ ТАВІЕ I. Isotopic composition of the neodymium 

1 used to prepare the samples. 

| Percent abundance 

да Isotope Sample I Sample II Sample 111 

gU 142 27.13 93.00 4.04 

| 143 12.20 3.18 83.93 
14 23.87 2.89 8.83 

7 ° 145 8.30 0.368 1.78 

146 17.18 0.414 1.16 
148 5.72 0.084 0.149 
450 5.60 0.066 0.108 


* B. Bleaney and H. E. D. Scovil, Proc. Phys. Soc. (London) 


j A63, 1369 (1950). Е 
, ЗН ae ас J. Chem. Phys. 5, 320 (1937). 
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^| POWDER 
SAMPLE 


— OUTER 
DEWAR 
Fic. 1. Apparatus. 
Thus, the specific heat is 
b (0.+0.) (т 
(= : 7) 
T 12 
where 
МО 709245) 
а (8) 
Е (25-1) (27-0 
N Tr[ATZS 2+ BU ,S,--T.S,) P 
b = ^ . (9) 


Ё (254-1)(21--1) 
The latter trace from Bleaney,® gives 
б.-151(4"--2В2)-5(54-1)1(1--1) ҮЕ. 


Thus, since there are no cross terms, the traces 
Eqs. (8) and (9) and, hence, be and 5, are independent 
of the isotopic composition of the paramagnetic salt. For 
а given isotopic composition of paramagnetic ions, one 
may write the equation 


b—ber F ibni (10) 


where F; is the fraction of the ith paramagnetic isotope 
present апа 5,; is the corresponding nuclear specific 
heat constant. By measuring b for a series of salts having 
different isotopic compositions, one may solve the 
corresponding set of simultaneous equations for be and 
for the ba: of each isotope. 


EXPERIMENTAL PROCEDURE 


The normal neodymium ethyl sulfate, sample I, was 
prepared by D. E. LaValle of this laboratory from 
neodymium oxide which was spectrosocopically pure. 
The neodymium isotopic composition of this sample was 
assumed to be that given by I. Mattauch? and co- 
workers. 


The neodymium ethyl sulfate samples-II,and III- 


were prepared by R. H. Sampley of this laboratory using 


$ В. Bleaney, Phys. Rev. 78, 214 (1950). 
° J. Mattauch and V. Hauk, Naturwiss. 25, 781 (1937). 


[ 


PU 


Fic. 2. Electrical circuit. 


the oxides enriched in Ма“? and Ма, respectively. 
These oxides were also of spectroscopic purity. The iso- 
tope separation and mass analyses of samples ТЇ and ИТ 
were performed by the Stable Isotopes Division of this 
laboratory. Their results for the mass analyses are 
tabulated in Table I. 

Each of the three samples of the salt was identified 
° by x-ray diffraction methods. A single crystal (approxi- 
- — mately 0.1 mm in diameter) was mounted by means of 

grease on a glass fiber. A Weissenberg goniometer was 
© used to take a rotation photograph and zero and first- 
layer Weissenberg photographs. From these data the 
‘three samples were found to be identical and to be hex- 
agonal, with a=14.02 A, c=7.12 A, and c/a=0.5078. 
"This compares favorably with the optical measurements 

- of Singh? who reported М4(С-Н,50,)::9Н,О to be 
- hexagonal with c/a=0.5075, and with the x-ray 
. measurements of Ketelaar,” who reported а= 13.992, 
’ €— 1.01, and с/а= 0.505. 

— Each of the three samples was recrystallized three 
‘times. The last recrystallization in each case was per- 
formed immediately before the low temperature meas- 
urements were made. 

- Each sample contained approximately one gram of 
small crystals of the salt (about 0.1 mm? average size) 
- which were compressed into a spherical Lucite container 
ig. 1) of 12.7 mm internal diameter. The com- 
sion was to about 80 percent of the crystal density. 
tainer А was inserted into a glass tube B. This tube 
immersed in liquid helium which was in turn con- 
ed in a Dewar flask jacketed in liquid nitrogen. 
rmal contact between the sample in А and the 
elium which surrounded tube B was maintained 
lium gas at а pressure of about 50 microns Hg. 

usceptibilities х, and хт of the sample salt were 
red by a compensated mutual-inductance (Harts- 
"bridge as described by de Klerk. The electrical 
shown schematically in Fig. 2. The sample 
placed in а mutual inductance N (Fig. 2) in the 


> setting of the variable mutual inductance 
balance the contribution of the sample to 
luctance. The loss component of the sus- 
danced by the resistance net К. 
& 


2C-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
Br 
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The secondary winding of the mutual inductance N 
was divided into three sections. The central Sec of 
2441 turns was opposed by two end sections of 12201 
turns each. The sample was carefully positioned at the 
center of the middle section. The primary coil of М, of 
298 turns per cm, produced an alternating field of 
med zs ue at the sample. 

To obtain the adiabatic susceptibility. a ste 
netic field (0<H<1000 Бао) о 
sample Бу an iron-free oil-cooled solenoid fed by storage 
batteries. The field current was measured by а standard 
shunt and a type К potentiometer. The field was cali- 
brated by both the standard mutual inductance and the 
proton resonance methods with good agreement. The 
accuracy of every field measurement was to within 
3 percent. 

Above 1.1?K the temperature of the sample was deter- 
mined by measuring the vapor pressure over the sur- 
rounding liquid-helium bath and converting to tempera- 
ture by the Royal Society Mond Laboratory Tables of 
June, 1949. This pressure was regulated by adjusting a 
suitable valve in the pumping line. Below 1.1?K the 
temperature was obtained from the sample suscepti- 
bility. 

RESULTS 


Measurements of the parameter b/C were made at 
300, 600, 900, and 1200 cycles per sec at a number of 
temperatures (Table II), and the value listed for a 
given temperature is the average result for these four 
frequencies with an average deviation of less than 1 
percent. 

The value for the specific heat constant b for each of 
the three samples was obtained by multiplying the 
average value of b/C for the several temperatures by the 
Curie constant per mole. The latter constant C= 0.663 
for the powder sample was calculated both from micro- 
wave measurements by Scovil and from the suscepti- 


Taste II. Measurements of 5/C on three neodymium samples. 


1? b/C х10-54 

ек) Sample I Sample II Sample III 

2.155 6.81 

2.150 0.481 

2.145 1.363 

1.640 0.476 

1.630 6.62 

1.450 6.64 

1.390 0.466 

1.122 1.361 

1.121 6.70 

1.103 0.477 

1.000 1.377 005 

0.970 ў 

0.950 6.72 
Average 1.367 0.474 6.70 


Weiss 0—0.0132-0.005?K. 


а Average value for 300, 600, 900, and 1200 cps. 


зн. E. D. Scovil, Proceedings of the I: nternational Conference on 
Low Temperature Physics, R. Bowers, editor (Clarendon Labora- 
tory, Oxford, 1951), p. 150. 
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CONTRIBUTIONS TO 


bility measurements of,Van den Handel and Hupse" 
with excellent agreement. For sample I, the normal 
neodymium sample, $, = 0.906Х 10° erg deg; for sample 
П, би--0.314Х 10° erg deg; and for sample ПІ, bir 
—4.44X 10° erg deg. Collecting these values of b in the 
corresponding simultaneous equations, we then found 
it possible to solve for the three contributions of the 
specific heat: b., the specific heat constant 5143 corres- 
ponding to the Nd! hyperfine splitting, and the specific 
heat constant 5145 corresponding to the Nd" hyperfine 
splitting. These equations and the values of b., b143, and 
б\% are given in Table III. | 

The values of b given in Table III are to be com- 
pared with the values биз--5.17Х109 erg deg and 
0145= 2.00X 10° erg deg computed from the microwave 
measurements of Scovil.? Because of the small percent- 
age of №! in the three samples, the experimental error 
of our 6145 measurement is relatively large. This value 
of 6-=0.146--0.004 X 10 is one of the smallest electron- 
electron interactions that has been observed, and this 
smallness is consistent with the fact that in his micro- 
wave measurements Bleaney? was able to resolve the 
hyperfine structure on the undiluted salt. This results 
in, the unusual circumstance that for Ма (С.Н,50,). 
9Н:О the hyperfine splitting contribution to the specific 
heat is some 35 times larger than the electron-electron 
interaction contribution, which makes this material of 
interest in the study of nuclear effects below 1?K. 

In Table II a Weiss constant of 0.013--0.005°К was 

used in calculating the specific heat. This value is smaller 
than can be obtained precisely from susceptibility meas- 
urements. Our value of биз without a Weiss constant 
correction was approximately 4 percent lower than the 
corresponding microwave value. In that the precision of 
our susceptibility and magnetic field measurements was 
considerably better than 1 percent, it is reasonable to 
assume that the above 4 percent discrepancy is produced 
by а small Weiss constant, and the above value of 0 is 
that which is necessary to bring our буз value into agree- 
ment with the microwave results within our experimen- 
tal error. Since 0 can be shown to be independent of the 
isotopic composition, the value determined above 
applies to all three samples. 
. This comparison provides a very sensitive technique 
for observing a Weiss constant in that the Weiss 
constant enters into the specific heat measurement to 
the third power, whereas it only enters linearly in 
susceptibility measurements. 

This 0 of 0.013°K leads to а b (exchange) which is 
small compared to our measured value for be. This 


и Т, Van den Handel and J. C. Hupse, Physica 9, 223 (1942). 
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TABLE III. Simultaneous equations for specific heats 
of neodymium samples. 


4.447 105 = 5,-2-0.83935,454-0.01785;45 
0.906 105— b ,-1-0.122055-1-0.08305; 
0.314% 105 = 5,-1-0.031855-1- 0.00375; 

511377 5.08--0.05 105 erg deg 
bias 1.7-50.2Х 105 erg deg 
b-=0.146-+0,004% 10* erg deg 


suggests that b, for these salts is predominantly the 
result of dipole-dipole interaction. 


APPLICATION OF THIS TECHNIQUE TO 
TRIVALENT URANIUM 


Experiments are in progress applying the above 
separated isotope technique to the measurement of the 
nuclear specific heat of trivalent uranium. The only 
stable compounds of trivalent uranium are the halides; 
and, аз these become antiferromagnetic at about 350°K, 
according to Dawson, they are unsuitable for these 
measurements. Since the uranium trihalides are iso- 
morphous with the lanthanum trihalides, it is possible to 
prepare solid solutions of these. Because of the low 
symmetry of the crystal, and because UX; has an odd 
number of electrons, solid solutions dilute inuranium 
may be expected to have a Kramers doublet as the 
ground state and thus be paramagnetic in the liquid 
helium temperature region. We have prepared a number 
of UF;-LaCl; and UCl;LaCl; samples with uranium 
molar volumes in the range from 600 cc to 3000 cc. All 
of these, when freshly prepared, are found to follow a 
Curie law in the temperature region from 1°К-—4°К. 
The Curie constant for the powder is of the order of 
magnitude to be expected for a Kramers doublet and 
an average spectroscopic splitting factor g of the order 
of 2. This g is probably anisotropic, so single crystal 
measurements would be necessary to obtain complete 
information about it. The more dilute of these normal 
uranium solid solutions have been cooled by adiabatic 
demagnetization from 1.17? to about 0.7? using initial 
magnetic fields of about 5000 gauss. 

Note added in jroof——Professor В. J. Elliott has 
calculated the 5, to be expected from dipole-dipole 
interaction for Nd (C;H;SO4),- 9H;O and obtains the 
value 0,— 0.144 105 erg degree. This is to be compared 
with our experimental value, 5,— 0.146X 105. The good 
agreement between these values indicates that the elec- 
tronic contribution to the specific heat is almost entirely 
due to dipole-dipole interaction.» 


15 J. К. Dawson, Harwell, AERE Report C/R 578, September, 
1950. 
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MODERN PHYSICS 


^HE parallel orientation of a substantial fraction of 
an assembly of atomic nuclei would be of great 
experimental investigations of nuclear structure. 
e following is a progress report concerning an 
pt to produce a preferred orientation of Hg!” 
in mercury vapor, following a- suggestion by 
1 The method should produce nuclear orienta- 
ith respect to a magnetic field, and does not de- 
making the Boltzmann factor approach unity. 
xwell demons," used to produce order out of 
„are circularly polarized electromagnetic quanta 
angular momentum is imparted to the nuclei 
riented. These quanta must, of course, have an 
resonance frequency in order to be effective. 
sorbing a quantum, an excited atom can in 
e-emit the same radiation it has absorbed. In 
e system is left unchanged. If, however, the 
m has open to it some means of losing its 
thout also losing its newly acquired angular 
‚ the cycle may produce a change in orienta- 
mangetization. Under suitable circumstances 
netization may be specifically nuclear, as in the 
se of Hg", further discussed below. 
The m sublevels of the diamganetic 150 ground state 
d of the *P; excited state of Hg!*? are shown in Fig.1. 
on probabilities for the various Zeeman 
5 of the 2536A resonance line are also shown. 
$ in which the magnetic quantum number 
hange involve the emission or absorption of 
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ptically Induced Nuclear Magnetization. 
A Progress Report" 


Е. BITTER, R. Е. Lacey, AND B. RICHTER 


Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, Massachusetts 


Following a suggestion by A. Kastler, an attempt has been made to produce a high degree of nuclear 
orientation in Hg! vapor by the absorption of circularly polarized resonance radiation. A method is de- 
scribed for detecting the nuclear orientation by observing the intensity of the z-component of the resonance 
radiation. No indication of orientation was found. The probable cause for this failure is considered to be the 
imprisonment and consequent depolarization of the effective component of the resonance radiation. 


plane-polarized light when the electric vector is parallel 
to the magnetic field. This is generally called the т- 
component of the radiation. Transitions involving a 
change in the magnetic quantum number by +1 give 
rise to the o-component of the resonance radiation. 
When observed in the direction of the magnetic field, 
the resonance radiation is then circularly polarized; the 
sense depends on the sign of the change in m. If Нр! 
vapor is illuminated with circularly polarized resonance 
radiation of such a sense that it produces an increase in 
m by 1, the absorption and re-emission of a quantum 
may increase the number of nuclei in the magnetic 
sublevel of the ground state with m= ++. To see this, 
observe that nuclei in this sublevel at the start will not 
be reoriented by the absorption and emission of a quan- 
tum. However, those initially in the sublevel with 
т= —1 may return to either of the ground-state sub- 
levels with comparable probability. The net effect of an 
absorption and emission cycle will be to pump some of 
the nuclei from the sublevel with m= —$ into the sub- 
level with m=-+3. In order to be effective, three condi- 
tions must be fulfilled: (a) the incident radiation must 
be sufüciently intense to produce orientation at a 
greater rate than the thermal rate of disorientation, 
(b) changes of state of excited atoms due to collisions 
must be negligible, and (c) the radiation which excites 
the Нр!9° atoms must be circularly polarized. 

The apparatus used was essentially that described 
in a previous publication, and shown schematically in 


(b) Hg'?? 1=1/2 
m=- + mip т=3- F- 
== д 
all Sp (0^ 20 y dd Р 
Feat 
30 30 
10 10 
С 20; п 
[уг W 
m=-> т= 


ilities for some of the components of the resonance line of mercury. 


Corps, the 


ао, 


Air Materiel Command, and the 0. S. Office of Naval Research. 
Brosseland F. Bitter, Phys. Rev. 86, 308 ,1952, for further de- 
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Fig. 2. Circularly polarized light moving in the direction 
of a constant magnetic field is used to illuminate mer- 
сигу vapor. The intensities of the т- and o-components 
of the resonance radiation are measured with an IP28 
phototube and galvanometer. In some of the experi- 
ments an optical bridge, described in the publications 
mentioned above, was used to reduce disturbing effects 
due to fluctuations of the intensity of the light source. 

The experiment performed may be described as 
follows. The vapor is illuminated with circularly polar- 
ized light, which we shall сай o+, to pump atoms from 
the ground state а, in which m=—14, into state b, 
in which m-—-F5. Let the number in ground state a 
when a steady state is established be №.=/„М, where 
Ja lies between 0 and $. If we produce complete orienta- 
tion, fa=0. For complete disorientation, f, — 1. Neglect- 
ing depolarizing effects caused by collisions, which 
assumption we shall justify further on, we notice that 
the intensity of the т-сотропепё in the resonance 
radiation must be proportional to Na, the number of 
atoms in ground state a. The proportionality factor will 
involve the intensity of the light of just the frequency 
required to produce the transitions involved. We shall 
call this factor k4}. We have then, if m+ is the intensity 
of'the z-component under these conditions, 


тъ= kN. (1) 


Similarly, if we use incident circularly polarized light 
of the opposite sense, we shall find some different inten- 
sity of the т-сошропеп of the resonance radiation, 


TIRE (2) 


The difference arises from the fact that different ab- 
sorption frequencies will be involved, and since the 
incident line has an irregular complicated shape as a 
result of its hyperfine structure, right- and left-circular 
polarized light will in general produce different effects. 
If, by rotating the quarter-wave plate by 45° we use 
one-half of the c4. and one-half of the c_ intensity, we 
shall surely produce no nuclear orientation, and the 
factor f will be just $. We have 


w= (E43N4-E ЗМ), (3) 


1 
1 
п ARG 
1 
CD cours LENS 
! 


[—— — POLARIZING PRISM AND Х/4 PLATE 


1 O MAGNETIG. FIELD AXIS 


РНОТОМАТРИЕЯ 
RESONANCE ОАР 1] 24 9 а eae = OE 


TEMPERATURE BATH 


Fic. 2. Diagram of the apparatus. 
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Fic. 3. Polarization 25 magnetic field for resonance radiation 
from even isotopes of mercury using umpolarized s-exciting light 
parallel to the applied field. 


or, on combining the above results, 


ИВ УЕЛ 


= (4) 
4 We ki +k 


For our present purposes it suffices to put {«=/ь. We 
then get as our final result 


lata 


ПЕТ Е. = f. (5) 


This experiment was performed in fields of the order 
of 500 gauss at vapor pressures in the vicinity of a few 


times 10—* mm. At no time was any indication of nuclear - 


orientation observed. For the best of the runs an orienta- 
tion of a few percent of the nuclei would have been 
observable. 

We are now confronted with the problem of account- 
ing for this negative result. This will presumably in- 
volve our finding wherein we have failed to satisfy the 
three fundamental conditions laid down above. The 
first point is related to the intensity of the light used. 
From the observed galvanometer deflections, the known 
sensitivity of the instrument, the photocell characteris- 
tics, and the geometry of the optical system, we esti- 
mate that, if every atom in the cell is excited by the 
incident light, it is excited about once a second. This 
estimate may be off by a factor of ten, or possibly even 
one hundred, but not much more. The nuclear thermal 
relaxation time of a diamagnetic gas is known to be 
extremely long. Assuming that the agency responsible is 
the transient magnetic field produced by the nuclei of 
colliding atoms, and assuming that in the range of 
pressures involved in our experiments only collisions 
with atoms magnetically equivalent to Hg!” atoms in 
the wall of the container are effective, we estimate? 
thermal relaxation times of the order of 10? sec. Even 
if we make the drastic assumption that every collision 

* The expression used in making these estimates is-given, for ^ 
example, in N. Bloembergen's thesis, Leiden, 1948, on page 108. 
1/T —2yiy£léd tvr., wheré yı and уз are the gyromagnetic 


ratios of the colliding atoms, d is the atomic diameter, 7 the 
velocity, and т. the collision time: : 


CR Se 


J NT 
nO duet Coca аруз 


d ово Hg AT Mum s — 
T t « om 0-9 
RS. Я E 
: 5 
m Hg AT СС 
оло на 
18 
хэ» в 
: 030 
: ою 
ою 
— —L 
о 160 320 480 640 


MAGNETIC FIELD (GAUSS) 


тіс. 4. Polarization vs magnetic field for resonance radiation 
) from sample of mercury enriched in isotope of mass number 199, 
| using unpolarized o-exciting light parallel to the applied field. 


is with the magnetic equivalent of a paramagnetic 
atom, we get relaxation times of the order of 109 sec. 
Tt seems unlikely, therefore, that if nuclear reorientation 
is the result of collision processes, these are sufficient to 
overcome the orienting tendency of the light used in the 
. . experiments. 'The possibility that mercury is adsorbed 
3 
3 


on the quartz cell, and that thermal equilibrium is 
produced in the adsorbed state, is here neglected. 
— ә тһе effect of collisions in producing depolarization 
| was investigated on a sample of mercury supplied by 
"| the U. S. Atomic Energy Commission containing chiefly 
isotopes of even mass number and zero nuclear angular 
momentum. The composition reported was as follows: 


| у Isotope Atom percent 
Hg 196 0.017 
Hg 198 0.483 
Hg 199 0.499 
58 Hg 200 1.56 
p. Hg 201 0.626 
Hg 202 7.65 
Hg 204 89.17 


_ The even isotopes with no nuclear spin have a single 
- nondegenerate ground state to which excited atoms can 
. It follows that apart from eftects produced by 
illisions, every optically excited atom can emit only 
ht having the same polarization as that involved in 
citation process. Any observed depolarization will 
quently be the result of a transfer of excited atoms 
one to another of the magnetic sublevels of the 
$P, state. 
results obtained are shown in Fig. 3. With no 
through the magnet the resonance radiation is 
erably depolarized, but in a few gauss this 
zation is diminished by an amount depending on 
essure. This initial change is presumably 


mean life of 1.51077 sec, which would 
ree or four gauss. However, the pressure 
degree of polarization persists in 


ange the mean free path of 


the dimensions of our cell, 
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so that we conclude that the depolarizing cross section 
is very much larger than the’ kinetic-theory collision 
cross section. A further point concerns the reasons for 
the maximum observed degree of polarization, defined 
as (с--7)/(с4-1), of only approximately 85 percent, 
In view of the experimental difficulties encountered 
further work is required to ascertain whether, in ts 
range of pressures, the true value is not considerably 
nearer 100 percent. The result given above is in quali- 
tative agreement with the finding of von Keussler! that 
in natural mercury in a field of 7900 gauss, sufficient to 
produce a Paschen-Back effect of the hyperfine struc- 
ture, and at pressures below 107? mm, resonance radia- 
tion approaches a degree of polarization of 100 percent. 
In these strong fields the nuclei are completely un- 
coupled from the atoms, and natural mercury con- 
sequently radiates just as do the even isotopes in our 
experiment. We conclude that in fields sufficient to 
remove the degeneracy, collisions are ineffective in 
depolarizing the resonance radiation. 

The results for the odd isotope are quite different. А 
sample containing 62 percent of the isotope of mass 
number 199 and 5.23 percent of the isotope of mass 
number 201 (also supplied by the U. S. Atomic Energy 
Commission) gave the results shown in Fig. 4. The much 
greater depolarization is due to the fact that atoms in 
excited sublevels with m= 4-3 can radiate with either т- 
or c-polarization. This brings us to the third condition to 
be satisfied, namely, that the effective component of 
the radiation must be circularly polarized. If the 
resonance radiation does not leave the vapor without 
being reabsorbed, we see that there is a considerable 
depolarization to be expected at precisely the frequency 
which does the optical pumping. It is well known that 
even at low pressures the cross section for absorption of 
resonance radiation is very large, of the order of (^/2т)?, 
and that this leads to the “imprisonment” of the reso- 
nance radiation. We must therefore expect to work at 
very low pressures, presumably in the vicinity of 10-8 
mm. 

The present apparatus is inadequate for precise polar- 
ization experiments in this range. However, an attempt 
was made to determine the intensity of the resonance 
radiation аз a function of vapor pressure. If there is no 
imprisonment, we should expect to find the intensity 
proportional to the pressure. Even in the range from 
10-5 to 10-5 mm we found that the intensity increased 
less rapidly than the pressure. For example, increasing 
the pressure from 3.6 to 9.7Х 10-5 mm, or by a factor of 
2.7, increased the intensity of the resonance radiation 
by а factor of only 2.2. 

It is concluded that further attempts to produce 
nuclear orientation should be at pressures of the order 
of or below 10-5 mm, and that the resonance lamp 
should be designed to minimize the imprisonment of 
resonance radiation. 


4 V, von Keussler, Ann. Physik 82, 793, 1927. 
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DISCUSSION 


B. BLEANEY, Oxford University, England: What 
degree of polarization of nuclei may be expected with 
this method, and what types of experiment can be 
performed when it is perfected? 


В. BITTER, Massachusetts Institute of Technology, 
Cambridge, Massachusetts: Essentially complete orienta- 
tion of Hg™ nuclei may be expected if our present 


conception of the difficulties to be overcome are correct. 

If substantially unequal populations of the sublevels 
of the ground state of atoms in a vapor can be achieved, 
we can hope to measure the separations of these sub- 
levels by magnetic resonance experiments. The method 
may be especially significant in studies of the nuclear 
moments of radioactive isotopes of zinc, cadmium, and 


mercury. 
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etic Susceptibility of Bromine-Graphite* 


В. SMOLUCHOWSKI 


REV] 


Carnegie Institule of Technology, Pittsburgh, Pennsylvania 


Ы Bromine, even in small quantities, is known to alter very radically properties of graphite such as conduct- 
ivity, Hall effect, and others. In particular, the relatively large diamagnetic susceptibility of graphite is 
rapidly decreased by addition of bromine and the effect cannot be explained by assuming presence of bromine 
in either molecular or atomic form. It appears that this effect can be interpreted in terms of the Brillouin zone 
structure of graphite. Using Peierls’ theory of diamagnetism of free electrons in a solid and Wallace's results ^ 
concerning the band structure of graphite an expression is derived which relates the change in the magnetic y о» 
susceptibility to the change in the number of electrons in the Brillouin zones. The theory is in good agreement 

with experiment if the effectiveness of bromine in accepting electrons is assumed to be that obtained from 

Hall effect and conductivity data. The probable influence of lattice imperfections is briefly considered. 


1. THEORY in the z direction is proportional to 


| 5 been shown by Goldsmith! that addition of Je o X Е 
_ 1 bromine to graphite lowers its diamagnetic suscepti- f | nig ( de ) ШИН 
її apidly and also that this effect cannot be ex- Ok ok, МӘЕ„дЁ„/ loe 2 (1) 
_ plained assuming presence of atomic or molecular 
bromine in the graphite lattice. The present paper is an 
to explain these observations on the basis of 
sis of the band structure of graphite. Graphite 
gly diamagnetic and shows a strong anisotropy 
susceptibility 2 x2>xn where xu is measured in 
‘of the hexagonal layers while x, is measured 


in which e is the energy of the electrons with respect to 

the bottom of the first zone, kz, ky, kz are components of 

the momentum vector k, fis the Fermi distribution func- 

tion and the integration extends over the k space. In the 

following considerations only the ху, in the z direction, 

will be taken into account since it is representative of 

ion perpendicular to it. It seems natural to the contribution due to electrons in the bands while хи 

that the unusual magnetic properties are is well accounted for by the closed-shell diamagnetism. 

lated to the crystalline structure and thus to For our theory the following properties of the Bril- 

ee electrons responsible for conductivity. louin zone structure of graphite are important: the first 

or of the latter is best described in terms of zone is a section of a hexagonal prism; the second zone 

zones as it has been done for graphite for the is obtained by extending the sides of the first zone so 

Бу Wallace? Peierls! has shown that the as to form a hexagonal star as shown in Fig. 1. At | 

y of such quasi-bound electrons for а feld absolute zero the first zone is full, the second empty | 

| and with increasing temperature some electrons are | 

excited from the first to the second zone. This excitation | 

occurs across а рар of zero width which occurs at the | 

corners of the first zone. It follows from the above that | 

in evaluating expression (1) it is enough to consider | 

only the proximity of the corners of the first zone since | 
| 
| 
| 
\! 


only there the factor 0f/de will be different from zero 
(see Fig. 2). The derivatives of the energy є with respect 
to the vector Ё are easily computed? from 


a Ky 


CA NN Sl 
2 $ 


73 


e— o= — yl Гүй |5 |2, (2) 3 


where во is the maximum. possible energy in the first 


P QQ T 
о 
А 5ЕСОМО г 
ZONE ZONE Fic. 2. Lines of con- 
K . stant energy and the 
Д А point of continuity А. 
(0) ВК 5 


LINES OF CONSTANT ENERGY AND 
E POINT OF CONTINUITY, A. 
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zone, ; 
T=cosrk,C 


So а 
S= exp| — 2rik =н С0878 0: epl rit. 


in which a and c are the lattice constants of graphite and 
Yo and yı are exchange integrals between nearest 
neighbors in a layer and in neighboring layers, re- 
spectively. These integrals have been evaluated by 
Coulson :5 


ү0=0.9е/, гү 0.09еү. 


At the corners of the hexagon S vanishes and thus 
approximately 
15|22-3л2а232-- ВЭ, 


where А is а momentum vector measured from the 
corner of the first zone. The minus sign in (2) applies 
to the first zone, the plus sign to the second zone and the 
function e(£) is thus discontinuous at the zone boundary 
except for two points on each short edge of the zone. 
One of such points and its neighborhood is shown in 
Fig. 2. 

For graphite, at absolute zero, the parameter є (free 
energy per electron) in the Fermi distribution 


K9 Ese €)/kT Н-1 


15 equal to во, the highest energy of the electrons in the 
filled first zone 1.е., the energy at the corner of the 
hexagon. By changing the dimensions of the unit cell 
or by adding impurities which add or subtract electrons 
from the first zone, one can alter є. This in turn effects 


the quantity 
of e— є\ 7? 
—=— (kT) (cosh ) (3) 
2kT 


in (1) and thus changes the magnetic susceptibility of 
graphite. 

` Substituting (2) into (1) one obtains for the expression 
in the square brackets under the integral 


yoy В? Г? Qy 21? BN)? 
= уу В?Г?(е— e-yiD)-. (4) 


For the purpose of simplifying the change of the in- 


` tegration variable from Ё to e we put yı=0 in (2) and 


in the denominator of (4). In this way after an inte- 
gration over Р, we are left with an integral in the kzky 
plane which leads to an expression proportional to 


e e— є ү? 
Е ет 4 5 
А || (5-0) (= 23) : 2 


which is divergent at e— во. It seems that this divergence 


5 Bradburn, Coulson, and Rushbrooke, Proc. Roy. Soc. (Edin- 
burgh) 62, 336 (1947). 


is due to the simplifying assumptions made in integra- 
Поп] and that the first term in (5) instead of becoming 
infinite at e= во is actually large but finite. This appears 
plausible since as mentioned before є is continuous be- 
tween the first and second zone only at two points 
instead of being continuous for all A=0 as our simpli- 
fying assumption would indicate. We obtain thus the 
approximate result : 


€,— € ү? 
СА (cost 2kT ) ; ©) 


To estimate the change of є with changing concen- 
tration of free electrons we need the total number of 
electrons contained between є and в. From Wallace’s 
formula (5.4) we obtain for the density of electrons per 
unit volume near the zone corner approximately, 


n(e) = 16(e,— є)/3та?сүо?, 


or, since the atomic volume is V3a’c/8, we have for the 
density of electrons per atom 


n(e) = 2(ey— є)/У3ттё?. (7) 
By integrating (7) from є to в we obtain for the total 


number of electrons within these limits: 


N(e)2 (e— €)*/V3a-8. (8) 


Knowing the number of electrons removed from the 
first zone per added bromine atom we can now calculate, 
from Eqs. (6) and (8), the relative change of the - 
magnetic susceptibility. s 


2. COMPARISON WITH EXPERIMENT 


Formula (6) indicates that, with increasing deviation 
from a full first and an empty second zone, the dia- 
magnetic susceptibility of graphite will decrease. In 
order to make this comparison quantative we should 6 
know how many electrons are taken away by each : 
bromine atom. Certain recent measurements? of con- 
ductivity and of Hall effect on artificial graphite con- 
taining bromine indicate, using free-electron formulas, 
that about 0.038 of an electron is taken away per added 
atom of bromine. This can be interpreted in two ways: — 
either that only 3.8 percent bromine atoms actually go _ 
into solution and each accepts one electron while the 
remainder is adsorbed in some way on the particles of - 
artificial graphite and in the imperfect intercrystalline 
material or that actually 0.038 electron are taken out 
per “dissolved” bromine atom. " i 


to —4.2Ж10-6 at a concentration correspondin 
7.6X10-* bromine atoms рег atom of carbon and it _ 
drops further to —0.30X 10-5at a concentration of 0.10. 
Since the susceptibility of graphite is а sum”of the 
{See note added in proof. fe х 


$ Unpublished data obtained at the National Carbon | 
Research Laboratory. 29 


EJ 


"TABLE I. Susceptibility of graphite at various 
bromine concentrations. 


Br atoms 


C atoms 0 0.0076 0.100 
—xX 10*(obs DIS 4.2 0.3 
Rene (5.3) 3.5 0.15 


= xX 10° (сс) 


Peierls diamagnetism and the usual, small, closed-shell 
diamagnetism it is advisable to calculate the relative, 
rather than the absolute, change of the susceptibility 
in which the constant term plays only а small role in 
the denominator: From (6) we have 


) ( = =) (9) 
--Хв:/Х md igh ) 

(хо— Хвг)Хо {4 ORT E 

© where xo and xer are susceptibilities of graphite without 


| and with bromine. Ву combining Eqs. (8) and (9) we 
.. obtain for N (e) the values 0.146X 10-3 and 2.8x 10? 
electron at the two concentrations, respectively. The 
value of N(€) at the higher bromine content is com- 
parable to the effective number of free electrons еп in 
graphite? which indicates that the change of the various 
properties is indeed drastic. This number of electrons 
missing from the first zone is respectively about 2 and 3 
M. 2 . percent of the concentration of added bromine, which 
d is close to 3.8 percent obtained from Hall effect and 
_ conductivity measurements. Conversely putting (e) 
= equal 3.8 percent of the added bromine atoms leads to 
. the calculated susceptibilities shown in Table I. The 
. agreement is satisfactory. 
t should be pointed out that the theory has been 
eveloped assuming tacitly that the influence of bromine 
| due exclusively to the change in the number of 
trons in the Brillouin zones, that is, without taking 
о account any other changes which the presence of 
bromine may bring about. It is known? that at very 
‘high bromine content the spacing between graphite 
'ers increases appreciably. This increase of c decreases 
thickness of the zones and it may affect the condi- 
ns at the zone corners. There is no x-ray evidence of 
change in the lattice at the lower bromine content 
here considered (although there may be some distortion 


Rüdorff, Z. anorg. u. allgem. Chem. 245, 383 (1941). 


ZOWSKI, University of Buffalo, Buffalo, New 
о a paper which I submitted recently to the 
of Chemical Physics for publication, the 
of the shape of the energy-momentum 
t the Brillouin zone corners and of the 
the Fermi 
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at the higher concentration) and thus no correction for 
this effect is made. For similar reasons a consideration 
of an influence of the presence of bromine on the value 
of the exchange integral yı in Eq. (4), through an in- 
crease of the c spacing, seems unnecessary at the 
present time. 

_ The formulas derived above can be also applied to 
imperfect (pure) graphite in which either the lattice 
spacing c, in small crystallites, is abnormally large? or 
the otherwise perfect layers are displaced (or rotated) 
with respect to each other.? These kinds of defects can 
produce traps for electrons? and thus lower the “free 
electron" concentration or they can increase the 
c dimension of the Brillouin zone or finally they can 
change the quantity vi. Also, the gap between the first 
and second zone in such imperfect graphite is very 
likely” different from zero. It is well known that with 
increasing deviation from the ideal graphite structure 
the magnetic susceptibility drops'^-? down to values 
corresponding to almost pure closed-shell diamag- 
netism. In view of the incompleteness of the x-ray data 
a quantitative analysis is not yet possible although 
qualitatively the decrease of the susceptibility is in 
agreement with the theory here outlined. : 

The author is indebted to the staff of the National 
Carbon Company Research Laboratory for permission 
to use their unpublished data and for stimulating 
discussion. 

Note added in proof:—Dr. W. P. Eatherly of the North American 
Aviation informed me privately that he made similar calculations 
(to appear in The Physical Review) and was able to demonstrate 
that the integral in (1), which in a two-dimensional integration 
leads to (5), is indeed convergent in an approximate three-dimen- 
sional treatment. a 

A recent report by G. Hennig (ANL-4723) indicates that 
electrical resistivity of halogen compounds of graphite is accounted 
for by assuming that about 18 percent of bromine atoms are 
ionized rather than about 4 percent as concluded in this paper. If 
the higher percentage is correct and if the experimental data on 
susceptibility here quoted are reliable then yo should be about 
three times smaller than indicated by Coulson—this seems rather 
doubtful. Recent data kindly supplied by Dr. Eatherly indicate 10 
percent ionized Br atoms. 


8 G. E. Bacon, Acta Cryst. 3, 137 (1950); 4, 558 (1951). 

9 7. Biscoe and В. E. Warren, J. Appl. Phys. 13, 364 (1942). 

175. Mrozowski, Phys. Rev. 85, 609 (1952) and private commun- 
ication. 

1 E. A. Kmetko, Phys. Rev. 82, 456 (1951). 

2 М. Miwa, Sci. Rep. Tohoku Univ. 23, 242 (1934). 

225. В. Rao, Indian J. Phys. 6, 241 (1931). 


DISCUSSION 


and magnetic susceptibility are mainly the result 
of the variation in the position of the Ferm} level, 
is substantiated by these considerations. Tt is shown, 
however, that no simple relation of the type ЕР № 
can reasonably well explain changes in both these 
properties at the same time and that presumably 
agreement would be reached only when: the energy 
surfaces are considered in their full complexity. Further- 
more it is concluded on basis of experimental evidence 
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that a large crystal of graphite has slightly overlapping 
bands and is therefore a semimetal and not a semi- 
conductor with a zero energy gap. Dr. D. Polder 
(Bristol) has kindly informed me that calculations, 
in which he takes more interactions between neighbors 
into consideration than Wallace, lead to the same 
conclusion. 

It was pointed out in my recent paper on the dia- 
magnetism of carbons! that the decrease of the sus- 
ceptibility of graphite with decrease in crystallite size 
can be caused by two effects: a depression of the 
Fermi level and/or a decrease of the curvature of the 
energy surfaces at the Brillouin zone corners. In our 
laboratory Mr. H. T. Pinnick is engaged at present in a 
study of susceptibilities of carbons and graphites. 
The number of samples investigated until now is small. 
The results, however, show clearly that the large drop 
in susceptibility occurs for carbons in the range of 
crystallite diameters from 150 to 50A. This drop must 
be the result, at least partly, of the rounding off of 
the energy peaks, since samples with widely different 
thermoelectric powers show approximately the same 
susceptibilities. 

Mr. E. A. Kmetko has thoroughly investigated the 
resistivity and the thermoelectric and Hall effects in 
graphite and carbon bisulfate compounds (lammellar 
and residual ones). The paper will be sent for publica- 
tion in a matter of a few weeks. His results furnish a 
good evidence of the progressing depression of the 
Fermi level in the regular carbons with decreasing crys- 
tallite sizes. We have not determined the susceptibilities 
of such compounds yet. I should like to point out at 
this time, however, that in the course of Mr. Kmetko's 
work we realized that in experimenting with carbons 
and its compounds we study cases where the Fermi 
level drops down as far as, and even below, the inflection 
curve on the energy suríace. Graphite is the only 
substance for which the inflection is located close 
enough to the Brillouin zone boundaries, so that the 
transition from hole to electron conduction can be 
observed experimentally. Naturally, since the notion of 
the effective mass loses its meaning in this region, the 
quantitative estimates given in my former paper! have 
to be revised (the Vers estimated there is too low). 


1S. Mrozowski, Phys. Rev. 85, 609 (1952). 


W. P. EATHERLY, North American Aviation, Inc., 
Downey, California: The properties of graphite have 


been examined in considerable detail both experimen- 
tally and theoretically! by the U. S. Atomic Energy 
Commission laboratory at North American Aviation. I 
should like to add a few qualitative remarks concerning 
our results. 

The three-dimensional expression for the suscepti- 
bility must be integrated numerically, and is extremely 
sensitive to the energies yo and yı. It appears, however, 
that the calculated susceptibility is too small by a factor 
somewhat larger than ten, but that the temperature 
dependence, at least above 100° K, is correct. This 
amount of agreement is probably as much as one can 
expect, because of the sensitivity to the parameter 
appearing in the band calculation. 

It is a well-known fact that the sum of three sus- 
ceptibilities measured {in orthogonal directions is an 
invariant property of single crystals, but it does not 
seem to be so widely realized that the same invariance 
applies to polycrystalline materials. That is to say, the 
sum of the susceptibilities of a polycrystal is the same 
as that for a single crystal, independent of the degree 
of preferred orientation, provided that the individual 
crystallites are sufficiently large to have developed 
crystalline fields typical of "infinite" crystals. This is 
essentially the case in artificial graphite, in that the 
summed susceptibilities range from —21.5 to —22.5 
Х 10-6 emu/g, as compared to the single-crystal value 
—23.5X10-5. The remaining discrepancy is un- 
doubtedly the result of particles too small to be con- 
sidered crystals. Our observations range over graphites 
manufactured from lampblack, petroleum cokes, and 
natural flake or block. 

The band structure computed by Wallace? is usually 
criticized on the basis that it yields the wrong anisot- 
ropy ratio for the resistivities, and that overlap inte- 
grals are ignored. One can show easily that including 
overlap does not affect the band structure near the 
zone boundary. The problem of electronic scattering 
resulting from collisions is an extremely difficult one, 
but there is no doubt that the scattering is anisotropic 
and energy dependent. These factors are ignored in 
Wallace’s calculation of the conductivity. Hence 
neither objection is valid as a criticism of the band 
calculation itself. However, one is left with the mag- 
netic susceptibility as the only electronic property 
which can give, in a fairly direct way, experimental 
verification of the band structure. 


1W. P. Eatherly, Phys. Rev. 85, 768 41952). 
2 Р, R. Wallace, Phys. Rev. 71, 622 (1947). 
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elmholtz Coils for Production of Powerful and 


Uniform Fields and Gradients” 


S. T. Ілхї Амр А. R. KAUFMANNÍ 
Massachusells Institute of Technology, Cambridge, Massachusetts 


The magnet is an air core and water-cooled massive Helmholtz type with rectangular cross section. It 
consists of a field coil 10 cm in mean radius which can produce 35 000 oersteds at a power of 1700 kw im à 
uniformity of about 10 ppm at the center within a region of 10 percent of the mean radius, and a gradient 
adius which can produce a gradient of 100 oersteds per cm at a power of 2.5 kw with a 


coil 5.2 cm in mean г 
7 uniformity of about 140 ppm within the same region. The fields and gradients are separately controlled. 


anoa 


i INTRODUCTION there is a space of about 3% inches diameter for working 
"ГНЕ solenoid which is described below was designed equipment. The coils have a vertical axis and are open 
й for precise magnetic susceptibility determinations at each end. 
on metals and alloys over a wide range of temperature. MAGNETIC DESIGN 

_ Бог this purpose it is desirable to have a strong and 
Many workers have designed different types of coil 


uniform field of at least 30 000 oersteds and an ac- 
^ tely known and separately controllable uniform 
_ dient. Another requisite 15 that there be enough room 
їп the region of high field to accommodate Dewar 


systems for homogeneous fields but some of them, such 
as spherical harmonic current sheets, have just theo- 
retical interest because they are too complicated to put 


lasks and more especially furnaces for high tempera- into practice and others, such as Maxwell's three-ioop 
e observations. It has been our experience that one combination! and McKeehan’s four-loop system? are 
ot achieve a high temperature accuracy of 1°C in not suitable for high powered design because of the 

furnaces in a severely restricted region. A secondary difficulty of obtaining homogeneous cooling and of 

fective was to achieve a field uniformity of 10 parts eliminating the lead effects. On the other hand, the 
per million or better over the sample volume so that very simple and efficient single solenoids which are 
apparatus might be used for magnetic resonance most suitable for high power construction fail to pro- 


jes. The equipment we have constructed meets duce very homogeneous fields. It was decided to choose а, 
system for our field coil which is a compromise between 


the highest possible uniformity and the highest engineer- 
GENERAL DESCRIPTION OF APPARATUS ing efficiency. 


e field is produced by massive water-cooled Helm- : г 
coils. With 1700 kw, it is possible to obtain about A. Field Coil 
'oersteds with a field uniformity of 10 ppm over а Our main objective was to obtain high uniformity of 
e of about 13 mm along the axis. The internal the magnetic feld without sacrificing efficiency 100 
‚ space is about 4.4 inches in diameter. We have much and, at the same time, to simplify the difficulties 
sed part of this region to install a pair of water-cooled of construction. We decided to use a massive Helm- 
coil: which can produce a gradient of 100 oersteds per — holtz pair with rectangular cross section, as this system 
with a uniformity of about 0.2 percent over 2 cm. is simple to construct and requires only а single ad- 
adient is produced independently of the field so justable parameter to achieve a great uniformity. 
ыг possible to vary the gradient both in magni- Since the work of Maxwell and Grey, it has been 
ude and direction as desired. It is thus possible to well known that for an axially symmetric system the 
ie force on the specimen due to this known uniformity of the field along and off the axis is almost 
regardless of whether the main field is pro- the same order of magnitude. The problem is how to 
mall gradient or not. The gradient coils can obtain the correct separation of the Helmholtz pair to 
compensate for variations in the main insure that the field along the axis is uniform. Man 
g a greater uniformity than is pro- workers have calculated the best separation for 2 Helm- 
oils alone. Inside the gradient coils, holtz pair by different expansion series with different 
approximations. : 
i и. Project : Pit seemed that the most direct way to obtain this 
ЭР rt EY result was to use the exact formula for the field and 


Volume 


1 J. C. Maxwell, A Treatise on Electricity and Magnelism, 


IL (Clarendon Press, Oxford, 1892). 
21, W. McKeehan, Rev. Sci. Instr. 7, 178 (1936). 
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TABLE I. Uniformify of the m. 


agnetic field in parts per million of the central field. The values in the first column 
were calculated from Eq. (A3) and the rest values from Eqs. (1), (2), and (3). 


Distance 020? 9=0° 15° 


30° 45? 60° 75? 90? 

r=0.0257)=2.5 mm +24 +24 122 TES —02 -12 ag 
0.05ro=5 mm +4.5 +4.5 -5.5 + 6.8 45:5 +0.5 — 5.4 — 8.0 
0.075ro— 7.5 mm —8.1 —84 —0.4 +15 +20 +6.5 -15 —25 

» 010%=10тт — 60 E —32 +25 +54 +25 2233 -62 
0.15r5— 15 mm —417 —435 —277 4-50 +243 FI 7 25117 —251 


Бу adjusting the separation to achieve the maximum 
uniformity in the region in which we are interested. 
With the exact formula there is no question of conver- 
gency and order of approximation as when series are 
used. 

We desired, also, to detect the effect of inhomogeneous 
coil heating on the uniformity, so we derived in the 
Appendix the general formula including this effect. 

Substituting in Eq. (A3) a set of values of coil dimen- 
sions 7o, b, d, or the corresponding values of k and у, 
and choosing a few appropriate values of x, one can 
find the proper 5 which determines the best separation. 
Usually only a few adjustments need be made until the 
desired uniformity of H at the chosen positions is ob- 
taihed. For an ordinary Helmholtz pair the correct 
separation 15 about a few percent larger than for the 
Helmholtz filament of the same mean radius. With а 
good initial guess the proper 5 can be obtained by one 
or two interpolations after two trial values have been 
used. 

Taking values for &= 0.961 and y— 0.383, we find the 
proper S to be 0.5286. The coil dimensions we used 
were as follows: 


mean radius =r —10 cm, 
radial thickness= 2d = 2yro— 7.66 cm, 
axial breadth =2b= 2kyro= 7.36126 cm 
(each coil), 
mean separation 
between tow coils— 25r9— 10.572 cm. 


The calculated uniformity for these dimensions is 
tabulated in the first column of Table I. 


Alternative Calculation 


We are deeply grateful to Professor M. W. Garrett? 
of Swarthmore College for showing us his elegant series 
method for calculating the field around coils. By using 
his method we had a chance to check our calculations. 

For an axially symmetric system with a plane of 
symmetry the magnetic field can be expressed as zonal 
harmonics of even powers. 

T 2 
-) P3(cos0) 


: : + (Г) nos s | @ 


3 Part of М. W. Garrett's work has been published in J. Appl. 
Phys. 82, 109 (1951). 


where Hzp is the x component of the field at the origin, 
то an arbitrary numerical value, and Ё„(7/7%)?Р» and 
k(r/ro)!P4 are second- and fourth-order errors, respec- 
tively. According to Garrett, for thick solenoids Ёс and 
k, can be expressed as follows: 


2001 
һ=—У;-(1—зша)/ух log (4-8), 0) 
2 x 


то 
Ёү- eh ee 8Ш26(15:4--3:2--2) |/> x log-(a+R), 

24 2 (3) 
where и denotes cosa and >> denotes the summation 
over the four corners of the coil with alternate signs 
on adjacent corners, giving plus sign to the corner 
nearest the origin (see Fig. 1). 

Substituting the above coil dimensions and the sepa- 
ration, we have found Ё» and k, to be 0.00445045 and 
— 1.057581. The uniformity is indicated in Table I. 
The sixth-order error is negligibly small at the small 
distances in which we are interested. From the first and 
second columns of Table I is is clear that the calculated 
values from the series methods agree almost entirely 
with that from the exact formula. The other columns of 
the table give the field uniformity at points off the axis. 


Effect o f Coil Heating 


In order to observe the heating effect, substitute the 
above coil dimensions in Eq. (42) and take c equal to 
0.004. This means the current density varies along the 
axis by 0.4 percent/cm of the central value of each coil, 
or the temperature varies by about 1°C/cm along the 
axis assuming that the temperature coefficient of re- 


Fic. 1. Rule of signs on corners of coil to be used in 
tion | 
A 


— — "TABLE II. Effect of water cooling on the uniformity of magnetic 
-feld. It is assumed that the temperature varies by 1°С per cm 
‘along the axis. The last column is compensated by a slope of 


0.0055 percent per cm. 
MM 


Ла Uniformity in parts per million 
: of the central field 


E Distance from the center Without With — 
of the two coils compensation compensation 
EE. 2 . .  ——— 
3 0.1570= 15 mm — 356 — 439 
i 0:170= 10 mm -7 — 62 
9 0.07570= 7.5 mm 35 = 
i 0:05л0= 5 mm 35 8 
0.02570= 2.5 mm 18 4 
0 0 0 
= —0.02570= —2.5 mm -13 0.6 
| — 0:05 = —5 mm —25 2 
b —0,075ro= — 7.5 mm А — 51 —10 
x г—0.1%=— 10 mm —112 —57 
E. = 0.1570= —15 mm —477 —395 
1 Е 


sistivity is equal to 0.004. With these conditions the 
uniformity near the center of the system has been cal- 
Е culated and tabulated in Table II. It is interesting that 
т — in the neighborhood of the center the field varies almost 
linearly along the axis: the larger the c, the more promi- 
E. nent is the linearity. If we use the gradient from our 
gradient coil to compensate this small variation, a great 
uniformity can be obtained. The column 3 of Table IT 
is the result of compensating the values of column 2 by 
а gradient of 0.0055 percent of the central field per cm, 
-. "which is about 2 oersteds per cm at full power. 


Power Requirement 


If the specific resistance of the conductor of which the 
coil is made is р ohms/cc and if only a fraction A of the 
volume of the coil is occupied by the conductor, the 
ав "total power required to maintain the current density Jo 
— in the Helmholtz pair is 


Sv т? b : 
M о 4m ply | rdr Ї dx-—4mplI ХБ(7:-- 72) j (4) 
Tl -5 


: where rı and rz ате the inside and outside radius of the 
сой and the other notations are the same as before, 


Н= [oM pri ]iG, 
G- [7(1—»)  /20уК3. (5) 


value 0.179 calculated by Cockcroft‘ for a 
d with rectangular section. For a power of 


о 2. 4x 10-8 at full power. 
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B. Gradient Coil 


As gradient power increases with ro’, the gradi 

coil was designed to be put inside the field coil For i 
sake of obtaining great uniformity, we decided to Хас 
long and a thin wall Helmholtz pair connected E 
opposition. The dimensions of the coils are as follows: М 


mean radius  =7% =5.2 cm, 
axial breadth =2b=5.3 cm, 
radial thickness= 2d — 0.4191 cm. 


The properties of Helmholtz gradient coils are just like 
those of field coils. The greatest uniformity of gradient 
can be obtained by proper separation of the pair of coils 
For axially symmetric systems with a plane of anti- 
symmetry the gradient can be expressed as follows: 


аН falet т ү? 
=| ) НӨ Р:(сов0) 
ах dx Го 70 


+в (>) Ра(соз0)- - - | (6) 


70 


where (dH ;/dx)o is the gradient at the origin, ro an arbi- 
trary numerical value, and &»'(r/ro)?P» and Ёс (r/ro) P4 
are second- and fourth-order errors, respectively. Ac- 
cording to Garrett, for thick solenoids 


Gy _1 
У [1 sina (344-1) ]/D, (7) 
2 68 


11 
by — Уу [2 sivo Su EOS 2)Y/D, (8) 


where 
D=} [sina—log-(a+R)—1]. 


The notations and the processes of taking the summa- 
tion are the same as in Eqs. (2) and (3). The proper 
separation of the Helmholtz pair in terms of the x 
coordinate of the center of the solenoid can be found by 
adjusting its value until the k?’ in Eq. (7) vanishes. 
Substituting the above coil dimensions we found the 
separation to be 11.21 cm, which made the ky’ to be a 
small positive number instead of zero in order to pro- 
duce a prolate gradient. The values of kj, Ra’ and the 
uniformity along the axis are shown in Table Ш. 


Tape ПТ. Uniformity of the gradient along the axis. 
ky =0.0047208; ks’ = — 1.70989. 
———=——==—=======—=—=——=——————— 


Uniformity in parts рег million 


Distance from the center г 
i of the central gradient 


of the gradient coil 


0.02570= 1.3 mm —0.4 
0:0570= 2.6 mm —10 
0.075то-3.9 mm —51 - 
0.1го--5.2 mm m 
0.1570= 7.8 mm E 


0.192370= 10 mm 
pa mS 


a These two values are corrected for sixth-order errors. 


ыг. 8 
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Fic. 2. Cross-sectional view of magnet. 


The present coil with a power of about 2.5 kw will 
produce a gradient at the center of the coil of about 100 
oersteds/cm. Another thick coil is under design which 
is more efficient and can produce a gradient of about 550 
with a power of 6 kw and 1000 with 20 kw. 

The gradient coil was designed to serve double pur- 
poses. First, it could be used for compensating the 
very small variation of the main field near the center of 
the magnet. This variation usually happens either due to 
inaccuracy of construction or the inhomogeneous tem- 
perature. Secondly, it could be used as a separate 
gradient in conjunction with the main field for accurate 
determination of magnetic susceptibilities. The separa- 
tion of the two solenoids of the gradient coil can be 
adjusted to the correct value, and the whole coil can 
move along its axis in order to let its center coincide 
with that of the field coil. 


ENGINEERING DESIGN 
A. Field Coil 


The available laboratory facilities provide 10000 
amperes at 170 volts and a heat exchanger system for 
water cooling. To best meet these conditions it was 
decided to wind the Helmholtz coil in layers with one 
turn per layer, as in a roller bandage, and with water 
flowing between each layer. In an effort to minimize 


leakage currents it was decided to use enamel insulation 
over the copper. With these basic conditions prescribed, 
the detailed design was worked out as follows: 


1. Over-All Dimensions 


Ап internal diameter of about 5 in. was selected as 
giving a satisfactory compromise between large internal 
working space and stronger field. The choice of this 
diameter also makes the heat removal conditions less 
severe than with a smaller coil. The cross section of the 
windings is almost square and was determined largely by 
the dimensions of commercially available flat wire and 
the necessary heat removal area. The spacing to give 
maximum uniformity over a distance of about one 
centimeter was then calculated as previously described. 

The two coils of the Helmholtz pair were wound on 
two sections of heavy walled brass pipe as shown in 
Fig. 2. The two pieces of pipe were then threaded in the 
region between the coils and screwed onto each other. 
This construction was used in order that the distance 
between coils might be varied aftér testing in order to 
obtain the best spacing. 


2. Current Conductors 


It was decided to use contmercially available enamel 
coated copper wire for the \уш шо. The axial width of 


к, 


> 


^ + 


4 


PARTS PER MILLION ОР CENTRAL FIELD 


6 


4 2 


as achieved by winding in parallel seven flat 


ding insulation. The insulation consisted of a 
ег of Formex§ 0.00075 in. thick. 
wire was carefully wound under tension into 
coils of 40 layers each with space between each 
s described below. Current enters the outermost 
me coil, flows across the brass tube on which the 
ound, and then leaves from the outer layer of 


del indicated the least distortion of field 
) connections were made along the same 


3. Cooling 


“Бу water flowing axially between 
e coils as shown in Fig. 2. Water is 
id out of the coils by means of eight 


м P L 48 
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© =THEORETICAL CURVE 
X =EXPERIMENTAL CURVE 


о 
DISTANCE IN М.М. FROM THE CENTER OF THE MAGNET 


DOWNWARD—— Э 


2 4 6 8 0 


Fic. 3. Uniformity of magnetic field. 


since compensation can be effected with the gradient 
coils. 

The choice of wire thickness’ mentioned above al- 
owed a space of 0.027 in. between layers. It was de- 
termined experimentally that the available water pres- 
sure (100 psi) would allow ample cooling water to flow 
through the coils with this spacing. The heat removal 
rate at 1700 kw is about 25 watts per sq cm. This was 
considered a conservative figure since other solenoids 
designed by Professor Е. Bitter? have operated at 200 
watts per cm?. We hope that the moderate heat re- 
moval rate will allow us to get away with poor heat 
transfer conditions at the points where the windings are 
supported. 

The layer of insulation causes the copper to operate 
at a higher temperature than if water were in direct 
contact with the metal. This problem was studied by 
passing current through water-cooled wires having 
various thicknesses of Formex insulation. By а сот- 
bination of measurements and calculations 1t was 
found that with a single layer (0.00075 in. thick) the 
copper would be about 40°С hotter than the water at 
full power. It was felt that the insulating value of the 
Formex more than offset the disadvantage of operating 
the copper at this temperature. 


4. Support of the Windings 


An accurate space of 0.027 in. between layers was 


achieved by inserting axially oriented micarta шин 
n each layer. These strips were obtained by 
slices 0.027 in. thick from a sheet of 0.050-n- 


7, 482 (1936). 
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х= EXPERIMENTAL VALUES 


PARTS PER MILLION OF CENTRAL FIELD 


10 9 8 7 5 5 4 3 2 ! 


О = CALCULATED VALUES 


O— 
o— о 


CURRENT IN FIELD COIL- 513 АМРЗ.; MAGNETIC FIELD = 1800 OERSTEDS 
CURRENT IN GRADIENT СОП. = .06 ‘AMPERES ; GRADIENT = .22 OERSTEDS РЕВ CM. |" 


DOWNWARD — —3— 


0 | 2 3 4 5 6 T 8 9 io 


DISTANCE IN MM FROM THE GEOMETRIC CENTER OF THE MAGNET 


Fic. 4. Uniformity of magnetic field when compensated by gradient coil. 


thickness. There are 42 equally positioned spacers 
around each turn of the helix, and the successive layers 
of spacers lie over each other exactly. This positioning 
was achieved by having the spacers slightly longer than 
the coil width and then having the projecting ends fit 
into radial slits which were cut into radial micarta 
spokes. There are 42 spokes and these are in contact 
with the side of the coils as shown in Fig. 2. The ends of 
the spokes are inserted into slots which are recessed 
into the brass pipe at the center and the micarta casing 
at the outside. In order to achieve a perfect helix for 
the innermost layer to avoid a hump at every layer and 
a perfect circle for the outermost spacers which must 
make good contact everywhere with the 5/16 in. thick 
copper ring for terminal connection, the micarta spacers 
at these layers were machined to a series of increasing 
thicknesses. 

The windings are not in contact with flowing water 
over the 0.050-in. width of each spacing strip. It is 
believed that conduction of heat through the copper 
will avoid overheating at these points. The faces of the 
spokes in contact with the sides of the winding are 3/16 
in. wide. These faces were not tapered since support of 
the coil against axial forces was considered more im- 
portant than avoidance of eddys in the water flow. 

The radial forces acting on the conductors were given 
some consideration. These forces are transmitted 
through the spacers, and at the outermost turn the 
force per spacer 15 estimated to be about 1500 lb at 
10 000 amperes. It was determined by means of com- 
pression tests that the flat spacers described above did 


not appreciably indent the copper or damage the Formex 
insulation at this load. 


5. Terminal Connections 


Slabs of copper 5/16 in. thick and of coil width were 
shaped into rings which were placed around the outer 
turn of each coil in good contact against the outer layer 
of spacers. The ends of the slabs were tapered and then 
overlapped to form a passage which was a continuation 
of the coil helix. The flat wires were brought out through 
this passage and were then soldered and riveted to the 
copper ring over a distance of about two inches in the 
region of overlapping ends. The ring was attached to the 
micarta casing by means of brass keys in order that 
there could be no unwinding of the coil, especially 
when the winding tension on the wires was released. 
The final step was to cut the wires and then carefully 
machine the outside of the copper ring to a perfect 
surface. The wires of both coils were terminated in 
about the same angular position with respect to the 
coil axis. 

Electrical contact was made by clamping massive 
slabs of copper around each of the-coils. The slabs were 
accurately machined to make a light mechanical con- 
tact with the copper rings when the bolts were tightened 
in order not to crush the coil. These bolts were calcu- 
lated to be strong enough to resist the bursting forces 
of the coil at full current. 


6. Miscellaneous F 


The outer casing of the apparatus consists of micarta — i 
shells in order to minimize insulation and leakage cur- = 


о 3 6 9 2 5 в 2 
DISTANCE IN ММ. FROM CENTER OF THE COIL 


Fic. 5. (dH /dx) along axis 'of gradient coil. 


rent problems. The end plates consist of brass which are 
bolted to a flange on the central pipe as shown in Fig. 2 
and are held together with axial tie rods on the outside. 
Water leakage is prevented with an assortment of 
— rubber gaskets and О rings at various points. These 
-gaskets were located in such а way that dead water 
"does not occur at any place across an electrical potential. 
_ "The assembled magnet is supported along the length 
- of the heavy copper terminals. Thus the solenoid casing 
hangs from these terminals and is free to expand or 
contract without pulling apart at the gasketed joints. 


B. Gradient Coils 


_ The gradient coils were located and dimensioned as 
_ shown in Fig. 2. 

_ There are three layers with 55 turns per layer of No. 
Formex-covered wire with a 0.026-in. space between 
layers. A stream of water in parallel with the main 
_ circuit effects cooling. The coils are wound on threaded 
iss bushings in order that the distance of separation 
be accurately varied. Likewise, the two gradient 


ded end caps. The No. 19 wire is fastened to 
copper rod inside the end plates and this rod 


_ EXPERIMENTAL RESULTS 
A. Test of Magnet 


apparatus was connected up to the water and 
on a temporary basis and operated at 
| hours. At this current which 
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our calculated value using the measured resistivity of 
the coil. Everything went according to expectation, and 
therefore we believe that no troubles will develop at 
full power. 


B. Test of Uniformity 


The uniformity of the main field has been tested at 
low power by measuring the force acting on an annealed 
steel ball bearing suspended in the field from an an- 
alytical balance. Then the field was kept constant 
а known gradient applied from the gradient coil and 
the total force on the sample measured again. The small 
gradient of the main field was calculated in terms of the 
known gradient. By measuring the gradient at succes- 
sive positions near the center in small intervals along 
the axis of the magnet, the fields, and hence their 
deviations from the central value in this region, were 
calculated. The results are shown in Fig. 3. It is to be 
noted that the curve is not symmetrical and that the 
geometrical center is at position G. This imperfection 
may result from the construction. For purposes of 
comparison we put the minimum of the calculated curve 
at that of the experimental curve. It is clear from Fig. 3 
that in a small region near the center the actual nni- 
formity is a little worse, but in larger regions better 
than the calculated values, and that the field near the 
geometrical center is almost linear making a small 
slope with the axis. If the small slope is compensated by 
means of the gradient coil, an almost entirely flat region 
of about 5 mm can be obtained. For a little under com- 
pensation a uniformity of about 10 parts per million in 
a distance of 13 mm can be reached, as shown in Fig. 4. 

The uniformity of the gradient has been roughly 
tested by quickly shifting а search coil successively 
along the axis in definite, small intervals and observing 


Етс. 6. Current element of radius r. 
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the change of field by means of a ballistic galvanometer. ACKNOWLEDGMENTS 

Figure 5 shows this rough determination. The scattered We wish to express our appreciation of the assistance 
points showing the experimental еггог ате nota measure of Mr. Francis Vidito and Mr. Oscar James Van Sant, 
of the true uniformity since this is beyond the sensi- Jr., who supplied many valuable ideas for the actual 
tivity of the apparatus. construction of the solenoid. 


APPENDIX 


Derivation of Field Equation 


If I is the current density in amp/cm? of a circular current element of radius r (see Fig. 6), the field at a point P 
on the axis at a distance D from the center of the cylindrical coil is 


2zIr'drdh 
10((D— 4-7)! 


If the cooling water comes in from one end of the coil and goes out at the other, the heating effect and hence the 
current density J may be, assumed linear along the axis of the coil and can be expressed as [= I'o(1— ch), where Го 
is the current density at the middle cross section of the coil and c is a constant depending upon the temperature 
gradient along the axis. The total field at point P, due to the whole cylinder of mean radius ro, axial width 26, and 


radial thickness 2d, is given by 
27 г? prota r'drdh 
н=— | || Io(1— йс) —— ———— ——. 
10 4-ь Jroa {(D—h)?--r}3 


Evaluating the integrals we obtain 
rot d+-[(D+b)?+ (ro+d)?}} ! T A 
‘ro—d-+[(D+b)*+ (ro— d): 


rotd+[ (D—b 2+ (+4)? : 271 otd o—d 
е o о-во oto ar 
ro—d+[(D—b)*+ (и—а) ] 10 2 2 


“271, c(D— b) 
ice 


122) log 
10 


b) 


rotd ro—d 
C++ eH) р-да au 


Taking account of the two identical coils separated at a distance 2 Sro and substituting the coil dimensions in 
terms of the mean radius ro, i.e., = уго, b= kd— kyro, and D— 570, we find the field on the common axis at a dis- 
tance zo from the center of the Helmholtz pair to be 


а зы pe E 
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perimposed Бу ап auxiliary field which is proportional to the parameter c 
| il temperature is uniform and the current density is constant throughout dio 
formula is reduced to the following simple form: 


оо 14-y-- [GS2-4- ky + (12-5) | 
Нэг Їл ре : 


1+y+[(S+a—ky)?+ (1+ y)? }# | 5 
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are bracket of Eq. (A3). . | 
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Symposium on Exchange—Introduction 


C. KITTEL 


University of California, Berkeley, California 


Е symposium consisted of a round-table discus- 

sion on exchange forces in ferromagnetics, and 
began with the presentation of invited papers by C. 
Zener, J. C. Slater, E. P. Wohlfarth (read by E. C. 
Stoner), and J. H. Van Vleck. A lengthy but lively dis- 
cussion period, partly with the audience participating, 
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followed the invited papers. It is unfortunately not 
possible to reproduce here the discussions, but R. 
Smoluchowski has been kind enough to prepare а brief 
summary and reconciliation of the invited papers: his 
discussion follows here after the papers. 


NUMBER 1 JANUARY, 1953 


Exchange Interactions 


C. ZENER AND R. R. HEIKES 


Westinghouse Research Laboratories, East Piltsburgh, Pennsylvania 


I. INTRODUCTION 


Е interaction represents а characteristic 
quantum effect having no analog in classical 
mechanics. Before defining exchange interaction, we 
shall give a simple example of a two-electron system. 
Let 4 and B represent two quantum states, and let 
suffixes o and В represent electron spins pointing 
parallel and antiparallel, respectively, to some preferred 
direction. Then the two states А.Вз and AgB, are 
degenerate, i.e., have the same energy. Since these 
two states combine, more appropriate wave functions 
are 

Vs— А.Вв-АвВ,, 

Va— A 4Bg— АвВа. 


These states are no longer degenerate. The energy 
values will be denoted by Es and Ед, respectively. 
The energy difference Es— Ел is called the exchange 
energy. The quantity (Es— E4)/h is called the ex- 
change frequency, and may be given the. following 
vivid interpretation. Suppose that, through the 
appropriate linear combination of ys exp(—iEst/R) 
and of ул exp(—iE4t/h), we construct an approximate 
solution to the time dependent wave equation which 
reduces to А„Вваї t=0. We then have a wave function 
which oscillates between 4.8в and АВ. with the 
exchange frequency. Е 

Exchange energy is of particular importance to 
magnetism since the two states Vs and үд represent 
different spin configurations. In the first state the two 
electron spins are parallel, in the second state they are 
antiparallel. This difference in relative spin orientation 
is necessarily associated with a difference in electron 
configuration. Thus, in the first state Ws, the two 
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electrons have a tendency to avoid one another, while 
in the second state ул, the contrary is the case. It is, 
in fact, just this difference in electron configuration 
which gives rise to the exchange energy. In general, we 
define as the exchange energy that part of the total 
energy of a system which is dependent upon relative 
Spin orientation, this energy excluding the pure 
magnetic energy arising from dipole-dipole interaction. 

Since an exchange interaction has a meaning only 
in reference to the approximate wave functions with 
which we choose to describe our system, it is necessary 
in discussing such interactions to clearly describe the 
approximate wave functions from which one starts. 
А considerable difference of opinion exists as to the 
most appropriate type of approximate wave functions 
for solids. The most appropriate approximate wave 
functions for а particular investigation will depend to 
some extent upon the objective of the investigation. 
Н this objective is to understand the basis for the 
various types of crystal structure, it is conceivable 
that the most appropriate starting wave functions for 
all the electrons will be the localized atomic wave 
functions. If this objective is to make a precise calcula- 
tion of the binding energy, it is probable that the most 
appropriate approximate wave furction for all electrons 
will be the band functions, i.e., solutions of а periodic 
potential. If, as in the present case, the objective is to 
understand the magnetic properties, the authors 
believe that for the inner incomplete d shell electrons 
the localized atomic wave functions are the most 
appropriate, while for the outer s electrons tke band 
wave functions are the most appropriate. The last type 


of description will therefor&ibe used in the present | 


paper. Ss : 
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7 | П. DOMINANT EXCHANGE INTERACTIONS 


Once having decided on our initial approximation 

to describe d electrons by localized atomic wave 

| functions, outer s electrons by band wave functions, 

i we find the following types of exchange interactions to 
be of dominant importance for magnetic properties. 


1 A. Arising from an Exchange of Electrons within 
3 the d Shell of the Same Atom 
ї 


This exchange interaction has been found by Slater’ 
to provide the physical basis for Hund’s rule? of highest 
multiplicity. Applied to the transition metal atoms or 
ions, this rule states that when a d shell first begins to 
be filled, all the electron spins point in the same direc- 
tion. When the d shell is half-filled, five electrons have 
spins pointing in the same direction. Thereafter, further 
added electrons have spins pointing in the opposite 
direction. Hund’s rule may be unambiguously tested 
for those transition metal ions in which the orbital 
angular momentum is completely quenched, as man- 
ifested by g being equal to 2. Such quenching appears 
to be complete in cubic lattices, examples of which are 
the ferrites? and the manganese perovskites.*5 In all 
these examples the saturation magnetic moment is 
just that which is predicted by application of Hund’s 
rule. Since the consequences of the exchange interaction 
between electrons within the d shell of the same atom 
have been known for many years, and since there 
appears to be no difference of opinion regarding this 
exchange interaction, it will not be further discussed 

in this paper. 


B. Arising from an Exchange of Electrons between 
the d Shells of Adjacent Atoms 


This interaction, which we shall henceforth call 
direct-exchange, has been, and still is, the subject of 
considerable controversy. The controversy is over the 
sign of the exchange integral J. A positive J corresponds 
to a ferromagnetic coupling, a negative J to an anti- 
ferromagnetic coupling. Now the usual sign of J is 
negative, as is necessary in order that a chemical bond 
— may be formed. In his classic paper on ferromagnetism 

— Heisenberg® assumed that the direct exchange furnished 
— the ferromagnetic coupling in Fe, Co, and Ni. In 
— explaining the positive sign of J which such a coupling 
_ demanded, he pointed out that for a sufficiently large 
value of principal quantum number one would indeed 
ipate a change in J from a negative to a positive 
Heisenberg's explanation was rather unsatisfactory 
t it left uninterpreted the absence of ferromagnet- 


later, Phys. Rev. 34, 1243 (1929). 
nd, Lintenspektren und Periodisches System der Elemente 
из Springer, Berlin, 1927) р. 124. 
пп. phys. 3, 137 (1948). 
'and J. Н. Van Santen, Physica 16, 337 (1950). 

i-Conduchng Materials (Butterworths Scientific 
London, 1951), р. 162. 

Вуз 49, 619 (1928). 
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ism in the second and third -transition periods, which 
according to his reasoning should be stronger th 
the first transition period. 

A way out of this dilemma was found by Slater.7 
emphasized the importance of the degree of over! 

f the d shells. He postulated tl ч 
of the « S postulated that as the degree of 
overlap decreased from a large to a small value, J 
changed from а negative to a positive quantity SC 
the degree of overlap is a continuously Тоон 
function of the ratio (internuclear distance)/ (radius ? 
4 shell), Slater assumed that Л varied in the ФЕ 
manner as indicated in Fig. 1. This single postulate 
explained not only why the ferromagnetism does not 
occur in the second- and third-row transition period 
where the ratio (internuclear distance)/(radius of d 
shell) is smaller than in the first period, but also why 
only the last elements in the first transition row are 
ferromagnetic. 

Slater's postulate was sufficiently satisfying so that 
it was accepted until 1951 by all those workers in the 
field who used the localized atomic model for the d 
electrons. In 1951 one of the present authors? pointed 
out that an important exchange interaction (see Sec. 
D) had heretofore been neglected, and that, when it 
was taken into account, the necessity for a positive J 
disappeared. It therefore appeared more logical to 
assume that the magnitude of J decreases as the ratio 
(internuclear distance)/ (radius of d shell) increases. In 
view of the current interest in this subject, detailed 
arguments, of both theoretical and empirical character, 
are now presented in support of the thesis that J varies 
as represented in Fig. 2 rather than as in Fig. 1. 

The exchange integral corresponding to the exchange 
of a single pair of electrons between two atoms contains 
two dominant terms, 


an in 


who 


J=A+B. 


Here A is the mutual energy of the two exchange charge 
distributions, while B is the sum of the energies of the 


INTERNUCLEAR —DISTANCE 
RADIUS OF d SHELL — 


Fic. 1. Variation of exchange integral postulated by Slater 
(see reference 7). 


1]. C. Slater, Phys. Rev. 36, 57 (1930). 
9 & Zener, Phys. Rev. 81, 440 (1951), 83, 299 (1951). 
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two exchange charges im the “reduced” potential of 
the two atoms. In obtaining the reduced potential, we 
first take the actual potential of the two atoms, the 
two electrons which are exchanging being considered 
as absent. This potential is then multiplied by the total 
exchange charge of one of the exchanging electrons. 
The, first term A is always positive, while the second 
| term В is always negative. The sign of J therefore 
q depends upon which of the two terms dominates. 
Under certain conditions A dominates. This occurs 
when the pertinent wave function on the two atoms 
are orthogonal to one another, thereby leading to a 
zero total exchange charge, and hence to a zero B. 
This condition is satisfied in a diatomic molecule when 
the exchanging electrons are in two states having 
angular momental with different projections on the 
їе axis of the molecule. Under this condition, J is positive 
for all distances of separation. 
| Another set of conditions favors the dominance of В. 
| This condition is that the atoms between which the 
two electrons are exchanging have several electrons 
in the same shell as the exchanging electrons. Since 
| these additional electrons shield the nuclei only 
partially, they increase the magnitude of the reduced 
potential of the two atoms, and hence increase the 
magnitude of the negative В. 
| When we are having an exchange of electrons between 
two closed shells, the situation is rather ambiguous 
from the strictly theoretical viewpoint. On the one hand, 
we have many exchanges between states which are 
mutually orthogonal. Thus the exchange integral 
between two filled d shells involves 40 exchanges 
between mutually orthogonal states, only 10 between 
states which are not mutually orthogonal. On the 
other hand, the large number of electrons in the closed 
shells insures a relatively large reduced potential, and 
therefore favors the dominance of B. The situation is 
| perfectly clear, however, from the experimental view- 
| point. Under all cases which have been observed, the 
Ї exchange interaction between closed shells is a repulsive 
| interaction. Thus in the interaction between inert gas 
atoms, between ions in ionic crystals, and between the 
inner cores in Cu, Ag, and An, the overlapping of the 
charge distributions leads to a repulsion at all those 
S distances of separation at which interactions have been 
observed. Since the transition metals Fe, Co, and Ni 
have a large number of electrons in the d shell, larger 
than the number of electrons in the outer closed shell 
of the inert gases, it appears likely that they will also 
have a repulsive exchange interaction, and that the 
repulsion will be greater the larger the number of 
exchanges. Since exchange occurs only between parallel 
spins, we conclude that the repulsive exchange inter- 
action, between incomplete d shells will be greater when 
the spins are aligned parallel than when aligned anti- 
parallel. 
We shall now review some of the consequences of 
the antiferromagnetic coupling of direct exchange. 


= 


CC- 


INTERNUCLEAR — DISTANCE 
RADIUS OF d SHELL 


Fic. 2. Variation of exchange integral postulated by Zener. | 


We anticipate that metals will crystallize in а close- і 
packed structure provided no counteracting tendency { 
is present. One counteracting tendency, operating at j 
high temperature, is the increased entropy associated | 
with the larger amplitudes of vibration of loose-packed | 
structures. This entropy effect is probably responsible | 
for the close packed—body centered cubic (b.c.c.) 
transition at high temperatures in Ti, Zr, and Fe. 
Another counteracting tendency must, however, be 
operating in the case of the transition metals of the 
V and Cr columns (V, Cb, Ta; Cr, Mo, Ta). These 
metals retain their loose b.c.c. lattice down to the 
lowest temperatures. One of the authors? has ascribed 
this b.c.c. structure to the direct exchange between 
adjacent d shells. In this structure it is possible for 
nearest neighbors to have an antiparallel alignment 
of spin, whereas in a close-packed lattice such an 
antiparallel arrangement is not possible. After this 
interpretation of the b.c.c. structure in the V and Сг 
columns was proposed, several investigations have 
appeared which corroborate this interpretation. These 
are discussed below. 

(1) The above interpretation leads to the predic- 
tion of an ordered arrangement of spins in the V and 
Cr columns of the transition metals. An extensive 
search for such an ordered arrangement has been made 
by Shull. As we discussed in this conference, he has 
found negative results in all cases except Cr. Here he 
finds an ordered arrangement which disappears at 
500°K. The experimental magnitude of the magnetic 
moments is, however, an order of magnitude less than 
the theoretical. The inconsistencies between theory A 
and experiment can possibly be interpreted in terms of | M 
the intrinsic instability associated with an antiferro- 
magnetic arrangement. As indicated in Fig. 3, when two 
spins which are coupled ferromagnetically become | 
slightly uncoupled, they suffer a slight precession, 
whereas in the case of an antiferromagnetic coupling | 
they undergo a large precession. This interpretation of — 
Shull’s negative results can È> taken seriously only цо 
the period of precession is comp2rable to or less than 
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SLIGHT DEVIATION FROM 
FERROMAGNETIC ALIGNMENT 


Е SLIGHT DEVIATION FROM 
E ANTIFERROMAGNETIC ALIGNMENT 


Fic. 3. Comparison of precession in cases of ferromagnetic 
and antiferromagnetic coupling. 


the time of flight of a neutron through a single atom. 

In order to estimate the precessional frequency, we 
= shall consider two spins of mechanical moment of 
momentum 2h each, the energy J being required to 
change the relative orientation from an antiparallel 
to a parallel alignment. We then find that if the 
uncoupling energy is ЁТ, and if kT is small compared 
to J, the precessional frequency и is given Бу 


nhy~2(TRT)}. 


= — Upon taking T as 300°K, J as 2kT, n as 5/2 appropriate 
| tothe Cr d shell, we obtain the period of precession as 
E 1.4X10~ second. This period is of the same order as 
: the time of transit of a neutron through a Cr atom, the 
neutron having a velocity suitable for difiraction 
studies. We thus see that the negative results of Shull 
may arise from the comparatively long time of transit 
of the neutrons through the individual atoms. 

(2) An antiferromagnetic arrangement of spins 
should be accompanied by a rise in magnetic susceptibil- 
ity with increasing temperature until the Curie temper- 
ure 15 reached. Such an increase has in fact been 
d by McGuire and Kriessman? in the case of Cr. 

‘In this metal the magnetic susceptibility continues 
— to rise up to the highest temperature investigated, 
namely, 1400°С. At the upper part of this range the 
Isceptibility rises at an accelerated rate as if a Curie 

ure were not far above 1400°С. 
‘metal Cr has been found by Friedberg!? to 


апа С. J, Kriessman, Phys. Rev. 82, 774 
Jnd Goldman, Phys. Rev. 85, 375 
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low temperatures. The electronic specific heat is linear 
in T, the coefficient of T being commonly denoted b 

ү, and is expressed in units of 10-4 calorie/mole-°C. 
The y of Cr is only 3, as compared to the value СЕ 
15 for V, to the left of Cr, and to the value of 42 for 
Mn, the metal to the right of Cr. This anomalously low 
value of у for Cr is just what our model would predict 
Whereas in the band description of metals it js com- 
monly assumed that the potential for an electron is 
the same in every atom, it is of course only necessary to 
assume that the potential has the periodicity of the 
lattice. In particular, in our model, an electron with a 
positive spin (o) sees a lower potential on that simple 
cubic lattice occupied by atoms whose d electrons all 
have positive spins (а). Our model requires that the 
energy band is thereby split into two parts, the lower 
band for an a-electron corresponding to the electron 
spending most of its time on a-type atoms, the upper 
band corresponding to the electron spending most of its 
time on -type atoms. The lower band is thus precisely 
filled by the 5 electrons in the d shell of the Cr atoms. 
The d electrons thus contribute essentially nothing to 
the specific heat. The only other metal in the Cr column 


| 
| 
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ENERGY BAND FOR 


ENERGY BAND FOR 
AN B ELECTRON 


AN d ELECTRON 


Fic. 4. Energy bands in chromium metal. Wave functions of 
А bands are concentrated on the А simple cubic lattice, those 
of the B bands on the B simple cubic lattice. 


whose electronic specific heat has been measured is W. 
Whereas in all other metals the y measured at high and 
at low temperatures agree, they are here in marked 
disagreement." The high temperature measurement 
yields a low value of 5, in accord with our ideas, while 
the low temperature measurement yields a high value 
of 51, in discord with our ideas. This discrepancy in Y 
as measured at high and at low temperature is in fact 
in discord with any current theory of the electronic 
structure of the metals. 

(4) One of the most convincing arguments for the 
intrinsic antiferromagnetic nature of the b.c.c. lattices 
of the V or Cr columns has been presented by Isenberg ~ 
through a theoretical analysis of elastic const 
Two independent elastic shear coefficients of cubic 
metals are Си апа (Cu—Ci2)/2. We shall define the 
elastic anisotropy factor by 


A= 2Cu/ (Cu — Си»). 


11 A. A. Silvidi and J. С. Daunt, Phys. Rev. 77, 125 (1950). 


12 Т. Isenberg, Phys. Rev. 83, 637 (1951). 
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Isenberg has shown that, with neglect of very small 
terms, this factor may be written as 


A= (8/9)L?W"' ]/ t (8/3) Wi + [2W"7]] . 


Here W refers to the mutual potential energy of the 
cores of two atoms at a distance r apart. The subscripts 
1 and 2 indicate that the bracketed expressions are to 
be ‘taken for first nearest and for second nearest 
neighbors, respectively. If now W represented a 
repulsive potential energy which decreased monotoni- 
call with r, we would conclude that the anisotropy 
factor А would be quite large. This conclusion would be 
reached by observing that rW” would be considerably 
larger for first nearest than for second nearest neighbors, 
and that rW” would be negative. Actually, such is indeed 
the case for the b.c.c. lattice of B-brass, where A is 8.8. 
It is quite impossible to make А unity by a reasonable 
repulsive IW. A natural interpretation for the low values 
of А observed for tungsten and for molybdenum,” 
namely, 1.0 and 0.71, is to assume, that W is attractive 
for nearest neighbors, repulsive for next nearest 
neighbors, as indicated in Fig. 5. Such an interpretation 
makes sense only if an antiferromagnetic structure is 
postulated for W, nearest neighbors thereby having 
no direct exchange between their d shells, but next 
nearest neighbors having such exchange. Hsu? has 
found that the high binding energy for tungsten is 
given by such an antiferromagnetic structure, the 
binding energy coming primarily from the classical 
attraction of two interpenetrating diffuse negative 
charges in each of which is imbedded concentrated 
positive charges of like magnitude. 


C. Arising from an Exchange of Electrons within 
the Conduction Band 


The sign of this exchange interaction is the same as 
of the exchange interaction discussed in Sec. A above, 
and hence tends towards a parallel alignment of the 
spins of all the conduction electrons. In contrast to 
the case of the exchange interaction of Sec. A this 
aligning tendency is opposed by the anti-aligning 
tendency of the kinetic energy. Thus the kinetic energy 
is a minimum when half the spins point in one direction, 
the other half in the other direction. Under ordinary 
conditions the anti-aligning tendency of the kinetic 
energy is dominant, resulting in a zero net spin. Bloch" 
has pointed out, however, that for a sufficiently low 
concentration of conduction electrons the aligning 
tendency of the exchange interaction is dominant, 
resulting in the magnetization of the conduction 
electrons. The critical electron density which separates 
the region where the kinetic energy dominates from 
the region where the exchange energy dominates is in 
the vicinity of the density of the conduction electrons 
in cesium. Wigner has, however, pointed out that 

3 Yee-Chuang Hsu, Phys. Rev. 83, 975 (1951). 


нЕ. Bloch, Z. Physik 57, 545 (1929). 5 
15 E. Wigner, Trans. Faraday бос. 34, 678 (1938). 
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NEXT NEAREST NEIGHBOR 
INTERACTION 


NEAREST NEIGHBOR INTERACTION 


Fic. 5. Interactions postulated by Isenberg for tungsten. 


such a magnetization of the conduction electrons would 
probably not take place, since at just about the same 
electron density the conduction electrons automatically 
become localized about lattice positions. Nonetheless, 
the exchange interaction arising from an exchange of 
electrons within the conduction band is of importance 
in helping to align the incomplete d shells of the transi- 
tion metals, as is discussed later in this section. 


D. Arising from an Exchange of Electrons between 
the Conduction Band and the Incomplete 
d Shells 


Hund's rule of highest multiplicity applies to the 
coupling of the spin of an outer s electron to the spin 
of an incomplete d shell of isolated atoms, as well as 
to the coupling of the spins of the d electrons among 
themselves. When the outer s shell contains only one 
electron, the state of lowest energy will thus be that 
in which the spin of this s electron is aligned parallel 
with the spin of the inner incomplete d shell (see 
Table I). In Table I we consider the lowest configuration 
in which the outer s shell contains only one electron, 
and compare the two energies where the spin of this 
electron is parallel and antiparallel to that of the 
inner d shell. 

In the model which we have adopted, the outer s 
electrons of the isolated atoms become conduction 
electrons in the condensed metallic state. The exchange 
interaction between a conduction electron and an inner 
incomplete d shell will therefore -be ferromagnetic in 
nature. Each individual conduction electron tends to 
align the spins of the incomplete d shells in a direction 
parallel to its own spin. In the usual model of conduction 
electrons, equal numbers have spins pointing in one 
direction as in the opposite direction, and hence the 
net influence upon the spin of the incomplete Z shells 
is zero. As soon as we relax the condition of equal 
numbers of conduction eléctron spins pointing in 
opposite directions, we find „Њаќ. Һе total energy of 
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the system is lowered by first aligning the spin of the 
d shells, and then reversing the spins of some of the 
conduction electrons from an antiparallel to a parallel 
alignment. 

The formal theory? of the above exchange interaction 
. may be presented in a very simple manner. Towards 
this end we let Espin be the spin energy per atom of a 
- metal, the zero energy being taken as the unmagnetized 
: state; ба be the mean component рег atom of the d shell 
_ spin along the magnetization direction, the unit of 
spin being а Bohr magneton; and finally Se be the mean 
component per atom of the conduction electron spin 
— along the magnetization direction. The spin energy may 
— then be written as 


Espin= (5) «5ё— 855 (v2. (1) 


EN minimization of this spin energy with respect to 
Se leads to 


Е, а= (5) (0 — 8*/ y)S2 (2) 
Se= (6/1). (3) 


C The present theory becomes formally identical to 
. the Heisenberg-Slater theory through the following 
orrespondence 


J- (8/y)— a. (4) 


he reason for the ‘success of Slater's theory now 
mes evident. The “exchange integral" J is really 
difference of two terms. One term f?/y arises from 
indirect coupling via the conduction electrons. 
term is always positive, and is independent of 
nount of overlap of adjacent d shells. The second 
—a arises from the direct exchange between 
acent 4 shells. We assume this term to be always 
ve, and its magnitude decreases rapidly with 
:creasing overlap of adjacent d shells. The change in 
of the "exchange integral” J with decreasing 
of overlap thus arises naturally as a transition 


to the dominance of the indirect exchange via 
ction electron at a small overlap. 

ereas in the older theory the ferromagnetic 
1g arose from the short-range direct exchange 
adjacent d'shells, in the present theory the 
upling via the conduction electrons 
у a long-range type. We thus find a natural 
о ferromagnetism of the Heusler 
e type CrPts materials in 
tic atoms is too large 
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to allow an appreciable direct coupling. A quantitative 
comparison of the predictions of the two theories for 
different Heusler alloys has been given by one of 
the authors. The 16 percent difference in volume 
between the two Heusler alloys CuzMnIn and CusMnAI 
would lead to an increase in 100 percent of the Curie 
temperature (in °K) of the latter over that of the former 
alloy according to the Heisenberg-Slater theory, an 
increase of only 20 percent according to the present 
theory. The observed increase is in fact just 20 percent. 
The success of the present theory in providing a qualita- 
tive interpretation of ferromagnetism in metals 15 
paralleled by a corresponding success in providing a 
quantitative estimate of the magnetic coupling. Of 
the three coupling coefficients in Eq. (1), the last two 
may be readily estimated. The exchange coupling 
between the outer s and inner d electrons for isolated 
atoms is obtained from spectroscopic data. A compari- 
son of the Hartree wave function for the s electrons 
with the cellular wave function for the metal shows 
how this exchange coupling is modified in the metal. 
The estimate of В for Ni is 0.48 ev per atom. The model 
of a free electron gas for the conduction electrons leads 
at once to an estimate for y. This is 2.9 ev per atom 
for Ni. An estimate is thereby obtained for J by negiect 
of the direct exchange coefficient a. The estimate so 
obtained for Ni is 25 percent higher than the observed 
value, thereby allowing for a small direct coupling. 


E. Arising from an Exchange of Valence States 
between Two Cations of the Same 
Transition Element 


Because of their preoccupation with ionic solids 
of the NaCl type, physicists customarily think of the 
cations of ionic crystals as having a fixed degree of 
ionization, i.e., a fixed valency. Now ionic crystals can 
usefully be divided into two groups: one in which the 
cations have closed shells, of which NaCl is а typical 
example, the other in which the cation does not have 
a closed shell, a typical example of which is FeO. 
Crystals of the first class have an extremely small 
range of composition, and may, for most purposes, 
be thought of as existing only at the stoichiometric 
ratio. This narrowness in composition range arises 
from the fact that in order to create a deficiency in the 
cation lattice, one or more cations must become further 
ionized, and large energies are required to lonize 2 
closed shell. Crystals of the second class have, on the 
whole, a comparatively wide range of composition, 
corresponding to a variable cation deficiency. This 
variable cation deficiency is possible only because о 
the comparative ease with which the cations in the 
ionic lattice may become further ionized. Common 
examples of the second group are found in the onia 
sulfides, selenides, and tellurides of the цан 
metals lying to the right of the Ti column in the perio 


16 В. Heikes, Phys. Rev. 84, 376 (1951). 
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table. A mixture of the cation valency of the same 
transition element may also be produced by admixing 
à second cation of restricted valency. For example, if 
one replaces a. small fraction of the Ni atoms in NiO 
by Li, one Ni** ion is forced to change to Ni*** for 
each Li atom introduced. 

We are currently interested in the second group of 
crystals since, as has recently been pointed out by 
one of the authors," the exchange of valence states 
between two cations of the same transition element 
leads to a ferromagnetic coupling of the cation spins. 
That this coupling is of a ferromagnetic nature may be 
seen from the following argument. Let y; and ys 
represent the two states indicated below, 


Uus © =. 
Yo: CH CH, 


We shall suppose that each cation is in its lowest energy 
state, and hence in its state of highest multiplicity. 
Whereas each state y; and y; has the same energy, 
a state with still lower energy may be obtained by 
taking one of the linear combinations у-у or Ya— y», 
the appropriate linear combination depending upon the 
sign of the exchange integral. This energy will be lower 
thé greater the exchange integral between these two 
states. Now the exchange integral will be greatest when 
the spins of the two cations are aligned parallel. 
The state of lowest energy therefore represents a 
ferromagnetic alignment of spins. 

In actual ionic crystals, the distances between 
adjacent cations are usually too large to admit of an 
appreciable direct interaction. However, this exchange 
interaction is aided greatly by the intervening anions 
by a process which is called double exchange. In this 
process an electron jumps from the С++ ion to the 
intervening anion, simultaneous with the jump of a 
second electron from the anion to the С+++ ion. 

An interesting feature of double exchange is that it 
promotes a mechanism not only for ferromagnetic 
coupling but also for electrical conductivity. If the 
concentration of С++ and С+++ ions is comparable, 
and if the temperature is sufficiently high, an electron 
leaving a particular C++ ion by double exchange has an 
essentially equal probability of jumping to any of the 
С+++ ions which are its immediate neighbors. Two 
features of the resulting electrical conductivity deserve 
special comment. (1) Since under the above conditions 
the frequency of jumping of an electron from a partic- 
Шаг С++ ion to a neighboring C*** ion is independent 
of temperature, the diffusion coefficient D of the d 
electron is likewise independent of temperature. Since 
now the electrical conductivity o is related to D by 
the Einstein relation 


B 


o~D/T, 


we see that o varies inversely as Г. Any substance with 
such a temperature dependence we commonly call a 


" C. Zener, Phys. Rev. 82, 403 (1951). 
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metallic conductor. (2) In the absence of other pertinent 
exchange interactions, the magnitude of the double 
exchange determines both the Curie temperature Т, 
and the exchange frequency и, and hence vis determined 
uniquely by Te. When use is made of this relation, one 
finds that the electrical conductivity at the Curie 
temperature for the case where the С++ and С+++ ions 
are of comparable concentration is essentially independ- 
ent of the particular system, and has the order of 
magnitude given by 
oc-e/ak, 


where e is the electronic charge, a the lattice parameter. 
If one takes for the lattice parameter a typical value 
of ЗА, one obtains for £/a the value 1.2% 10** орт! 
cm. This is the order of magnitude of the conductivity 
of mixed valency crystals, such as magnetite,^ man- 
ganese perovskites,*.° and chromium chalkogenides.!9 


F. Arising from an Exchange of Excited Valence 
States of Cations of the Same 
Transition Element 


Our final exchange interaction, commonly known as 
super exchange, was first discussed by Kramers,” 
and later analyzed in detail by Anderson?! and Van 
Vleck.” One of the authors? has recently given а 
detailed discussion of the physical significance of this 
exchange interaction, and discussed its application to 
a varlety of systems. 

In order to understand the physical basis of super 
exchange, it is wise to first review the proper description 
of a typical polar molecule such as NaCl. A perfectly 
polar molecule would be represented by Na*Cl-, and 
would have the ideal dipole moment of er, where r is 
the internuclear distance. Now most polar molecules 
have a dipole moment considerably less than the ideal 
value, indicating that the average charge on the anion 
and cation is considerably less than e. A possible method 
of representing the molecule, a method used extensively 
by Pauling,” is to define a polar and a nonpolar wave 
function as follows: 


Мо c Nai Gl 
уе Зол 


The appropriate wave function is then written as 
Yot BYnp- 

We now consider a slightly more complicated 
molecule of the type COC where C will denote a cation. 
The pure polar state would be represented by 


Ue (AOC: 
А wave function more appropriate than V, can be 


13 С. A. Domenicali, Phys. Rev. 76, 460 (1949). 

3 К. Heikes (to be published in Acta Metallurgica). _ 

2) H. A. Kramers, Physica 1, 182 (1934). 

21 P. Anderson, Phys. Rev. 79, 350 (1950). 

2 J. Н. Van Vleck, Grenoble Conference, 114 (1951). 

3 L. Pauling, The Nature of the Chemical Bond (Cornell Univer- 
sity Press, Ithaca, New York, 1940). a 
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y allowing for an admixture of the somewhat 
ar states 

y: С О-СХ, 

ys: C*O-C. 


— We now consider the further complication of letting 

be а transition metal cation having a nonzero 
ctronic spin. The pure polar state will then be 
ly degenerate, the energy being independent of 
elative orientation of the spins of the two cations. 
shall consider in particular the two extreme states 
esented below : 


W COC and уо: CtO-Ct. 
ЇЕ?! ТО 


arrows beneath О= denote the spins of those two 
^ -bell type р wave functions whose axes are 
parallel to the axis of the molecule. We shall now 
ttempt to describe those semipolar states of the type 
which combine with the above. Since we are con- 
ed only with those states of lowest energy, we shall 
der Hund's rule to apply to the spin configuration 


c 


(50 С: 
fi Ty 


C*O-C and уд: 
Ї 25 


Yar: 


wo states are not degenerate. The direct exchange 
teraction of the left-hand C+ with O- will lower the 
zy of Wor with respect to that of уәл. The energy of 
1 opriate linear combination of V, ғ and у» 
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than half filled, a ferromagnetic coupling exists bety 
the cations. A similar analysis leads to the condita 
that when the d shell of C* is half-filled or more n 
half filled, an antiferromagnetic coupling exists. ч 
The first application of superexchange to particular 
systems was made by Néel^ He showed that the 
ferromagnetism of the ferrites could be interpreted in 
terms of this exchange. : 


Ш. SUMMARY 


The above-described six types of exchange inter- 
actions, taken in conjunction with our model of localized 
d electrons and lattice wave functions for the outer s 
electrons, are able to interpret the main features of 
magnetic coupling. The magnetic coupling giving rise 
to the magnetic moment of the isolated transition 
metal ions comes from the type of exchange described 
in Sec. A. The exchange coupling which aligns these 
isolated ionic moments is of type described in Sec. B 
in metals, of types in Sec. E and/or F in ionic lattices. 
The last type of exchange tends to align the d shell 
spins only in the case of less than half filled d shells, 
as in the case of CrTe. In case the d shells are half filled 
or more than half filled, as in the case of the ferrites, 
this exchange type is antiferromagnetic. The exchange 
type in Sec. B is also antiferromagnetic in nature. 
In any particular material several of these exchange 
interactions may be in simultaneous operation and 
may be comparable in magnitude. Such is the case, 
for example, in the chromium chalkogenides (Cr-S, 
Cr-Se, Cr-Te). An interpretation of the complex 
magnetic behavior found in these substances has been 
given by one of the authors." 


2: L. Néel, Ann. phys. 3, 137 (1948). 
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Two rival methods of handling molecular problems, the Heitler- 
London and the molecular orbital methods, have been used for 
many years, and they have their counterparts in magnetism in the 
Heisenberg and the energy-band methods. The first part of this 
paper shows that the Heitler-London and Heisenberg methods, as 
usually applied, are not appropriate for problems containing 
more than a few electrons. The reason is the lack of orthogonality 
of the one-electron orbitals of atomic type. This involves the 
presence of overlap integrals which, if included in the calculation, 
make the method essentially divergent and unsuitable for numeri- 
cal calculation if the product of the number of electrons in the 
system, times an overlap integral between nearest neighbors, is 
large compared to unity, which in practice confines the applica- 
tion to problems of a few electrons. Most applications of the 
method, including all applications of the Heisenberg method to 
ferromagnetism and antiferromagnetism, disregard many inte- 
grals which are not as a matter of fact negligible, and for this reason 
cannot be regarded as valid. 

Van Vleck many years ago tried to overcome this difficulty, 
but his results are only partially satisfactory on account of lack 
of generality. The straightforward way to overcome it is to use 
really orthogonal one-electron orbitals, either molecular orbitals 
or Wannier functions, and the remainder of the paper considers 
how the familiar facts of ferromagnetism are to be explained on 
this basis. If we изе а single determinantal wave function composed 
of energy-band orbitals, we have the familiar energy-band or 
collective electron theory of ferromagnetism. This simple method 
may well be fairly accurate at small internuclear distances; it 
predicts correctly that ferromagnetism must be impossible when 
the atoms are close enough together to broaden the energy bands 
greatly. For large internuclear distances, however, it leads to quite 
wrong limiting behavior, since it gives a wave function involving 
а considerable contribution of ionic states. To eliminate these 
ionic states, at large internuclear distances, we must make linear 
combinations of different determinantal functions, corresponding 
to different assignments of electrons to orbitals. The results of 
such a calculation are sketched. 

To treat magnetic problems properly, we must make such calcu- 
lations for different total spins, calculate the energy of the states 
of different magnetizations as a function of internuclear distance, 
and see which states lie lower, the magnetic or nonmagnetic. At 
infinite separation, the energy will be independent of total mag- 
netization, since in this limit the spins of different atoms can be 
oriented in any arbitrary way without affecting the energy. At 
very small distances, the elementary band theory shows that the 
nonmagnetic state must lie below the magnetized state, so that 


ferromagnetism is impossible, At intermediate distances, the ele- 
mentary theory can show only tha: ferromagnetism is possible, 
not that it is necessary; to find whether it actually exists, we should 
really have to carry out a calculation of the type described. If we 
find ferromagnetism, we shall necessarily find that the energy 
difference between nonferromagnetic and ferromagnetic states 
was zero at infinite internuclear distance, increased as the inter- 
nuclear distance decreased, went through a maximum, and then 
went to zero and changed sign. This behavior is often postulated 
for the Heisenberg exchange integral, although we do not feel 
that this integral has the direct theoretical meaning often ascribed 
to it, 

These problems are closely related to the correlation energy, 
which is discussed. We do not feel that the familiar Wigner-Seitz 
calculation of correlation energy is very accurate; the correlation 
energy is in fact a function of magnetization, decreasing numeri- 
cally with decreasing internuclear distance, and its interpretation 
cannot be given properly except by considering its intimate con- 
nection with magnetization. The net result of the present discus- 
sion is that to give a proper account of ferromagnetism, we are 
forced to use orthogonal orbitals and, therefore, must make close 
connection with the band theory. We must, however, carry our 
theory further than has usually been done, though the prediction 
of the elementary band theory, i.e., that ferromagnetism is im- 
possible for broad bands and can exist only for narrow bands and 
electronic wave functions which overlap only slightly, is verified 
by the present more accurate approach. 

As an illustration of the general method of calculating magnetic 
energies described in this paper, we may mention the recent 
calculation of Meckler, not yet published, on the oxygen molecule. 
This has been carried out by setting up many determinantal wave 
functions formed from orthogonal atomic orbitals made out of the 
original nonorthogonal orbitals. The secular equations involving 
these determinantal functions were solved by use of a digital 
computer. The resulting energy levels and wave functions reduce 
to the proper type to represent the 2Р ground state of the oxygen 
atom at infinite internuclear distance. Meckler’s energy for the 
triplet ground state is very accurate; that for the next singlet 
excited state is quite good. The energy separation between singlet 
and triplet shows the behavior expected for the energy difference 
between a ferromagnetic and nonferromagnetic state, being zero 
at infinite distance, then increasing, going to a maximum, then 
decreasing again. As far as the writer is aware, this is the first 
time when such a behavior has been found as a result of straight- 
forward calculation from quantum mechanics. 


Кок many years, there have been two competing 
approaches to problems in molecules and solids. 
First there is the Heitler-London method for molecules, 
with the related Heisenberg method for magnetism; 
second, there is the molecular orbital method for mole- 
cules, with the energy-band method for solids. Many 
students of molecular structure, following Pauling, have 
based their work on the Heitler-London method, and 
many students of magnetism, following Van Vleck, have 
used the Heisenberg theory as fundamental. Another 
School of molecular theory, following Lennard-Jones 
and Mulliken, has used the molecular orbital method; 


and other workers in magnetism, as for instance Stoner, 
have used the energy-band or collective electron 
method. It has often been showr? that for simple sys- 
tems, in particular the hydrogen molecule, the two 
methods as properly amplified are equivalent, and this 
has been regarded as a justification for the use of either 
method for complicated molecules and solids. For a 
very long time the present writer has believed other- 
wise: He believes that the Heitler-London and Heisen- 
berg methods are by their nature incapable of being 
rigorously applied to syster% containing more than a 
very few electrons, except in special cases like ionic 
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tals, and feels, therefore, that they are unsuited 

ost problems in the structure of molecules and 
ids and for almost all problems in magnetism. It is 
1 'urpose of the present paper to give the reasons for 
this belief and then to outline how the energy-band 
ethod can be adapted to problems of solids, particu- 
arly in the limit of large internuclear distance where 
culties in its application are sometimes pointed out. 


. THE OBJECTIONS TO THE HEITLER-LONDON 
AND HEISENBERG METHODS 


- — All methods under discussion work with one-electron 
A orbitals; the characteristic of the Heitler-London and 
- Heisenberg methods to which we object is that in these 
methods the orbitals represent atomic functions on 
— different atoms, and hence necessarily are not orthogo- 

- mal to each other. In the present section we shall make 
two points: first, that for systems of more than a few 
. electrons, the use of nonorthogonal orbitals involves us 

5 ›тасїсаШу insuperable computational difficulties; 
ondly, that the use of nonorthogonal orbitals is in- 
ent in the Heitler-London and Heisenberg methods. 
ore making these points we must note that there 
three general methods which have been proposed 
using one-electron orbitals for many-electron prob- 
ems. Before 1929, the group theory was generally used. 
ais method involved a great deal of superfluous mathe- 
al machinery, and it was supplanted in 1929 by 
eterminantal method suggested by the present 
and by the spin operator method proposed by 
The determinantal method is completely general 


ion. The spin operator method, which has been 
y used by Van Vleck? and his school for magnetic 
jlems, is less general. It will be shown in Sec. п 
‘this lack of generality makes it inadequate as a 


now take up our first point: that the use of non- 
hogonal orbitals involves practically insuperable 
difficulties in many-electron problems. The writer has 
liscussed in principle the application of the Heitler- 
ndon method, using nonorthogonal orbitals, to such 
and has carried through illustrative cases in- 
all number of electrons. The characteristic 
this application is the calculation of matrix 
( ents of the energy of the n-electron system, and 
unity, between determinantal n-electron functions 

d from nonorthogonal one-electron orbitals (д), 


2 


aig 

later, Phys. Rev. 34, 1293 (1929). 

2) Proc. Roy. Soc. (London) A123, 714 (1929), 
nium Mechanics (Oxford University Press, 


3 IX. 
» The Theory of Electric and Magnetic Sus- 
Jniversity Press, London, 1932); Phys. Rev. 
and A. Sherman, Revs. Modern 
Physica 15, 197 (1949); 
у iderson, Phys. Rev. 
references by Van Vleck 
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ux(x), etc., where the orbitals,'and the coordinate 
involve both spacial coordinates and spin. Once th 3 
matrix components are calculated, we can set u ae 
secular equation for finding the energy levels anda 
combinations of determinantal functions which b г 
represent the correct wave function. The que 
arise in the calculation of these matrix components aa 
can be illustrated by the very simplest example, th 
calculation of the diagonal component of the matrix Г 
unity with respect to а determinantal fca 
det|u:(x;)|, which is required in order to Sur 
the determinant, provided the w,’s are normalized but 
not orthogonal. We wish in other words to compute 
S det | иг (aj) | det (2) | 4хл- - 4х„. We can at once re- 
duce this to the form 


n! Y; (permutations Р) f uy (x1) 


Aust (Ха) (EP) (i) + tn(An)day-+-dxn, (1) 


where P represents a permutation of the subscripts of 
the 428. The term of this summation for which Р repre- 
sents the identity is unity, by the normalization of the 
ws: and if the ws were orthogonal, all other terms 
would give zero, so that the result would be simply 71, 
and the normalized determinant would be (и!) 
Xdet|u:(x;)|. If the ws are not orthogonal, however, 
we shall next have n(n—1)/2 terms involving single 
interchanges of two subscripts. If the Аһ and ИВ are 
interchanged, the integral in (1) will be 


- fur (х) (sux) (eo) duds 


--| frenos (2) 


- the square of the overlap integral between the kth and 


Ith atomic orbitals. We know that these integrals fall 
off rapidly with internuclear distance, so that only 
those terms of (1), involving interchange of two sub- 
scripts, will be appreciable in which Ё апа? represent 
near neighbors. There will be of the order of magnitude 
of 21/2 pairs of near neighbors in the system, if zis the 
number of near neighbors which a given atomic orbital 
has. Thus, from interchange of pairs of subscripts we 
shall have of the order of 21/2 terms in the summation 
(1), each of the order of magnitude of the square of the 
overlap integral between neighboring atoms. Since these 
squares can well be of the order of 0.01 or larger m 
practical cases, it is clear that the sum of the а 

(1) coming from simple interchange can be of the order 
of n, as compared to unity for the leading term. Simi- 
larly, by considering more complicated permutations 
we see that next we have sets of terms adding to some 
thing of the order of n°, then something of the order 9 
1), and so on. If n is more than a very small integer, 
it is clear that this sum involves terms each of whic 
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is enormously larger than the preceding one. Closer 
examination shows that the signs of the terms alternate, 
so that the sum can be finite; but it will be found as 
the difference of very large positive and negative quan- 
tities and, hence, is entirely unsuited for computation. 
We shall point out later how to get around this diffi- 
culty, but the present point is that it cannot be avoided 
by direct and straightforward methods. 

Closely related to the difficulty just mentioned is 
that encountered when we start calculating the matrix 
components of the energy and the exchange integrals 
which are involved in the calculation. The energy 
operator H is a sum of quantities fi- -- fa, each involv- 
ing the coordinates of one electron only (the kinetic 
energy operator, plus the potential energy in the field 
of all the nuclei), and of quantities g;; the Coulomb 
repulsive energy between the ith and jth electrons. 
The resulting integral is just like (1), but with the 
operator H inserted after the factor u,*(x,). The in- 
tegral coming from the identity permutation is the 
Coulomb integral, which will not concern us further; 
it is easy to compute. The only remaining term in the 
two-particle case is the ordinary Heitler-London or 
Heisenberg exchange integral, 


Таг f w (eut Gt fet en) 
из(ху)иу(хә)йхуйхә. (3) 


In the general case of z particles, if the w’s are or- 
thogonal, two things happen. First, the exchange in- 
tegral (3) reduces to the form 


Таг [tiones ва (х1) ty (хо) ал х». (4) 


Second, the sum in the expression similar to (1) reduces 
to the Coulomb term, minus the sum of the exchange 
integrals, of form (4), for all pairs of orbitals. If the 
ws are not orthogonal, however, there is no comparable 
simplification. We have a very great variety of types of 
exchange integrals, involving permutations of many 
electrons, which by no means vanish. The whole prob- 
lem of computing the diagonal or nondiagonal matrix 
component of energy between two determinantal func- 
tions becomes even more formidable than that of com- 
puting the normalization integrals. 

Thus, we see the computational difficulties involved 
in the use of nonorthogonal orbitals. Unless some 
simplification can be made, they are quite insuperable 
for anything but very simple problems, and no one has 
tried to carry through all the terms in a complicated 
case. Much work has been done, in both molecular and 
magnetic problems, by making the following assump- 
tions: We assume that the diagonal matrix component 
of energy can be written as the Coulomb integral, 
minus the sum of the Js, as we should have for or- 
thogonal 425, but use the form of Jy: given in (3), ap- 


propriate only for nonorthogonal ws: and we disregard 
all overlap integrals in the matrix component of unity. 
These assumptions are completely unjustified. The 
molecular orbital or energy-band methods can be used 
to make accurate calculations of molecular energy 
levels, as Mulliken and Lennard-Jones and Coulson 
and others of their school’ have shown; and the energy- 
band method can be used for accurate calculations of 
the structure of solids, as Léwdin® and others have 
shown. These calculations, though made with a dif- 
ferent starting point, eventually encounter the same 
exchange and overlap integrals which are met in the 
Heitler-London and Heisenberg methods. It-is very 
clear from these accurate calculations that the terms 
which are disregarded in the approximate methods 
described above are by no means negligible, and that 
if they are omitted from a correct calculation, agree- 
ment with experiment is completely vitiated. 

We reject completely, then, that large body of work 
which has simply neglected the nonorthogonality or 
overlap of one-electron orbitals, as representing an 
unjustified oversimplification which forms no valid 
approximation to the real predictions of wave me- 
chanics. To be taken more seriously, however, is Van 
Vleck’s’ attempt to justify the procedure outlined in 
the paragraph above. This attempt was made as an 
answer to the criticism of Inglis* regarding the catas- 
trophe produced by nonorthogonality in a many-elec- 
tron system. This criticism was equivalent to that 
made in the preceding paragraphs of this section; the 
same difficulty had been pointed out earlier by the 
present writer.? Van Vleck showed essentially that the 
matrix components of unity and of energy between 
two determinantal functions, which we have been con- 
sidering above, could be factored, if we neglect certain 
terms. The final answer in every case will be a ratio of 
two integrals, one coming from the energy in the nu- 
merator and one from the matrix of unity in the de- 
nominator. Most factors in numerator and denominator 
are identical and can be canceled. The remaining ratio 
then proves, as Van Vleck showed, to be of the sort 
described in the preceding paragraph, and to involve 
sums in which the number of integrals coming from 
simple exchange was only proportional to z, the number 
of near neighbors, rather than to 2/2. 

If Van Vleck's treatment had been really general, it 
would have provided the complete answer to the 
difficulties. Unfortunately, it was not; we have men- 
tioned that certain terms had to be omitted, and the 


* R. S. Mulliken and R. G. Parr, J. Chem. Phys. 19, 1271 (1951), 
and many other references given there; numerous papers in Proc. 
Roy. Soc. (London) A207, 1-136 (1951), and many references 
given there. 2 

* P.-O. Lówdin, А Theoretical Investigation into Some Properties 


of Ionic Crystals, thesis, Uppsala, 1948; J. Chem. Phys: 18, 365 _ 


(1950); 19, 1570, 1579 (1951). 

7 J. Н. Van Vleck, Phys. Rev. 49, 232 (1936). 

* D. К. Inglis, Phys. Rev. 46, 835 (1934). 

? J. C. Slater, Phys. Rev. 35, 509 (1930); see Particularly pp. 
526-527. a ч 
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results were worked out only for special cases. We can 
give an idea of how it works, however, from our simple 
example of the normalization integral f det а(х) | 
x det | us (ху) | dxi- + "хь. At the same time our example 
will show how Van Vleck's method can be extended so 
as to be perfectly general. Suppose we have а par- 
ticularly simple case, in which the 7 functions и; repre- 
sent atomic functions, all corresponding to electrons of 
the same spin, on the lattice sites of a regular lattice. 
Tn other words, our determinantal function represents 
a state in which we have a completely filled set of wave 
functions, one per atom, corresponding to one spin. 
Then we know that we can make from the ws a set of 
n normalized, orthogonal Block functions, which can 
easily be shown to be 


bo) da E (дехр(їс КиК), (5) 
where 


1 
3 


à (керк) | 225223 . (6) 


Here r is the vector position of an electron, and (7— R,) 
is an atomic function located on the lattice point at 
М R, and corresponding to a + spin. If the ws on dif- 
| ferent lattice sites were orthogonal, the quantity d; 
would be unity; if they are not orthogonal, we have an 
additional term which involves only a summation over 
the z near neighbors of an atom. There are л functions 
b,(r), corresponding to the л values of the propagation 
vector Ёс consistent with the boundary conditions in the 
crystal (for instance, periodic boundary conditions). 
Now we know that if we form the determinant (п n-i 
xdet|b;(rj|, this function will be normalized, since 
the bs are normalized and orthogonal. However, we 
also know by general properties of determinants that 
this determinant is proportional to (и!) det | u;(s;)|. 
In fact, it is not hard to find the relation between these 
two determinants and to show that the function 
(n1)-3(11(2)d;)! det| w:(x;)| is normalized. In other words 
we have found our difficult normalization integral, for 
this special case, and we have shown that it factors into 
a product of ds. This is the simplest example of the 
factoring procedure that Van Vleck used in the reference 
quoted above, although he did not use the Bloch func- 
tions directly. It is clear that the product of all the 
— djs, as defined in (6), will have the form described 
- earlier: It will have unity for the leading term, then 
mething like zz terms each of the order of an overlap 
tegral between neighboring atoms, then (zm)? terms 
ving products of overlap integrals, and so on. But 
factorization has simplified the situation. We can 
jut a similar factorization in the energy integral, 
id the ratio of the two, giving the diagonal energy of 
te, has most of the factors canceling in nu- 
and denominator, reducing to a simple final 
accordance with the findings of Van Vleck. 
us see how Van Vieck’s result can come about: 

е of nonorthogonality in a many- 
| it 
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electron system really follows from the method of 
calculation, and is not inherent in the problem ws 
may well believe that if we could really set up a Heitl 5 
London approximation for a problem of many ai 
trons, and carry through the calculations exactly, the 
results would be quite reasonable and might well fond 
as good an approximation as with hydrogen. Never. 
theless, the computational difficulties remain, We ma 

ask, then, can we not extend Van Vleck's method | 
the general case, without making the approximations 
which he was forced to make in reference 7? The answer 
is obvious from the discussion we have just given: 
We can rewrite our problem in terms of really ortho p 
nal one-electron orbitals, and then everything хн 
through simply. We have just pointed out that Wwe can 
use Bloch combinations of atomic orbitals, so as to get 
orthogonal functions; this was pointed out in reference 
9. We can also use Wannier functions,’° orthogonalized 
one-electron orbitals, as the writer has done for mag- 
netic problems,” and as Löwdin! has done for problems 
in cohesive energy in crystals. Either of these methods 
gets away from the nonorthogonality catastrophe; and 
it is doubtful whether any essentially independent 
method would accomplish the same purpose. 

By introducing orthogonal orbitals, either of the 
Bloch or the Wannier type, then, we escape the non- 
orthogonality difficulty. But at the same time we find 
that we no longer have the Heitler-London method; 
we have instead the energy-band method, which is the 
one which the writer is advocating. We might think 
that all we had to do was to introduce orthogonal or- 
bitals, and then proceed exactly according to the pat- 
tern of the Heitler-London and Heisenberg methods; 
but this is not true, and those methods depend essen- 
tially on the use of nonorthogonal orbitals. Thus, we 
come the second principal point of the present section, 
the fact that nonorthogonal orbitals are essential to the 
Heitler-London and Heisenberg methods. The writer 
has already pointed this out” with reference to problems 
in molecular structure. Let us state the argument in 
somewhat different language, appropriate for the mag- 
netic problem. Let us suppose specifically that we set 
up Wannier functions, which in many ways resemble 
atomic functions, and that we set up a theory analogous 
to the Heisenberg theory of ferromagnetism, using these 
functions. They are orthogonal, and hence the exchange 
integrals Лы take the form (4), which is necessarily 
positive, since it represents the electrostatic interaction 
of a charge distribution with itself. But we remember 
that a positive exchange integral, in Heisenberg 5 
theory, corresponds to ferromagnetism. We shoul 
therefore conclude, if we used the Heisenberg method 
naively, that all substances were ferromagnetic, ав 
obviously absurd conclusion. То get a negative ex- 
change integral, as in the Heitler-London method, we 


10 G. Wannier, Phys. Rev. 52, 191 (1937). 
1 J, C. Slater, Phys. Rev. 52, 198 (1937). 
12 Т. C. Slater, J. Chem.tPhys. 19, 220 (1951). 
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must have the interaction term between electrons and 
nuclei in f; and f, in the expression (3); these are the 
only negative terms in the exchange integral, and in the 
case of the hydrogen molecule they outweigh the 
positive terms. But they are missing with orthogonal 
orbitals. Since most substances are not ferromagnetic, 
it is clear that we must carry a calculation, starting with 
Wannier functions, through a further step than we are 
used to in the Heitler-London or Heisenberg methods, 
to get results of any reliability. l 

We can easily see what this additional step is, by 
considering the familiar case of the hydrogen molecule. 
If a and b represent (nonorthogonal) atomic functions 
on atoms 4 and b, we can set up orthogonalized atomic 
orbitals, as in reference 12, by the relations А =cı4+ соб, 
B=c.a+cb, where с; and cs are determined to make А 
and B orthogonal and normalized. We can set up the 
spin degeneracy problem corresponding to one electron 
being in orbital А, one in B, either electron having either 
spin. The resulting spin degeneracy problem is carried 
through exactly as in the Heitler-London calculations 
for На, and it results in a singlet and a triplet. The 
orbital part of the triplet wave function (disregarding 
normalization) is 4(1)8(2) — B(1)A (2), where 1, 2 sym- 
bolize the electronic coordinates; substitution shows 
that this is the same as a(1)5(2) — 5(1)a(2), so that this 
method gives the same result for the triplet as the 
Heitler-London method, and hence the energy of this 
state must be the same. For the singlet, the wave func- 
tion is 4(1)B(2)4- B(1)4 (2). This singlet state must lie 
above the triplet since as we have seen the exchange 
integral is always a positive for orthogonal wave func- 
tions. Thus, the singlet state as given by this method is 
not attractive; this fact was pointed out in reference 
12, but this is a more direct proof than is given in that 
reference. Since we know that the Heitler-London 
singlet state lies below the triplet, and has an energy 
low enough to lead to the molecular binding in Н,, it is 
clear that the wave function for the singlet given by 
the orthogonal atomic orbitals is very incorrect. Let 
us see why this is true, by writing А and B in terms of 
а and b. When we do this, we find the wave function 
to be equivalent to 


(c+ e2?)La(1)b(2)-+6(1)a(2) | 
+2с1:[а(1)а(2)+-5(1)5(2)]. (7) 


The first term is the ordinary Heitler-London function 
for the singlet, which gives an energy below the triplet; 
but the second is the Heitler-London function for the 
ionic state where both electrons are on the same atom. 
Since this state has a much higher energy, it is the ad- 
mixture of this ionic state which spoils the singlet wave 
function as calculated by the Wannier function method. 

We know, of course, that the Heitler-London calcu- 
lation for Нь is surprisingly good, so that to get a good 
wave function for the singlet state, we must modify 
(7) to restore it very nearly to the Heitler-London form 
a(1)b(2)+-b(1)a(2). To do this, starting with the Wan- 


nier functions, we must consider а configurational inter- 
action between the state already described, in which 
one electron is in a state A, one in state В, and the 
state where both eléctrons are in orbital A, or both 
in В. The singlet function of proper symmetry which 
can be formed from this configuration is A(1)A 2) 
4-8(1)8(2). Writing this in terms of а and b, it is 


(с12-- e) [a(1)a(2)-- 5(1)5(2) ] 
+ 2eycx[a(1)b(2)+b(1)a(2)]. (8) 


The result of a configurational interaction between this 
wave function and that given in (7) will yield two final 
functions, one of which will be close to the function 
a(1)b(2)--5(1)a(2), or the Heitler-London ground state, 
the other close to the Heitler-London ionic function 
a(1)a(2)4-b(1)b(2). In other words, the use of Wannier 
functions artificially introduces an ionic character into 
the wave functions, and a configurational interaction 
with the configuration in which a Wannier function is 
occupied by two electrons, one of each spin, is absolu tely 
necessary in order to counteract this ionic effect and 
get a description of covalent binding, or of a negative 
Heisenberg exchange integral or a nonferromagnetic 
state. It is the absolute necessity of this configurational 
interaction which distinguishes this calculation from 
the ordinary Heitler-London or Heisenberg approach, 
where the interaction with ionic configurations is re- 
garded as a refinement, which is generally disregarded. 

The net result of this section, then, is that a direct 
calculation of any molecular problem except the very 
simplest by the Heitler-London method is impossible. 
І the calculation could be made, the answer might be 
quite a good representation of the true wave function. 
The only practical way to get at it, however, is to start 
with orthogonal orbitals, either of the energy-band 
Bloch type or of the localized Wannier type. When we 
do this, the calculation becomes practicable. But all 
exchange integrals become positive, which puts us on 
our guard against using a naive form of the Heitler- 
London or Heisenberg method. Rather, to get correct 
results, it is essential to consider configuration inter- 
action with ionic states, in which one Wannier function 
is occupied by two electrons. When this is done, the 
method may be expected to give good results; but it is 
now so far from the original Heitler-London or Heisen- 
berg method that it should no longer be described in 
terms of those methods. 


II. OBJECTIONS TO THE DIRAC SPIN OPERATOR FOR 
MAGNETIC PRABLEMS 


Before we go on to the applications of the energy- 
band method, we should consider-one additional point, 
the validity of the expression 


—$ (раіс k, DJ a(1+ 4s s), ^^ (9) 


where / is an exchange jegal, and s; and s; are the 
spin matrices of the kth and /th electrons. This expres- 
sion was introduced by Dirzc; and it gives the impres- 
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ion of being a justification of the Heisenberg method, 
al d the use of exchange integrals, on a sufficiently 
general basis so that we are led to ask if it avoids the 
— difficulties with the Heisenberg method, pointed out in 
the preceding section. We shall see when we examine 
- . jt that it does not avoid these difficulties, and that it 
- . does not in fact form a valid starting point for a com- 
| plete theory of magnetism. 
$ If we examine Dirac's derivation of the expression (9), 
— wesee that it was set up for problems of spin degeneracy. 
- That is, for a problem of electrons, we start with a 
-— set of orbitals 11: и» involving coordinates only, not 
necessarily all different, and consider the various func- 
tions of coordinates and spin which can be made up 
from them by assigning spins in all possible ways to 
these orbitals. In such a set of functions of coordinates, 
it is clear that any function, on account of the exclusion 
- principle, can be identical with at most one other func- 
tion. Each pair of identical functions must be occupied 
"with an electron of each spin. If there аге n’ remaining 
functions, each appearing once, each one can appear 
with either spin, so that there are 27” ways of arranging 
spins. The problem of spin degeneracy then involves 
the 2" determinantal wave functions arising in this 
way. Dirac’s operator is set up so as to give the same 
‘matrix components of energy between these 2"' states 
as the correct Hamiltonian operator used with the de- 
terminantal method, provided the orbitals 2- - ил are 
: ogonal. It does not give matrix components be- 
een different configurations, that is, between two 
rminantal functions corresponding to different sets 
55, and it does not give correct values if the w’s are 
orthogonal. 
ese limitations, though clearly pointed out by Van 
ck? are generally glossed over. It is clear, however, 
the method based on (9) is more specialized than 
eterminantal method. In the first place, it cannot 
| usly be used for the Heitler-London ог Heisenberg 
| thods, for we have pointed out that the nonorthogo- 
ality of wave functions is essential to these methods. 
approximation, often made, of assuming that it 
je used in these cases, with an exchange integral 
еп Бу (3), which can have either sign, is on exactly 
‘same basis as the approximation which we have 
]ready dismissed as invalid in Sec. I, of writing the 
gonal energy as the Coulomb energy minus the sum 
xchange integrals Ji; of computing these by 
_ and of disregarding overlap integrals. If we 
ly orthogonal orbitals, it is a correct starting 
discussing spin degeneracy ; but we have just 
this case we must also consider configura- 
action with ionic states in which the Wannier 
:cupied Бу two electrons, and the Hamil- 
ot able to describe these configurational 
ur fe about this Hamiltonian (9) is 
as far as its appli- 
rned: We believe 
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security to those who wished to use the Heisenb 
method, and that in fact the uses which have Ба 
made of it are unjustifiable and incorrect. We do Bo 
feel that it is correct, in any way which has been usted 
from wave mechanics, to speak of exchange inte 2 
between electrons in a crystal, їп the Heisenberg Ed ‘ 
or to decide whether a substance should be е 
netic, or nonferromagnetic, ог antiferromagnetic | : 
account of a positive or negative sign for such а hy + 
thetical exchange integral. This criticism extends to ae 
use of the term superexchange” in its relation to theories 
of antiferromagnetism ; the derivation of this quantity 
by Kramers, neglects orthogonality in just the SA 
sort of way which we are objecting to in the present 
paper, and the writer sees nothing in the work on the 
subject which overcomes this difficulty in the use of 
the method. Before leaving the expression (9), we 
should point out that Serber™ has shown how to remove 
the limitations which we have mentioned, 1.е., that (9) 
demands orthogonal orbitals, and does not apply to 
configuration interaction ; Anderson? uses some of these 
methods in his paper on superexchange, though he dis- 
regards nonorthogonality. 


II. THE ENERGY-BAND THEORY OF 
FERROMAGNETISM 


In the two preceding sections, we have endeavored 
to show that treatments of magnetism by the Heisen- 
berg method are unjustified, and that if we try to over- 
come the difficulties of that method, we are led inevi- 
tably to the use of the determinantal method, with 
orthogonal one-electron functions or orbitals. If we have 
a complete orthogonal set of one-electron functions 
u;(x), involving coordinates and spin, we can pick п 
functions out of such a complete orthogonal set and 
form a determinantal function (n)? det|u:(x;) |. If we 
take all possible ways of picking out 7 one-electron 
functions from the complete orthogonal set, and set up 
all such determinantal functions, this will form a com- 
plete orthogonal set of antisymmetric functions of n 
electronic coordinates and spins, so that the correct 
wave function of the problem can be rigorously ex- 
panded in terms of them. For the one-electron: func- 
tions, in a problem of a crystal, we may use the solu- 
tions of a periodic potential problem, which have the 
characteristics of Bloch waves; or we шау use the 
Wannier functions arising from them. Since either type 
of function forms a complete orthogonal set, either 
one forms a proper starting point for a rigorous cal- 
culation. If we do not have exact solutions 01 ше 
periodic potential problem, we can proceed as Mulliken 
and others have done in the molecular problem, ог as 
Léwdin® has done in discussing crystals: We can start 
with atomic orbitals and make orthogonal linear com- 
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binations of these atomic orbitals, either of the Bloch- 
like or Wannier-like type. The results of these calcula- 
tions show that good results can be obtained in this 
way. The writer feels that our best hope at present of 
obtaining quantitative results for magnetic problems is 
to proceed in this way, using linear combinations of 
atomic orbitals, of an orthogonal nature, and calculat- 
ing the energy of the crystal as Lówdin has done, but 
for both magnetized and unmagnetized states, compar- 
ing the energies of the two states. 

The calculations of Mulliken and Lówdin mentioned 
above, and the usual applications of the molecular- 
orbital or energy-band method, are more specialized 
than we have indicated above. They are based on the 
use of a single determinantal wave function, formed 
from the ж» Bloch-like energy-band functions whose 
one-electron energies are lowest. The details of how to 
specify these one-electron energies involve a certain 
amount of subtlety, relating to problems of the Hartree- 
Fock equation, which we shall not go into here. We ex- 
pect theoretically, and we find in practice, that a single 
such determinant gives a good description of an actual 
molecule or crystal at its observed internuclear dis- 
tance. However, as the interatomic distances increase 
to infinity, it is well known that this single deter- 
minantal solution does not behave properly and that 
its asymptotic energy, at infinite internuclear distance, 
is too high. We have a situation shown schematically 
in Fig. 1, where the full curve shows the diagonal energy 
of the state represented as a single determinant, as a 
function of internuclear distance. The horizontal line is 
supposed to represent the correct energy of the system 
at infinite internuclear distance, and the dotted line 
represents the energy of the correct ground state, as 
determined by making linear combinations of deter- 
minants, as will be described later. It can then very 
well be that the single determinant forms quite a good 
approximation to the ground state near the minimum 
of the curve. It can also well be that we can independ- 
ently determine the energy at infinite distance. Thus, 
the dissociation energy D can be well calculated from 
this single determinant, even though its energy at 
infinity is too high by the amount А. A solution like 
that shown in Fig. 1 is found in the simplest molecular 
problem, the Н» molecule; a very similar situation is 
shown in Léwdin’s!® calculation of the sodium crystal, 
where he has been able to make a very good calculation 
of cohesive energy, even though his energy curve, like 
the full curve of Fig. 1, goes to much too high a value 
at infinity. Similar justification for this method of using 
a single determinant is provided by the calculations of 
Mulliken® and others mentioned earlier: they get good 
values for binding energies, from wave functions which 
woald behave incorrectly at infinite distance. 

For magnetic problems, however, this failing of the 
simple energy-band method using a single determinant, 


15 P.-O. Löwdin, J. Chem. Phys. 19, 1570, 1579 (1951). 
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Fic. 1. Energy of single determinantal state formed from mo- 
lecular orbitals (full curve), and correct energy of ground state 
(dotted curve). 


at large internuclear distances, can be serious; for it is 
well known that the 3d orbitals concerned in magnetism 
are far apart in relation to their size, in ferromagnetic 
and more particularly in paramagnetic substances. 
Thus, we must look at the sort of situation described in 
Fig. 1, particularly at large distances, in a good deal 
more detail. First let us remind ourselves why the energy 
of the single energy-band determinantal function, given 
by the full curve in Fig. 1, is too high at infinite inter- 
nuclear distance by the amount A. It is well known that 
this results because there is nothing in the wave func- 
tion to keep electrons of opposite spin out of each 
other’s way, and we are quite likely to find ionic states, 
in which positive or negative ions are found on some 
lattice sites rather than neutral atoms. Thus, in the 
H problem, where the molecular orbital functions are 
a+b, the determinantal wave function correspond- 
ing to this state, as far as its orbital dependence 
is concerned, is |Га(1)4-2(1) ][a(2)+-5(2) ]=[a(1)5(2) 
+2(1)а(2) Н-Га(1)4(2)-4-6(1)5(2)1, a combination of 
the Heitler-London ground state, and of the Heitler- 
London ionic state, with equal coefficients. At infinite 
separation, there is a fifty percent chance that the 
wave function représents an ionic state. In computing 
the diagonal energy of the state, as shown in the full 
curve of Fig. 1, we then find terms representing the 
interaction of two electrons on the same atom, required 
to calculate the energy of the H- ion. The energy А 
represents the energy required to form Н+ and H- ions 
from the neutral H atoms, in the fifty percent of the 
cases where the ions are found, according to the deter- 
minantal wave function. 

The situation described in Fig. 1 is for a state with 
no net magnetic moment. For investigating ferromag- 
netism, however, we must compare the energies of 
states of different magnetic moments; in a ferromag- 
netic problem, the lowest state will have a magnetic 
moment, and in a nonmagnetic сазе it will not. We next 
ask, therefore, how the energy of a single determinant, 
as a function of internuclear distance, depends on 
whether it represents a magnetic state or not. First, 
at small internuclear distances, where the energy band 
is broad, increase of magnetic moment will increase 
the energy, for in the nonmagnetized state each of the 
lowest one-electron energy levels will be occupied by 
two electrons, one of еасЁ spin, whereas in the mag- 


netized state electrons of one spin (say —) are removed = 


Ёо JERC 


from low-lying one-electron levels and are placed in 
higher unoccupied one-electron levels of the band of 
4 spin. Thus, there is an increase of energy of the 
whole system, resulting from increased one-electron 
energies, the total amount being proportional to the 
band width, and hence increasing with decreasing inter- 
nuclear distance. On the other hand, another effect 
works in the opposite direction, and persists to infinite 
separation, tending to lower the energy of the state of 
maximum magnetization below the unmagnetized state. 
This is the effect of exchange. The diagonal energy of 
a single determinantal state formed from orthogonal 
orbitals is the sum of the one-electron and Coulomb 
energies (these terms take care of the result of broadened 
energy bands just mentioned) minus the sum of ex- 
i change integrals Jm of type given in Eq. (4), for all 
' pairs of electrons with parallel spin. These exchange 
integrals are always positive; and when the orbitals 2: 
are Bloch functions, we find that at large nuclear 
separations they do not go to zero in the limit, but 
become interaction integrals between different electrons 
in the same atom. Thus, we have a set of such terms, 
coming in with negative sign, one for each pair of elec- 
trons with parallel spin. Now there are more such pairs 
for a magnetized state than for an unmagnetized state, 
thus, this exchange energy is lower for the magnetized 
state than the unmagnetized one. ` 
The net result of these two effects, then, is that the 
energies of determinantal functions representing non- 
magnetized and magnetized states formed from energy- 
band orbitals will look as shown schematically in Fig. 2. 
We can easily see why the energy of the magnetized 
state lies below that of the unmagnetized state, at 
infinite separation. This is on account of the incorrect 
tendency for electrons of opposite spin to get close 
together and form ions, in the determinantal wave 
function, as mentioned earlier. But electrons of the 
same spin are prevented from getting too close together 
by the exclusion principle. Thus, the greater the mag- 
netization the fewer are the pairs of electrons which 
can improperly get together, and the smaller is the 
error. If the completely magnetized state happens to 
be one in which a band is just filled with electrons of 
++ spin, with no electrons of — spin, then the exclusion 
Principle by itself will entirely prevent ionic states, 
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and the state of maximum magnetization will go to 
the correct energy at infinity. This is the case in Н, 
It is also the case taken up by the writer! in а Hote 
detailed study of the present problem; this case is 
simple enough SO that quantitative results can be ob- 
tained in computing the energy as a function of inter- 
nuclear distance. A consideration of the exchange term 
coming into the energy of the determinantal cee 
which as we have seen involve interaction between elec- 
trons on the same atom, shows that these are just the 
correct terms to describe this tendency of electrons of 
opposite spins in the unmagnetized state to form posi- 
tive and negative ions. 

Now that we have considered the behavior of the 
energy of a single determinantal wave function formed 
from Bloch orbitals, both for magnetized and unmag- 
netized states, we can ask how the energies of the 
correct wave functions are related to them, for ex- 
ample, as indicated in the dotted curve of Fig. 1. From 
the case of' H», and the magnetic case worked out by 
the writer in reference 11, we can tell the general lines 
which the discussion must take. To get good results, 
we must use many determinantal functions and solve 
a perturbation problem between them. If we are using 
Bloch functions as one-electron orbitals, we must use 
not only the determinant composed of the 7 lowest 
orbitals in the energy band concerned, but rather all 
determinants which can be formed from the orbitals in 
the whole band. We shall find an equal number of de- 
terminants formed from the Wannier functions of the 
band, provided we consider all the ionic Wannier states, 
which we have seen to be necessary from our discussion 
of Sec. I. The determinants formed from Bloch func- 
tions, or from Wannier functions, are found from each 
other by a unitary transformation, so that the same 
final result will be obtained by starting with either set. 
We must then solve the perturbation problem between 
these states, finding the set of resulting energy levels 
for each total spin. The lowest such energy level, for 
each total magnetization, will of course have to lie 
lower than the diagonal energy of the single deter- 
minantal function of the same magnetization indicated 
in Fig. 2. We can go further than this, however. At 
infinite internuclear distance, we shall of course have а, 
paramagnetic sort of behavior, and the correct solution 
will have а very high degeneracy: The energy will be 
independent of the orientation of the magnetic mo- 
ments of the separated atoms, so that the energy of 
the lowest state corresponding to each total magnetiza- 
tion, from the maximum to zero, will be the same. If, 
for instance, we have the simple case mentioned ш the 
preceding paragraph, in which the state of maximum 
magnetization corresponds to no electrons of — Sp» 
so that the energy of the single determinant is the.cor- 
rect energy value at infinite distance, we сап be ын 
that the lowest energy level of zero magnetization wil 
come at the same value at infinite distance. This situa- 
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tion is clearly shown in the calculation carried out in 
reference 11. 

Let us now ask what the correct energy levels must 
look like, resulting from this calculation. For simplicity, 
we take the case just mentioned, where the wave 
function of the state of maximum magnetization is cor- 
rectly given by a single determinant, though the general 
situation is not changed in any essential feature if we 
do not have this simplification. Then the correct energy 
of the unmagnetized states, as a function of inter- 
nuclear distance, must have a form somewhat like that 
given by the dotted curve in Figs. 3(a) and 3(b). In 
both cases shown there, we have indicated that the 
dotted curve lies below the diagonal energy of the 
single determinant representing an unmagnetized state, 
but reduces to the same energy at infinity as the mag- 
netized state. In the case of Fig. 3(a), the unmagnetized 
state everywhere has a lower energy than the mag- 
netized, and the system must be nonmagnetic. In Fig. 
3(b), on the other hand, the unmagnetized energy lies 
above the magnetized value at large internuclear dis- 
tances and there is a region of distances over which the 
substance will be ferromagnetic. 

There are many conclusions which can be drawn 
from these instructive figures. First, perhaps, is the 
nature of the energy difference between magnetized 
and unmagnetized states in the ferromagnetic problem, 
shown in Fig. 3(b). This energy difference is zero at 
infinity, increases as the internuclear distance de- 
creases, goes through a maximum, then decreases to 
zero and changes sign at smaller internuclear dis- 
tances. It is well known that there is much experi- 
mental evidence for this sort of behavior. In the lan- 
guage of the Heisenberg exchange integral, it has often 
been described by saying that one integral, for a ferro- 
magnetic material, is positive for large internuclear 
distances, negative for smaller distances, just like the 
energy difference just described. We have already given 
reasons for feeling that the Heisenberg method is in- 


‚ valid, and that no exchange integral, of the Heisenberg 


or Heitler-London type, can be found which correctly 
represents the problem and shows the dependence on 
internuclear distance just described. Tt is clear, however, 
that the energy-band theory, when examined carefully, 
must necessarily lead to just the type of behavior which 
we have just described. 

As a second point, if Fig. 3(b) represents the true 
state of affairs with any reasonable approximation, we 
see that the correct energy of the unmagnetized state 
will cross the energy of the magnetized state at an 
internuclear distance not far from that where the 
diagonal energy of the unmagnetized state crosses the 
energy of the magnetized state. In other words, the 
internuclear distance where the ferromagnetic inter- 
action (a notation which might well replace "exchange 
integral") changes sign is given to a fair approximation 
by finding where the diagonal energies of the magnetized 
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Fic. 3(a). Energy of single determinantal function, for mag- 
netized and unmagnetized states, compared with correct energy 
of unmagnetized state (dotted curve), for nonmagnetic case. 
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Fic. 3(b). Same as Fig. 3(a), for ferromagnetic case. 


and unmagnetized energy-band functions cross. This is 
the reason, as pointed out in reference 11, why the esti- 
mates made by the energy-band method by the writer!® 
as to which elements should be ferromagnetic were 
approximately correct, even though these estimates 
were based on a naive picture like that of Fig. 2. 

We may assume that the diagrams of Fig. 3 represent 
the energies of the 3d electrons. Superposed on this, of 
course, is the energy of the 4s electrons (which pre- 
sumably have no significant magnetic effect). Since the 
4s band is much broader than the 3d, and its radius is 
much larger, this will result in a much deeper mini- 
mum of the energy curve than shown in Fig. 3(b), and 
at larger internuclear distances. Thus, we may expect 
curves like Fig. 4(a) and 4(b) to represent actual en- 
ergy of the iron group elements as functions of inter- 
nuclear distance. If the ferromagnetic interaction is 
positive at the minimum of the curve, as in Fig. 4(a), 
the substance will be ferromagnetic. If, however, the 
3d orbital is of larger size, as in the earlier elements of 
the transition group, like Ti and V, then the ferro- 
magnetic interaction will change sign at a larger inter- 
nuclear distance and will be negative at the minimum 
of the curve, as in Fig. 4(b), so that the substance will 
be nonmagnetic, even though the interaction of 3d 
electrons is as shown in Fig. 3(b). 

From Fig. 3(a) ог Fig. 3(b), we may conclude that 
when the internuclear distance is small enough so that 
the diagonal energy of the unmagnetized state. as com- 
puted by the energy-band method, lies below that of 
the magnetized state, we gannot possibly have ferro- 


15 J. C. Slater, Phys. Rev. 49, 537, 931 (1936). 
5 


^ 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


UNMAGNETIZED 
STATE 


MAGNETIZED 
STATE 


2. ГЭ Fic. 4(a). Combined effect of 3d and 4s electrons, 
ferromagnetic case. 
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“magnetism. Furthermore, in this limit the true wave 
on of the unmagnetized state cannot lie far from 
he single determinantal wave function of the energy- 
band method. Thus, in such elements as Ti and V, we 

ресі each individual atom to have zero magnetic 
moment, completely in contrast to the behavior of 

dividual ions, but in agreement with the experimental 
1 Shull’? and his collaborators. For cases where 
‚ 3d shell is smaller, however, we can say from the 
and theory only that we can have either the 
е of Fig. 3(a) or Fig. 3(b). That is, the energy-band 

y can show unequivocally that for substances with 
ds, ferromagnetism is impossible. For narrow 


ands, it can only show that it is possible; but 


г exists in these cases, or nonferromagnetism, 
erromagnetism. 
finally take up the relation between our 
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the correlation energy for the alkali metals and have 
included a correction for this effect, which amounts to 
a large fraction of the cohesive energy. Lówdin,* on the 
other hand, has got very good numerical results for the 
cohesive energy of sodium, without using such a cor- 
rection for correlation energy. Wohlfarth,? in private 
correspondence with the writer, takes essentially the 
position that at infinite internuclear distance the corte- 
lation energy represents just the difference between the 
full curve and the dotted curve of Fig. 1. That is, at 
infinite internuclear distance, it is the amount А EN 
cated in Fig. 1. The writer agrees with this point of 
view; though the term “correlation energy" has meant 
so many things to different people that he feels it 
perhaps better not to use the word at all. If the correla- 
tion energy does in fact represent the difference between 
the two curves of Fig. 1, and if these curves really have 
something like the form shown there, then we should 
expect it to be а very small correction at the inter- 
nuclear distance corresponding to the minimum of the 
curve of Fig. 1. This would be in accordance with the 
result of Lówdin, who got a very good result for a 
single determinantal wave function for sodium. It 
would not agree with the calculation of correlation 
energy of Wigner and Seitz, as given in reference 18. 
The writer is inclined to believe that this calculation of 
Wigner and Seitz represents a poor approximation, 
inapplicable at the minimum of the energy curve, and 
feels that the true correlation energy at the energy 
minimum is much smaller. The numerical accuracy of 
Wigner and Seitz's calculation of cohesive energy of 
sodium, using their correlation correction, is probably 
fortuitous. 

Now let us consider the relation between correlation 
energy and the ferromagnetic interaction. The point of 
view of Wohlfarth!? is that at finite internuclear distance 
there are two different effects: а correlation energy, 
and an exchange interaction which is responsible merely 
for the separation of the final magnetized and unmag- 
netized states, like the hypothetical Heisenberg ex- 
change interaction. The writer disagrees with this point 
of view. From the general argument of the present 
paper, he feels that there can be no doubt as to the 
actual state of affairs. We must make our correlation 
correction, like that described with reference to Fig. 1, 
to reduce the energy of the unmagnetized state from 
the diagonal value coming from a single determinantal 
wave function, to the correct final value; that is, from 
the curve marked “unmagnetized state-diagonal en- 
ergy” to that marked “unmagnetized state-correct 
value” in Fig. 3(a) or 3(b). We must make a similar 
but independent calculation for the magnetized state: 
In the particular case shown in Fig. 3, this CO гн 
is zero, but in general, where the completely magnetize | 

state still has electrons of both spins, there will stil 
be some correlation correction; though not as much as 


19, Р. Wohlfarth, "private correspondence. 
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for the unmagnetized states. Having carried out these 
calculations for both magnetized and unmagnetized 
states, we must then compare these final corrected 
energies; their difference will be the ferromagnetic 
interaction energy whose sign determines whether the 
metal is ferromagnetic or not. With this point of view, 
the correlation energy is inextricably tied up with the 
ferromagnetic interaction, and no independent calcula- 
tion of the ferromagnetic interaction can be made; but 
it can be found only through the correlation energy 
calculation just described. 

The detailed method of carrying out these calcula- 
lations at large internuclear distance will not be de- 
scribed here. We have already mentioned one сазей in 
which the writer has carried through such a calculation. 
A description of that calculation will illustrate the type 
of problems which will be encountered. The case taken 
up in reference 11 is that in which the magnetized state 
has a band entirely filled with electrons of + spin, 
with no electrons of — spin, so that it is expressed bya 
single determinant, as in the case illustrated in Fig. 
3(a) and 3(b). The energy of this state was compared 
with that of a state which had just one electron of re- 
versed spin. Effectively this consists of an electron in 
{һе otherwise empty band corresponding to — spin, 
and a hole in the otherwise filled band of + spin. The 
lowest diagonal energy of a single determinantal func- 
tion representing this state is that in which the elec- 
tron is at the bottom of the band of — spin and the 
hole is at the top of that of + spin; this corresponds to 
the energy marked “unmagnetized state-diagonal en- 
ergy” in Fig. 3(a) or 3(b). The calculation corresponding 
to setting up the exact energy of the unmagnetized state 
involves setting up the lowest bound stationary state, 
in which the electron and hole are executing an oribt 
about their center of mass, similar to an exciton. This 
type of level has a lower energy, on account of the 
binding energy of the electron and hole. It was set up 
in detail in reference 11, and it was found that it led to 
an energy level of the correct sort. At infinite inter- 
nuclear distance, it corresponded to the electron and 
hole being on the same atom; that is, to a state in which 
each atom of the crystal is neutral. As the internuclear 
distance decreased, the dimension of the “exciton” 
formed from the electron and hole increased, and its 
binding energy became less and less, until for a wide 
energy band the binding energy, which represents teh 
correlation energy, was negligible. 

Under other circumstances the correlation energy 
comes, not from the attractive interaction of an elec- 
tron and a hole, but from the repulsive interaction of 
two charges of like sign. Thus, a band almost filled with 
electrons of both spins (like the d band in Ni) will have 
а few*vacancies, and they will tend to repel each other 
and stay out of each other's way. The calculation of 
either of these types of cases will remind us of the 
calculation of the behavior of electrons or holes near 
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impurity atoms in a lattice of a semiconductor,” and 
like that problem, it is most easily handled in terms of 
Wannier functions. We shall not try to go further with 
these matters here; but it is the belief of the writer 
that it is only through such methods that we shall get 
а, correct understanding not only of correlation energy, 
but also of the ferromagnetic interaction which in а 
satisfactory theory of magnetism will replace the in- 
adequate concept of the Heisenberg exchange integral. 

А beginning in the direction of such calculations has 
been made by Dr. A. Meckler,”! who has calculated the 
structure of the О» molecule. He has set up atomic 15, 
2s, and 2р orbitals, for each atom, and has made or- 
thogonal linear combinations of them. Then he has set 
up the (12!)/(8!)(4!)=495 determinants formed by 
assuming the 15 and 25 orbitals to be all occupied, but 
by assigning the remaining eight electrons, with both 
possible spins, in all possible ways to the remaining 
12 orbitals (including spin). Of these 495 determinants, 
9 have the symmetry characteristic of the *}> ground 
state, and 12 of the next higher 1): state. He has com- 
puted the matrix components of the Hamiltonian func- 
tion between these determinants and has solved the 
resulting secular equations numerically on the Whirl- 
wind digital computer at the Massachusetts Institute 
of "Technology. This yields energy and wave functions 
for the ground state and the next excited state, as 
functions of the internuclear distance. Since all possible 
determinants are considered, the resulting energies and 
wave functions go into the best approximations to the 
*P ground state of the oxygen atoms at infinite separa- 
tion. Meckler finds, as was to be expected, that the 
triplet state lies below the singlet. His calculated dis- 
Sociation energy and internuclear distance for the 
ground state agree with experiment to about a percent, 
and the vibration frequency to a few percent. The 
values for the next excited state are not as accurate, 
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Fic. 5. Energy difference between magnetic and nonmagnetic Jg 
state, for oxygen molecule, from calculation of месе 


20 J. С. Slater, Phys. Rev. 76, 1592 (1949). > 

21 A. Meckler, Quarterly Progress кон on the Solid-State 

and Molecular Theory Group, M.BT., July 15, 1952, and October. 
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) Diagonal energy of molecular orbital state, compared 
correct energy of ground state, for oxygen molecule, from 
tion of Meckler. 


still are good approximations. The separation be- 

| singlet and triplet energies is shown in Fig. 5. 
the form which we have learned to expect of a 
netic interaction energy, being zero at infinite 
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distance, rising to a maximum, and then decreasin 
again at small distances, presumably changing sign 3 
somewhat smaller distances than those for which th 
calculations are made. 'This, as far as the writer Nd 
is the first case where such а magnetic interaction das 
been directly calculated from Schrédinger’s equation 
using a correct molecular model. у 

It is interesting to compare the correct energy level 
of the ground state, as calculated by Meckler, and the 
corresponding diagonal energy of the molecular orbita] 
state. This is shown in Fig. 6, and it is the specific 
application to this case of the general argument illus- 
trated in Fig. 1. We see that the molecular orbital 
state, though it gives binding at internuclear distances 
of the right order of magnitude, is very inaccurate, 
and its energy rises much too high at large distances, 
as in Fig. 1. The diagonal energy of the triplet molecular 
orbital state, shown in Fig. 6, lies below that of the 
singlet molecular orbital state. This is in accordance 
with the prediction of Lennard-Jones,” one of the first 
deductions from the molecular orbital point of view. 
From Fig. 6, however, we see that the molecular orbital 
approximation is really quite bad here, and that it is 
very necessary to take linear combinations of a number 
of determinantal functions, as Mecker has done, and 
as we are advocating for the magnetic problem, in order 
to get good agreement with experiment. 


2 J. E. Lennard-Jones, Trans. Faraday Soc. 25, 668 (1929); 
see particularly p. 684. х 
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This paper is intended to supplement the review articles pub- 
lished by Stoner in 1948 and 1951, firstly by considering in greater 
detail the quantum-mechanical and statistical-mechanical founda- 
tions of the collective electron theory and secondly by considering 
briefly a wider range of relevant experimental results. 

In Sec. 1 previous theoretical work is recalled. In Sec. 2 the 
difficulties of a rigorous quantum mechanical derivation of the 
internal energy of a ferromagnetic metal at absolute zero are 
outlined. In order to determine at least the form of the expressions, 
а calculation based on the tight binding approximation is described 
for a crystal containing М singly charged ions, which are fairly 
widely separated, and М electrons. The forms of the Coulomb and 
exchange contributions to the energy are discussed in the two 
instances of maximum and minimum multiplicity. The need for 
а correlation correction is stressed, and the effects of this correc- 
tion are discussed with special reference to the state of affairs at 
infinite ionic separation. The fundamental difficulties involved 
in calculating the energy as function of magnetization are con- 
sidered below; it is shown that they are probably less serious for 
tightly bound than for free electrons, so that the approximation of 
neglecting them in the first instance is not too unreasonable. The 
dependence of the exchange energy on the relative magnetization 
f is then of the form Z,4,(?7/2z, and the relative orders of mag- 
nitude of 4; and А» are considered. A previous calculation by 
Slater is critically reviewed. 


Department of Mathematics, Im perial College, London, England 


In an application of statistical mechanics the difficulty arises 
that only if ¢=1 or 0 will the zero-order wave function be in 
general a single Slater determinant. A calculation by Lidiard on 
this problem, that of spin degeneracy, is referred to. The relevance 
of the dependence of the interaction energies on wave vector is 
stressed. If these energy contributions are constant, then the free 
energy expression is that derived by Stoner, based on Fermi-Dirac 
statistics, even if spin degeneracy is taken into account, Several 
related difficulties are exemplified by a discussion of the properties 
of the free-electron gas, for which the exchange energy varies 
rapidly with wave vector Ку, К; when |k;—k;|—0. For tightly 
bound electrons the dependence on wave vector is much less 
rapid, and it is suggested that spin degeneracy effects are here 
less serious. A simple calculation of the low temperature electronic 
heat of tightly bound electrons, including exchange and correla- 
tion, is referred to in exemplification. 

In Sec. 3 several experimental results are briefly discussed, 
including the following: (1) The variation with composition of the 
Curie temperature and saturation magnetization, and the varia- 
tion with temperature of the susceptibility of nickel alloys; (2) 
the variation with temperature of the magnetization, electronic 
heat, and magnetocaloric effect of cubic cobalt, nickel, and nickel 
alloys below the Curie point; (3) the high temperature electronic 
heat of nickel and palladium; (4) the electronic properties of 
chromium and some other transition metals; (5) the electronic 
properties of palladium and its alloys. 


1. PREVIOUS THEORETICAL WORK 


SIN CE many aspects of the collective electron treat- 
ment of ferromagnetism have recently been re- 
viewed by Stoner,!? there appears little justification for 
writing yet another review. Perhaps the main apology 
for, nevertheless, doing so is that the present paper is 
intended to supplement the earlier reviews, rather than 
to present their main substance again, by covering more 
fully the quantum-mechanical and statistical-mechanical 
foundations of the treatment and considering a wider 
range of relevant experimental results. 

In this section a brief outline of the historical de- 
velopment of the subject is given. The earliest analysis 
of the ferromagnetic properties of collective electrons 
was made by Bloch? who considered the effects of 
introducing exchange terms into the Sommerfeld de- 
scription of a free-electron gas. Bloch predicted that the 
lowest energy state at 0°K is the ferromagnetic state if 
the electron density is small enough. The problem was 
later taken up by Brillouin.‘ The introduction and dis- 
cussion of correlation effects by Wigner** left little 


1 E. C. Stoner, Phys. Soc. Rept. Progress Phys. 11, 43 (1948). 
ЗЕ. C. Stoner, J. TS et radium 12, 372 (1951). 

з Е. Bloch, Z. Physik 57, 545 (1929). - 

* L. Brillouin, J. phys. et radium 3, 565 (1932). 

* E. P. Wigner, Phys. Rev. 46, 1002 (1934). 

* E. P. Wigner, Trans. Faraday Soc. 34, 678 (1938). 


doubt, however, that the conditions for ferromagnetism 
of free electrons are so stringent as to be practically 
never satisfied. The first attempt at analyzing the 
properties of a real ferromagnetic metal, nickel, was 
made by Slater." Basing his discussion on the energy 
band calculation by Krutter,® Slater recognized the 
essential features of a satisfactory theory of ferro- 
magnetism and attempted to calculate the exchange 
energy for the 3d electrons. The main results of this 
calculation’ are: (1) The main contribution to the ex- 
change energy is provided by the atomic exchange 
integral for electrons within one cell; (2) the contribu- 
tion arising from nearest neighbor interaction is only 
about half a percent of the total exchange energy. 
These conclusions are critically discussed in Sec. 2. 
Slater also discusses temperature effects :8 He calculates 
the magnetization, temperature cyrve of nickel below 
the Curie point, using Fermi-Dirac statistics and repre- 
senting the exchange energy by a Weiss term, notes 
that magnetic saturation is not necessarily complete 
at 0°K, and attains good agreement with the observed 
low temperature electronic heat coefficient of nickel. 
In a further paper Slater!? discusses ferromagnetism by 


7 J. C. Slater, Phys. Rev. 49, 537 (1936). 

3 J. C. Slater, Phys. Rev. 49, 931 (1936). 

? H. M. Krutter, Phys. Rev. 48, 664 (1935). 
№ ]. C. Slater, Phys. Rev. 52, 198 (1957). 
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interpolating between band theory and spin wave 

theory. He concludes again that the occurrence of 

ferromagnetism is determined in the main by the mag- 
nitude of the interaction energy for electrons close to 
one atom and by the band width, but also that the low 

temperature variation of magnetization follows the T! 

| law. In a progress report Slater” has recently discussed 
- these problems again, and the writer is indebted to him 
E for much fruitful correspondence. 

E Tn the meantime Stoner had published two papers on 
E collective electron ferromagnetism.?-? The main as- 
E sumptions underlying Stoner's calculations are: (1) the 

Е ferromagnetism of a metal results from the holes in the 

| so-called 3d band, taken to be parabolic in the neighbor- 

| hood of the Fermi limit; (2) the exchange energy 

_J(¢) is proportional to the square of the relative mag- 
netization ©, as in the Weiss theory— specifically, 
КОЕМ Л’, where №. is the number of holes and 6’ 
a constant parameter; (3) the particles obey Fermi- 
Dirac statistics. The results of the deductive treatment 
based on these assumptions were discussed in the earlier 
reviews.!? Later Wohlfarth-!$ was able to make some 
extensions of the treatment and to apply the results in 
an analysis of experimental data (see Sec. 3). By ex- 
tending Stoner's work to rectangular energy bands 

_ Wohlfarth’? showed that band shape is less decisive 
in determining many of the properties of ferromagnetic 

substances than the form of J(t) (see Sec. 2). The 

success of Stoner’s treatment in correlating experi- 

. mental results emphasizes the need for a satisfactory 
... fundamental theoretical treatment to justify the as- 
sumptions underlying it and to provide an estimate 

the parameters inherent in the treatment, particu- 

| y the parameter 0’. А preliminary discussion has 

° already been рїуеп.® Recently, Lidiard has considered 

several of the outstanding fundamental problems of the 

5 . . collective electron treatment. He discusses? the proper- 

| “tes of the free-electron gas, including exchange, and 

— stresses the need for a correlation correction. He also 

discusses?’ the fundamental problem of spin degeneracy 

- (see Sec. 2). This work is valuable in indicating the 

conditions under which Stoner's equations are valid or 

ipproximately valid. Some discussion of relevant prob- 


QUANTUM-MECHANICAL AND STATISTICAL- 
MECHANICAL FOUNDATIONS 


is section а quantum-mechanical derivation of 
solute zero internal energy expression, applicable 


Quart: Progress Rept. M.I.T. No. 2, 4 (1951). 
, Proc. Roy. Soc. (London) A165, 372 (1938). 
r, Proc. Roy. Soc. (London) A169, 339 (1939). 
th, Proc. Roy. Soc. (London) A195, 434 (1949). 
rth, Phil. Mag. 40, 1095 (1949). 
rth, Proc. Leeds Phil. Soc. 5, 89 (1949). 
Phil. Mag. 42, 374 (1951). 
1, Mag. 40, 703 (1949). 

s. Soc. (London) A64, 814 (1951). 
(London) A65, 885 (1952). 
` (1952) i 

echnology (1951). 
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to a simple model of a ferromagnetic metal, is fiet 
outlined. Then the problems of statistical Sach, rst 
are briefly discussed. anics 


(а) The Internal Energy of a Ferroma i 
gnet 
at Absolute Zero CM 


In calculating the internal energy of a ferromagnet; 
metal many of the hitherto unresolved авс m 
the theory become immediately apparent. It is x 
ticularly difficult to treat what is almost an MES 
mental fact, that the electrons outside closed shells d 
be divided, apparently, into those responsible for a Jar : 
part of the conduction properties and those responsible 
for ferromagnetism. The usual description of this state 
of affairs, first given by Mott,? regards the loosely 
bound electrons, originating largely in the 4s shell of the 
isolated atoms, as principally the conduction electrons 
and ascribes ferromagnetism to the more tightly bound 
electrons originating largely in the 3d shell. Although 
Mott's hypothesis finds some confirmation in the band 
calculation of Krutter? and Slater,’ there is little evi- 
dence that the conduction electrons are entirely s 
electrons or the ferromagnetic electrons entirely d 


electrons. Because of band overlap, there is, doubtiess, | 


some very strong mixing between them, and a fully 
satisfying theory would have to be based on wave 
functions including this effect. 

It is proposed in this paper to consider the collective 
electrons responsible for ferromagnetism by the tight 
binding approximation. A first attempt at a quantita- 


tive treatment is the energy band calculation of Fletcher < 


and Wohlfarth.425 In this work the tightly bound 
electrons in nickel were ascribed pure d character solely 
so as to keep the computational labor within manage- 
able limits. Even so, an extension to calculate the ex- 
change energy is at present quite impracticable, again 
owing to computational difficulties. In order to deter- 
mine at least the form of the energy expression, à cal- 
culation is outlined below for a crystal containing JV 
singly charged ions which are widely separated, and 
N,—N electrons described by Bloch type wave func- 


tions. The Hamiltonian operator for this assembly is 


Н= — (7/8т°и) >. VHE 27 (т) 


e e 
LU yx nu жш © 
2g e 21m 

where i, j refer to the positions of the electrons, 1, m the 
positions of the ions, and У (г. is the potential one) 
operator for electron i in the field of ion /. For max 


mum and minimum multiplicity (the relative mag- 
netization ¢=1 or 0), the zero-order wave function may 


2 N. F. Mott, Proc. Phys. Soc. (London) 47, 571 (OS), 106 


2G. C. Fletcher and E. P. Wohlfarth, Phil. Mag. 


(1951). 
25 G. С. Fletcher, Proc. Phys. Soc. (London) 


A65, 192 (1952): 


т 


2 — "— —Á—À 


‚ {һе 


ergy 
ахїг 


nag- 
may 


J 106 
952). 


кла. E 


pM 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


COLLECTIVE ELECTRON THEORY OF FERROMAGNETISM 213 


be written, in general, as a single Slater determinant and 
as the product of two such determinants, respectively, 


(= 1) = (МА «01, (2) 
(= 0) = 07/2) А+ (т) [А |, (3) 
where A* contains wave functions for electrons with 


+ spin and A- with — spin. The total energy is 


pe f «etat f Hirer (9) 


The one-electron wave functions in (2), (3) take the 
form 


yirj))- N^ 2 exp(ik;-Ry)d(1;—R)), (5) 


where К; is the wave vector of electron i and Ф the 
atomic wave function. If the atomic level generating 
the energy bands is degenerate, e.g. a 3d level, then (5) 
is replaced Бу а more complicated function. The 
evaluation of (4) is straightforward,” giving 


E=(F’+2K)+(C’—K)—J, (6) 


where 
к=} ex |р 0/8) 


+h (т) р: (т) (т), 


EE, Cay 


y ) 
-25 2 || Ї ЭЭ 00 6) 


712 (7) 
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and where 6;;=1 for i, j representing electrons with 
parallel spins and 0 for antiparallel spins. The energy is 
written in the particular form (6) since then each of the 
threé,terms converges, although Р”, C', К separately 
diverge for an infinite crystal. Each of the terms in (7) 


з р. Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940). 
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may be simplified using (5). Thus 


F;-Eg- Л Ф(т)|°ГИ(т)— U(r) |@т(т) 
1 


| 
| 
(8 
+E Јао [S 
| | 
) 


= U(r) ]é(r)dr(r) expGk;- Ri), 


where JV E, is the energy of the isolated atoms, U(r) the 
potential energy of an electron in the field of an iso- 
lated ion, and the summation means that the potential 
whose mean value is required is that of the electron in 
the field of all the ions except the central ion. The second 
term in (8) thus diverges after summation like —2K 
(see Eq. 7) so that F'4-2K in (6) converges. The third 
term in (8) converges since the overlap integral de- 
decreases exponentially and is here to be taken neg- 
ligible beyond nearest neighbors at distance R. The 
overlap integral is called A(R). This term is the one of 
interest in energy band calcülations and its exact form 
depends on the lattice structure.” The dependence of F’ 
on relative magnetization { is found by summing F; 
over the occupied volume of k space and this contribu- 
tion to the total energy, the Fermi energy, is in general 
least when ¢=0. The second term in (6) is the Coulomb 
energy, and 


СЕМЯ if f =r) (“Re 


m n p 
X ф*(т,— R;)é(r.— Вр)4т(гь, гз) 
Xexpi(k;- R;, — k;. (R; — Rj)). (9) 
For simplicity neglect all 3- and 4-center integrals,” 
although these as well as nonorthogonality integrals 
could in principle be included. Also, the exponentially 
decreasing integrals in (9) are assumed to be negligible 
for all but nearest neighbors. Then 
Ci NHI t} (К) --z N(4I«(R) cosk;- R | 
| (10) 
-Е21;(К) cosk;- К cos R3] 


where 


Io= ЕСЕ г»), 


1 
1(R)= f [160119669 ано, тә), 
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where z(R) is the number of nearest neighbors. 
Relation (10) for Ci; contains overlap integrals inde- 
pendent of interatomic distance, Io, integrals varying as 
R3, Г, and integrals decreasing exponentially, /› and 
Т. For an infinite crystal the sum involving J; diverges 
after summation over 7, 7, canceling then exactly with 
—K in (6), so that C’—K in (6) converges. The final 
term in (6) is the exchange energy and 


Тус > У х [ [ aee Ra) 


xó(n—R.)é(r;— В »)ат(ть, тэ) 
Xexpi(k;- R;—k;: (К„—К„)}, (12) 


and with the same simplifications as before 


Jij- No I I,(R) cosk;- К, cosk;- Ri] 
1 


y s NY 1 (К) cosk;- R (13) 


+-I;(R)(1+cosk;-R cosk;- R) ]. 


Here the sum involving J; converges rapidly after sum- 
mation over 4, j, as shown below, and may be replaced 
by its leading term involving 1:(8), corresponding to 
nearest neighbor interaction, as for [о and [3. 

With Су; and J;; given by (10) and (13) the last two 
terms in the total energy expression (6) may be calcu- 
lated by summation over k;, k;. It is convenient to 

— discuss separately the two cases (—1 and 0. 

(i) £—1. Here the electron spins are all parallel and 
every state in the Brillouin zone is singly occupied. 
/ | Insumming over the zone it may be noted that, if R: 
is a lattice vector, 


0 when Ку, 0, 
Y cos(k-R)= | (14) 
zone Ne when К,- 0, 
—— where №, is the number of electrons. Hence the total 
— energy is easily seen to be identical with that calculable 
1 with the Heitler-London approximation, a well known 


- theorem? relating to full zones which has applicability 
_ jn discussing nonconducting solids like diamond.^* It 
“may be specially noted that the term 27; Ло in C” is 
here canceled exactly by the term {> Jodi; in J. 
(ii) £=0. Here (14) no longer holds and the total en- 
_ ergy differs from that calculable with the Heitler-Lon- 
on treatment. Consider first the terms in (6) which do 
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80 that the crystal is apparently ferromagnetic at 
infinite separation of the atoms. This "catastrophe" v 
noted by Seitz. Now as Ro«o E— МЕ must va ish 
whether ¢=1 or 0, and this result is given correct] Ер 
the Heitler-London treatment. The form of the ed 1 
Io in (11) shows that the anomalous molecular EE 
arises from the interaction of electrons close to опе 
atom. Hence the anomaly results from the overemphasis 
in the Bloch approximation of ionized states. In this 
limit the anomalous term is in fact canceled exact] 
by the correlation correction, equal to — N e7,/4 E 
{=0 and zero when ¢=1, when E—N £)=0 on both 
approximations [see (1) above |. 

For finite values of R the total energy of the demag- 
netized crystal includes all the terms given in (10) d 
(13). The problem of calculating the correlation energy 
in this general case is perhaps the most difficult one in 
the electron theory of metals. A similar problem, that of 
calculating configurational interactions, arises in the 
quantum theory of molecules? For Нь, Coulson and 
Fischer?? have given a very clear exposition of the na- 
ture of the problem and have gone a long way towards 
its solution. А similar calculation for the present case 
is, however, quite impracticable. Since, as already 
noted, the correlation energy in the limit R=% is 
known, and in the absence of a rigorous treatment, it 
will be assumed that for finite, though still large values 
of R, the correlation energy remains equal to the value 
— №е1,/4 for infinite separation, thus canceling ex- 
actly the anomalous terms in the Coulomb and ex- 
change energy involving J». Although it is clear that the 
R dependent terms must also be modified, it is probable, 
though impossible to prove, that these modifications 
are slight, since the bulk of the correlation correction 
must be included in the large term required to cancel 
the anomalous terms in C’ and J. On the basis of this 
approximation the parameter 9’ varies with R via over- 
lap integrals of the type I (R) given in (11). At the same 
time the degeneracy temperature, which depends on the 
band width, varies with R via overlap integrals of the 
type A(R) given in (8). Hence 6” and the degeneracy 
temperature are expected to be both very much of the 
same order of magnitude and, as pointed out below, 
this result is also indicated by the experimental results 
for real ferromagnetic metals. 

In order to calculate the Coulomb and exchange 
energies arising from the К dependent terms in Cx; and 
Ji; for the demagnetized crystal, it is strictly necessary 
to calculate first the shape of the occupied part of the 
Brillouin zone. For simplicity this may be assumed to 
be spherical with radius ko. Now 


V Ne 
»» se (eee Ї cos(k-R)dr(k) = 709)" (16) 


sphere 


29 Coulson, Craig, and Jacobs, Proc. Roy. Soc. (London) A206, 
297 (1951). р 6 (1949) 
30 С A. Coulson and I. Fischer, Phil. Mag. 40, 386 ( . 
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where 
f(x) =3(sinu—« cosx)/x?= 3(x/2)} FT ajo(x), (17) 


V is the volume and №, the number of electrons. The 
function f(x) tends to 1 as x—0 and converges rapidly 
as x increases. Hence the К dependent terms in С” and 
J have the general form 


пез 2I(R) f"(bR)/N, (18) 


where л is a numerical factor of order unity, /(R) one 
of the overlap integrals in (11), and р=0, 1, or 2 de- 
pending on whether the term which has been integrated 
is constant, depends on either k; or k; only or on both. 
In particular, р=2 for the term in J;; in (13) which 
involves J;. Hence this contribution to the exchange 
energy converges very rapidly beyond nearest neigh- 
bors through the convergence of f'(E;R) and will at 
most be of the same order of magnitude as the other con- 
tributions to J involving Г» and Г;, for some of which 
p=0. For these latter terms the convergence occurs only 
through the exponential dependence on К of the in- 
tegrals which may not be as rapid as the dependence on 
К of f(RoR). In an early calculation by Brillouin?! 
integrals of the form J», Г; were not considered, the 
exchange energy being taken to be proportional to 
I,(R) only. The above discussion shows that Brillouin’s 
calculation may be at fault (see also below). In the same 
paper”! Brillouin also considers the Coulomb contribu- 
tion to the total energy. The present discussion shows 
that, whereas terms in C;; which are independent of 
k;, К; reduce after summation to the same value whether 
¢=1 or 0, those terms which depend on k give differing 
contributions depending on ¢. Hence the Coulomb as 
well as the exchange energy contributes towards the 
molecular field energy. It is only for free electrons, 
where Суу is constant, that C” is strictly independent of 
magnetization. 

The discussion so far has been limited to the two ex- 
treme cases (-41 or 0, since only then can the total 
wave function be represented by a single Slater de- 
terminant. As shown below, however, the approxima- 
tion of using the above expressions in calculating the 
total energy as a function of magnetization E(¢) is 
probably less serious for tightly bound than for per- 
fectly free electrons. Then, considering the expres- 
sion (13) giving J;; a term, involving the integral 
Тз(К), is independent of Ес, k;. The corresponding con- 
tribution to the exchange energy J(¢) is (52'/2№)13(Е) 
<(N2+N2), where Ni, No=3NV (1-6). Hence the 
contribution to E(£) is —(se/AN)N 713(R)&, equiva- 
lent to a constant value of the parameter 6’, given by 
k0' - зае?[з(К), where а= N /N is the number of elec- 
trons per atom. Again (13) contains a term, involving 
I,(R), which depends оп К; but not on k;. This con- 
tributes to E(j) a term equal to 


— (s&/2N)Is(R) QNS f R)--N2 f(sR)), (19) 
ат. Brillouin, J. phys. et radium 4, 333 (1933). 
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where бог (бя? N/V), bs — (6x2N4/ V). Now f(x) may 
be expanded in the form /(ж) = 1—2?/10--0(x*). Hence 
(19) becomes 


— AN EU P --1A CHOG’), 
where (20) 
bU = iq IR), A* (2/243) (ЗУ УУЛ, 


corresponding to an effective 6’ which increases with 
magnetization. For nickel, g=0.6, A=0.07. Finally, 
(13) contains terms, involving /1(R) and J;(R), which 
depend on both К; and k;. These again give a contri- 
bution to £(¢) of the form (20) but with A twice as 
large as before. In general, with the approximation 
that E(¢) is calculable from the above formulas, the 
dependence of energy on magnetization has the form 
> A,€"/2n; the rough calculation just outlined shows 
that A = Аә/ Ау may be of order 0.1 (see Sec. 3). 

This subsection will be concluded by a critical dis- 
cussion of Slater’s paper.’ It seems to the writer (1) that 
in taking the main contribution to the exchange energy 
to be the atomic integral he calls J, Slater has taken no 
account of correlation, thus obtaining anomalous ferro- 
magnetism at large interatomic separation as discussed 
above. Slater has recently reconsidered this problem" 
and also concludes that the result of the earlier paper is 
due to the neglect of correlation. His method of оуег- 
coming the difficulty, however, is to postulate that 
beyond some large value of R ionized states must be 
completely excluded from the treatment and the Heitler- 
London treatment used in describing the metallic state. 
This view is also held by Mott. The work of Coulson 
and Fischer? suggests to the writer, however, that the 
Bloch approximation, duly corrected for correlation as 
suggested above, is applicable over the whole range of 
К. In both cases the correct energy is obtained as 
R-~, (2) With the atomic integral J virtually can- 
celled by the correlation correction Slater’s expression 
(3) is reduced to the R dependent second term. The 
reason why this gives only half a percent of the total 
calculated exchange energy (which, incidentally, leads 
to roughly the correct value of the Curie temperature) 
seems to be the following. Slater, like Brillouin,” re- 
duces this term to 


(56/2:У)1:(8)3::2:, cosk;- R cosk;-R (21) 


(see Eq. 13), and states that “the quantities К; and k; 
should be allowed to range over a polyhedral cell in k 
space." Now (14) shows that then the above contribu- 
tion vanishes identically. A small nonvanishing contri- 
bution was in fact obtained only because Slater re- 
placed the zone by a sphere of equal volume and radius 
№, which, understandably, makes the value of (kR) lie 
close to a zero of (К) (see Eq. 17). The above discus- 
sion suggests that the exchange energy is given by 
summing the full expression for J;;(R) given by (13) 
over the occupied part of the zone, while Brillouin and 


2N. Е. Mott, Proc. Phys. Soca (London) A62, 416 (1949). ~ 
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ter consider only the term (21) involving 71. Further, 
e occupied volume in k space only corresponds to a 
full zone, and summation only reduces the contribution 
to zero, when {=1. For the unmagnetized state the 
zone is half-full and the contribution does not vanish. 

Although the formulas derived above are applicable 
- toa very simple model of a ferromagnetic, it seems clear 
empirically that many features of a satisfactory theory 
of ferromagnetism, applicable to real metals, are given 
by considering the magnetic carriers (holes in the d band) 
much in the same way as were the tightly bound elec- 
trons to which these formulas apply. In summing ex- 
pressions like (13) over effectively the unoccupied part 
— of the d band, the volume of integration for holes with 
ъа — spin depends on { and does not in general 
correspond to a full zone. Consequently, the nearest 
7000 neighbor contribution to the exchange energy, here sug- 
gested to be the most important contribution, does not 
vanish after summation. 


(b) Statistical Mechanics— Spin Degeneracy 


For an arbitrary value of the relative magnetization 
t, a Slater determinant including spin functions may be 
constructed to give the total wave function for the 

- metal. The spin functions may, however, be permuted 
in a large number of ways, so that the energy state 15 
_уегу highly degenerate. The correct zero-order wave 
function is thus a linear combination of a large number 
of Slater determinants. If this problem could be cor- 
ctly formulated,” the final energy expression would be 
- accurate even in as far as it would include some correla- 
“| tion terms. In analyzing this problem, that of spin de- 
° generacy, Lidiard?? shows that the more accurate free 
energy expression is identical with that derived by 

ner, if the sum of the Coulomb and exchange ener- 
es, Cyt Ле, is independent of k;, Ку. Now, as shown 
_ above (see also Lidiard!*), if Су; were constant summa- 
over 4, 7 gives С” independent of t, and if J;; were 
onstant J(¢)« (2, corresponding to a constant molec- 


ул , . . . 
ular field coefficient. For this simple case, it 15 permis- 


ы þe distributed in а sub-band whose lowest state is dis- 
_ placed relative to that of the sub-band for electrons with 

_ — spin by an amount proportional to { and to the (con- 
nt) value of J;;. On the other hand, if J;; is not 
nstant, this familiar description of the ferromagnetic 


plicable. "This situation arises in its most 
rm in discussing the free-electron gas. Here 


ible to consider the electrons (or holes) with + spin to - 
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tronic heat varies anomalously with temperature 51—36 
(2) the magnetization, temperature curve drops i 
denly at a critical temperature;!® (3) the царс 
tail of the soft x-ray emission curve has infinite id 
It was suggested???" that results in better agreement 
with observation could be obtained if allowance xem 
made for correlation by the use of a screened COSI 
potential in the Hamiltonian operator [Eq. (1) ], givin 
a less rapid variation of J;;. The fundamental UNS 
of this procedure is, however, very doubtful (Wohl. 
Їаг 5 pointed out that the total energy could not now 
be calculated correctly); the problem has been recon- 
sidered by Macke,’ and Bohm and Pines.’ 

Relation (13) for tightly bound electrons shows that 
here the variation of J;; is much less rapid than the 
variation (22) for free electrons. It 15, therefore, sug- 
gested that here spin degeneracy effects are much less 
serious and that Stoner's equations, based on Fermi- 
Dirac statistics, give a very good approximation to the 
accurate statistical equations which would be obtained 
by inclusion of spin degeneracy effects. Apart from the 
general consistency of the above argument, two further 
supporting arguments for the general viewpoint may be 
given: (1) As already noted, constant J;; implies a con- 
stant value of the parameter 0’. For tightly bound 
electrons it was shown earlier that the effective 6’ varies 
with ¢, the molecular field energy being given by 
—1N,k0'(1--3AQ-F----). Both theory and experi- 
ment (see Sec. 3) show, however, that the variation 15 
very gradual, since А is only about 0.1. (2) A calculation 
has been carried out * of the temperature variation of 
the electronic heat C, of tightly bound electrons includ- 
ing that contribution to Ji; which depends most 
strongly on k, viz. the term in (13) involving Т. The 
method of calculation used was that suggested by 
Koppe,* giving C,— ҮТ, where-y is related to the corre- 
sponding coefficient neglecting exchange, ‘Yo, by 


yo) Y= 1H POGOLOD/AQD. (23) 


Here К is the interatomic distance, z the number of 
nearest neighbors, f is given by (17), and A(R) is the 
overlap integral determining band width, given in (8). 
In deriving (23) the electrons are taken to be dis- 
tributed in a sphere with radius Ро in К space. The other 
contributions to J;; have similar but less pronounced 
effects. It appears, therefore, that, contrary to the be- 
havior of the free-electron gas,®* the electronic heat of 
tightly bound electrons is strictly proportional to Т, 
with у only slightly less than the value derivable by 


ЭН. Koppe, Z. Naturforsch. 2A, 429 (1947). 

35 Е. Р. Wohlfarth, Ph Mag, a Se 1 

æ A. B. Lidiard, Phil. Mag. 42, b Р 

31 p, T. О Proc. Phys. Soc. (London) A62, 806 (1949) 
_ зв W, Macke, Z. Naturforsch. 5А, 192 (1950). . 82, 625 

3D. Bohm and D. Pines, Phys. Rev. 80, 903 (1950); 92, 
(1951): 85, 338 (1952). Р 

40 E, P. Wohlfarth (unpublished). 
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neglecting exchange. It may be recalled, however, that 
unless a correction is made for correlation, the assembly 
exhibits anomalous ferromagnetism at large R and 
hence an anomalous magnetic specific heat. As for free 
electrons; reasonable results are only obtained after 


^o allowing for correlation. 


(c) Summary 


The results obtained in this section may be conve- 
niently summarized by relating them directly to the 
premises underlying Stoner’s treatment, 2! recalled in 
Sec. 1. (1) “The ferromagnetism of a metal results from 
the holes in the so-called 3d band." It is suggested that 
the magnetic carriers are best described by tight bind- 
ing wave functions. These allow in principle the calcu- 
lation of band shape and width, determined by overlap 
integrals of the form A(R) given in (8). (2) “The ex- 
change energy J(¢) is proportional to the square of the 
relative magnetization—specifically J(¢)=3N ,k0' (2. Tt 
is shown that this assumption is not strictly true, J(¢) 
being more generally given by relations of the form (20), 
involving overlap integrals /(Ё) of the type given in 
(11). The fundamental requirement of correcting for 
correlation has been discussed. It is shown how, in the 
absence of a rigorous treatment, this requirement may 
be approximately satisfied. The condition for ferro- 
magnetism in Stoner's treatment, that the ratio of the 
parameter 6’ to the degeneracy temperature be larger 
than a critical value, may be formulated in principle in 
the form that the ratio of certain overlap integrals be 
large enough. The appearance of ferromagnetism is thus 
closely related to the structure of the metal and to the 
magnitude of the interatomic distance. (3) “The par- 
ticles obey Fermi-Dirac statistics." The fundamental 
problem of spin degeneracy is outlined and the relevance 
of the dependence of J;; on k;, k; pointed out. It is 
suggested that for particles described by tight binding 
wave functions the variation is slow enough for Stoner’s 
statistical equations to be good approximations to the 
exact equations. 


3. SOME EXPERIMENTAL RESULTS 


In this section certain experimental results are briefly 
discussed, including some having a bearing on the 
theoretical results obtained in Sec. 2 and others having 
some topicality in view of recent developments in the 
theory of the properties of transition metals. 


(a) The Variation with Composition of the Curie 
Temperature and Saturation Magnetization, 
and the Variation with Temperature of the 
Susceptibility of the Alloys Ni-Cu, 

Ni-Co, and Ni-Pd 


(i) 'Ni- Cu. Analysis of the susceptibility results 
leads to an estimated variation with concentration c 
of k6'/« and Со, where €/k is the degeneracy tempera- 


ture and бо the relative magnetization at 0°К. The 
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observed variation with c of the Curie temperature 0 
may be used to estimate the variation of fs, in good 
agreement with the values derived from the suscepti- 
bility results, and of 0^ (reference 14, Fig. 4). Now the 
working formula for 0' derived in Sec. 2 is k6’= 3zge I(R). 
For Ni-Cu the overlap integrals /(R) probably do not 
vary appreciably with c, since the atomic functions $ 
of Ni and Cu are probably not very different, and the 
interatomic distance К is almost constant. The prac- 
tically linear variation of 6’ with c derived from the 0 
values is thus in qualitative agreement with this 
formula, since (== 0.6— c. Using the estimated values of 
fo the variation with c of oo, the saturation magnetiza- 
tion, may be obtained (reference 14, Fig. 5), in good 
agreement with the observed linear variation. Values 
of k6’/e estimated from the data are of order 1, con- 
firming that the molecular field arises from overlap 
forces of the same origin and order of magnitude as 
those causing band spread (see Sec. 2). 

(ii) №-Со.15 Analysis of the susceptibility results in- 
dicates that 6’/e and {о are practically independent of 
c. Since for this alloy system both g and /(R) must 
vary appreciably with c, the analysis is less conclusive. 
Using the experimental values of c the variation with c 
of the Curie temperature 0 may be estimated, in fair 
agreement with experiment (reference 15, Fig. 5). 

(ш) Ni-Pd.* Analysis shows that 0' varies only 
slowly with c (with particular approximations #'= 1.23 
Ж10:°К for Ni, 1.0210°°K for Pd). For Ni-Pd, q is 
probably constant (remaining equal to about 0.6), and 
the above formula for 6’ shows that the slight variation 
of 6' results from small changes of /(R) with Pd con- 
centration c. The observed values of бо may be used to 
estimate the variation of 0 with c, in excellent agree- 
ment with experiment (reference 16, Fig. 2). 


(b) The Variation with Temperature of the 
Magnetization, Specific Heat, and 
Magnetocaloric Effect of Co, Ni, 
and Ni Alloys below the Curie Point 


The curve for Ni relating the reduced magnetization 
c/ со with the reduced temperature 7/6 differs consider- 
ably from the theoretical curve deduced from Stoner's 
calculations.? It was suggested 1713 that better agree- 
ment should be obtained by using the more general 
expression for the exchange energy (20) in carrying out 
the calculation. A full analysis by Hunt,* based on this 
suggestion, indicates that excellent agreement may be 
obtained for Ni and Co? with the parameter А in (20) 
equal to about 0.1. Hunt also considers the data for 
Ni-Cu alloys! and finds that A decreases with increas- 
ing Cu concentration, in qualitative agreement with the 


expression (20). A similar modification of Stoner's E 1 


equations is necessary in analyzing the specific heat 
data. For Ni, for example, the calculated reduced spe- 


Ч K. L. Hunt, Proc. Roy. Soc. (London) А (to be published). т 
P ondes 


* H. P. Myers and W. Sucksmith, Proc. Roy. Soc. (London) - 


A207, 427 (1951). D 


^ 
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cific heat discontinuity at the Curie point, AC/N «k, is 
about 0.6,* the observed value being 1.5. Hunt shows 
that the excellent agreement over the whole tempera- 
ture range may again be attained with A=0.1; a value 
of this order is also required in interpreting the magneto- 
caloric data for Ni, but here difficulties arise from do- 
main effects." 

| Went“ has recently found that the o/oo, 7/0 curves 
Ч for many № alloys are all, to а varying extent, less 
concave to the 7/0 axis than the curve for pure Ni. 
He interprets this finding by postulating the presence 
of small isolated nickel-rich particles in the alloys, 
giving rise to rapid density fluctuations.'? It seems to 
the writer that this interpretation is strictly inadmis- 
sible for the more dilute alloys, where the deviations 
are probably mainly the result of the above mentioned 
effect, a variation of the parameter 4 with composi- 
tion. For the less dilute alloys the deviations may be 
the result of density fluctuations, the alloy consisting 
of regions of differing compositions and Curie tempera- 
tures, giving rise to pronounced tailing of the curves in 


| 1 2s 
Ce 


Fic. 1. The electronic heat of Ni above the Curie point, Pd and Cr. 
Ca, electronic heat, cal mole deg; Т, absolute temperature. 


the “Curie point” region: Went’s curve for Ni-Si for 
example is suggested to be “all tail.” This situation has 
been very fully investigated by Marian.‘ Both the 
_ above effects are the more pronounced the higher the 
valency of the solute metal, in qualitative agreement 
with Went's results.* 


(c) The High Temperature Specific Heat 
of Ni and Pd 


(i) Ni. Very reliable data were obtained by Persoz'' 
300°-1300°K). The variation of the derived electronic 
heat C, (С—С, Stoner; 65—400?K) is shown in 
— Fig. 1. Contrary to earlier theoretical treatments? C, 

s not approach a constant value at high tempera- 
pn . The observed variation 15, in fact, that given Бу 
Wohlfarth,“ who showed that an approximately linear 


toner, Trans. Roy. Soc. (London) A235, 165 (1936). 
Physica 17, 98, 596 (1951). 


hys. 14, - 
Phil. Mag. 22, 81 (1930). 
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variation, as observed, is calculable by inclusion of th 
"transfer effect" (reference 14, Fig. 14). With the о 7 
lap parameter 7o equal to 10 and q—0.6, the De. 
retical and experimental curves may be brought m 
coincidence taking the degeneracy temperature 38 
equal 2.3Ж10°К, in agreement with independe 5 
estimates. (її) Pd. Experimental data are avait 
covering the temperature range 0°-1800°К 49%-ы The 
variation of С, (C,—C,, Jaeger and ози. 
05—275?K) is shown in Fig. 1. The low and medium 
temperature values of C, are anomalously low; at higher 
temperatures C, is approximately proportional to T' as 
for Ni, but the Pd values are consistently smaller. The 
deviations are difficult to explain on the assumption! 
that the band structures of the two metals are closely 
similar [see (e) below ]. 


(d) Magnetic and Thermal Properties of Cr 


Recent investigations give the following results: (i) 
The linear low temperature electronic heat coefficient 
y is equal? to only 3.74X10~ cal mol™ deg ^, (ii) the 
high temperature variation of electronic heat C, is 
anomalous, the observed values? being many times 
larger than yT (see Fig. 1, curve drawn from published 
data), (ii) the paramagnetic susceptibility increases 
quite markedly at high temperatures.** In metallic Cr 
the overlap of 4 аз well as s wave functions must be 
much stronger than in nickel, and the electrons outside 
closed shells will then behave much more nearly as if 
they were free.5 The supposition that the d-s band in 
Cr is relatively wide has recently been supported by the 
results of soft x-ray measurements.5*» If the Fermi limit 
of the electron distribution lies close to a minimum in 
the density of states curve, the y value would be lower 
than for neighboring metals in the periodic table,9 the 
susceptibility would increase with temperature" and, 
as for Ni, owing to the transfer effect, Ce would be 
anomalously large at high temperatures, as observed. 
Measurements on some other transition metals" 
indicate that an increase of susceptibility with tempera- 
ture is at least as common as a decrease. The interpreta- 
tion put forward above to account for the properties 


49 G. L. Pickard and Е. E. Simon, Proc. Phys. Soc. (London) 61, 


1 (1948). 
Ы К. Clusius and L. Schachinger, Z. Naturforsch. 2A, 90 Ca 
5: Е. M. Jaeger and W. A. Veenstra, Proc. Koninkl. Nederland. 


Akad. Wetenschap. 37, 280 (1934). на ЕЙ, 18 
‚ Е. М. Jaeger and E. Rosenbohm, Rec. trav. chim. 91, 
(1932). 85 315 
53 Friedberg, Estermann, and Goldman, Phys. Rev. 99, 
(1952). ай 


51, D. Armstrong and Н. Grayson-Smith, Can. J. Rese 
A28, 51 (1950). 

55 Т, & McGuire and C. J. Kriessman, Phys. Rev. 85, 452 
(1952). 61 (1952): 


а E. M. Gyorgy and С. С. Harvey, Phys. Rev. 87, 8615 

5g. C. AU PEE, Roy. Soc. (London) A154, бо 
51 C. J. Kriessman, Bull. Am. Phys. Soc. 27(3), 33 ( : 
88 F, E. Hoare and J. C. Matthews, Proc. Roy. Soc. 


J. Chem. Phys. 9, 979 
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of Cr may have wider applicability, although for some 
of the other transition metals the ү values are large, 
an extreme case being W.® 


5 (e) Magnetic Properties of Pd and its Alloys 
af 


гэг. 


=~ Тһе electronic properties of Pd had been discussed 

edzlier.'° Recent very careful low temperature measure- 
| ments5* show that the paramagnetic susceptibility x 
» varies anomalously with temperature at about 807К, 
where the curve passes through a slight maximum. 
No immediate interpretation of this behavior can be 
given, but, as stated,5* it cannot result from the metal 
being antiferromagnetic since there is no corresponding 
anomaly in the specific heat curve at this tempera- 
ture.9? Also, recently, magnetic measurements have been 
reported by Wucher*! on alloys of Pd with diamagnetic 
metals and on Pd-H. Although the susceptibility meas- 
urements were not extended to low temperatures, 
some attempt may be made to extrapolate the 1/x, T 
curves to 0°К. Figure 2 shows the variation of xo, the 
extrapolated paramagnetic susceptibility, with the elec- 
tronic concentration (H/Pd for the Pd-H system). The 
points for the alloys lie approximately on a single curve 
A, showing that, as for the variation of оо in nickel 
alloys, the decrease must be primarily an electronic 
effect. The points on В for Pd-H are higher than those 
for the alloys; the difference may result from the more 
complicated phase diagram of this system. Both curves 
А and B tend to zero at a value of c close to 0.6. Figure 2 
also contains а “theoretical curve" C, calculated on the 
assumption of parabolic band shape and taking the 
parameter @’ to be proportional to 0, the number of holes 


6 A. A. Silvidi and J. С. Daunt, Phys. Rev. 77, 125 (1950). 
61 T. Wucher, Ann. phys. 7, 317 (1952). 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


CC-0. In Public Domain. Gufrukul Kangri Collection, Haridwar 


219 


02 0+ с 06 0:3 t0 


Fic. 2. Paramagnetic susceptibility of Pd alloys and Pd-H. 
xo, mass susceptibility at 0°К. (see reference 61) (Pd-Au, 90°K 
(E. Vogt, Ann. Physik 14, 1 (1932)); c, electronic concentration 
or H/Pd. А, Pd alloys; B, Pd-H; C, theoretical (see text). 


per atom (see Sec. 2). The difference between A and C 
may result from a variation of 6’ which c more com- 
plicated than that assumed, since, owing to an ap- 
preciable variation of interatomic separation with 
concentration, the overlap integrals /(Ё) discussed 
above may also vary appreciably on alloying. 
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INTRODUCTION 


YN contradistinction to superconductivity, the mecha- 
E nism responsible for ferromagnetism is at present 
- fairly well understood in broad outline. It is generally 
agreed that the exchange forces between electrons pro- 
-. vide the coupling between the elementary magnets 
— which is a prerequisite to ferromagnetism and which is 
so well represented empirically by the Weiss molecular 
field. The accurate solution of the eigenvalue problems 
for а complicated solid is, however, so complex that it 
15 necessary to resort to some kind of simplifying model, 
for which at least approximate calculations can be 
made. Some of the more important models, each of 
which has its own fervent supporters, are as follows: 


(a) the original Heisenberg theory.’ 
С (b) the collective electron ferromagnetism of Stoner 
and Wohlfarth.? 
(c) the generalized Heisenberg model, wherein there 
3 is а nonintegral number of spins per atom, and the 
- — spins are continually being redistributed among the 
id different lattice sites. Model (c) differs from (b) in 
hat the motions of the electrons instead of being un- 
- correlated, are so constrained that states corresponding 
“Хо higher degrees of ionization are excluded. Hence we 
— "shall sometimes refer to this model as that of minimum 
jolarity. For large interatomic distances or very nar- 
row bands, (c) is approximately the correct physical 
cture, while for close spacings or wide bands, (b) is 
‘more suitable. 
(d) Zener's theory? 
e shall not attempt to describe the details of (b) and 
as they are the subject of other papers in this 
rence, and we shall assume that the reader is 
amiliar with the rudiments of (a), which are presented 


sy ^d : 
dn ractically any book on magnetism. On the other 
лм 
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In Zener's model the exchange effects responsible for 
ferromagnetism are to be found mainly in the inter- 
action between 3d and 4s electrons rather than between 
3d electrons as ordinarily assumed. According to Zener 
the 34—45 coupling is so strongly ferromagnetic that it 
dominates the 45—45 and 34—34 interactions, which 
he assumes are antiferromagnetic. There are two diffi- 
culties which the Zener theory must surmount in order 
to be acceptable. One 15 that the 4s conduction band 
may be so wide that the promotion energy required 
to make 4s electrons parallel inhibits ferromagnetism. 
The other difficulty is a more subtle but less serious 
one. It can be shown that if the s band is half-full (one 
conduction electron per atom), it is possible to con- 
struct linear combinations of 4s wave functions such 
that the spin of the 4s band alternately points north 
and south, as one passes from one atom to another, and 
such that the translational kinetic energy is no higher 
than for the Zener model.5 With this scheme one can 
make the spins of the 3d and 4s electrons parallel when 
they are on the same atom, and the spins of neighboring 
3d electrons antiparallel. The implication of this possi- 
bility is that with the Zener hypothesis and a half- 
filled conduction band, the configuration of lowest 


в We shall indicate here briefly how the waves of spin reversal 
are constructed in two simple cases, viz., the one-dimensional free 


electron model with periodic boundary cond 


approximation of tight binding. Consider first free е 


itions, and 


the Bloch 


lectrons in а 


strip long enough to include 22-1 nuclei spaced distances d from 
each other. Then the 27-++1 wave functions of lowest energy satis- 


2 
combinations are (neglecting normalization factors) 
a E S -peinez— sin[(n4-3)ex ]/sináe* 


and 2z other functions differing by integral multiple 
Each of these functions has a maximum at one par 
and nodes at the others. The waves of spin reversa 


by assigning alternatively north and south spins to t 
tions, and, of course, antisymmetricizing. With the tig 
approximation the construction is even easier, for if 
in the band is occupied once, the energy 1s the same 


dividual atomic functions, and one simply alt 


assignment to successive atoms. р 
The equivalence of the band energy with 
dox systems of wave functions with alternat 


а, conventional system is contingent on there being a : 
for each orbital state or in other words on the s band bei 


full. The writer unfortunately did not realize t 
conference. It 


he presented his paper at the Washington 


fying the boundary conditions are usually taken as e "47, *** 


1, ---, e??*7, with «—2r/(2n--1)d. However, equiv: 
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alent linear 
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these rather unortho- 
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favorable s—d exchange energy as when the 
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and is zero mid-way between two atoms. 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


3 1 
. EXCHANGE COUPLING IN 
| energy is antiferromagnetic rather than ferromagnetic. 
| However, this difficulty is probably rather academic, as 
| the s band is about 30 to 40 percent rather than 50 per- 
| cent full in most ferromagnetic materials, and then the 
a translational kinetic energy of the s electrons is lower 
Я xi =. д the parallel rather than the alternating ar- 
| angement. 
|. The Difference in Polarity between Models 
Or i’ (b) and (c) 
T- We shall not pursue these questions further, and 
П shall henceforth discuss the more orthodox theories 
T, (a-b-c) in which it is assumed that ferromagnetism re- 
16 sults because of, rather than in spite of, the interaction 
ch of 3d electrons with each other. Some 34—45 exchange, 
ii however, doubtless enters, and Zener can well claim 
er | > that we should not overlook 34—45 exchange com- 
ad | pletely. I think it can be regarded as agreed that the 
ed | simple Heisenberg theory is too crude, since the ex- 
m. | perimental values of the saturation magnetization show 
us | clearly that there is not an integral number of spins 
ne | per atom. We shall center our discussion on nickel, as 
n- | it is probably the most important and typical case. It 
ch | is generally recognized that it has 0.6 electrons рег 
th | atom in the 4s band, and 9.4 in 3d states, so that 
nd | symbolically the atomic configuration is 3d?-* 45:6. The 
ler 4s conduction band is so wide that the 4s electrons are 
an | pretty well represented by the band theory based on 
en itinerant, uncorrelated electrons. The question is how 
Ж, the 3d electrons ате to be treated. In the Stoner- 
ган Wohlfarth model of collective electron ferromagnetism, 
ai the motions of the 3d electrons through the lattice are 
lf- completely uncorrelated except for the constraints im- 
est posed by the Paüli exclusion principle, or in other words, 
sal | no allowance is made for the fact that the Coulomb 
228 | repulsions tend to keep electrons apart. Thus, although 
och in nickel the average configuration of the d electrons 
an | on an atom is 494 it is a mixture of configurations 
tis- | ; 49, 4%, 48, di, ---. 
ear | The work required to tear off an electron increases 
| rapidly with the degree of ionization. Hence the energy 
| is appreciably lower if, for instance, two atoms with 
gin. | eighteen d electrons all told, are each in 3d? states rather 
e | than one in 348 and the other їп 3419, 
пс и In the “forgotten model" (c), the states of higher. 
ling | ionization are arbitrarily ruled out completely, and the 
i | configuration 3d?“ is considered to be 
spin 7 40 percent 309 ^ 60 percent 3d? (model с). 
tho- | The lattice sites occupied by 34° апа 3d!° are continu- 
zn | ally redistributing themselves. As a result there is a 
nalf- | band structure and an excess specific heat, though 
а | neither is as large as with model (b). It should be раг- 
Se | ticularly emphasized that the results of neutron dif- 
allel fraction show that the redistribution of the ions among 
acl № the different lattice sites takes place in a time shorter 
cee | than the time of passage of a neutron through an atom, 


7G. C. Fletcher, Proc. Phys. 5с. (London) A65, 192 (1952). 
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so that the scattering pattern is the same as though 
each atom carried the same mean charge. Otherwise 
there would be a diffuseness in pattern due to fluctua- 
tion effects. Dr. Shull and Dr. Kittel point out to the 
writer that the passage time is of the order 10~ sec, 
and consequently the band width cannot be much 
smaller than about 0.1 volt and still be consistent with 
the experiments on neutron diffraction. 

The true state of affairs is in between (b) and (c). 
To investigate which of the two is closer to reality we 
must probe a little more quantitatively and examine 
the extent to which the collective electron model (b) 
involves different degrees of ionization. Here the esti- 
mates can be made only with certain limiting approxi- 
mations, but fortunately even at the extremes the re- 
sults are not widely difierent. The limiting approxima- 
tions are obtained by assuming (1) that one particular 
d state or (2) that all five d states participate in the 
“effective band structure,” i.e., the portion of the band 
over which electrons are redistributed in passing from 
the nonferromagnetic to the ferromagnetic condition or 
vice versa. According to С. C. Fletcher,’ for instance, 
the d band has an over-all width of 2.7 volts, of which 
only the upper part is shown in our Fig. 1, reproduced 
from his paper. In the nonferromagnetic condition, the 
band is doubly populated (i.e., each direction of spin 
represented) out to the line labeled “Рагатаспейс 
Ni," and is vacant thereafter. In the ferromagnetic 
condition the band is doubly populated out to the 
line labeled “Ferromagnetic Ni," and the balance of 
the band is singly populated. What we call the effective 
structure or width is essentially the interval to the right 


A 


w 


Paramagnetic 


~ Ferromagnetic 
Ni Ni 


States per Atom per Electron Volt N(E) 


023 2-4 2-5 2.6 27 
£ (electron volts) E 


Fic. 1. Density curve for the upper part of the 3d band 
of nickel, according to Fletcher. 
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of the line labeled “Ferromagnetic Ni" in Fig. 1. It is 
obviously much less than the over-all band width. If all 
the different energy levels in this interval are based on 
a single d state, than the highest degree of ionization 
which is obtainable is 48, as all the four d states other 
than the given d state are completely filled and are 
effectively hors de combat as far as spin reversals are 
concerned. On the other hand, the substates of north 
and south pointing spins for the given d state can be 
regarded as completely uncorrelated in the unmag- 
netized condition, and from this fact it is readily shown 
that the fractions of the time that a nickel atom is in 
the configurations d!^, d°, d? are, respectively, the co- 
efficients of x°, х, a? in 


(0.7-1-0.32))*. (1) 


The numbers 0.7 and 0.3 owe their existence to the 
fact that in nickel the number of d electrons per atom 
is 9.4, and so for each spin direction the fifth 4 state, 
corresponding to the most loosely bound electron, is 
occupied 70 percent of the time. From (1) we find that 
the percentages work out as follows: 


49 percent 4, 42 percent 49, 9 percent d°. (1^) 


The other limiting case is obtained by assuming that 
all five d states participate in the effective band struc- 
ture. The exclusion principle involves restrictions only 
on electrons in the same d state. Consequently the 
fractional percentages of atoms in the configurations 
49, 43, 48 --- are, respectively, the coefficients of 20, 
| x in the expression 


(0.94--0.06:0)19, (2) 
or in other words 


53,8 percent 4°, 344 percent d°, 9.9 percent 4, 
1.7 percent Ф, 0.2 percent d*. (2) 


The percentages for 45, d*, - -- are negligible. 

Tf, as Fletcher and other writers have done, one uses 
the approximation of tight binding, there is a secular 
- determinant of degree 5 for each direction of the prop- 
- —agation vector. One particular root depends but little 
| on the direction of propagation, and is responsible for 
the hump in Fig. 1. If, regardless of the direction of the 
opagation vector, the significant root involves one 

: the same combination of 4 wave functions, the 
: . relevant estimates of polarity are those given in (1) 


combinations are appropriate, respectively, to 
each of the possible choices of the propagation 
the critical region, then the correct estimates 
hose involved ir (2) and (2^). Actually, the appro- 
) r combinations vary continuously rather 
ly with the choice of the propagation 
ie actual amount of polarity with the col- 
n model is doubtless intermediate be- 
| , bu ewhat closer to (2) than (1). 
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Comparison of Energies of Models (b) and (c) 


If assumption (1) is used the excess in polar or сог 


relation energy (i.e., energy of interelectroni 1 
с герц] 
of model (b) over model (c) is pulsion) 


0.09 E(d*) — E(d?) ]-0.09[E(d*) — E(@")], (3) 


as is seen in subtracting from (17) the percentages б 
polarity (40 percent, d!9, 60 percent d?) for model (c) 
Here E(d5) denotes the energy for the configuration di 
(really 34%45°-%), etc. If (27) is appropriate, we have 
instead for the excess 


--0.099[ E(d5) — (d?) ]2-0.017LE(d7) — E(d?) ] 
--0.0018[ E(d*) — E(4)]—0.140LE(d*) — Е(а°)]. (4) 


We have, for convenience, grouped terms in such a way 
as to use E(d?) as essentially an origin of energy. The 
energies of the higher ionized configurations 07, d’, etc., 
are not known spectroscopically (except for 47), but 
surely 


E(d977)— E(@) > n[E()—E(d*)) n-2,3. (5) 


We wil be underestimating the excess energy, i.e., 
favoring model (b), if we replace the inequality by an 
equality sign in (5). Then (4) becomes simply? 


0138ГЕ(2))--Е(89)1--0138Е(4)-8(85)1 (6) 


To evaluate (4) or (6) numerically it is not fair to use 
the spectroscopic energies of the ordinary nickel atom 
or ion in the configuration Ni(d!?), Ni*(d?), Ni**(d$), 

- since the d electrons are partially screened by the 
0.6 s electrons. The screening influence of an s electron 
in the solid state is somewhat greater than in the free 
ion, as the mean charge per electron is, on the average, 
compressed into the atomic volume. It is for orders of 
magnitude, sufficient to assume that in the solid state, 
the 0.6 s electrons per atom have the same screening 
action as 1.0 s electrons do in the gas. The relevant 
energies for our sequence 47), d?, 48 are then 


Ni-(3d'%4s), (30945), №3484. 


Even so, the energy of the negative nickel ion is not 
known spectroscopically, but can be obtained, though 
only very crudely, by extrapolation by means of the 
irregular doublet law, ie., the assumption that the 
square root of the binding energy is а linear function 
of the screening constant. In this fashion one finds that 


[E (5) — E(d9).]— LE (d*) — E(49) ]-- 7.6 volts. (7) 


The expressions (3) and (6) are then, respectively, 0.7 


and 1.1 volts. Fortunately, for our purposes an Е 
а volt or two in the estimation of Е(19) is E 1 di 
consequence. If one made no allowance at all for 


: А ex- 
8 With the assumptions made, both coefficients 1n Е iho 
actly equal in numerical value, and equal to the 22 S shown 
fraction of d!? in (27) over 0.40. This statement is readily 

to be a consequence of the fact that the mean 


per atom is 0.60е. 


deficit in charg? - 


—Ó— 
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screening effect of the 0.6s electron, the value of the 
expression (7) would instead be 12.5 volts. 

We must now evaluate for comparison how much in- 
crease 1n energy model (c) involves in comparison with 
(b) because (c) does not have as wide a band structure. 


. If a single d state is assumed to enter it is easy to ob- 


t» an approximate estimate for the loss in banding 
energy. Namely, the degree of polarity of the collective 
electron model in the ferromagnetically saturated state 
is then the same as that of model (c), regardless of the 
degree of magnetization in the latter. Furthermore, the 
mean square energy dispersion can be shown to be the 
same in the model (c) as in the ferromagnetic state of 
model (b). It is therefore natural to assume that model 
(c) in any state of magnetization has the same band 
width as model (b) in the ferromagnetic state. This is 
all on the assumption (1) of a single effective d state, 
so that the exclusion principle prohibits two co-directed 
spin-holes on the same atom. From inspection of Fig. 1 
one seens that the difference in band energy between 
the paramagnetic and ferromagnetic states in the 
collective electron model is about 1.4X0.05 or 0.07 
electron volts, only one tenth of the difference (7) in 
correlation energy. 

If instead the assumption involved in (2^) concerning 
the occupancy of d states is made, the ferromagnetic 
state in the collective electron model still involves 
more polarity than the generalized Heitler-London 
model. The various degrees of polarity correspond to 
the different coefficients of x in (0.884-0.12x)5, whence 
the percentages are found to be 


52.7 percent 49, 36.0 percent 49, 9.8 percent d$, 
1.3 percent d*, 0.1 percent 4. 


With the approximation of using the equality sign in 
(5), the excess of polar energy in the paramagnetic as 
compared with the ferromagnetic collective electron 
model is 


[0.138— 0.127 ]E (E(d5) — E(d5)) 
— (E(d5) — E(d:)) ]=0.08 volt. 


За. Note added іп proof.—Dr. C. Herring points out to the 
writer that in reality the screening by the 4s electrons is progres- 
sively greater for the configurations 020, d?, 48, since more negative 
charge is sucked in, the greater the positive charge of the lattice 
site. This effect tends to diminish the difference (7). A limiting 
case, doubtless too extreme, is one in which each unit cell is 
neutral, and there is simply a redistribution of configurations 
3d!^, 34345, 34845? among the different lattice sites. Instead of (7), 
the relevant energy difference in determining the occurrence of 
the 419, d°, 48 configurations is then E(3d54s?) + Е (3410) — 2E(3d?45), 
which in nickel amounts to about 3 volts when one averages over 
the different multiplets belonging to each configuration. Such a 
model, wherein the d and s migrations compensate so as to pre- 
serve neutrality, cannot be considered as either (b) or (c). It 
goes even further than our generalized Heitler-London model in 
ironing out fluctuations in polarity, but may not suppress the d* 
states as completely are in our model (c). Possibilities such as 
Herring suggests show that too much significance should not be 
attached to quantitative comparisons of models (b) and (c), as 
the actual situation is even more complicated, but at the same 
time essentially support our main contention that in dealing 
with d shells correlation effects are far more important than in 
ordinary conductors, and that the ordinary band picture is at 
best a crude approximation. 
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On the other hand, the decrease in band energy in the 
paramagnetic as compared with the ferromagnetic 
state is only 0.07 volt. Thus elimination of excess 
polarity still pays off, though not as much as with the 
assumptions (1— 1^). Extrapolation to zero excess po- 
larity indicates that model (c) as compared with model 
(b) has 1.0 volt higher band energy, but 1.1 volts lower 
energy of interelectronic repulsion, and so wins out, 
though by a slim margin. 

This method of extrapolation is none too reliable, but 
another approach is available. Let us, for rough pur- 
poses of estimation, assume the band shape is rec- 
tangular. If one assumed that model (c) had no band 
energy at all, the decrease in energy, due to band effects, 
in passing from model (c) to model (b) would be 15«0.06 
X2.1X(9.4— 0.75 volt. This figure is obtained by noting 
that the lowest 94 percent of the band is filled in the 
paramagnetic state by the 9.4 d electrons, and that in 
first approximation the center of the band coincides 
with where it would be in the absence of any banding. 
We have used Fletcher's value 2.7 volts of the over-all 
band width. However, these estimates based on the 
assumption that the generalized Heisenberg model (c), - 
has no band structure at all are unduly unfavorable to 
this model. Actually this model has an appreciable 
band structure, because of the fact that the positions 
of the d? and d” sites are continually being interchanged. 
Unfortunately, the detailed band structure cannot be 
feasibly calculated, but estimates of orders of magnitude 
can be made from examination of the root-mean-square 
dispersion in energy, which can be readily computed, 
thanks to the invariance of the diagonal sum. One 
finds that with the assumption of a single effective d 
state, the r.m.s. band width with model (c) is about 
70 percent as wide with model (c) as with model (b). 
(More precisely, the percentage is 75 with assumption 
(1) and 66 with (2^.? If the rectangular assumption 
concerning band shape is applicable to both models 
(b) and (c), the difference in band energy between the 
two models amounts to 0.3Ж0.75 or only 0.2 volt, 
about a fifth of the difference (7) in correlation energy. 

With any of our various ways of estimation, the 
improvement in correlation energy in (c) vis-a-vis (b) 
more than offsets the contrary change in band energy. 
Using the Ritz variational principle, we see that the 
true state of affairs, while undoubtedly intermediate 
between (b) and (c), is probably closer to (c) than (b). 
Without relying on detailed numerical estimates, one 
can see qualitatively that model^(b) is more or less 
between Scylla and Charybdis. If the band width is too 


? The rms band width is proportional to the square root of the 
probability that an electron on an adjacent lattice-site makes a. 
transition to a hole on some given atom. With assumption 1 (one 
effective d-state), this probability is proportional to 2X0.40 with 
model (c) and to 2X0.49--0.42 with model (b) (cf. Eq. (1’)). 
With assumption 2 (five effective d-states), the probability is 
proportional to 1030.40 with model (c) and to 10х0.538-- 
9X0.344+-8X0.099 - -- with modal (b) (cf. Eq. (2’)). In model (c) 
an electron cannot jump away from a 4? site, and hence only the 
d?? sites contribute to the transitión probability. 


— os. 


de, ferromagnetism will be suppressed, and the model 
actually used is close to this limit. On the other 
_ hand, if the band is narrowed, the correlation effects 
— will be so large compared to the band structure that 
- (6) will be closer to reality than (b). 


Computational Difficulties with Model (c) 


| There is, however, one practical difficulty with model 
— ©, and that is the fact that there is apparently, at 
least as yet, no feasible way of making good numerical 
- calculations with it, and in this respect model (b) is 

- undoubtedly superior. Even the original over-simplified 
 Heisenberg model has computational difficulties, as 
‘Slater has pointed out in an earlier paper in this con- 
ference. From a practical standpoint, if the overlap 
integrals are small, a fairly good answer, at least quali- 
tatively, appears to be obtainable by neglecting the 
- nonorthogonality except in the primary exchange in- 
= tegrals, but a rigorist can well find all sorts of objection 
to this procedure. A long time ago, I pointed out in a 
B iquantitative way that it was plausible! that the 
orthogonality corrections largely canceled out. The 
lowing example shows, I think, that the non- 
hogonality effects cannot be as bad as the pessimist 
ould make them out. Consider, for example, two 
hydrogen atoms banded together to form a hydrogen 
lecule in a large box full of widely separated hydrogen 
s. We know that the binding energy of this mole- 
е can be computed аз a two-atom problem. How- 
the nonorthogonality corrections coming from the 
e hydrogen atoms, though infinitesimal, can be 
e, by taking the box sufficiently large, to spoil the 
rgence and hence the apparent rigor of the calcu- 
made in the standard way—a rather absurd 
K of affairs. Consequently, it appears to us prob- 
jle that the convergence can be greatly improved by 
a different grouping of terms or iteration pro- 
e 
уеп if one adopts an optimistic point of view as 
rds the effects of nonorthogonality, calculations 
with model (c) are apparently not feasible at low or 


lopment has been studied by Н. Hurwitz.‘ 
like model (b), involves besides the two- 
change integral J, the one-electron ''trans- 
opping" integral К associated with the 
electron from one lattice site to another: 


molecular field 
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in the approximati 3 Ww 1 
{һе БО резе. тоолол 7 enters already in 
ately, K is doubtless much 
larger than J, so that development in powers of К /kT 
has even worse convergence than that in 7/27, whi h 
though slow, is better than once supposed. ji 
One thing stands out clearly. That is that such phe 
nomena as curvature of the 1/x—T graph above = 
Curie point, excess specific heat linear in T at lor 
temperatures, nonintegral numbers of magnetons per 
atom, different magneton numbers deduced from satura- 
tion and from the susceptibility at high temperatures 
cannot be construed as evidence favoring model (5) 
over (c), ав is often done. It is true that except perhaps 
for the curvature effect these phenomena are not pres- 
ent with the oversimplified model (a), but they all can 
exist in (c), because the mean configuration is 3d9-4459.6 
and there are continual fluctuations in the way the до 
and d? states are distributed among the different lattice 
sites. Hurwitz shows that the specific heat already en- 
ters in the approximation K?/E'T?, but, of course, a 
series development of this character is irrelevant at 
low temperatures. 


Origin of the Exchange Integral 


We now turn to the mooted question of the origin 
of the positive? exchange integral necessary for ferro- 
magnetism. Two possible mechanisms can be debated. 
One is the original Heisenberg hypothesis that the in- 
tegral has an inter-atomic origin, i.e., arises from the 
exchange of electrons on different atoms, but neighbors 
of each other. The other mechanism, suggested by 
Slater in 1936, is that the positive integral has an 
intra-atomic origin, and is a reflection of the fact that 
in the configuration 48 the triplets are deeper than the 
singlets. We might, incidentally, mention that in gen- 
eral our views are not so very different from those of 
Slater in his 19368 and 1937" papers. In particular, his 
1937 article had a calculation of the energies for the 
states of a crystal of one reversed spin that indicated 
that the deepest state is essentially one of type (c) 
rather than (b), but Slater has not pushed this view- 
point subsequently. А 

Whether interatomic exchange really gives a posi- 
‘tive integral, rather than a negative one such аз serves 
as the common basis of valence theory, is а question 
which has been argued pro and con in the literature ап 
is one into which we do not propose to enter. hems 
merical calculations necessary to yield a definitive 
answer are exceedingly difficult. The most recent effort 
is that of Kaplan,!® who comes out with a positive i 
tegral, but even so the results, though definitely €? 


om- 
those computed with ordinary atomic orbi Эс 
puted with the orthogonal Wannier functions are always 
but are not germane to our discussion. 

13 J. C. Slater, Phys. Rev. 49, 537, 931 (1936). 

14 T. C. Slater, Phys. Rev. 52, 198 (1937). 
15H. Kaplan, Phys. Rev. 85, 1038 (1952). 
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couraging, are inconclusive because the accurate com- 
putations were not made at the internuclear distance 
appropriate to actual ferromagnetic material. 

The idea that the exchange responsible for ferro- 
magnetism has an intra-atomic origin has many ele- 
ments of attractiveness. In the first place, if correct it 
Takes it unnecessary to invoke interatomic effects 
unlike those in standard valence théory. In the second 
place, it provides an easy explanation as to why the 
transition elements are ferromagnetic, whereas the 
alkalis and alkaline earths are not. Namely, the intra- 
atomic mechanism requires degenerate orbital states, 
as we will explain in more detail, and this degeneracy is 
missing in s bands. (On the other hand, an explanation 
of why conductors with p bands are not ferromagnetic 
is provided only after more detailed quantitative ex- 
amination, inasmuch as р levels have spatial degener- 
acy.) We should mention that Zener’s theory also has 
an intra-atomic origin of the exchange integral, but 
with the exchange between s and d rather than between 
degenerate d states, such as we are discussing here. 

It is not difficult to estimate the size of the molecular 
field constant (the manifestation of the exchange in- 
tegral) which is to be expected from the collective elec- 
tron model if one uses approximations similar to those 
employed in (1) or (2). With (1) the answer is par- 
ticularly simple: there can be no ferromagnetic coupling 
at all due to interatomic exchange, as two electrons 
can never be in a triplet state on an atom, if only one 
state is relevant. With (2), the molecular field constant 
6’ has a value approximately 1750 cm™ ог 2500°. (We 
follow the usage of Stoner and Wohlfarth in denoting 
the field constant by @ and in evaluating it in degrees 
rather than cm™ or volts; 207 is the work required to 
reverse an individual spin against this field.) This esti- 
mate is reached as follows: In the collective electron 
model, the difference AE in exchange energy between 
the unmagnetized state and that of maximum mag- 
netization is ЛЕ= —4n@’, where х= 0.6N is the number 
of holes. On the other hand, if ЛЕ arises solely from 
intra-atomic effects, the value of AE must also be 
AE- —1JNp,inasmuch as two electrons have exchange 
energy — J if their spins are parallel, and on the average 
— +7 if their spins are uncorrelated. Here р denotes the 
fraction of lattice sites which are in the configuration dê. 
The numerical value of 07 follows from comparison of the 
two expressions for AE on taking р= 0.14 as in Eq. (6), 
and J=7500 сш 1. This value of р is one obtained by 
making assumptions for the correction of the influence 
of states of higher polarity d", d5, etc., analogous to 
those used in reducing (4) to (6). For the effective ex- 
change integral J, Slater obtained the value 7430 cm™ 
on averaging over the various d states in the configura- 
tion 348452, As noted earlier in the paper, we assume 
that the screening effect of the 0.6 4s electron in the 
solid state is approximately the same as in the gaseous 
configuration 3d*4s. However, the electrostatic in- 
tervals separating the various states of 34845 are little 
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greater than those of 34345, and so we use the round 
value 7500 cm™ for J. We should mention that Slater 
long ago? estimated the molecular field constant by 
using considerations somewhat similar to those of the 
present paragraph, but we believe that our value is a 
somewhat more refined one, and we are unable to agree 
with certain quantitative details of his calculation. 

À molecular field constant of 2500? which we deduced 
above for the collective model is more than adequate 
to give the proper ferromagnetic behavior. It is larger 
than the value 1230? obtained by Wohlfarth from ob- 
served susceptibility data on the assumption of a 
parabolic band, or the value 1760? deduced by Wohl- 
farth and Fletcher? with rectangular bands. In our 
opinion, it is probable that the actual molecular field 
constant is somewhat smaller than either of these esti- 
mates. In the first place, the actual band shape in the 
collective electron model apparently has a sharp peak 
near the upper end, as shown in Fig. 1, narrowing the 
effective band width and hence reducing the molecular 
field necessary to produce ferromagnetism. In the second 
place, and probably more important, the correlation 
effects arising from interelectronic repulsion alter the 
band structure, as we will amplify below. 

If the correlation effects are so large that the model 
(c) of minimum polarity is relevant, then clearly the 
molecular field should be calculated with this model. 
At first glance, any attempt to provide an intra-atomic 
mechanism for this field with (c) appears hopeless, as 
the essence of (c) is that states of higher polarity are 
absent. Hence, in the model in its purest form, there are 
no states at all of structure 48, 47, etc., and hence по 
possibility of favorable intra-atomic exchange energy 
as а result of electron spins being: parallel in unclosed 
shells. However, model (c) is an ideal limit, and the 
true wave function, which is a linear combination of 
everything in sight, doubtless contains some terms of 
structure 48, d’, etc. In other words, model (c) is never 
completely pure and is always contaminated by Some 
states of higher polarity as, so to speak, a concession to 
model (b). It is only this contamination which is re- 
sponsible for intra-atomic exchange. At first one wolud 
guess that any such contamination would be inade- 
quate, since we have seen that even in model (b) the 
molecular fields calculated with the intra-atomic mecha- 
nism are not a great deal larger than those required by 
the observed ferromagnetism, and so it would seem that 
any second-order effect would be insufficient. This is 
not really the case, for with model (b) there is the 
familiar band structure which tends to inhibit parallel 
aligning of the spins and so makes the molecular field 
constant much larger than it would be otherwise, for it 
must be sufficient to overpower the unfavorable band 
structure. We have emphasized that with model (c) 
there is also a band structure, and, in fact, the so-called 
excess specific heat is probably of almost the same 
order of magnitude with (c) as with (b). However, the 
band structure is of а basically different type with (c) 


"Mw TEC. най 
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with (b), being no longer an uncorrelated. one- 
electron affair, and the band energy (1.е., the energy 
- including the transfer integral K but not the exchange 
integral J) depends much less drastically on spin align- 
ment than in (b). The spin first begins to enter when 
third powers of K are included, and it is not even clear 
whether the band structure tends to favor states of 
high or low spin, though probably the latter in a weak 
way. Since in (c) the inhibiting effect of the band struc- 
1 ture on the spin is to a large extent removed, it is prob- 
Ы ably a better approximation with (c) to calculate the 
— molecular field as though the band structure were com- 
pletely absent (essentially the simple Heisenberg theory 
with 0.6№ atoms having == 3) than to try and take over 
calculations based on model (b). The molecular field 
= constant is then the same as the Curie constant, and 
; hence only 630° in nickel. 

= It appears likely that the contamination by states 
of higher polarity can give a molecular field of this 
order of magnitude in model (c). This is indicated by 
. . а skeleton perturbation calculation which we present 
- in the next paragraphs. 
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— Rough Calculation of Perturbation by Higher 
м ‚ Polar States in Model (с) 


. Consider a pair of neighboring atoms in the configura- 
n d?--d?. We wish to examine the effect of perturba- 
ions Бу d5--d'* ог 410-48. For brevity, we do not in- 
clude the s conduction electrons in our notation, and 
te d*, 4°, d° for 455, 455, d'^s. In dealing with the 
spatial degeneracy we shall assume that the transfer 


$e 


tegral K associated with the transition of an electron 


ie 


i unaffected by which particular spatial substate one 
selects. In other words we assume that transitions are 


ve substates of B. This is an extreme form of the 
ption (2) explained earlier in the paper, but is 
ent for estimating orders of magnitude. A straight- 
rd application of second-order perturbation theory 
that when the disturbing influence of the excited 
48-0 and 219-08 is considered, the excess of 
ergy of singlet ground state over the triplet is 


4 
B= ape] — (8) 


zi 
hy hy+A | 
‘denotes the mean excess of energy of the 
stat s of d5-I-d!? over the energy of d?-I-d? and 
еа paration of the singlet and triplet states 
on (including screening correction for the 4s 
"he multiplicity of the configuration 08-210 


in the same spatial 
ing the triplet 
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ground level. The coefficient of 1/(hy i 

the perturbation of the singlet ро icis 
spondingly augmented. (If there were one ТИ 
five effective d substates, the coefficients would be 05 
rather than 4, 6, and the expression (8) would цас 
sarily be negative, showing that if assumption (1 
rather than (2) were used, the coupling resulting {ец 
intra-atomic exchange is antiferromagnetic as we saw 
was also the case in model (b).) For the coupling to be 
ferromagnetic it is necessary that the expression (8) 
be positive. T he fact that (8) is negative if the exchange 
separation A in the upper state is zero or small is а 
manifestation of the fact that the perturbation by polar 
states is making an incipient collective electron band 
theory out of the original model starting with “frozen” 
d? lattice sites; and, of course, in a collective electron 
scheme without exchange, the states of lowest multi- 
plicity are lowest because the band. need not be filled 
so high. Our perturbation calculation does not include 
correction for the fact that the d? lattice sites are 
migratory even in model (c); this gives a fine structure 
in the ground state in addition to the one we are com- 
puting here. The superposition of the interchange of 
d? and d!? sites in model (с) would make a rigorous 
calculation of the perturbing influence of the upper 
polar states exceedingly difficult, but for estimating 
orders of magnitude the present procedure appears 
adequate. 

To evaluate (8), we take К= 0.1 volt, as this is the 
order of magnitude indicated, for instance, by Fletcher's 
paper.? The separation A is twice the exchange integral 
for the upper state, which we previously estimated as 
7500 cm-1— 0.9 volt. Assumptions similar to those used 
in connection with (6) suggest!* that Л»= 7.6 volts, but 
there is a correction arising from the fact that the con- 
figuration 49-09 has an extra electrostatic energy 6/7, 
where r is the separation of neighboring ions. Аз a re- 
sult kv is reduced to about 1.7 volts and the expression 
(8) is approximately 0.01 volt. Е 

Тре existence of а nonvanishing expression (8) is 
equivalent to the existence of a coupling — 084° Sz be- 
tween the two d? ions under consideration The expres 
sion (8) is in fact, identical with the coefficient œ 1n the 
vector model. Thus ferromagnetism will result На 
positive. The coefficient 6’ of the molecular field 15 
@6'= 1ле. The number z of neighbors we must not take 
аз 12, the number of nearest neighbors in а face-centere 
lattice, but rather as 0.6Х12--7.2 inasmuch as only 
60 percent of the lattice sites have the d? holes. The 
value of the constant 6’ according to our rough НЫ 
turbation calculation is thus 200°, almost the и 
order of magnitude. So the traces of higher polarity 18 
model (c) may be able to yield an adequate molecu 


та not 
(7) relates 10 28 states of 


16 The energy interval computed in 


say Àv--1A, for in computing (7) we “Jumped” te. This appro 


the configuration d? at the ?F level, the lowest sta son 
mation, incidentally, slightly favors model (b) in the соро 
of the energies of models (b) and (c) earlier in. the paper. 
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field purely on the basis of intra-atomic exchange coup- 
ling. It should, however, be cautioned that this calcula- 
tion of the molecular field is only а rough one, and should 
be taken cum grano salis. It is much more sensitive to 
the precise values selected for the energy intervals! 
than the computations earlier in the paper of the rela- 

“tive correlation energies of model (b) and (c), which 
are much more reliable. The only reason that we came 
out with a positive field was the drastic lowering of the 
frequency denominators in (8) because of the correc- 
tions to the energy because d?--d? had а higher ionic 
energy &/r than 48-4. One at first wonders whether 
there should not be similar corrections in our compari- 
sons earlier in the paper of the relative energies of 
models (b) and (c). This, however, is not the case, for 
the essence of model (b) is that there is no correlation 
between the motion of the various electrons, so that a 
positive ion has no extra probability of having a closed 
shell on neighboring sites even though the electrostatic 
energy is thereby lowered. Actually there is doubtless 
some correlation, but this is not pure model (b), but 
rather a tendency in the direction of (c). 

It should also be noted that any comparison of mo- 
lecular fields calculated on the basis of an intra-atomic 
methanism with those found empirically in ferromag- 

™ The configuration d? actually has two different triplet and 
three different singlet levels. In (8), the two triplets were assumed 
to coincide, with a similar approximation for the singlets, but a 


calculation as gross as the present one does not warrant the use 
of additional frequency denominators. 


FERROMAGNETIC MEDIA 227 


netic media is uncertain, because actually the intra- 
atomic and interatomic exchange effects are additive. 
The corrections for interatomic contributions cannot be 
reliably made for, as we have already emphasized, 
neither the order of magnitude of the interatomic ex- 
change integrals, nor even their sign, is really known at 
present. 

In summary, it may be said that the results of the 
present paper are rather discouraging, as the essence of 
what we have said is that the truth is somewhere be- 
tween the collective electron model (b) and the gen- 
eralized Heisenberg (c), probably closer to (c) than (b). 
Unfortunately, it is much more feasible to make de- 
tailed calculations with (b) than with (c). The calcula- 
tions with the collective electron model have an ele- 
gance and clear-cut character which stand in sharp 
contrast to the crude qualitative estimates which are 
the best which can be done at present with (c). The gist 
of this paper is that it would be highly desirable if good 
methods of computation with (c) could be developed, 
including some means of circumventing the convergence 
difficulties associated with nonorthogonality. At pres- 
ent, for definite numerical answers it is certainly neces- 
sary to use model (b) rather than (c). However, this 
fact does not imply that (c) is physically unsound, as 
some writers seem to have done, and computational 
difficulties, important as they are, should not obscure 
the recognition in principle of the situation which con- 
forms closest to physical reality. 


SUMMARY OF THE DISCUSSION 


В. SMOLUCHOWSKI, Carnegie Institute of Technol- 
ogy, Pitlsburgh, Pennsylvania: It is perhaps advisable 
to make a brief appraisal of the relative position of 
the various theories presented in the preceding four 
papers and to summarize the main points brought up 
in the discussion. As it often happens in theoretical 
physics the differences between the theories stem not 
from basically different concepts of the phenomenon 
of ferromagnetism. but rather from a different “taste” 
or philosophy of theoretical approximation. 

Slater's method of attacking. the full problem with 
all necessary wave functions orthogonalized and solving 
it by means of numerical methods such as a digital 
computer is probably the most complete and quantum- 
mechanically exact procedure. The difficulties in 
handling an actual ferromagnetic material in that 
manner seem, at the present time, to be enormous. 
On the other hand, the success in the treatment of the 
paramagnetic oxygen molecule is most promising and 
it provides strong arguments in favor of the molecular 
orbitals method. It supports, also, the well-known 
dependence of the balance between kinetic and ex- 
change energies upon the distances between the 3-4 
shells. The estimate of this dependence was until now 
based on rather qualitative arguments. 
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It is natural that the difficulties of the direct pro- 
cedure make all approximate methods, which use 
intuitive concepts, of paramount interest and im- 
portance. Van Vleck considers the excited states of 
atoms in the crystal lattice and allows in this way for 
nonintegral number of spins per atom. In first ap- 
proximation, the nonorthogonality corrections are 
considered to be negligible. This generalized form of the 
Heisenberg approximation appears capable of ex- 
plaining many facts which were not understandable in 
terms of the classical Heisenberg model. If successful, 
it will be a very useful method, and at the same time it 
will allow the application of intuitive physical reasoning 
and will give insight into the physical significance of the 
mathematical procedures. д 

The collective electron theory developed by Stoner 
and Wohlfarth 15 based on a set of assumptions and 
parameters, one of them being the exchange energy. 
The calculations are relatively simple and the success 
in correlating various ferromagnetic and other proper- 
ties is indeed striking. The effort is now directed to- 
wards analyzing the assumptions and the important 
quantities in terms of other more basic properties. 
This is particularly true of {Ве exchange energy and of 


to the structure of metals and the inter- 
distances. 
suggestion to consider the interaction between 
onduction electrons and the d shells as mainly 
ble for ferromagnetism has many very attrac- 
features although certain assumptions do not 
to be borne out by Slater's results on oxygen. 
The theory appears to be especially suitable in handling 
Heusler alloys, ferrites, and others, but at present 
seems not to be in agreement with certain neutron 
ction data on atomic moments in alloys below 
above Curie temperature. These experiments are 
er recent and their interpretation is not quite 
in, and thus a definite conclusion has to await 


ae 
_ further results. 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
J. H. VAN VLECK 


It should be pointed out that neutron diffract; 
data have a central role in helping to make the к 
choice between the various approximations an AM 
retical models. They indicate the existence of en Ес 
bands, they allow an estimate of their width, the * | 
give information about the existence and админд | 
of atomic moments, etc. It seems certain that on an va 
basis of a further improvement of present theorfés [р 
and with new experimental data, approximations И 
be perfected which will be applicable to metals or К 
ionic crystals or to ferrites, etc., and which, in each di 
these cases, will give us concepts that are suitable for | 
intuitive handling. The quantitative results of the | 
numerical calculations based on Slater's method will 
yield theoretical criteria for the various conceptually 
simpler models. 
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The microwave resonance absorption in gadolinium metal has been measured at 9000 and 24 000 Mc/sec. 
The g value in the paramagnetic region is found to be 1.954-0.03. In the ferromagnetic region extreme 
line breadth prevents accurate determination of the g value. Calculations neglecting effects of line breadth 


give a ferromagnetic р value of 1.94. 


I. INTRODUCTION 


Ї 00:05 resonance absorption in gadolinium 
meta] has been measured in the 9000 and 24 000 
Mc/sec ranges. This investigation was prompted by 
interesting properties of gadolinium metal, as empha- 
sized by Van Vleck.! Gd is known to exhibit a saturation 
magnetization? corresponding closely to the value ex- 
pected for an 55 state, where the magnetic moment of 
each atom is due to the seven electrons in the 4 f shell. 
It is therefore likely that Gd is а good representative 
of the atomic model of a ferromagnet, in great contrast 
to other ferromagnetic metals, all of which show satura- 
tion magnetizations which cannot be explained on such 
а simple basis. From this point of view, we wished to 
determine how closely the g value corresponds to the 
value for free electron spin, as expected for a half-filled 
shell. A further useful characteristic of Gd metal is that 
its ferromagnetic Curie point is 16?C? This allows 
measurements to be made conveniently in both ferro- 
magnetic and paramagnetic regions. 

In the paramagnetic region we find that the g value 
15 1.95--0.03. In the ferromagnetic region the extreme 
breadth of the absorption curve prevents accurate deter- 
mination of the g value. However, we have made calcu- 
lations of the ferromagnetic g value, ignoring possible 
shifts in peak positions arising from relaxation effects. 
These calculations lead to a ferromagnetic g value of 
1.94. A limit of uncertainty cannot be assigned to this 
value because of the extreme and unknown breadth of 
the absorption curves, but it may be significant that 
the g value is not inconsistent with that in the para- 


inagnetic range. 


П. MEASUREMENTS 


A circular disk 2.3 cm in diameter and 0.04 cm thick 
was used in these experiments. The sample had been 
annealed and contained no more than 0.1 percent of 
other rare earths. Absorption measurements were made 
by clamping the sample behind a hole of area 0.049 cm? 


* A brief account of the material presented in this paper will 
appear in The Physical Review under the authorship of К. Barton, 
А. Е. Kip, C. Kittel, A. M. Portis, and Е. H. Spedding. 

17. Н. Van Vleck, Physica 15, 197 (1949). 

* F. Trombe, Ann. phys. 7, 385 (1937). 


drilled into the end wall of a resonant cavity. Thus the 
sample effectively forms a small part of this wall. Varia- 
tions in the microwave power reflected from the cavity 
because of absorption in the sample were measured as 
а function of the externally applied magnetic field. 
'The geometry was such that the external and micro- 
wave magnetic fields were in the plane of the sample 
and perpendicular to each other. 

The measurements were made by sweeping the ex- 
ternal magnetic field slowly through a suitable range 
while simultaneously measuring the microwave power 
reflected from the cavity. Data were obtained by 
placing a signal proportional to the magnetic field on 
the horizontal axis of а СКО and a signal proportional 
to the reflected power on the vertical axis. An electronic 
Switch superimposed arbitrary field markers on the 
absorption pattern. Data were recorded by photo- 
graphing the CRO traces. 

Details of microwave and electronic circuits will not 
be presented here, since the techniques are relatively 
standard, but a few aspects of the apparatus which 
affect the accuracy of the results will be mentioned. 
The microwave power incident on the resonant cavity 
is amplitude—modulated at 6 kc/sec. This allows the 
use of a narrow band ac amplifier in the detection 
circuit. In the 9000 Mc/sec apparatus the 6 kc/sec 
modulation is imposed by the use ofa microwave 
gyrator;? in the 24 000 Mc/sec apparatus modulation 
is imposed by a crystal placed in the microwave trans- 
mission line. 

In all resonance effects there are both real and 
imaginary components in the absorption. The real part 
changes the Q of the resonant cavity and the imaginary 
part shifts its resonant frequency. In these experiments 
we measure only the real part of the absorption. Com- 
plete separation of the two aspects of magnetic absorp- 
tion has been obtained by a slight modification of the 
technique suggested by Weidner and Whitmer.‘ The 
klystron is frequency modulated at a few cycles per 
second through a frequency range greater than any 
shift in the resonant frequency of the cavity. Thus at 


3 C. L. Hogan, Bell System Tech. J. 31, 1 (1952). 


* К. T. Weidner and C. A. Whitmer, Rev. Sci. Instr. 23, 75 
(1952). H 
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Fic. 1. Absorption curve of gadolinium metal. 


e part of the FM cycle, the klystron frequency will 
qual to the resonant frequency of the cavity. Since 
reflection from the cavity is a minimum at resonance, 
; possible to identify in the traces those points in 
FM cycle for which the klystron is at the resonant 
uency of the cavity. This method corresponds 
ly to the “point-by-point” technique in which 
point is obtained after retuning the klystron to the 
resonant frequency. 
e external magnetic field is measured by a tech- 
imilar to that used by Lamb and Retherford.* 
mí from a rotating coil inserted in the external 
compared with the emf from a second rotating 
ted on the same shaft. The second coil is in the 
permanent magnet. Comparison is made in a 
cuit in such a way that the two emf's may 
е to cancel at any desired value of the applied 
d. By changing the bridge constants during the sweep 
he external field, а series of field markers are super- 
sed on the trace. Absolute calibration of the field 
ained from proton resonance or from а small 
int of diphenyl-trinitro phenyl hydrazyl* placed 
ivity. The field can be determined with an 
of +10 oersteds by this technique. 


Ш. EXPERIMENTAL RESULTS 


shows the experimental absorption curve of 
n at 105.5°С at a frequency of 24.3X10 
temperature is in the paramagnetic region, 
е Curie point of 16°C. This curve exhibits 
of resonance curves expected for 
by Yager? and Bloembergen? in the 
оу, d nickel. АП curves taken in the 
се are similar, showing very little 
emperatures well above the Curie 


Figui 
tal 


results at 24.3X 108 Mc/sec 
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cause of the shift of the peak position in going from the 
paramagnetic to the ferromagnetic region is the incr 
in magnetization of the sample. E 

Figure 3 shows the variation in the width of th 
resonance curve as a function of temperature. The 4 S 
plotted show the width of the absorption нов 
oersteds, measured from the lower half-power omen 
the peak. The power absorbed is measured relat 
to the absorption of zero field. Below 0°C, in the 
ferromagnetic region half-widths are шпорсатсар 
because of the extreme breadth of the absorption 
curve. 

No data are given for the 9000 Mc/sec experiments 
The results at this frequency are consistent with the 
24 000 Мс/зес results, but do not provide the accuracy 
available at the higher frequency. 


IV. CALCULATIONS OF g VALUES 


In order to determine the g values, it is necessary to 
compare our experimental curves with theoretical curves 
which take into account the various causes of shift in 
the absorption maxima. Causes of shift include de- 
magnetizing factors due to the geometry of the sample, 
and relaxation effects. Furthermore, the "'effecüve 
8614” for the resonance condition? must be used. In 
addition, account must be taken of the effect of varia- 
tion of eddy current losses in the sample, affecting the 
shape and position of the absorption curve.’ 

In obtaining our theoretical curves we used essentially 
the method of Yager, Galt, Merritt, and Wood.!? 

We assume an equation of motion of the form 
Y 


"Mx (MXH). (1) 
M 


ам 
—- y(MXH)— 
аі 


Неге M= magnetization ; H — internal field ; у= ge/2me, 


the magnetomechanical ratio; and o- relaxation pa- 


rameter. 
From this equation one can calculate иу and и», the 
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Fic. 2. Peak position of absorption curves ys temperatu 
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real and imaginary parts of the permeability : 
(wo/w)?—1+4+46?/ (1+ 1?) 
[wo/w)?— 11-13 4(ө6/о)262: 
вэ/4тхо--|28/(14-12) (оо/о) 


(и1— 1)/47xo 


(wo/w)? 


1+ (wo/w)?n? 


[(w0/w)?— 1+4 (wo/w)26? 


N 


where 
7 9 
w= -y(1-+a°) Ho, 
5 
a 1+ n? 
(+a) 20” 


n=(1+NyXx0), 


c= (1+ 2x), 


ô= 


and w=angular frequency of microwave source, Но 
—applied external field, V.=demagnetizing factor in 
plane of sample, N,œ4r= demagnetizing factor per- 
pendicular to plane of sample, and ж= static suscepti- 
bility per unit volume. 

Because of the effect of varying eddy current losses, 
and changes in skin depth, the quantity which we ob- 
serve experimentally is ug, where ив= (и1?-Е и?) us. 
The theoretical curves were fitted to our experimental 
curves by finding the values of the relaxation parameter 
а which gave the best fit. This procedure is perhaps 
somewhat unjustified since it is not clear that all of the 
width of our curves is due to relaxation effects. However, 
this form of equation involving a relaxation parameter 
as given in Eq. (1), allows a good fit between experiment 
and theory, and presumably leads to correct g values. 

Table I shows the result of these calculations at a 
number of temperatures in the paramagnetic region. 
The values of хо at the various temperatures were 
obtained from data given by Trombe.? 

As stated above, the large and unknown widths of 
the absorption curves in the ferromagnetic region 
preclude calculation of possible shifts due to line 
width. We have therefore obtained the ferromagnetic g 


TABLE I. Calculated р values of gadolinium metal 
in the paramagnetic region. 


b Но max 
Teu MS SENE ATXo РА 
48,7 24 300 8270 0.196 1.96 
64.0 24 290 8510 0.130 1.96 
75.5 24 280 8690 0.103 1.95 
93.7 24 280 8730 0.079 1.96 
105.5 24275 8850 0.065 1.95 
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factor by using the equation of Kittel’ for calculating 
the “effective field.” The g factor is then calculated 
from the relation w= уН. The value of the magnetiza- 
tion was obtained from unpublished data of Elliott, 
Legvold and Spedding.! The g value obtained at 
— 196*C is 1.94. 


V. SUMMARY 


Resonance absorption curves in gadolinium taken 
over a wide temperature range show the expected shift 
due to the increase in magnetization as the sample is 
cooled from the paramagnetic to the ferromagnetic 
region. Only in the paramagnetic region can accurate 
g values be obtained; the extreme breadth of the 
absorption in the ferromagnetic region precludes accu- 
rate assignment of a g value below the Curie point. Our 
value, а= 1.95, is to be compared with values available 
from other experiments. From the results of Trombe? 
on the value of the saturation magnetization, extra- 
polated to 0°K and infinite applied field, one obtains а 
£ value of 2.03. This value may be in some doubt in 
view of the fact that extrapolation is necessary from 
77°K to 0°K. Also the purity of Trombe's material is not 
accurately known. On the other hand, measurements 
similar to those of Trombe have been made on much 
purer gadolinium metal" down to 4°K. These measure- 
ments yield a g value of 1.96. Another value for g may be 
obtained from the determination of the Curie constant. 
Using Trombe's? data, we calculate g— 1.99. 

Although it seems that our value for g in the para- 
magnetic region is open to little question, it would be 
desirable to obtain and test a single crystal of gado- 
linium, in order to determine the g-value in the ferro- 
magnetic region. 

The author wishes to emphasize the fact that this 
was a cooperative project with very important con- 
tributions from R. Barton, C. Kittel, A. M. Portis, 
and F. H. Spedding. In addition, thanks are due 
to T. W. Griswold, who assisted in fnaking many of the 
measurements. The research was assisted in part by 
the U. S. Office of Naval Research and the U. S. Atomic 
Energy Commission. 
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1 Elliott, Legvold, and 5реддше (unpublished data). 
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depth varies with the permeability, and so will cha. 

as one goes through the resonance. As the репе, 
increases the skin depth decreases and the anomal x 
skin effect becomes more serious. This may cause a an 
tortion of the resonance curve, particularly at js 
temperatures. 1 
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This paper surveys current theoretical work on spin-spin and spin-lattice relaxation in ferromagnetic 
substances with reference to ferromagnetic resonance. It is shown that it is possible to give a reasonable ex- 
planation of the principal features of the experimental results. The calculations, carried out for nickel in 
particular, make use of a macroscopic spin-lattice interaction determined by the observed magnetostriction 
and a pseudo-dipolar spin-spin interaction determined by the observed anisotropy. It is not sufficient to use 
magnetic dipole coupling alone for either of the two relaxation processes, The zero-point fluctuations in the 
pseudo-dipolar field play a central role in the development of the theory. 


HIS paper is concerned with the problem of re- 

laxation processes in ferromagnetic substances. 
The ferromagnetic phenomena in which relaxation 
effects are exhibited include the following: 


(1) Line width in ferromagnetic spin resonance ab- 
sorption. 

(2) Power saturation with intense rf magnetic fields 
in ferromagnetic resonance. 

(3) Velocity of propagation of the Bloch wall separat- 
ing domains in ferromagnetic insulators. 

(4) Lag and elevation angles of magnetization with 
respect to the direction of a rotating magnetic field. 

(5) Time delay in the establishment of a new equilib- 
rium position for the magnetic moment of a specimen 
after a sudden change in the external magnetic field. 

(6) Time delay in heat transfer between lattice and 
spin systems. 


We shall review below the current experimental and 
theoretical positions with regard to spin-spin and spin- 
lattice relaxation times. The review will draw heavily 
on work recently completed at Berkeley by Е. Keffer, 
and also on unpublished work done in collaboration 
with J. M. Luttinger at the Institute for Advanced 
Study. 

When a spin-resonance absorption experiment! is 
performed on a ferromagnetic single crystal at the usual 
microwave frequencies it is observed that the resonance 
line has a half-width AH of the order of 50 to 500 
oersteds, corresponding to over-all relaxation times of 
108 to 10° sec. We believe that the principal contribution 
to the line width at room temperature and below comes 
from spin-spin relaxation. 

By the half-width of the line we mean one-half of the 
width on a plot of the effective permeability ив (or, 
with ferrites, и”) against the static magnetic field in- 
tensity Н between the points at which ug—$ua(max). 
Typical values of the half-width are given in Table I. 
Measurements on polycrystalline specimens must be 
interpreted with considerable caution because the crys- 


1 Ferromagnetic resonance is reviewed by J. Н. Van Vleck, 
Physica 17, 234—252 (1951); С. Kittel, J. phys. et radium 12, 291- 
302 (1951). 


233 


talline anisotropy energy causes an apparent line 
width as a result of the scatter in the resonance frequen- 
cies of the individual crystal grains.” 

It has always been the occasion of some astonishment 
that the line widths are as broad as they are observed 
to be, and it is only recently, as discussed below, that 
we have recognized what seem to be the real mecha- 
nisms causing the widths. A number of somewhat super- 
ficial mechanisms were explored without success in the 
early phases of research on ferromagnetic resonance, as 
discussed in the reviews cited above. 

If we were to neglect all mutual interactions among 
the electron spins in an atomic model of a ferromagnet, 
other than the isotropic exchange interaction, then the 
resonance line would be exceedingly sharp, the width 
being determined by magnetic field inhomogeneities, 
saturation effects or radiation damping. The energy 
levels in the static magnetic field И are given by 


W =gusHM, (1) 


where M is the magnetic quantum number associated 
with the total spin $Å of the entire specimen, and g is 
the spectroscopic splitting factor. The selection rules 
for magnetic dipole transitions are А8--0, AM = 1, so 
that only the single frequency 


w=g(e/2mc)H (2) 
will be observed. We should, strictly, write Hottective 


Taste I. Half-width of ferromagnetic resonance lines 
(near 24 000 Mc/sec and at room temperature). 


Approximate half-width 


Substance in oersteds 
Silicon iron (single crystal) > several hundred 
Nickel 400 
Supermalloy (annealed) 100 
Supermalloy (cold rolled) 300 
Nickel ferrite (single crystal) 75 
Nickel zinc ferrite 2 150 
Manganese zinc ferrite 50-100 
Heusler alloy 100 


в Appears to vary from sample to sample. 


? The half-width in unoriented polycrystalline specimens fr 


'om 
this effect alone is expected to be пишу of the order of 1 of the. : 


anisotropy field Н.-2К/М,, provided that HKH rey, 2 
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stead Е Н, to allow for sample shape and crystal 
ру. The exchange energy — 27>S;-S; does not 
nge during the transition. The resonance line width 


viewpoint of the spin wave approximation? to the low- 
lying states of a ferromagnet. The energy in the external 
magnetic field is now, for low k, 


W => (п Е) (С-Н), (3) 
"where ль is the excitation quantum number of the spin 
- —— wave of wave vector k and C is a constant proportional 
= to the exchange energy. The former selection rules go 
over to the rule that transitions in a uniform rf field 
occur only among the k=0 levels, and we have 
Amy xl; Amj(kz£0)— 0. The resonance frequency is 
thus identical with Eq. (2). We have introduced the 
in wave viewpoint because it is used in the recent 
developments in relaxation problems. 
Our model considering only the exchange and Zeeman 
- interactions is thus too idealized to yield а description 
f the line width. It is known however that there are 
т interactions among ferromagnetic electrons, in- 
g magnetic dipole interactions and also interac- 
ofa spin-orbit-exchange-lattice character, which 
ibute to the important phenomena of magneto- 
rstalline anisotropy and magnetostriction. Tt is essen- 
include these interactions in the theory. We first 
ider the calculation of the spin-lattice relaxation 
aracterizing the exchange of energy between the 
of spin waves and the system of lattice vibrations 
s). What shall we use as the interaction between 
system and the phonon system? We recall that 
served magnetostriction of ferromagnets results 
e magnetoelastic interaction of the magnetiza- 
on or spin direction and the crystal lattice. We know 
that we can account approximately for the observed 
gne striction by postulating a coupling term in the 
rgy density of the form* 


ies. On eyy t 6s) 
4 В,(озозе,|- оъозе,:- | Ол016:2)) (4) 


he 25 are direction cosines of the magnetization, 
the e's are elastic strain components. Terms of this 
rm 1 may b thought of as representing the dependence 
a energy on the state of strain of the 
e constants Bı, Bz are “readily 
erved magnetostriction. 
jacroscopic interaction represented 
culate the spin-lattice relaxation 


n the o 


treatment of the Bloch theory of 
oming book, Introduction to Solid. 
еу and Sons, Inc. New York, 
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time using some of the standard methods 
field theory. We set up a macroscopic EL n 
and а macroscopic phonon field. The ое 
interaction given Бу Eq. (4) is treated аза Per e E 
which causes collisions between the spin waves and d 
phonons. The kinetic equation for the collision proc i 
leads us directly to the spin-lattice relaxation frequen 
The Hamiltonian of the exchange and Zeeman one 
gies is, writing M as the magnetization, Ч 


бн {| (мм чм м] 
—H-MMY, (5) 


. where А is the usual macroscopic exchange сопзїап{5 


and on the atomic model is related to the exchange in- 
tegral J by 
А-252К27/69, (6) 


where Z is the number of nearest neighbors of any given 
atom, R their distance and 9 the atomic volume. Near 
saturation we may assume that the magnetization M is 
oriented very nearly in the z direction, so that 3 


{(A/M.)[(VM2)*+ (VM) ] 


SO pint 


4 (H/2M,)(M2+M,}4V, (0) 


apart from a constant term. 
We consider M+, M, as amplitudes of a vector field. 
The field is quantized’ by use of the commutation 


relation 


9;Х S,— 18565. (8) 
We express the magnetization in terms of a spin density 
М(т) = (gusv/a9)$: S; (1— 13) (9) 


where v is the number of atoms per unit cell of volume 
аз. We find, using Eq. (8), 
ГМ.(0),М,(0.1- igupM .6(r— г). 
It is convenient to introduce the usual creation and 
destruction operations a;* and ах into the Fourier analy- 
sis of the transverse components of magnetization: 
М.) = (gusM.,/2V)*?; (а--а_х*)е'"; 
Myr) = вивМ./2У)% (а-к*— ane 
where У is the volume of ће sample. The commutation 
relation becomes (12 


- (10) 


(11) 


Га», аш |= бие. 
On substituting Eq. (11) back in to Eq. (7) and NE 
out the volume integration using Eq. (12), we 
the eigenvalues of the unperturbed Hamiltonian 


Wana („ГО нвА/Мд+-нвНЪ O9 


5 Reference 4, Eq. (2.1.11). © Her 
_вТье field theory of spin waves is treated by С. ЯН 
C. Kittel, Phys. Rev. 81, 869 (1951); а simple {тоф 
quantum field theory is given in L. I. Schiff, Chen 
(McGraw-Hill Book Company, Inc., New York, 1949). 
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where л is the eigenvalue of the operator a;*a, and is a 
positive integer. We gain insight into Eq. (13) on rec- 
ognizing that 70, is the number of reversed spins in the 
spin wave of wave vector К; the term in 22 is the familiar 
spin wave term arising from exchange energy, while the 
term in H is the Zeeman energy. 

We treat the lattice vibrations as a macroscopic field 
in а crystal which is elastically isotropic. On expressing 
the elastic energy in terms of the phonon creation and 
destruction operators 6к*, bg we find for the unper- 
turbed elastic energy, using 0x*bx — N x, 


W= [cr K(N kO +4) 
therK(Nr@+Nx@+1)], (14) 


where the superscripts 1, 2, 3 refer to orthogonal polari- 
zation directions; cz and ст are the longitudinal and 
transverse sound velocities, respectively. This expres- 
sion becomes more familiar on recognizing that ор= 
cLK, etc. The operator for the lattice displacement 
vector used in deriving Eq. (14) is 


п= V-i»qxeiE-r, (15) 
where 


8 
а= У gy (gg 
8-1 


3 
= (h/29K)! У c; iex [b O--b i *]; (16) 


s=1 


here the ex) are an orthonormal set of unit polarization 
vectors such that ex“ is parallel to K; pis the density; 
€1— CL; and C2, сз= ст. The strains e;; are readily derived 
from Eq. (15) by differentiating with respect to the 
spatial coordinates. 

We next treat the collisions between the spin waves 
and phonons caused by the magnetoelastic coupling 
term given in Eq. (4). The interaction Hamiltonian in 
the present approximation is 


а | (B/M ATM lez е.) +M y еше.) 
+ (Bs/ M [М -M yezy4- M -M sez- 
+M,M.e,:]}dV. (17) 


This may be written in terms of phonon and spin wave 
creation and destruction operators ‘using the transfor- 
mations in Eqs. (11), (15), and (16). The form resulting 
from the transformations may be interpreted directly 
in terms of various types of collision processes. For 
example, a term a;-*a,bx* represents a process in which 
the spin wave К decays into a spin wave k' and a 
phonon K. | 
The machinery above was set up in 1950 by Luttinger 
and Kittel in work which has remained unpublished. 
They went on from Eq. (17) to calculate the relaxation 
time characterizing a spin wave state with &—0 in the 
presence of a distribution of spin waves and phonons in 
thermal equilibrium at room temperature. Under the 
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conditions prevailing in microwave resonance experi- 
ments the rf magnetic field excites spin waves with 
wave numbers in the range 1 to 10° cm™, the higher 
values occurring in metals where the eddy current skin 
depth rather than the radiation wavelength is decisive. 
The thermally excited spin waves have k’s for the most 
part much higher, near 107 стг!, so that for all practical 
purposes we may regard the spin waves excited by the 
rf field as having k=O. 

The calculations of Luttinger and Kittel gave, for 
typical values of the ferromagnetic constants and using 
the interaction (17) which is linear in the strains, a 
spin-lattice relaxation time of the order of 10-1 sec. 
The experimental data suggest a spin-lattice relaxation 
time of the order of 10-7 sec at room temperature, so 
that the disagreement is very serious. The interpretation 
of the experiments is not, however, unambiguous. It is 
also possible to consider an interaction quadratic in the 
strains: for a cubic crystal one adds to Eq. (4) terms of 
the form 


В.(о2е.24- ате age) ? 


plus other terms quadratic in the strains. These quad- 
ratic terms are responsible for the dependence of the 
velocity of a given elastic wave on the direction of 
magnetization in the crystal.” For nickel it is found 
experimentally that B;~6X 10? cgs. By use of only the 
coupling (8:/М2)М2е:2, the relaxation was calculated 
to be approximately 107° sec, still much too long. 

We are faced then with the problem of accounting 
for a factor of 10* to 10* discrepancy between the experi- 
mental and calculated values of the spin-lattice relaxa- 
tion times. On studying the calculation above and 
comparing it with a related calculation by Akhieser? 
we are able to see where the trouble lies. Akhieser 
calculated the lifetime averaged over all k of a spin wave 
state with respect to interactions with other spin waves 
(spin-spin relaxation) and with the lattice vibrations 
(spin-lattice relaxation). Akhieser's spin-lattice relaxa- 
tion times are shorter by a factor of the order of 10-5 
than those calculated by Luttinger and Kittel for their 
problem, even though Akhieser used only the magnetic 
dipole interaction which is known to be too weak to 
account for the observed magnetostrictive properties of 
ferromagnets. The reason Akhieser gets short times is 
that he is interested in thermal problems and is there- 
fore dealing with an average over all spin wave states, 
thus weighting states of high 2(=107 cm~) heavily, 
whereas Luttinger and Kittel deal with a state of low 
k(=0) excited by the microwave field. 

Now if the Ё=0 spin waves were to come into equilib- 
rium with other spin-waves in a time short in compari- 
son with the time for equilibrization with the lattice 
vibrations, then the microwave spin-lattice problem 
would take on a form very close to Akhieser's problem, 


and we might expect to come up with reasonable theo- 


* ҮҮ. P. Mason, Phys. Rev. 82; 715 (1951). 
* А. Akhieser, J. Phys. (0.5.5. 4.) 10, 217 (1946). 
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retical values of the spin-lattice relaxation time in 
ferromagnetic resonance. Fortunately there are in fact 
good reasons for believing that the spin-spin relaxation 
time is usually shorter than the spin-lattice relaxation 
time, at least at not too high temperatures. 

We note first that if we neglect spin-lattice relaxation 
the width of the resonance line is a measure of the 
spin-spin relaxation time. Our earlier result that reso- 
nance occurs only at a discrete field strength resulted 
directly from the selection rules Апо= 4-1, An, (520) — 0 
applied to Eq. (3). However, in the presence of mag- 
netic dipolar and pseudo-dipolar interactions between 
the spin waves the states of a single Ё will no longer be 
eigenstates. The correct eigenstates are mixtures of the 
unperturbed states of various E's. The mixing may be 
thought of as caused by the action of the fluctuating 
demagnetizing or pseudo-dipolar fields of the spin waves 
on each other. For temperatures of the order of half the 

- Curie temperature or less the zero-point demagnetizing 
fields associated with the zero-point motion of the 
transverse components of the spin waves are expected 
to be more important than the magnetic fields associated 
with thermally excited spin waves. The transverse 
magnetization components go as 5:= (S+S) = 
[.5(5-Е1)—.5°]}=.5%. In the classical limit 5o, the 
zero-point transverse components of the magnetization 
become relatively insignificant, and the mixing effect 
vanishes: The interaction energy per spin is of the order 
uH, uM,/Si, where M, is the saturation magneti- 
zation? or иНг-С/53, where C is the pseudo-dipolar 
interaction energy of two adjacent spins. 

As a result of the mixing of the originally unperturbed 
states caused by the dipolar-type interaction, admix- 
tures of the k=0 state will be found in other states, 
especially in those within LH, of the original state. This 
means that magnetic dipole transitions may now be 
expected to take place over a broad group of states, 
instead of only between the equi-spaced k=0 levels. 
For T less than, say, half of the Curie temperature the 
mixing arises almost entirely from the zero point 
motion and in this way we can account for a tempera- 
ture independent line width (within an order of magni- 

_ tude) from room temperature to absolute zero, although 

the experimental evidence for such an extrapolation is 

“аё present incomplete. Yager in preliminary unpub- 

ished measurements finds that the line width in Super- 
oy is roughly constant between room temperature 
iquid air temperature. The constancy of the line 


reality we have to deal with a pseudo-dipolar interaction C 
from spin-orbit effects) which may be 10 to 100 times 
than the magnetic dipolar interaction; the mixing is 
the same ratio. For estimates of the magnitude of the 
dipolar interaction, see J. H. Van Vleck, Ann. inst. 
ошсатё 10, 57 (1947); see also reference 4, Appendix В. 
el Van Vleck finds that the pseudo-dipolar interaction 
i 50 times greater than the magnetic dipolar inter- 

to account for the anisotropy. For the super- 
relation g to Van Vleck and Kittel gives 
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widths measured by Bloembergen? in nicke 
100°C and in Supermalloy below 300°C is very s B Е. 
tive, although he did not continue the AS АН 
below room temperature. Healy! finds an псе 
width іп a nickel ferrite single crystal by a factor of (E 
on going from 600°C to — 200°C. pe 
We now suggest that ordinary ferromagnetic sub. 
stances are characterized, at temperatures substantial] 
below the Curie point, by a spin-spin relaxation time ai 
the order of 10-8 to 10-3 second. We have not made а 
direct calculation of the spin-spin time, but our estimate 
follows plausibly on introducing the pseudo-dipolar 
interaction into Akhieser's results; it also follows from 
the argument below. Ап apparent objection to our point 
of view is based on Van Vleck's calculations? of the 
second and fourth moments of magnetic resonance fre- 
quencies in paramagnetic and ferromagnetic crystals, 
The result of Van Vleck which is apparently the strong- 
est contradiction of our arguments is that at 0°К in a 
ferromagnetic crystal 


(До?) = 0. (18) 


This would require unambiguously that the line be of 
zero width. However, we believe that the argument by 
which Van Vleck derived Eq. (18) is incomplete, as 
shown by Keffer.5 The essential point is that Van 
Vleck has worked throughout with a truncated Hamil- 
tonian, omitting entirely those parts of the dipolar 
Hamiltonian corresponding to transitions with AM — 
0, 2-2, 3, while the part he retains allows only 
AM — 2-1. The other transitions are omitted in para- 
magnetic problems because they are associated with 
weak satellite lines distinct from the principal line. 


However, when the dipolar energy is comparable with · 


the Zeeman energy the satellites can spread out over 
the main line and the classification of transitions by 
AM changes is no longer applicable. For the AM=2 
transition Keffer finds that the second moment about 
its center contains terms of the order J’, indicating that 
the satellite has spread out. The part of the Hamiltonian 
Van Vleck retains gives no mixing of spin wave states, 
while the part he drops does give mixing. Keffer’s argu- 
ment is that in the ferromagnetic problem (J CH), 
because of the overlap of the satellites with the main 
line, we should work with the whole Hamiltonian. The 
second moment at absolute zero as calculated by Кейег 
comes out to be, for а fcc lattice, 


(Ао?) Ez (3gusM ,/S ЭР 


We note that the second moment vanishes if we let 
5-эсо while keeping M, constant. The попуаш hing х 
the second. moment is therefore а quantum effect, 8 


10 N. Bloembergen, Phys. Rev. 78, 572 (1950). 
u Ту, W. Healy, Jr., Phys. Rev. 86, 1009 (1952). 66 (1950- 
2 T. H. Van Vleck, Phys. Rev. 74, 1168 (1948); 78, 2 51052, 
з EF, Keffer, thesis, University of California, 1897 87 йг 
pp. 40-59; Phys. Rev. 88, 686 (1952). Keffer has 838 е. гре 
that the width in the paramagnetic region (T> Т) Ec later 
same conditions 18 increased by the factor 10/3, a resu 
obtained by P. W. Anderson independently. 


(19) 
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expected from our earlier discussion of the fluctuating 
transverse demagnetizing fields associated with the 
zero-point spin waves. 

Except for the numerical constant and the depend- 
ence on the spin quantum number S, Eq. (19) has the 
same form as the usual Van Vleck expression for the 
second moment of the resonance line in a paramagnetic 
salt, and we may expect just as in the paramagnetic 
case to find that Eq. (19) is not by itself a good index 
to the apparent width of the resonance, as the fourth 
moments in both the paramagnetic and the absolute- 
zero ferromagnetic calculations involve J?. The general 
effect of the exchange interaction may be interpreted 
qualitatively following Van Vleck and Gorter as leading 
to a motional narrowing of the resonance line. The 
concept is useful, but probably not rigorous. The ap- 
parent line width due to spin-spin relaxation is given 
qualitatively on this empirical analogy by 


hAw~ (Ао) | A o)s/J 1, (20) 


where (Ac)4 is the dipolar width which would obtain in 
the absence of the exchange interaction. The effect of 
exchange is to reduce the width in the ratio A(Ac)s/J. 
Waiting the pseudo-dipolar interaction energy between 
two atoms as C we have 


hho~C2/JS. (21) 


Estimating C~3cm™ and J~100 cm“, we see that the 
line width may very reasonably be of the order of 
0.1 cm, corresponding to a spin-spin relaxation time 
of the order of 10-? second at 0°К. This is the proper 
order of magnitude. 

We have thus made our basic assumption 7арш-арїш 
< Tspin-lattiee for T/T «3 seem plausible. We can ac- 
count for a spin-spin relaxation time of the order of 
10-? second, which is shorter than the room tempera- 
ture spin-lattice time (== 10-7 sec). We suppose then in 
what follows that for the purpose of calculating spin- 
lattice relaxation times we may assume the spin system 
to be effectively in thermal equilibrium. 

The calculation of spin-lattice relaxation times at 
various temperatures under the assumption that the 
spins are in thermal equilibrium has carried out by 
Abrahams." The calculation is not too unlike one which 
Akhieser carried out for another purpose, but Abrahams 
uses the realistic interaction given in Eqs. (4) and (17), 
while Akhieser used the magnetic dipolar interaction 
which is known to be 10 to 100 times too small. Abra- 
hams applied the general method discussed above as 
it lends itself easily to the use of the phenomenological 
interaction, while Akhieser used an extension of the 
Holstein-Primakoff method. 5 It would be quite pos- 
sible, however, to apply the Holstein-Primakoff method 
witk а pseudo-dipolar interaction. 

It turns out from the calculations of Abrahams that 

M Elihu Abrahams, thesis, University of California, Berkeley, 


1952; E. Abrahams and C. Kittel, Phys. Rev. 88, 1200 (1952). 
1+ 7. Holstein and Н. Primakoff, Phys. Rev. 58, 12 (1940). 
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the terms of greatest importance in Eq. (17) are those 
describing the scattering of a spin-wave with the emis- 
sion or absorption of a phonon. The effective part of 
the interaction Hamiltonian then consists of a phonon 
emission term 


Hine >) Бк*а,а,* (К), (22) 
K.k 


plus a phonon absorption term 
Rinta 2, Бкаа„*](К), (23) 
K,k 


with the condition 


k'=k+K 22 


applying in both cases. Неге f(K) denotes а function 
of K. 

The net number of collisions for unit time which 
transfer energy to the lattice is given by the kinetic 
equation, where e denotes the energy, 


2c 
Wen — У [| Hint*|?— | Hino]? ]6(ек- вр вы). (25) 
h K.k 


Now the matrix elements of the creation and destruc- 
tion operators are simply expressible in terms of the 
occupation numbers Vx, m, nw, so that Eq. (25) 
assumes the form 


2r 
Шоц — У |К) PEN mue 1) 
h K.k 


= (№Мк- 1) (ni Пик ]8(єк-- (3 ний €x"). (26) 


We now define а spin temperature 7, and a lattice 
temperature Ту. This permits us to express the occup-a 
tion numbers in terms of the Bose-Einstein factors 
appropriate to the two temperatures. We proceed from 
Eq. (26) to calculate the net rate of energy transfer Q 
between the two systems. The result of the calculation 
15 that 


АЛАТ = (=) 


Т? (28) 2pk \2A 


(=) res 5, Qn 


8EB 
where, writing c for the sound velocity, 
= (hc M ,/2gunART; 


£=2(gus/hc)(AH/M.,), (28) 
and ч 
с ems вет ceu 
Ку, = f м. 
( o coshyx—1 еее —1 | 


where а= (х— 1/4. The integral must be evaluated 
numerically. 3 


- „АА ТЭ” 


ssuming that the temperature difference АТ-- 
„— T, decays exponentially, the spin-lattice relaxation 
me т is defined by 

1 


d 
—AT- —-AT. 
di T 


‘In terms of the rate of energy transfer Q and the heat 
capacities C,, Ci of the spin and lattice system, we find 
Жс АТ 
E т=— : (30) 
КЕ. ©[(1/С„)+ (1/С91 
ү We can estimate both C, and C; as a function of tem- 
= perature, so that with Eq. (27) for Q we can determine r. 
— — Tn this way Abrahams calculates for nickel, at 300°K, 
т=6Х 10-7 sec; at 3 К, r=5X10~ sec; at 1°K, т=1 
sec. The spin-lattice estimates reported here do not 
include the effect of relaxation by coupling with the 

conduction electrons. At low temperatures in metals 
we might expect this process to be important, and the 
— relevant calculations are underway. In ferrites, however, 
the present estimates should be valid. There are at 
3 esent no direct experimental measurements available 
- for the spin-lattice relaxation time, although the line 
th measurements by Bloembergen? may be inter- 
ted as suggesting that at high temperatures spin- 
lattice relaxation makes an appreciable contribution to 
ine width, so that the spin-lattice time well above 
yom temperature may perhaps drop to 10-8 to 1077 sec. 
1 important question not yet fully solved is the 
retation of several reorientation experiments 
5 it had originally been thought measured the spin- 

- Jattice relaxation time. Galt!* has deduced a spin-lattice 
relaxation frequency of 3X108 sec! in magnetite at 
room temperature from measurements of the velocity 
opagation of a domain wall.” Bloembergen and 
n? deduce a spin-lattice time of 3X 10-8 sec for 
ckel ferrite at room temperature, while a similar value 
s found in manganese zinc ferrite. These values are 
btained from ingenious microwave saturation measure- 


(29) 


5 1, К. Galt, Phys. Rev. 85, 664 (1952). 
И The connection is derived by Г. Landau and E. Lifshitz, 
k. Z. Sowjetunion 8, 153 (1935); C. Kittel, Phys. Rev. 80, 


‚ Bloembergen and Shyh Wang, Phys. Rev. 87, 392 
ording to a private communication from Bloembergen, 
should be reduced by a facter of 47. 


^ х 


О, Naval Research Laboratory, Washing- 
: Did you consider in your calculations the 
talline imperfections on the line width? 
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ments using intense rf fields, of the order of 40 oerste | 
ads, 


.It has been suggested to the authors by M. H. Cohen 


and independently by P. W . Anderson that, as і 

Waller’s calculations, experiments of these types m x 
ure essentially (to within a numerical factor) the a 
relaxation time as determines the line width. In bred 
one argues that when the spins have come into equilib- 
rium with each other in the time 7, they will also have 
come into equilibrium in the external field. The orn 
esses which mix the spin wave states must give rise 
to angular momentum exchange with the specimen as 
a whole, thereby allowing the spin system to change 
its orientation with respect to an external field in а 
time of the order of 7,. It may be expected that this 
question will shortly be resolved experimentally by low 
temperature measurements. At room temperature the 
reorientation time appears experimentally to be quite 
close to the time associated with the line width, in 
approximate agreement with the “опе time?" viewpoint. 

The over-all picture given here of relaxation processes 
in common ferromagnetic substances suggests that, to 
within an order of magnitude at least, line widths (in 
single crystals) at 0°K will be roughly equal to line 
widths at temperatures as high as one-half the Curie 
temperature,? the spin-spin relaxation process being 
dominant and having values in the range 107? to 107% 
sec. At higher temperatures the spin-spin time may 
decrease, and the spin-lattice time will also decrease, 
perhaps in some cases sufficiently to dominate the line 
width near the Curie point, although calculations valid 
in this region have not been carried out. The reorienta- 
tion time is thought to be approximately equivalent to 
the time associated with the line width. The spin-lattice 
time in ferrites is expected to become very long at low 
temperatures, of the order of one sec at 1°K, but will 
appear directly only in thermal measurements. 

In conclusion we wish to express our thanks to Pro- 
fessor J. М. Luttinger and Professor Е. Keffer for their 
collaboration on this problem, and for permission to 
refer to work of theirs unpublished at the time of 
writing. We are indebted to Professor J. H. Van Vleck 
for discussions of various aspects of the problem. This 
work has been supported in part by the U. S. Office of 
Naval Research. : 

19 There is no reason to exclude width changes by а factor of two 


Or so such as are reported in a nickel ferrite single crystal by D. Wk- 
Healy, Jr., Phys. Rev. 86, 1009 (1952). 


DISCUSSION 


example, broadened the line in Supermalloy by delibe 
ate cold working. In the rather carefully selected PM 
mens usually employed in resonance experiments шэн 
not think that the width is caused by imperiect е 
The general agreement of the order of magnitude E 2 
line widths over а wide range of substances 18 perhap 
evidence for this statement. 
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The spin-lattice relaxation time, Tı, has-been determined in single crystals of nickel ferrite, by using the 
” ferromagnetic resonance effect at а frequency of 9000 Mc/sec. At high levels of microwave power, the 
saturation effect is observed both in the resonance absorption and in the component of magnetization along 

the static field. T, is computed from these data. 

The experimental method is described, and the results presented. Some of the results have not been en- 
countered before in magnetic resonance, and are not predicted by available theories. Because of this, the 
relaxation time cannot be calculated from the classical theory of the magnetic resonance. By equating the 
energy absorbed to the energy transferred to the lattice, we obtain a value T1733 10-5 sec. This is longer 
than the decay time observed directly, which is less than a few tenths of a microsecond. The results are 


1953 


compared with available theories of the magnetic resonance and spin-lattice interaction. 


I. INTRODUCTION 


ЇГ understanding the magnetic properties of solids, it 
is important to have information concerning the 
interaction between the system of spins, to which the 
magnetic properties are attributed, and the crystal 
lattice. In nuclear and paramagnetic systems, the spin- 
lattice coupling has been investigated by means of the 
magnetic resonance phenomenon. ? According to Bloch’s 
theory,’ the transfer of energy from the electronic spin 
system to the crystal lattice can be described by the 
spin-lattice relaxation time, Т}, which is the character- 
istic time in which the spin system, when disturbed, 
returns to equilibrium with the lattice. We have ob- 
served the saturation effect in the ferromagnetic re- 
sonance absorption, analogous to measurements by 
which T, has been determined in other systems.!:? In 
addition, the change in the component of magnetization 
along the static field has been observed.* Both methods 
are applied to determining the spin-lattice relaxation 
time in a crystal of nickel ferrite. 

For a ferromagnetic material in an externally applied 
field Н „= Het, Н,Х"--0, Н,е*= Но, the classical 
steady-state solution for the х and у components of 
magnetization 155,6 


м [HE (Ny—-N.)M Н, 
М.= , (1а) 


wo — 024-120] Т» 
yM [iw+1/T:]H: 


HJ 
(9 — о2--120/Т:» 


* This work was supported jointly by the Navy Department 
(U. S. Office of Naval Research), the Signal Corps of the U. S. 
Army, and the U. S. Air Force, under U. S. Office of Naval Re- 
search Contract N5ori-76, T.O. 1. 

t Now at General Electric Research Laboratory, The Knolls, 
Schenectady, New York. + 

1 ей, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 

2 Е. м. Purcell and C. P. ваа Кеу. 76, 466 (1949). 

3 F. Bloch, Phys. Rev. 70, 460 (1946). Ё, Е 

«№ Bloembergen and R. W. Damon, Phys. Rev. 85, 699 (1952). 

5 C. Kittel, Phys. Rev. 71, 270 (1947); 73, 155 (1948). 

* N. Bloembergen, Phys. Rev. 78, 572 (1950). 


(1b) 


V 


eo =y [HoH (N — N 2M] 
X[DHot-(V,—N2MZH-1/Tz. (1с) 


The quantities N+, V,, and У, are demagnetizing factors 
for an ellipsoidal sample, and y is the gyromagnetic 
ratio. The width of the resonance is described by Т». We 
have neglected anisotropy effects and terms due to the 
inhomogeneous distribution of magnetization. In the 
low power resonance experiment, the former changes 
the value of w,5 and may have other effects in the 
saturation region. Neglecting high frequency compo- 
nents, and assuming a spherical sample (М,=М,=М,), 
we find the time-average value of the z component of 
magnetization 15° 
wo? tw? -1 

м.м нет) . (2) 


4024 Т 22(002— w?)? 


The -ferromagnetic resonance experiment is usually 
performed at low levels of microwave power with 
7НРТ1Г.<«1, so М.= Mo in (1) and (2). From measure- 
ments under these conditions 7: can be determined from 
the relation T2=1/yAH, where AH is the half-line- 
width of the resonance line. In the present experiment, 
we utilize the saturation effect resulting from the term 
in H,? as a means of determining 7, and this approxi- 
mation will not be made. 

From (1) and (2), two methods of determining 7 
are apparent. The first utilizes the variation in М, asa 
function of Hj, measured by observing the decrease 
in relative power absorbed as the microwave field- 
strength is increased. The quantity measured is the 
imaginary part of the complex permeability, и”, de- 
fined by 

p y! —iy" —1-4-4zM Z/ Hi. (3) 
Combining (1a), (2), and (3), and assuming a spherical 
sample, we obtain 
ЗтоТ»ү?Н oM. 0 


и”= . (4) 
twt Tlw — o) E3Y'H PTT (wo? o?) e 
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At resonance, 
(u"/ uo) res (1-2 H PTS T3) 7, (5) 


where иу”--2т Tyy?HoM o/o is the value of p" at re- 
sonance with no saturation. From measurements of 
(u"/ uo") vs Hy, with a knowledge of Т» from line- 
width data, T, can be determined. 

The second method is'the more direct one of meas- 
uring M ,/ M» аз a function of Ну. This satisfies the same 
relation 


QL/M)s m (x HenT)*, ©) 


and Т, should be obtainable alternatively in this way. 

To interpret the experiment, the transient solutions 
of the equation of motion are also of interest. In the 
case when the microwave field is suddenly turned off 
the definition of T, implies an exponential return of 
magnetization to equilibrium, M;— Мо; the time con- 


stant for the process is Ту. The case when the micro-_ 


wave field is suddenly turned on is more difficult to 
interpret because of induced transitions. The anisot- 
ropy and demagnetizing terms lead to a nonlinear 
equation of motion, but in spherical samples, the de- 
magnetizing terms cancel. Some possible effects of 
anisotropy in ferromagnetic saturation have recently 
been discussed by Bloembergen and Wang.” 


П. EXPERIMENTAL METHOD 
Measurement of и” 


To determine Т, by measurements of p" as a func- 
бор of Н} the sample is placed in a microwave cavity 
at a point of high microwave magnetic field, and и” is 
calculated from the change in the power dissipated in 
7 the cavity. By use of the perturbation theory for 
cavities, the relation 


т ”-- 
и = 


0.’ 0. , (7a) 
is obtained. Here v is the volume of the sample, Qu is 


the unloaded Q of the empty cavity, and О„/ that under 
- the conditions for which м” is to be measured. The 


="( 1 1 


0 


IRIS 


CAVITY 


SAMPLE 


IROAD- 51 VIEW NARROW-SIDE Vi 


atic cavity construction for measurement of и” along 
: different crystal axes. 


Shyh Wang, Phys. Rev. 87, 392 (1952). 
ys. Rev. 36, 1009 (1952). 
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quantity 14; is a geometrical factor defined as 


1 
m=— | (H/H,)dr, (8) 


ir Cum 


where V, is the cavity volume, H is the rf magneti 
field amplitude in the cavity, and H is the value " 
H at the sample position. In the rectangular GM 
used, operated in a ГЕло» mode, «s — (У./32т)(А,/ҳ)° S 
The various Q's for the empty cavity were determined 
by measurements of band width? and the cavity con- 
ductance at resonance.!? With this information, w” can 
be determined from the cavity reflection coefficient, T 
which was measured in terms of incident and reflected 
power for the cavity, | Г| =(P,/P;)}. The result, in the 
case of an undercoupled cavity,'° follows from (7) as 


Smur14-|T | 
p= | a 
Qo L1— |T| 


where Q,— Q,G is the external О, and С is the resonant 
conductance of the empty cavity. 

The microwave field strength is determined from the 
cavity parameters and a power measurement as 


Н?= (Q,P./ eu) (1/| Г | = 1 (19) 


Measurement of М, 


(9) 


The other method used to determine the spin-lattice 
relaxation time involves a measurement of the z com- 
ponent of magnetization as a function of the microwave 
magnetic field strength. The principle of this novel 
method ‘is as follows. If the sample is in a static field 
only, the magnetization is Mo. Applying a microwave 
field of resonant frequency will change the z component 
of magnetization to М», given by (6). This change will 
occur in a time determined by the relaxation processes, 
and the changing induction will induce a voltage 
proportional to Mo— М. ша coil of wire near the sample. 
By measuring the induced voltage, M, is determined 
as a function of microwave magnetic field strength. 
With knowledge of Т» from line-width data, the spin- 
lattice relaxation time can be calculated from (6). 

The induced voltage will also depend on the rate 
at which the magnetization approaches equilibrium. 
Since induced transitions complicate the response when 
the microwave field is turned on, the pulse obtained 
when the field is turned off appears to be most suitable 
for the measurements. It must be remembered, how- 
ever, that the build-up and decay of Hj? has the time 
constant Qz/«, where Ог is the loaded О of the cavity. 
If this time is long, it will be the controlling factor for 
either the magnetization build-up or decay. The о 
О also depends on и”, and thus on Hr’, so this will T 
yield a constant decay time. No attempt was mace 
correct for this effect. 
РЕК remenis 


°С. С. Montgomery, Technique of Microwave Measu 


(McGraw-Hill Book Company, Inc., New Уогк, 1947), p- 399 
10 See reference 9, Chapter 5. 
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Experimental Equipment 


Two microwave cavities were used in the experiments. 
The first was the rectangular cavity shown in Fig. 1, 
used only for measurements of 87.1 This cavity was 
two wavelengths long, coupled to the wave guide by an 
inductive iris. The sample is located in the center of the 
cavity end-wall, which is a region of maximum micro- 
wave magnetic field and of zero electric field. It is 
mounted on a cylindrical post, which can be rotated 
to change the orientation of the crystallographic axes 
of the sample with respect to the static field. 

To observe the change in z component of magnetiza- 
tion, the sample is placed in another microwave cavity, 
shown in Fig. 2. This second cavity is also rectangular. 
The sample is located on the top of the cavity, one- 
half wavelength from the cavity end-wall, at a point 
of high microwave magnetic field. The pick-up coil is 
placed outside the cavity, behind a wall of the cavity 
which is a metalized sheet, thin enough to transmit the 
signal due to the change in magnetization. In order to 
maintain a high cavity Q, the wall must also be thick 
compared to the skin depth at microwave frequencies. 
Both requirements can be met by using wall thicknesses 
of a, few microns. 

А block diagram of the equipment is shown in Fig. 3. 
The cavity is connected to one side-arm of a magic-tee, 
and a matched load to the other side-arm. The output 
of the magic-tee is then $P,. The input power to the 
magic-tee is from a 9000-Mc/sec magnetron oscillator, 
which delivers one-microsecond pulses with a peak 
power of 50 kilowatts. 

Because of transient effects, due to ringing of the 
cavity and frequency variations of the magnetron at the 
start and end of the pulse, the reflected power is not 
constant throughout the pulse. This makes it inaccurate 
to use any of the standard power-measuring techniques 
that measure average power. To measure the steady- 
state reflected power, the output of the magic-tee is 
detected with a crystal and the envelope observed on an 
oscilloscope. In this way the center of the pulse, where 
steady-state conditions exist, can be observed. 

The crystal and oscilloscope are calibrated for power 
measurements by replacing the cavity by a shorting 
plunger and measuring the power incident on the magic- 
tee with the calibrated directional coupler and ther- 
mistor bridge. The steady-state power reflected from 
the cavity can henceforth be determined from the 
attenuation required to reduce the reflected power to 
a reference scope deflection. 

A measurement of the cavity reflection coefficient, 
ЇГ|, is necessary in the determination of both the 
microwave field strength and the sample permeability, 
according to (9) and (10). To make this measurement, 
attenuator No. 3 was set to give roughly the desired 
value of H,? according to (10), and attenuator No. 1 


t The author is indebted to D. W. Healy, Jr., for the use of this 
cavity. 


Fic. 2. Schematic cavity construction for measurement of change 
in 2 component of magnetization. 


was used to set the incident power to the value which 
brings the scope deflection to the reference level, with 
the static field off. At the desired value of static field, 
attenuator No. 2 was adjusted to bring the crystal 
output back to the reference level, thus measuring only 
an increment in power, and from the three attenuator 
settings and the crystal calibration the quantities | Г], 
P,, Нр, and p were calculated. In plotting the р“ data, 
all values were normalized by dividing by шу”, the 
permeability at resonance with no saturation. 

For resonance-curve measurements, with varying 
static field, it would be desirable to maintain constant 
values of H, over a particular run. Owing to the 
complex dependence of H3? on p”, this was not possible 
by the method used. Instead, the resonance curves were 
taken at constant reflected power, and и” and Н? 
were calculated for each point. By use of the saturation 
curves of u vs Hy? at the resonant value of static field, 
these were then corrected to a constant value of H 12 
chosen as the value of Н{? obtained at resonance. This 
procedure probably leads to a slight broadening of the 
curves, since H, varied by as much as a factor of two 
over some resonance curves, but this is probably not 
within the limits of accuracy of the experiment. 

For measurements of M., the output voltage of the 
pick-up coil is connected through a video attenuator 
to the video amplifier and pulse-stretcher.? The ap- 
proximate wave shape at various points in the detecting 
system is shown in Fig. 4. 

The output of the pulse-stretcher is fed through a 
cathode-follower into the lock-in detector. The lock-in 
reference signal is the sine-wave output of the synchro- 
scope oscillator. Thus the lock-in detector is sensitive 
only to the fundamental frequency of the voltage 
induced in the pick-up coil. Because of the rectifier in the: 
pulse-stretcher, the detecting system is nonlinear. For 


п W. C. Elmore and M. L. Sands, Electronics, Experimental 
Techniques (McGraw-Hill Book Company, Inc., New York, 1949), 


p. 3-49. 

Р Radio Research Laboratory Staff, Very-High-Frequency 
Se (McGraw-Hill Book Company, Inc., New York, 
1947), p. 981. 4 vt 
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.3. Block diagram of equipment used for measuring both м” 
M, as functions of static and rf magnetic field strengths. 
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‘small signals, the system was calibrated with the 
) attenuator. For larger signals, the signal was 
enuated to a reference level, and measured by the 
unt of video attenuation required. The saturation 
curves for М, were normalized by fitting the output 
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In choosing a material to be studied, it 
the ferrites would be particularly зориг үп, 
experiment because of their low conductivity mud Es 
concomitantly large skin depth. Thus, samples of re Sr 
able size could be used, with the field remaining unio 
over the sample. Another advantage is that use of Но 
materials practically eliminates the conduction ici 
trons from consideration as a mechanism for the E 
tion process, and so simplifies the theoretical PSU 

Single crystals of nickel ferrite were used.!! These we. : 
made spherical in shape in order to have the dd 
magnetizing field cancel the Lorentz local field. In he 
case the local field acting on a spin is equal to the ficld | 
with по sample present. The samples had a diameter of | 
about 0.5mm, and were oriented by x-ray back- 
reflection techniques. 
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Fic. 5. Dependence of и” on static field, with Hj? as parameter. 
Sample 6, oriented with static field along [111] axis. 


Ш. EXPERIMENTAL RESULTS 
Results for Sample 6 


Sample 6 was a good single crystal of NiO-F €203 as 
determined by x-ray techniques. All data on this sample 
were taken with the static field along the [111] axis, 
which is the direction of easy magnetization.*™ In 
Fig. 5, a set of resonance curves is shown. As previously 
discussed, each curve was taken with constant i 
flected power, and corrected to the given value of Hr. 
The curves drawn were calculated from (4) by ob- 
taining Т» from the width of the lowest power 16: 
sonance curve and using the peak height to determine 
the value of 23? T3T5. 

Figure 6 shows the z component 
as a. function of static field strength. 
classical theory, М, should show the same геш 
behavior as p”. It is found that although M Я пае 
rapidly above the resonant value of static field, Ё 
is а wide low field region where the change 12 mag: 3 
netization is even larger than that at resonance. ла 

It тау be remarked here that there was some n hi 
tion in the experiments of an increase 301 p. ON saad 
e were supplied through the courtesy of the Bell Tee 


и. and Wood, Phys. Rev- 80, 744 (19: ju 


of magnetization 
According to the 


2 


eter. 
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region of low static field at intermediate levels of 
microwave field strength; at higher power levels, this 
appeared to decrease again. This is noticeable in Figs. 5 
and 8, and such an energy absorption is of course 
necessary to change M., but no quantitative measure- 
ments were obtained. 

The most significant result of these measurements is 
that the values of microwave field required to change 
the z component of magnetization are considerably 
greater than the field strength which saturates the 
absorption line. Figure 7 shows the maximum absorp- 
tion and the minimum z component of magnetization as 
a function of the microwave field strength. The values 
of И? required for half-saturation in the two cases are 
seen to differ by about a factor of 100.4 
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Fic. 6. Dependence of M; on static field, with Нл? as parameter. 
Sample 6, with static field along [111] axis. 


Experiments to Prove that Pick-Up Signal 
is Due to M, 


In view of the unexpected results obtained for the 
z component of magnetization, several simple experi- 
ments were performed to prove that the signal obtained 
is really due to the sample, and not to some spurious 
effect. The most convincing of these is that the output 
of the video amplifier as observed on the oscilloscope 
has the form shown in Fig. 4, and when the static field 
is reversed, thereby changing the sign of М., these 
pulses also change sign. 

There is still some question as to whether the change 
in magnetization is due to true saturation of the spin 
system, the lattice remaining at constant temperature, 
or is simply due to heating the sample to the Curie 
point. Rough calculations indicate that during each 
pulse the temperature rise would be small, causing no 
appreciable change in magnetization; the time constant 
of the observed signal also is too short to be caused by 
thermal effects. This was further checked by setting Hy 
to the region where p” or M changes most rapidly and 
varying the repetition rate of the magnetron modulator 


{| This factor is even larger on the basis of Wang’s calibration. 
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Fic. 7. и” and М, as functions of ДП, at a fixed value of static 
field strength. Sample 6, with static field along [111] axis. Two 
successive runs for и” are shown. The curves are calculated from 
(5) and (6), and may be moved along the abscissa for best fit. (See 
reference §.) 


from 50 to 2000 pps. No measurable change in either p” 
or M, was observed. 


Results for Sample 7 


Since sample 6 did not behave at all as expected, data 
were taken on a second sample. The width of the 
absorption line for sample 6 indicated that it was not a 
very good sample. Sample 7 had been extensively in- 
vestigated by Healy in the low power resonance and 
appeared to be satisfactory. The results are shown in 
Figs. 8-10. For this sample there is а very definite 
minimum in the magnetization at about the resonant 
value of static field, but a large change also occurs at 
lower fields, just as for the first sample. The great differ- 
ence between p” and М. in the microwave field required 
for saturation also persists. The saturation values of H 
are about the same as for sample 6. 

Up to this point, all data on the z component of 
magnetization are observations of the rear peak, occur- 
ring when the microwave field is turned off at the end 
of a pulse. As discussed before, the relaxation time for 
this decay should be Тү, whereas the apparent relaxa- 
tion time for the front peak depends on the microwave 
field strength. Data were also taken on the front peak, 
but no appreciable difference was observed in either 
the spectrum or the field required for saturation. 
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i Fic. 9. Dependence of М, on static field, with H 1? as parameter. 
4 Sample 7 —— static field along [1 101 axis; — — — static field along 
[100] axis. 


Rotating the sample indicated that there is no basic 
dependence of the relaxation effects on crystallographic 
orientation. An example is shown in Fig. 9, for М, vs 
static field. Note that the difference in static field 
between the two М. minima is essentially constant, 
while the field required for resonance has changed by 
more than 300 oersteds. The orientation of the sample 
also had no effect on the dependence on microwave 
field strength, as shown in Fig. 10, and the absorption 
line, except for а shift of resonance field strength, was 
unchanged. 

"Го find the effect of crystalline imperfections, sample 
7 was heated to about 1000°C in air for five minutes 
and quenched in water. Subsequent measurements 
showed that the absorption line was broadened con- 
siderably. The unsaturated peak value was also reduced 
in about the same proportion, so the area under the 
curve remained approximately unchanged. The change 
jn M, at the resonant field was decreased, but the 
microwave field strength required for saturation was 
unchanged. This indicates that the wide absorption 
line and the large low field change in M; are both due 
at least in part to sample imperfections. 


Calculation of Т, 


“| The experimental results make it apparent that the 
ssical theory cannot be used directly to calculate the 
pin-lattice relaxation time. We can, instead, apply a 
more basic method of equating the power absorbed by 

sample to the power transferred to the lattice in the 
eady state. At a microwave frequency, v, the power 
bsorbed by the spin system, per unit volume, is 
?y and the power transferred to the lattice is of 
г AM (Hot aMo)/Ti,- where «Мо is the Weiss 
ar field. If we take aMo~3X10° for nickel 
nd po’ =35,88 we find T17-3X 10-5sec.** The 


indebted to Dr. Shyh Wang for discussion on 

should also be noted that on the basis 
02-31076 sec, and is still longer 

servation of the decay. 
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decay time observed on an oscilloscope, as in Fi 

sets an upper limit to the value of Ti. This ацан 3 
only a few tenths of a microsecond, most of Wh 
attributable to the time constants of the apparatus n 
thus appears that use of the Weiss molecular field : 
unjustified in this calculation, and the effective igen 
field, during the times involved in the Spp M 
relaxation, is only a small fraction of the Weiss field, | 


IV. DISCUSSION 


The experimental results obtained are not expected 
on the basis of the classical equations presented, and it 
does not appear that a more exact solution of the equa- 
tion of motion would lead to significantly different 
results. Other classical equations of motion have been 
proposed,’ differing in the form of damping used. These 
damping terms are based on the assumption that the 
total magnetization is a constant of the motion, and 
at low power levels give an absorption line-shape in- 
distinguishable from that obtained with the Bloch 
damping terms.? However, our results strongly indicate 
that the total magnetization is not a constant of the 
motion. This is shown by the expression for the total 
magnetization at resonance, М 2= (W Hy/Am)- М2, 
which is found to decrease as the rf power level is 
increased. The classical results have also been derived 
in various ways from quantum-mechanical prin- 
ciples,“ =" and Van V leck" suggests contributions to 
the line-width which do not preserve the constancy of 
magnetization. These results, however, are all limited 
to the case of small changes in the z component of 
magnetization, and thus are probably not applicable to 
the present experiment. 

The М. spectrum observed can perhaps be explained 
by a breakdown of the selection rules for the transitions 
induced by the microwave magnetic field. This effect 1s 
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Fic. 10. p" and М. as functions of Hy, 
static field strength. Sample 7. eA static field along 
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The curves are calculated from (5) and (6), and may 
along the abscissa for best fit. (See reference $. 
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apparently dependent on the microwave power level, 
since a corresponding energy absorption has not been 
observed in measurements at low power. Van Vleck has 
suggested a mechanism for the breakdown of the 
selection rule for the x component of magnetization, 
based on dipolar coupling when the atoms are not all 
similarly situated. He suggests that some transitions, 
involving relatively small changes in exchange energy, 
will appear as wings on the resonance curve, and points 
out that anisotropic exchange coupling may be strong 
enough to make this effect significant. The effect of 
quenching lends support to this idea. 

In the classical equations of motion, the relaxation 
times, Tı and Т», were introduced phenomenologically, 
with no attempt to estimate their magnitude or to in- 
quire into their causes. The theory of the relaxation 
times in ferromagnetic materials has been treated by 
Van Vleck" and by Akhieser. Van Vleck considers 
the contributions to the line-width due to spin-spin 
interaction. This is restricted to the case of small 
excitation, and will not be considered further. 

Akhieser has treated relaxation times by making 
use of the spin-wave model, with the annihilation and 
creation of spin waves as the mechanism for the spin- 
spin and spin-lattice interactions. This occurs through 
the interaction of the spin waves with one another or 
with the normal modes of the lattice. Akhieser's results, 
unfortunately, are valid only at low temperatures, and 
cannot rigorously be applied to our room temperature 
data. Polder!® has criticized Akhieser's calculation, 


18 A. Akhieser, J. Phys. USSR 10, 217 (1948). 
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stating that because of the selection rule for spin waves, 
one should consider only spin waves of long wavelength, 
rather than the entire spin-wave band. He finds that 
this leads to much longer spin-lattice relaxation times. 

Akhieser's value of spin-spin relaxation time agrees 
quite well with the measured line-width, giving a time 
of 107? sec, but it must be emphasized that the tem- 
perature dependence of the line-width? is not explained. 
Extrapolation of Akhieser's results for the spin-lattice 
relaxation time to room temperature gives a time much 
shorter than we obtain. The extrapolation is so large, 
however, that the comparison is probably of little use. 
Akhieser's remark that the spin system reaches equi- 
librium in a time short compared to the spin-lattice 
relaxation time only at very low temperatures is a 
possible explanation of the discrepancy between the 
relaxation times obtained by energy absorption methods 
and by direct observation. 
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VIEWS OF MODERN PHYSICS 


I. INTRODUCTION 


А“ of the experimental arrangements which have 
so far been used to measure gyromagnetic ratios 
КОО by the rotation-by-magnetization method have had 
К» certain features in common. The specimen has in all 
= cases been a delicately suspended rod mounted on the 
E . . common axis of one or more vertical solenoids. The ex- 
perimental procedures, on the other hand, have been 
various. The first to be tried, though not the first to 
yield publishable results, was the ballistic, that in 
which the reaction of the rod to the change in internal 
angular momentum, consequent to a sudden change in 
its magnetization, is measured by the angular throw 
of the rod against the tortion of its suspension. Àn in- 
vestigation of this kind was started by Richardson! at 
_ Princeton in 1908, the same year in which he predicted, 
оп the basis of the electron theory, the existence of the 
gyromagnetic effect and derived a value for the gyro- 
- magnetic ratio. This line of work was continued at 
- Princeton for ten years and culminated in the accurate 
“measurements of gyromagnetic ratios made by J. Q. 
_ Stewart? in 1918. This was five years after Richardson 
а4 returned to England. The work had been continued 
inder the direction of the late H. L. Cooke. 
‘In the meantime (1915) Einstein and de Haas? had 
erified Richardson's prediction and had measured 
zyromagnetic ratios. (The same feat was performed in 
the same year by S. J. Barnett by the converse mag- 
etization-by-rotation method with which we are not 
re concerned.) Einstein and de Haas employed a 
mance method in which the magnetizing field was 
periodic and tuned to the natural frequency of the rod 


E а па its suspension. Values of the ratio were deduced 
“| Бош the amplitude of the vibration and other relevant 
ions of the system. 
Ч experimental procedure has been devised and 
ected more recently by Chattock, Sucksmith and 
es.+5 As in the Einstein-de Haas method the mag- 
ig field is periodic, but the torque on the rod 
from the gyromagnetic effect is countered by 
and opposite torque derived from the varying 


"his work was supported by the Bureau of Ordnance, U. S. 
Contract NOrd-7873 at the University of Virginia. 
Richardson, Phys. Rev. 26, 248 (1908). 
Phys. Rev. 11, 100 (1918). 
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field of the magnetized rod. It is a beautiful and їп 
geneous technique capable of precise measurements 2 
its inventors have amply demonstrated. 

'There have, thus, been three ways in which the rod 
and filament experiment has been carried out—the 
ballistic method used by Stewart; the Einstein and de 
Haas resonance method; and the null method of 
Chattock, Sucksmith, and Bates. It is probable that 
variations on the rod and fiber theme have been ex- 
hausted, but by making some rather drastic alterations 
in the experimental arrangement, yet another way of 
measuring gyromagnetic ratios emerges. It is this new 
variation which is the subject of this communication. 


П. THE NEW EXPERIMENTAL ARRANGEMENT 


In the new arrangement the rod is replaced by a 
sphere, mechanical suspension is replaced by tortionless 
magnetic suspension, and solenoids of the usual kind 
are replaced by a pair of air-cored electromagnets 
mounted on a common vertical axis. The point of 
suspension, which is in vacuum, is at the center of 
symmetry of this pair of coils, as shown schematically 
in Fig. 1. Lateral stability is provided over a wide range 
of operating conditions by the form of the field. Longi- 
tudinal quasi stability is achieved by automatic control 
of the current in the upper coil. This is the rectified 
output of a rather elaborate vacuum tube circuit 
(Fig. 4) which operates at radio frequency. The control 
is in accordance with signals received in the circuit 
from a small pick-up coil located a short distance below 
the sphere with which it has a loose variable inductive 
coupling. This servomechanism was devised some years 
ago by one of us and his students® and has been de- 
veloped to a high degree of dependability. 

The weight mg of the magnetically suspended sphere 
is balanced by the upward force exerted on it by 0 
field. This, to an exceedingly close approximation, © 
M (dH/dz) = MH', the dipole magnetic moment 9 s 
sphere multiplied by the gradient of the magnetic ле 
intensity H at its center: 


MH'-mg. 


The coil system is ‘symmetrical with respect i: 
horizontal plane through the point of support. 5 
quently, the intensity H and all even dero e P 
are proportional to the sum of the currents 1D. tne 

hys. 17, 887 (1945) 
ETE CPI 
Sci. Instr. 21, 182 (1950). | 


(1) 


>. 
coils, and all odd derivatives are proportional to the 
difference of these currents, 
Н= (1-7), 
H'—h(1—J1, (2) 
e Н”- 8 (7175), etc., 


where J; and J» represent the current densities in the 
upper and lower coils, respectively. The constants № 
can be calculated from the dimensions of the coils and 
their separation. 

By virtue of relations (2) H and H' are capable of 
independent variation. А change in М produced by a 
change іп H can be coordinated with a change in H’ 
which preserves the relation (1) and so leaves the posi- 
tion of the sphere unaltered. The sphere can be taken 
from a state 1 in which its magnetic moment is M1—g/ 
Пү to a state 2 in which its moment is M2=mg/H,! 
while it is held constantly at or near the center. The 
change in magnetic moment, 


(И.М) 9 mg/ (1/ Hy —1/ Hy), (3) 


is accompanied, through the gyromagnetic effect, by a 

proportionate observable change in the angular momen- 

tum of the sphere about its vertical axis. The angular 
| momentum is changed from some initial value Jw, to 
| some final value Гао», where Z(— (2/5)mr*) is the moment 
of inertia of the sphere and тә is its angular velocity. 
The change in angular momentum is 


(2/5)mr?(w2—w1), (4) 


| and this divided Бу the change in magnetic moment (3) 
| is, by definition, the gyromagnetic ratio p of the sub- 
| stance of the sphere, so that 


| p=[2r(w—w:) [Sg/H —1/H/)) (5) 


This is the fundamental equation of the new scheme of 
measurement. 

The evaluation of (5) presents no great experimental 
difficulty. All that need be known about the sphere is its 
| radius. Means must be provided for measuring ас- 
| curately the uniform angular velocities 70: and v», and 
for measuring the currents in the coils at the beginning 
and at the end of the transition. The values of H’ are 
computed from the second of Eqs. (2) rewritten in the 
form 


= 


H'— kN (i—i), (6) 


where 4; and 7, are the currents corresponding to J т and 
Ja, and N is the number of turns per unit area in the 
windings. 


Ш. BEHAVIOR IN DETAIL 


To examine the behavior of the system more closely 
we consider the special case in which the permeability 
of the sphere is infinite. The magnetic moment ac- 
quired by such a sphere in a field of intensity His 


М-гН. (7) 


————— m e 
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Fic. 1. Schematic diagram of experimental apparatus. 


This is only slightly greater than the moment the sphere 
would acquire if its permeability instead of being in- 
finite were merely high, say 10* or as low even as 10. 
The assumption is not, therefore, so very unrealistic. 

Substituting this expression for M into (1) one ob- 
tains 


HH'— (m/r)g— (4x/3)dg, a constant, (8) 


as the field condition for the magnetic suspension of a 
highly permeable sphere of density d. HH’ is a constant 
proportional to the density of the sphere but indepen- 
dent of its size. For iron the constant is 3.23 10*. 
Substituting for Н and Н’ the expressions for these 
quantities given in Eqs. (2) the condition for magnetic ; 
suspension in terms of the current densities in the 1 
two coils is found to be ч 


UU ER n 


271774 
Зайл 


= Je, a constant. (9) 


Jo is the current density in the upper coil when the — | 
sphere is supported by this coil alone. It is the same E 
for spheres of all sizes. Of the two branches of the | 
hyberbolic relationship (9) only one need be consid- ^. 
ered, the natural choice being that for which Jı is Em E 
positive. A central portion of this characteristic в — 
plotted in Fig. 2. The part available for experimental | 
observations is limited, in the first place, by the current- 


carrying capacity of the coils. If J represents the highest 


(Co MS 
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iQ 


a 
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E: 


Fic. 2. Jı, J2 characteristic of magnetically suspended 
sphere of high permeability. 


X 


range in which J; is not greater than J. The coils must, 
of course, be so designed that Jo is definitely less than J. 
“When Ji2J, Jo=+(J?—J¢*)?, and by the first of 


H=h J (J?—Jo?)*). (10) 


e larger of these values of H is the magnetizing in- 
tensity to which the sphere is exposed when at the 
per end of the observational range, and the smaller 

t to which it is exposed when at the lower end. 
“Designating these Нь and Hi, respectively, the range of 
es of Я allowed by the current-carrying capacity is 


Ну-Н:ї-256(/2-72). (13) 


7) the corresponding range of magnetic moment is 


М=М= 2ko t-— Ј0)*. (12) 
change in angular velocity is 
| 305—117 p(M»— М\)/1, (13) 


represents the gyromagnetic ratio of the sphere 
moment of inertia. Writing J= (87/15)d7* 
), the expression for the change in ve- 


15kop 1 
DO E W 2— Je}. 


(14) 


T 


g the same, the change in 
ional to the square 
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of the radius which, as it turns out i : 
on using аз small a sphere as possible. PS 
Equation (14) is an expression for the change ; 
angular velocity which could be produced in 3 a 
finitely permeable sphere if the range of observe 
were limited by the current-carrying capacity of m 
coils alone. There is, however, another limitation. 5 
A necessary condition for observing changes in 
velocity is, naturally, that the sphere remain on the 
axis—that it have lateral stability. There is always some 
part of the characteristic hyperbola (Fig. 2) over which 
this condition is not met. This may overlap the other- 
wise available range of observation, or even engulf it 
completely, depending on the design of the coils. The 
condition for lateral stability is that the quantity 


F- (H?—2HH"), (15) 


which is а factor in the lateral force constant, be nega- 
tive. In terms of the current densities 


1055 k(J3— J2)* — 2kok(J 1-- J 2). (16) 


When F is equal to zero the equilibrium is neutral. In 
this case (16) can be reduced to read 


Ja Risk (202) 


—= : (17) 

Ji =) 
There will be no real ratio 7/7: for which the equi- 
librium is neutral, and, consequently, no part of the 
hyperbola over which the equilibrium is stable, unless 
(202) is positive, and this is not necessarily the case. 
We assume that the coil has been so designed that the 
condition is satisfied. Equation (17) then represents two 
straight lines through the origin of the Ji, J» diagram, 
Fig. 2. One, and only one, of these intersects the hyper- 
bole. There is, thus, only one pair of values Л, and Л», 
for which the sphere is stable longitudinally and neu- 
tral laterally. The part of the hyperbola on one side of 
this unique point is the region in which the lateral 
equilibrium is stable; the part on the other side is that 
in which the equilibrium is unstable. It can be argued 
from (9) and (16) that the stable region is that above 
the neutral point. The part of the hyperbola available 
for observations is, thus, that portion of the range al- 
lowed by current-carrying capacity which lies above 
the neutral point. This may be all, a part only, or Ex 
of this latter range, depending on the design of the cols 
and their separation. 

The case here examined is that in which the per 
ability of the sphere is 10° or greater for all availa А 
values of H. If the permeability is low, but indepen a 
of H, the characteristics are the same as 10 the case 

the value 9 
J». As the permeability decreases Ло approaches M 
observational range becomes shorter, and at d їй 
permeability greater than 1 vanishes. The шон 
Јо with lowering permeability is not, БОЕ 
marked аз might be expected. Jo for perme 


ability 10, fo" _ 


Нь... 


re oo Ы 
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example, is only 15 percent greater than for permeability 
infinite. If the permeability is not high and not inde- 
pendent of H, the characteristic is no longer a rectangu- 
lar hyperbola, and if the specimen is hysteretic the 
characteristic is no longer single valued in Jı. But 
neither of these circumstances, nor the presence of 
residual magnetization, have any effect on the validity 
of Eq. (5) on which the measurement of gyromagnetic 
ratios is based. 


IV. APPARATUS 
(1) The Coil System 


Parts of the coil system which have been built to 
try the new method of measuring gyromagnetic ratios 
are shown in cross section in Fig. 3. Described in polar 
coordinates with the center of the system as origin, 
the outer boundary of the coil is the surface 


r= (27/4)'r 8ш0 cos0, (18) 


where “= maximum extension= 15.75 cm. 
'The inner boundaries are 


(а) а cylinder, r—a/sin, where a=1.27 cm, (19) 
and 


(b) a plane, r= (1/2)!a/cos0. (20) 


The constant kı of the second of the Eqs. (2) is 
greater for this coil than for any other having the same 
inner boundaries and the same cross-sectional area. It 
was thought, erroneously, that coils of this form would 
produce the greatest change in the angular velocity of a 
given sphere. The error was recognized while the coils 
were being built, but the work was carried on to com- 
pletion nevertheless. : 

The frame on which the coils are wound is of brass 
and is accurately machined. The central member is a 
1-inch tube with i-inch walls. The plates which main- 
tain the plane boundaries are $ inch thick and are 
separated by spacers—a central ring spacer integral 
with the tube and others further out. Ports cut through 
the ring spacer and tube afford views of the sphere from 
four directions. Fixed and temporary forms were used 
to give the coils the prescribed form. The wire is No. 25 
(USG) plain enamel copper. The winding was done on a 
lathe with а counter to keep track of the turns. The 
finished structure, including end-plates not previously 
mentioned, is bolted together on four 3-inch rods. Thin 
outer cylinders attached to the appropriate plates com- 
plete a reservoir about each of the coils, and these, 
when the structure is mounted, are filled with trans- 
former oil—otherwise there is sparking. 

The constants of the first three of the Eqs. (2), 
found by appropriate integrations over the cross sec- 
tion, are 

ko=4.54, E1—1.10, №=0.313. 


The number of turns рег cm?, №, is 408. 


7 05.7$20) 
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Fic. 3. Cross section of experimental coil system. 


Substituting these values of the & constants into 
(17) one finds that the lateral equilibrium should be 
neutral when 

J3/ J1- — 0.19. 


The line which this equation represents in Fig. 1 inter- 
sects the hyperbole at the point marked X. The part of 
the hyperbola available for observation is from this 
point upward to the limit set by the current-carrying 
capacity of the coils. The range includes the point Jo, 0 
at which the sphere is supported by the upper coil 
alone. Substituting in Eq. (9) one finds for iron 


Jo= 80.4 amp/cm?. 


For this value of Jo the coordinates of the neutral 
point are 
Jı= 81.2 amp/cm?, 


Л»= — 15.6 amp/cm?. 


Assuming the current-carrying capacity to Бе 125 
amp/cm (it is known to be somewhat higher than this) 
the coordinates of the upper limit of the range of ob- 
servations are 


J=J,=125 amp/cm?, 
Jac (J2— = 95.7 amp/cm?. 


Equations (2) for Н and H’ сап поу be evaluated for 
the three Jı, Л» points just considered. The results are 
given in the following table. 

The total available change in H is 694 oersteds. Less 
than 10 percent of this change occurs in the part of the 
observational range in which J; is negative. Not much 
is gained by entering this part of the range, particu- 
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TABLE I. Field characteristics. 


л Je H H’ 
amp/cm? amp/cm? oersteds oersteds/cm 
125 95.7 1002 32.2 
80.4 0.0 365 88.4 
83.4 — 15.8 308 107 


А as it is advisable to keep well clear of the region 
_ of lateral instability. As a rule, observations are termi- 
ед at the point at which J;— 0. 


(2) The Control Circuit and Vacuum System 


А diagram of the control circuit which regulates the 
rent through the supporting solenoid or coil 1 is 
wn in Fig. 4. It is similar to circuits used previously 
г supporting small spheres in a vacuum. The circuit 
sists of а ten-megacycle tuned-grid tuned-plate 
ator, a cathode follower detector stage, two stages 
iplification, another cathode follower circuit from 
ch are derived a signal and its time derivative, a 
xer stage which recombines these two signals, another 
thode follower, and a power stage whose load is the 
support coil 1. The impedance of the pick-up coil / is 

E ased or decreased as the sphere moves down or up, 
hence the tuning and amplitude of the oscillator 
nds upon the vertical position of the sphere. As a 
ult, the circuit may be adjusted in such a way that 
current in coll 1 is increased if the sphere moves 
ard and decreased if it rises. These current 
are adjusted so that the sphere is maintained 
y in the desired vertical position without 
ag.” It will be observed from Fig. 4 that this is 
lished by introducing a derivative or “anti- 
along with the signal from Гл. When the circuit 
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is properly adjusted, the vertical and hori 

bility of the freely suspended sphere is a 
motion can be observed with a 50-power microsc aa 
focused on scratches on the sphere. Coil 1 and со 2 eM 
consisted of 40,308 turns of no. 25 copper wire. The se 
maining values of the components of the cir 1 
given in Fig. 4. 

The vacuum System is of glass except for a sealin 
wax joint and a black Bakelite support for the coil 7, 
It is evacuated with a standard forepump, diffusion 
pump cold trap combination. The system contains 
both a McLeod and an ionization gauge. The drag on 


Cult are 


the rotating sphere resulting from air friction is given* Бу 


loge /No= —5p/rd(M/2 RT) (1— th), 


where № is the number of rps at the time fo, № is the 
number of rps at time /, p is the pressure in dynes/ 
cm?, d is the density of the sphere, T' is the absolute 
temperature, M is the molecular weight of the gas, 
r is the radius of the spherical rotor, and R the gas 
constant. The working pressure is 107% mm of mer- 
сигу or less, so for а 0.5 mm diameter sphere V/Ny 
—exp[—4.8X107(/—1)) ], which is a very small cor- 
rection. 


V. THE CHANGE IN ANGULAR VELOCITY 


To arrive at an estimate of the change in angular 
velocity that can be produced with the present coil 
system we rewrite Eq. (5) in the form 


(105—101) = 5/2 (1/ Нә — 1/ H') 
and evaluate for the case of a highly permeable sphere 


taken from state 1 in which Л, = Ло to state 2 in which 
J,=J. As gyromagnetic ratio we take the base value 


p=m/e=1/(1.76X 107). 


Ry 
ч 


5X10! ohms; Ru=Ru=2X10! ohms; Rs POS TR 
004 mí; Cis C05 mf; C» 0.0025 mf; Caz 001 
—6J5; VTv—VT1—68J7; VTs—6L6; VI -Vfw © 


2x10 ohms; | 
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Using the values of И’ given in Table Iwe find that for 


2r— 1.0 mm— 0.1 cm (w—w)= 1.08x 10 rad/sec 

— 3.89 rad/hr, 
(02—01) = 15.6 rad/hr — 2.48 rphr, 
(202--101)-- 9.90 rphr. 


VI. THE EXPERIMENTAL PROCEDURE 


27= 0.5 mm 
2r— 0.25 


The experiment is begun with the sphere resting on a 
small platform several mm below the center of the 
system. The current in the lower coil is raised to about 
100 amp/cm*?. The effect of this is to press the sphere 
more tightly against the platform. The current in the 
upper coil is then raised to 100 amp/cm?. The sphere is 
now strongly magnetized but no force is exerted on it 
by the field, since H’ is zero. It rests on the platform 
only under its weight. Next the current in the upper 
coil is raised to 110 or 115 amp/cm? and then increased 
slowly beyond this point. As this is done the point on 
the axis at which the sphere would be in quasi equi- 
librium longitudinally approaches the sphere from 
above. When the distance between the sphere and its 
equilibrium position has been reduced to about 1 mm 
the sphere springs upward and is locked in position by 
thé servomechanism which controls the upper coil 
current. The sphere can now be raised by decreasing J, 
or lowered by increasing Л. It may be touched back 
gently onto the platform to arrest any rotation it may 
have acquired at take-off, if it is desired to measure the 
increase of angular velocity from the zero value. Brought 
to the center, the sphere is in state 1 with 21, 2его ог 
negligibly small. Measurements are made of the сиг- 
rents in the two coils to be used later in calculating Hy’. 

The sphere is now brought by steps into state 2, that 
in which J2=0. Decreasing J; raises the sphere, as has 
been mentioned, but decreasing J, lowers it. By de- 
creasing first one and then the other of these currents by 
small amounts, the system is brought into state 2 with 
the sphere having been held constantly in suspension 
at or near the center. The current in the upper coil is 
measured for use in calculating Но’, and measurement is 
made of the angular velocity of the sphere. So far the 
velocity measurement has been based on visual observa- 
tions and timing with a well regulated watch. The 
sphere is viewed through a low power microscope at 
magnification X10. It has not been found necessary to 
supply the sphere with fiducial marks. There have al- 
ways been enough tiny specks and fine scratches on the 
spheres to serve this purpose. 


УП. PRELIMINARY EXPERIMENTAL RESULTS 


The present apparatus was constructed for the pur- 
pose of testing the method and ferreting out the various 
sources of error rather than for obtaining ultimate ac- 
curacy of measurement. As a result, only order of mag- 
nitude values have been obtained. Ball bearing steel 
spheres 0.75 mm, 0.55 mm, and 0.50 mm have been 
used in the experiment because they are commercially 
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available and are supposed to be spherical and homoge- 
neous. The spheres were stably suspended when the 
current in the upper coil was varied from 195 milli- 
amperes with the current in the lower coil at Zero, 
to 370 milliamperes when the current in the lower coil 
was about 300 milliamperes. This current range can be 
extended by cooling the coils. It is clear from Table I 
that smaller spheres should be used in order to obtain 
higher angular velocities, but it is only recently that 
we have perfected a method similar to that of Bond? 
for making accurate metal spheres down to 0.2 mm in 
diameter. 

Two principal sources of trouble have developed 
which have greatly retarded the work but which no 
doubt can be overcome in future experiments. The 
first is the development of electrostatic charges on the 
walls of the vacuum chamber and on the small sphere. 
The effect of these charges while small on the 0.75-mm 
sphere is very disturbing on smaller spheres. These 
electrostatic charges are probably the result of several 
causes including the photoelectric effect produced by 
the light which illuminates the rotor and walls of the 
vacuum chamber, the friction of the rotor on the bottom 
of the vacuum chamber, as well as the friction of air 
currents around the vacuum chamber generated by 
heating of the coils. The effect has been markedly re- 
duced by light filters (including water), but it may be 
necessary to use new materials for the vacuum chamber 
in order to completely eliminate it. The second trouble 
arises from the fact that a hard steel sphere, usually, 
is not magnetically homogeneous. This gives rise to a 
small oscillation about the axis of rotation of a sus- 
pended sphere rather than a uniform rotation when 
an extremely small torque is applied and of course 
reduces the accuracy of the angular velocity measure- 
ments and, if conducting material is very close by, 
perhaps introduces some drag. Two methods of cor- 
recting this difficulty have been found effective. The 
first consists in spinning the rotor to a. high rotational 
speed and then bringing it to rest before the measure- 
ments are made. This reduces the effect, but is difficult 
to carry out with the present experimental arrangement. 
The second method consists in heat treating the metal 
sphere until it is as magnetically "soft" as possible. 
However, the final solution to this problem will prob- 
ably be best secured by making the spheres of magneti- 
cally soft homogeneous material followed by heat 
treatment. 

Spherical samples have been used in the present ex- 
periments because the calculations are greatly simpli- 
fied. However, suspended long ellipsoids of revolution 
or rods should give rise to greater angular velocities 
than spheres with comparable radii. Also, the mag- 
netism can more easily be made homogeneous. These 
favorable factors no doubt will more than compensate 
for the more detailed calculations necessary. As pointed 


* W. L. Bond, Rey. Sci. Instr. 22, 344 (1951). 


d Бу other methods referred to above, but they 
that the method ultimately should give a preci- 


УШ. THEORY AND PRACTICE 


: — In theory, the presént scheme of measuring gyro- 
EU magnetic ratios is simpler and less subject to dis- 
E turbances than those previously used. The field acts to 
_ bring the magnetic axis of the sphere into coincidence 
— with its own axis and, since all diameters of the sphere 
— are mechanical axes, the magnetic and mechanical axes 
- — Coincide, no matter in what diameter the magnetic 
— — axis happens to lie. Thus the ideal experimental condi- 
“| tions, which are realized only at the cost of much time 
and effort in the rod and fiber experiments, are set up 
. automatically. There is a certain advantage also in 
having the measurement based on the determination of 
°— a uniform angular velocity rather than on the determi- 

| mation of the amplitude of a swing or a vibration. 
— "However, in practice, as has been noted above, the 
behavior of the system is less simple than was antici- 
. The fact that the sphere occasionally flies from 
axis to the wall of the enclosure or sticks to the 
om of the vacuum chamber is a serious disturbance 
ch must be eliminated, but it is extraneous and not 
geable to the theory of the measurements. The other 
expected behavior, which has been mentioned—that 


эь 


the angular velocity is not uniform, and may in certain 
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circumstances degenerate to an illati ds 

fundamental. It is natural to Sous TE 
result of the sphere acting as а compass in med ы 
zontal component of the earth's field. This compo us 
has not as yet been compensated, so that this i цэн 
tion has not been definitely ruled out. Tt 15 кы 
however, that the trouble lies elsewhere. Tt 15 авир : 
in the theory that the sphere is magnetically hos 
neous, that it contains a uniform distribution of pers 
ability. If this condition does not obtain, a disturba 
of the kind that is observed may be expected Те 
sphere may be thought of as having “а center Е 
permeability." In the ideal specimen this is at the center 
of the sphere, but whether it is at the center of the 
sphere or not, it is the “center of permeability," and not 
the center of gravity, that the field holds to its axis. Tt 
can be seen, by considering an extreme case of non- 
uniformly distributed permeability, that, owing to a 
distorted demagnetizing field, the magnetic axis will 


- make an angle with the axis of the field. The gyro- 


magnetic torque acts about the magnetic axis which 
remains fixed. A consequence is that as the Sphere ro- 
tates about its magnetic axis, its center of gravity is 
displaced vertically. It is this that gives rise to the 
oscillations. It is an essential condition for the success 
of the measurements that the specimen be both ac- 
curately spherical and magnetically homogeneous. 
Efforts are being made, as described above, to meet this 
condition. 
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INTRODUCTION 


N his analysis of the ferromagnetic resonance phe- 

nomenon, Polder! showed that the rf permeability 
of an infinite saturated ferromagnetic material is not a 
scalar quantity as it has been ordinarily assumed. He 
showed, in fact, that the alternating flux density in a 
saturated ferromagnetic medium is related to the 
alternating field by a tensor permeability. If the 
medium is saturated in the z direction, this relation 
can be written as 


b= T ;jh, (1) 


where b=alternating component of the flux density, 
h=alternating component of the magnetic field, and 
the tensor T;; has the following form: 


в-/к 0 
` Ti3=|+jx и0 (2) 
9 Oo fUr 


This solution can be derived from the equation of 
motion of magnetization, 


aM (H-M)M 
ECUg 


--зү(МХхН)-3 (3) 
dt 


where 47M = magnetization of medium (gauss) ; H=in- 
ternal magnetic field (oersteds); Х--рагагаеїег which 
measures magnitude of damping force on the precessing 
dipole moment of ferromagnet; and Y= gyromagnetic 
ratio of the electron (у= ge/2mc where g is the Landé 
factor for the electrons concerned). 

If a harmonic time dependence, exp[ jwt], is assumed 
for the alternating magnetic field and magnetization, 
and if it is assumed that the alternating components of 
the magnetic field are small compared to the dc field 


+= 


[^ 


where e=e’—jée’=complex dielectric constant of 
medium, c= velocity of light in free space, and w= angu- 
lar frequency of wave. The propagation constant of an 
infinite plane wave through a medium described by a 
Scalar permeability and dielectric constant is 


T= jo/c(eu)*. - (11) 


Hence it is possible to define the quantity which 
appears in the second radical of Eq. (10) as the effective 


“Эр, Polder, Phil. Mag. 40, 99-115 (1949). 


jole) — и— к?) sin?@+-2u+[ (u2— и— r)? ѕіпі0-4-4к2 =] 
2[(u— 1) sint64-1] 


applied along the z axis, it can be shown that Eqs. (1) 
and (2) follow directly from Eq. (3), where 
w= y — ju" 2) 
к=к'— ju" (5) 
and 


2201 ГҮН2-о [АтМ Hox? 4-8то2х2 Xo т 
и = 5) 
хо LY Hg «2 PH 


4v M yoxi Y Hg. — ot] 


„= 0) 
xe YH ?— o 2-42? 
roxi [YHH] 
g= - 1 (8) 
xo [32H 4 — o* 24-402) 2 
8те? у\Н „хо? 
= 0) 


хе НР et P+ дал’ 


where Но--Н.(1--02/ү2М2) 1 (oersteds), И, = internal 
magnetic field іп 2 direction (oersteds), and хо= static 
susceptibility (М.)/(Н.). 

If an infinite plane electromagnetic wave is propa- 
gated through a ferromagnetic medium which is 
saturated in the z direction, it is necessary, in order 
to describe this wave, to find a solution to Maxwell’s 
equations which is compatible with Eq. (1), and 
in which b, k, E, and D are all proportional to 
exp[jet—T(n-r)], where n is a unit vector in the 
direction of propagation of the wave and Г is the 
propagation constant of the wave. It can be shown 
that for any given value of the angle 0 between n and 
the z axis there are two values for the propagation 
constant which are given by 


› (10) 


permeability which the ferromagnetic medium exhibits 
to the particular wave whose direction of propagation 
is given by the angle 0 and whose polarization is deter- 
mined by the choice of the signs in Eq. (10). It is con- 
venient to define this quantity as an effective wave 
permeability since it also occurs in the equations for 
intrinsic impedance, skin depth, etc., in the place 
usually occupied by the permeability. It is important 
at this point to stress that the permeability of a ferro- 
magnetic medium does not have a unique meaning 
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Fic. 1. Real part of the effective permeability of a ferromag- 

Эн netic medium which is magnetized parallel to the direction of 

EN ropagation of an infinite plane wave. The curves are computed 

ог a medium whose saturation moment 4xM ,— 3000 gauss and 
for a wave whose frequency is 9000 megacycles. ирс= 100. 


à unless it is carefully defined. When permeabilities of 
° ferromagnetic materials are determined by wave guide 
or coaxial techniques, the quantity that is determined 


° occurs in Eq. (10). In a demagnetized sample опе 
actually obtains an average of this quantity over the 
various domains which constitute the sample in ques- 
_ tion. Hence at frequencies at which the tensor per- 
meability as defined in Eq. (1) is important, it is ob- 
vious that experiments which are designed to measure 
the tensor components have much more significance 
an experiments which give some statistical average 
f the effective wave permeabilities exhibited by the 
idividual domains of a demagnetized sample. 

"There are two cases of special interest with respect 
0 Wave propagation through a saturated ferromagnetic 
rial. The first case is propagation along the z axis. 
‘can be easily shown? that for this case the wave 
mposes into positive and negative* circularly 


e two circularly polarized components follow from 


. (10): 
Pa jo/cle(uFx) p. (12) 


effective wave permeabilities for these circularly 
arized components can be thus defined as 2 


Bett = рк 


Heff = pHK. uo 


plete expression for these effective perme- 
n be obtained by inserting Eqs. (4), (5), (6), 


in the real part of the permeabilities given 
d if the small difference which exists between 
is neglected, these expressions can be 


ech. J. 31, 1-31 (1952). 

10) isu е, where the positive component 
is rotating in the direction of the positive 
th ngitudinal field. 
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nd (9) into Eq. (13). If the effect of damping _ 
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written as 
pike’ = 14-4тМ.ү/үН,“Еоу), 


апа (14) 
rues И 4т\®х [ҮН + в] 
Б R сы 
xo [YH 2— ордо (15) 


Equation (14) describes the real part of the per- 
meability for positive or negative circularly polarizeq 
waves, and Eq. (15) gives the imagninary part of th 
permeability for these two waves. The permeabilities 
given in Eqs. (14) and (15) are plotted in Figs. 1 and 2 
as a function of the magnetic field H,. The graphs 
pertain to a wave whose frequency is 9000 Mc, and the 
constants chosen for the medium are typical of many 
ferrites. From Figs. 1 and 2 it is quite easy to predict 
the behavior of an infinite plane wave which is being 
propagated through a saturated ferromagnetic materia] 
in the direction of the applied magnetic field. In the 
first place, the wave will decompose into circularly 
polarized components which encounter different per- 
meabilities and hence travel at different velocities. This 
will result in a rotation of the plane of polarization of the 
wave which will be directly proportional to the differ- 
ence between the square roots of the two permeabilities, 
Thus, the rotation of the plane of polarization as a 


function of the applied field can be easily predicted | 


from Fig. 1. 

Figure 2 indicates that both circular components are 
only very slightly attenuated by the phenomenon of 
ferromagnetic resonance except in the vicinity of the 
absorption line which exists for the positive circularly 
polarized component only. When the frequency of the 
wave corresponds to the resonance frequency for the 
electrons, the positive circularly polarized wave should 
be very highly attenuated. If the path length through 
the ferromagnetic material is long enough, this com- 
ponent will be substantially completely absorbed and 
only the negative circularly polarized component will be 
propagated. An approximate formula for the absorption 


a 


0.003 


NEGATIVE CIRCULARLY | 
POLARIZED COMPONENT 
Кыла RESET Eurer TEE 


3 
5 o 
PERMEABILITY (POSITIVE COMPONENT) 


| 
= 
| 


! 


0.001 i— — ——- 


POSITIVE CIRCULARLY — 
~~ POLARIZED COMPONENT 


PERMEABILITY (NEGATIVE COMPONENT) 


г 3000 
„MAGNETIC FIELD IN OERSTEDS 
: at ferro- 
Fic. 2. Imaginary part of the effective permeability of он a 
magnetic medium which is magnetized parallel ор; ноа 
propagation of ап infinite plane wave. The cons Ds id dition 


compute the curves were the same as those in Fig. "19107 for 


the relaxation frequency, A, was arbitrarily taken as 
the curves. 
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of the circularly polarized components by ferromagnetic 
resonance can be derived which is valid for the negative 
circularly polarized component at all field strengths 
and is valid for the Positive circularly polarized com- 
ponent only in very weak fields. For a wave whose 
frequency is 9000 Mc and fora medium described by the 
constants given in Figs. 1 and 2 this formula reduces to 
"n dt 


A=8.2(e’)} 


db/cm 
(шк)? 

(dielectric loss neglected). (16) 
If it is assumed that the dielectric constant of the 
medium is 10, then this formula predicts a loss of 
approximately 0.4 db рег cm for the positive com- 
ponent and 0.07 db per cm for the negative component 
when the applied field is just large enough to saturate 
the above sample (30 oersteds). 

Figures 3 and 4 give experimentally measured values 
of the rotation of the plane of polarization and the 
absorption of the positive and negative circularly 
polarized components as a function of the applied 
magnetic field for the TE;; mode in a circular wave 
guide when a small cylinder of ferrite was placed along 
the. axis of the wave guide and subjected to a longi- 
tudinal magnetic field. Tt is readily seen that these data 
agree qualitatively with the behavior predicted by 
Eqs. (14) and (15). 

The angle of rotation of the plane of polarization is 


given by 
leri 1 
==] (17) 


where /=path length through ferromagnetic medium 
(cm) ; and ?..— velocity of propagation of positive and 
negative circularly polarized components, respectively. 
For the ferromagnetic medium discussed above this 
equation becomes 


0 


4тМ,ү ү} 47M уу ү! 
x| (14+) -(8-2-23| as 
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Fic. 3. Faraday rotation versus applied magnetic field for a thin 
“Pencil” of nickel zinc ferrite supported along the axis ыг the 
Nave guide. The minor resonance is believed to be a shape 5 есї. 
The sample was а cylinder 0.123 in. diameter and 0.815 in. long. 


The data were taken at 9455 Mc. 
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Fic. 4. Selective absorption of positive and negative circularly 
polarized waves when propagated over same sample as that of 
Fig. 3. 


where |«|=(|е'|?+ | е"|?)3 = absolute value of dielec- 
tric constant. Equation (18) will be valid only when the 
damping of the electrons in precessional motion can be 
neglected since it was derived from Eq. (14) where the 
damping parameter was set to zero. For ferromagnetic 
materials with absorption lines as narrow as that shown 
in Fig. 4 it is to be expected that Eq. 18 would be 
quantitatively valid everywhere except in the near 
vicinity of the absorption line. 

Equation (18) can be reduced to a particularly simple 
form when the following approximations are valid: 


ҮН «a, , (19) 
47:М „у 
mE (20) 
7 


Under these conditions Eq. (18) can be written as 


9 1/14--6Єү 
== ( 2) Berita (21) 


Equation (21) is quite remarkable. It predicts large 
rotations in the presence of very small applied magnetic 
fields (yH.Kw) ; it indicates that the rotation is directly 
proportional to the magnetization of the medium; and, 
when Egs. (19) and (20) are valid, it predicts that the 
rotation will not depend upon the frequency of the 
incident radiation. 

For the assumed values, є--10, ¢’=0, 4=М 2= 3000 
gauss, у= 17.6Ж 105 radians/sec/oersted. 


Equation (21) predicts rotations of 
8/1— 160?/cm. 


DESCRIPTION OF EQUIPMENT AND 
MEASURING TECHNIQUES 


The Faraday rotation has been measured in а larg 
number of ferrites in order to verify the above the 
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A diagram of the experimental equipment is given in 
Fig. 5, and a diagram of the test chamber in which the 
rotations were measured is given in Fig. 6. In the test 
chamber, two rectangular wave guides are separated 
by a circular wave guide, the proper nonreflective 
transitions being made at each end of the circular sec- 
tion, which is about twelve inches long. One rectangular 
guide is supported so that it can be rotated about the 
longitudinal axis of the system. The dominant ГЕ 
mode is excited in one rectangular guide, and by means 
of the smooth transition this goes over into the dominant 
TEx; mode in the circular guide. The rectangular guide 
$ on the opposite епа will accept опу that component of 
e the polarization which coincides with the ГЁл mode 
in that guide, the other component being reflected at 
the transition. Absorbing vanes, inserted in the circular 
section, absorb this reflected component. The circular 
guide is placed in a solenoid to establish an axial 
magnetic field along its length. 

- The ferrite cylinders to be measured were placed at 
the mid-section of the circular guide. When a cylinder 
was used which did not fill the cross section of the guide, 

_ it was supported along the axis of the guide by means 
| of a hollow polystyrene cylinder which did fill the guide. 

In addition to the Faraday rotation, measurements 

_ of insertion loss were made by determining the power 
‘transmitted under identical conditions with the ferrite 
cylinder removed, and the ellipticity of the transmitted 
- wave was determined by measuring the power trans- 
mitted when the rectangular guide on the detector 
ide was rotated both to positions of maximum and 
‘minimum transmission. Power transmission measure- 

ments could be repeated within 0.2 db. Measurements 
f the angle of rotation of the plane of polarization 
be repeated within 0.5° except in the region close 
-gyromagnetic resonance where rotations were 


vu a dd» i 


e the positions of maximum and minimum 

n. These errors increased up to the point 
the transmitted wave was circularly polarized 
impossible to measure the angle of rotation. 


EXPERIMENTAL RESULTS 
that, in weak fields at least, 
length through the ferro- 
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magnetic material is proportional to the m 
i the рса is independent of the frequency of th 
wave. It is experimentally very difficult to obtain d k 
to check the predictions of Eq. (21). In the first in 
Eq. (21) was derived for an infinite plane wave E E 
not to be expected that it will hold quantitativel E E 
guided wave. In fact, Suhl and Walker? have Er 
that in the case of small rotations (1.е., small ro M 
per wavelength) the rotation in a circular wave i 
would be only about 86 percent of the rotation seh 
would occur for an infinite plane wave. More recent 
work by Suhl and Walker, has, however, indicated 
that large rotations in a circular wave guide would 
probably more nearly approach the rotation predicted 
by Eq. (21) for an infinite plane wave. In reality how- 
ever, if the rotations are measured in a circular Wave 
guide, the rotation to be expected will lie somewhere 
between the value predicted by Eq. (21) and 86 percent 
of that value. Hence, it is meaningless to claim a 
quantitative verification of Eq. (21) closer than these 
limits until a more complete analysis has been made. 
The analysis of Suhl and Walker applies only to a 
circular wave guide whose entire cross section is filled 
with ferrite. If a cylinder of ferrite is used which 
completely fills the cross section of the wave guide, 
however, internal reflections within the sample produce 
an effective rotation, and an ellipticity which is different 
from that which would result if the wave passed through 
the ferrite only once. This effect is obviously frequency 
dependent since the electrical length of the sample 
changes with frequency. The effect of internal reflec- 
tions can be reduced by using a ferrite which База | 
large dielectric loss. Some ferrites havesuchan extremely 
high dielectric loss that attenuations of the order of 
50 db per centimeter path length can be obtained. 
Hence, in this type of ferrite, multiple reflections within 
the sample can be completely neglected even though 
the cross section of the wave guide is filled with the 
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ferrite and tapered transitions at the faces of the sample 
are eliminated. 

Thus in order to obtain a quantitative check of Eq. 
(21), it is necessary that a ferrite have a high dielectric 
loss so that internal reflections can be avoided; it must 
have a relatively low magnetic anisotropy since anisot- 
ropy has been neglected in this analysis; and it must 
have a relatively low saturation moment so that the 
approximation expressed in Eq. (20) will be valid. It has 
been found possible to satisfy all these requirements in 
а particular manganese zinc ferrite which contained a 
small excess of iron over that required for perfect 
stoichiometry. This particular sample had the following 
measured properties: 


Є-17, &'—24, 4aMin= 1500 gauss. 


The rotation induced by this sample as a function of 
the applied magnetic field was measured, and the results 
are shown graphically in Fig. 7. The physical dimensions 
of the sample are given in Table I (sample No. 1). Figure 
7 quite clearly shows the dependence of rotation upon 
the magnetization of the sample and indicates that, 
after the sample is saturated the rotation is sensibly 
independent of the applied magnetic field. This result 
verifies the work of Roberts? who has previously shown 
that the Faraday rotation induced in a round wave 
guide is proportional to the magnetization of the sample. 
In addition for this particular sample, Eq. (21) predicts 


0/1— 121 degrees/cm 


for an infinite plane wave. As previously stated, Suhl 
and Walker have shown that the measured rotation in а 
round wave guide should be less than this and should 
probably lie somewhere between 104 degrees per centi- 
meter and 121 degrees per centimeter for this particular 
sample. It is seen from Fig. 7 that the measured rotation 
at saturation is approximately 123 degrees per centi- 
meter. It is felt that this agreement is good. 

The above data seem to bear out Polder’s theory of 
ferromagnetic resonance. A more complete check of his 


A 
Zee 


Fic. 7. Faraday rotation versus applied magnetic field for a thin 
disk of manganese zinc ferrite which completely filled cross section 
of wave guide. 


5Е. Е. Roberts, J. phys. et radium 12, 305 (1951). 
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Fic. 8. Dependence of Faraday rotation upon frequency. 


theory could, however, be obtained by measuring the 
rotation of the plane of polarization as а function of 
field up through the field required for resonance. Again, 
however, the wave guide introduces complications 
which are difficult to unravel. In the vicinity of ferro- 
magnetic resonance the mode which exists in a wave 
guide completely filled with ferrite differs quite radically 
from the ordinary dominant mode in an empty guide. 
In addition, even if a wave guide is only partially 
filled with ferrite, it is possible for higher modes to 
exist to further complicate the picture. In order to over- 
come these difficulties it is necessary to place the ferrite 
along the axis of the wave guidesin the form of an 
extremely thin pencil. If pencils of ferrite which are 
approximately 0.125 inch in diameter are placed in an 
ordinary X-band round wave guide (approximately 
one inch in diameter) results are obtained which are 
qualitatively in agreement with the theory developed 
for an infinite plane wave. If the diameter of the ferrite 
is increased to 0.250 inch the results are often not in 
accord with the above theory. Sometimes such samples 
show sudden increases in rotation soon after the 
magnetic field is raised above that required for satura- 
tion, as in the data Roberts has published. It has even 
been observed that a magnetized ferrite will not 
propagate the negative circularly polarized component 
although this ferrite might cause a relatively low loss 
to this particular wave when it is in a demagnetized 
state. There certainly is nothing in the above developed 
theory which will explain this phenomenon and this - 
behavior must arise from the characteristics of the == 
guided wave. gl 
Since all ferrites which have been tested to date | 
give data which are in complete agreement with о 
the above theory when the ferrite is placed along the 
axis of the guide in the form of an extremely thin pencil Он 
and since quantitative agreement has been obtained for 3 
one carefully selected ferrite, it is believed that Polder's 
theory of ferromagnetic resonance is adequate to 
describe this phenomenon but considerably more work is 
necessary in order to understand the properties of wave 
guide modes in magnetized ferrites. A typical set of — 
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"TABLE I. Faraday effect for ferrites. Frequency =9000 Мс. 


8 1 Боол Ё 
netic fielc ati 1 Lr 
INO: + Dimension (cm) (oersteds) Sn em eae Ellipticitys 
No. 1 0.447 X 2.28 0 0 10.0 
ПЕ аш) 245 15.6 10.3 эн 
490 33.5 10.0 23.2 
735 58.2 9.2 1 50 
980 81.6 9.1 121 
1225 107 9.2 109 
1470 120 10.0 10.4 
1715 125 11.0 93 
1960 123 11.2 9.0 
2205 121 11.3 77 
| 2450 123 114 66 
3 2695 e 12.4 50 
р 2940 13.0 3.7 
Ё- 3185 т 30 
5 3675 14 
2 1.77Ж2.28 0 0 23.2 530. 
245 38 21.4 23) 
490 77 16.7 7.6 
735 124 12.4 2:1 
980 157 9.9 14 
1225 170 Л 0.7 
1470 180 6.0 0.7 
3430 183 7.1 0.0 
3 5.08X 0.32 0 0 <0.1 >50. 
(ends of cylinder 215 4.0 0.1 50. 
` tapered to a 430 5.0 0.1 эф. © 
point) 645 5.1 0.1 50. 
860 5.6 0.1 50. 
1075 6.0 0.1 50. 
1290 7.0 0.1 50. 
1505 8.6 50. 
1720 10.8 50. 
1935 14.0 50. 
2150 20.4 27 
2365 16.8 10 
2580 4.0 9 
2795 —7.6 10 
3010 — 12.0 
5 3115 — 12.8 
3225 —13.2 26 
3440 —11.2 49 
3655 —9.2 >50 
3870 —7.6 >50 
4085 -6.0 >50 
4300 —5.0 >50 
4515 —4.2 >50 
4730 —3.8 >50 


data taken оп а thin pencil of ferrite is given in Figs. 
-and 4. Another set is given in Table I for a mag- 
'sium ferrite sample. 

re 8 shows the rotation of the plane of polariza- 
rsus magnetic field for a cylinder of ferrite 
ured at several frequencies from 8000 to 11 000 
cycles per second. The rotation does not change 
for this change in frequency and it is 


e properties of the guided wave and hence 
data should not be applied too strictly 


a Data given show the difference in db between the major and minor components of the elliptically polarized transmitted wave. 


Some, such as commercially available manganese 204 
ferrite, showed extremely high loss which was © 
ciated with the imaginary part of the dielectric const 
This loss was not affected by the application o E 
magnetic field, but remained substantially E ; 
as the field was applied. However, as the fel 52 
proached that necessary for ferromagnetic ЖО о 
the total power absorbed increased, since the M 
circularly polarized component was almost соль 
absorbed by the sample. In fact, by шо ЫН a 
ellipticity of the transmitted wave, it is Бол 
compute the difference between the absorptio onents: 
positive and negative circularly polarized compo" е. 
This has been done for the sample of : CETTE 
which was discussed in connection with Figs- 


nickel zinc ferrite  а 
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Figure 9 gives the ellipticity of the wave propagated 
through this sample as a function of the applied field 
and indicates how the wave becomes circularly polarized 
when the applied field is equal to that necessary for 
resonance. Figure 10 shows the total power absorbed by 
this material as a function of the applied field. It is to 
be noticed that the loss decreases as the sample is 
magnetized. For this particular sample this original loss 
is believed to be due to domain walls. Experiments are 
under way to verify this. 

If, instead of propagating along the z axis, an infinite 
plane wave is propagated along the y axis, the propaga- 
tion constant can be obtained by setting 0 equal to 
7/2 in Eq. (10). This again gives two propagation 
constants: 

T_= jw(e)}/c, (22) 


jo и?— ig 13 
Гүэ-- 2 
ә [^ Ї H )] 29 


The first propagation constant refers to а wave which 
is polarized with its magnetic vector along the z axis 
and the other propagation constant is for а wave which 
is polarized with its magnetic vector along the х axis. 
Two very interesting results are apparent with respect 
to this second wave. In the first place, it is no longer 
completely transverse since there is a magnetic field 
along the y axis. The other interesting result is that 
the medium presents an effective permeability to this 
wave which is dependent upon the applied magnetic 
field in the z direction. The effective permeability is 
given by 


2-2 
we 


Не = = Heit— jheti”. (24) 


ш 


Again, И damping is neglected, the real part of the above 


equation becomes 
yB?— mu » 
leii = 224 aa (25) 
Y!H .B.— о? 


where В,= flux density in = direction (В.=Н,Ё4тМ.). 
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Fic. 9. Ellipticity of wave propagated through wave gui 
Gane sample discussed in Figs. 3 and 4. 
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Fic. 10. Total insertion loss of wave under conditions referred 
to in Fig. 9. 


Equation (25) is plotted as a function of the magnetic 
field, Н„, in Fig. 11 for a ferrite with the particular pro- 
perties given. The curve applies to а wave whose fre- 
quency is 9000 Mc. 

It will be noticed that at zero field the permeability 
is unity that it decreases rather rapidly toward zero in 
small fields. This part of the curve is actually а mirror 
image of the magnetization curve of the ferromagnet. 
The shape of this portion depends upon the dc perme- 
ability of the material. After the material saturates, the 
effective permeability. curve levels out somewhat and 
is much less field dependent until the region of the 
resonance is approached. As indicated in Eq. (25) 
above, the effective permeability has a zero when 
В.=3210 gauss; this point may ог may not come before 
saturation of the sample, depending upon whether the 
saturation magnetization is more or less than 3210 
gauss. For the example taken, the zero occurs after the 
sample is saturated. 

It is quite easy to preduct, from Fig. 11, the behavior 
of the dominant mode being propagated in a wave guide 
through a ferromagnetic medium under the above 
conditions. 

At zero applied field, the wave sees a dielectric 
material with a permeability of unity and with an 
ordinary dielectric constant (e=6 to 20 for ferrites at 
9000 mc). As the field is gradually increased, the 
permeability of the medium approaches zero very 
rapidly. As the permeability approaches zero, the wave- 
length in the medium becomes longer and longer and 
obviously before a zero permeability is reached a 
phenomenon analogous to cutoff appears. However, 
since the propagation is in a lossy dielectric, the cutoff 
is not as sharp as in a lossless guide. Nevertheless, there 
should be a region when the permeability is close to 
zero where large reflections take place and very little 
power is propagated through a slug of ferrite which fills 
the guide. 
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The intrinsic impedance of a dielectric material is 


given by 
| Z-(u/9, (26) 


where both the permeability, и, and the dielectric 
constant, e, are usually complex quantities. Some 
ferrites exist in which the imaginary part of both these 
“quantities is negligibly small at 9000 Mc except in the 
— — region of ferromagnetic resonance when obviously the 
P imaginary part of the permeability is large. Other 
ferrites exist in which the imaginary part of the perme- 
ability or the dielectric constant or both cannot be 

ignored regardless of the strength of the applied 
1 magnetic field. The behavior of all these ferrites is 
— qualitatively the same and the differences between 
— — them are only matters of degree. 

In particular, if the imaginary part of the perme- 
ability is negligible when the real part is zero, then the 
impedance of the ferromagnetic medium will be truly 
zero at this point regardless of the dielectric loss; and 
the medium will then have properties analogous to a 
material with infinite conductivity. A slug of ferrite 
should, under these conditions, completely reflect an 
incident wave. Ferramic I is a ferrite which satisfies 
- the condition of having a negligible magnetic loss 
component at the point where the real part of the per- 
omeability is zero and this material can be made to 
- almost completely reflect a microwave at this point. 
_ Other ferrites, such as Ferramic С, which have appreci- 
able magnetic loss at all magnetic field strengths up to 
and beyond the field required for resonance, can never 
e a truly zero impedance and this should be evi- 
denced by the fact that Ferramic С never can be made 
be a perfect reflector. These predictions are sub- 
tiated by experiment. 

When the field is increased beyond the resonance, it 
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the effective permeability of a ferromag- 
iagnetic field is applied parallel to the 
е wave. The curve applies to a 

opagated through a 
| gauss. upc- 100. 
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_ That is, if a plane polarized light wave 
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the medium equal to the dielectric const 
intrinsic impedance of the ferrite was n 
the intrinsic impedance of air. Under th 
no reflection from the ferrite slugs occur 
some ferrite slugs have been made e 
pletely transparent by this technique. 
Data taken on a sample of Ferramic I are 
Table IT. The data were taken at 9000 M 
cylinder of ferrite in a round wave guide. 
It is interesting to compare this effect with that which 
leads to the Faraday rotation (longitudinal field) а 
the case of the longitudinal field, the wave Splits um 
two circularly polarized components. The permeability 
of the negative circularly polarized component has н 
interesting behavior as а function of field. The perme- 
ability of the positive circularly polarized component 
however, is qualitatively the same as the permeability 
shown in Fig. 11. Hence any effect which can be ob- 
tained in the transverse magnetic field can also be 
obtained with a longitudinal field if a positive circularly 
polarized wave is propagated rather than a linearly 


ant. Thus the 
nade equal to 
650 conditions 
red and їп fact 
ssentially com. 


given in 
c by placing а 


TABLE II. Data from sample of Ferramic I. 


1 Reflection 
Applied magnetic field coefficient Insertion loss 
(oersteds) E./Ei (db) 
Ferramic I (powdered cylinder—0.895-in. diam. X0.38 in. long) 
0 QUE 7.4 
1600 0.418 3.9 
1700 0.335 4.1 
2100 0.90 314-сшой 
2400 0.57 51.1—resonance absorption 
3000 0.496 29.4 
3800 0.571 7.7 
4400 0.183 0.3—impedance match 
Empty guide looking 0.170 - cee 


into matched load 


polarized wave. Thus it should be possible to produce 
circularly polarized waves by reflecting the positive 
component at the region of zero permeability rather 
than absorbing it in the region of ferromagnetic reson- 
ance. This prediction has been experimentally verified. 


APPLICATIONS 


Applications of the above phenomena are numerous 


but the most interesting and potentially most important 
applications are derived from the Faraday effect. It ан 
long been known that the Faraday rotation of the ps 
of polarization in optics is antireciprocal. Its Тэ d 
reciprocal property distinguishes the Faraday m 
from optical rotations caused by birefringent crys'#™ 


: jprocal. 
the Cotton-Mouton effect, which are recipr 
БҮҮ is incident урод 


that the plane 9 
le 6 in passing 
ill be caucelle d 


a birefringent crystal in such a manner 


source. In the Faraday rotation, however, 
rotation is doubled if the wave is refle 


вы 
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its path. Hence, if the length of path through the 
"active? material is adjusted so as to give а 90° original 
rotation, the beam on being reflected will have its 
plane of polarization rotated а total of 180? in passing 
in both directions through the material. 

Lord Rayleigh® described а one-way transmission 
System in optics which makes use of the Faraday 
rotation. Lord Rayleigh's “one-way” system consisted 
of two polarizing Nicol prisms (oriented so that their 
planes of acceptance made an angle of 45? with each 
other), with the material causing the Faraday rotation 
placed between them. Thus, light which was passed by 
the first crystal and whose plane of polarization was 
rotated 45° would be passed by the second crystal also. 
But, in the reverse direction, the rotation would be in 
such a sense that light which was admitted to the 
system by the second crystal would not be passed by 
the first. 

The antireciprocal property of the Faraday effect 
affords a means of realizing a microwave circuit element 
which is analogous to Tellegen’s® gyrator. Such a 
gyrator is illustrated in Fig. 12 along with diagrams 
which help explain its action. Beneath the gyrator are 
construction lines which indicate the plane of polariza- 
tion of a wave as it travels through the gyrator in either 
direction. On each diagram is a dotted sine wave for 
reference only which indicates the constant plane 
of polarization of an unrotated wave. It is noticed that 
for propagation from left to right in Fig. 12, the screw 
rotation introduced by the twisted rectangular guide 
adds to the 90° rotation given to the wave by the 
ferrite element making a total rotation of 180°. For a 
wave traveling in the reverse direction these two rota- 
tions cancel each other, producing a net zero rotation 
through the complete element. The unique property 
of the Faraday rotation becomes immediately apparent 
from this diagram. In the case of the rotation induced 
by the twisted rectangular guide, the wave rotates in 
one direction in going from left to right through the 
twisted section, and rotates in the opposite direction 
when it transverses the section from right to left. For 
the case of the rotation induced by the ferrite element, 
the direction of rotation is indicated by the arrow in 
the upper figure for either direction of propagation. 
The important characteristic of the element is the time 
phase relation between two points such as A and В т 
the upper diagram. It is seen with the help of the 
diagrams illustrating the rotating waves that the field 
variations are in phase at points A and B for propaga- 
tion from left to right and they are 180° out of phase 
for propagation from right to left. In other words the 
transmission line is an integral number of wavelengths 
long between A and B for propagation from left to right 
and is an odd integral number of half-wavelengths long 
for propagation from right to left. 


* Lord Rayleigh, Nature 64, 577 (1901). 
“BD. Н. Tellegen, Philips Research Reports, 3, 81-101 (1948). 


FARADAY EFFECT 261 


1 Ї Ї 


Ї р | яд 

| POLARIZATION OF WAVE FOR PROPAGATION | 
| | FROM LEFT TO RIGHT. E 
за: Ее JE 


CONSTANTLY VERTICALLY| | РЭ 1 j 


POLARIZED WAVE... | | ЛВ ас ] 
| | ^ ! oF У VERTICALLY 
[207 POLARIZED 


ТОН ут N ROTATING soe | 
30 COUNTER- CLOCKWISE 


1 
“HORIZONTALLY 


| 
“VERTICALLY POLARIZED 


i } і i 
POLARIZATION OF WAVE FOR PROPAGATION f 


| > į FROM RIGHT TO LEFT. | 23 
і 5 | | ! 7 d 
| | | ~*~ 
CONSTANTLY VERTICALLY Í к * я 
SI > 


POLARIZED WAVE. G 
| 4 L^ WERTICALLY 
1 Ё 82:21 POLARIZED 


> 128 "ROTATING 909 
к CLOCKWISE 


05552502) 
Gcr 


ик е HORIZONTALLY 
Pa POLARIZED 
XUI “ROTATING 90° 

L^ — COUNTER- CLOCKWISE 


27 


"VERTICALLY POLARIZED 


| N 


| 
| 
| 
| 
| 
| 


Fic. 12. The microwave gyrator with diagrams which help 
to explain its action. 


If the rectangular wave guides on each side of the 
ferrite are rotated about their common axis so as to 
make an angle of 45? with each other, then a one-way 
transmission system can be created which is similar to 
Lord Rayleigh's one-way transmission system of optics. 
It is, however, probably more useful, for within the 
validity of the above analysis, this one-way trans- 
mission system does not depend upon frequency but is 
broad band. This one-way transmission system can be 
used, for example, to isolate the generator or detector 
from the wave guide in microwave Systems. In this 
application it has the great advantage over the atten- 
uators which are presently used for this purpose in that 
it can be made practically lossless for the direction of 
propagation which is desired but the reflected wave will 
be completely absorbed and hence more complete 
isolation can be effected. 

It is suggested that this device which makes use of 
the 45? rotation be called a polarization circulator since 
it is essentially a more complex and more useful circuit 
element than its simple one-way transmission property 
would at first indicate. The polarization circulator 
actually has four output branches corresponding to 
the two different polarizations at each end of the device. 
The polarizations of the four output branches are 
indicated schematically in Fig. 13. It is noticed that . 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Агуа Samaj Foundation Chennai and eGangotri 


262 СГ. 


FARADAY 
PLATE 


CIRCUIT SYMBOL 
FOR 


POLARIZATION CIRCULATOR 


POLARIZATION CIRCULATOR 


Fic. 13. Schematic diagram of polarization circulator. 


power sent into the polarization circulator with polar- 
ization a is turned into polarization б, also b is turned 
into c, c is turned into d, and d is turned into minus a. 
'This property is indicated very clearly by the circuit 
symbol suggested in Fig. 13, the phase inversion be- 
tween arms d and a being indicated by the minus sign 
between the d and a arms. 

Another one-way transmission system can be created 
by combining the gyrator with two magic tees. This 
combination is indicated in Fig. 14. Since this device 
has all of the fundamental properties of the polariza- 
tion circulator with the exception of the phase inversion 
between arms d and a it is suggested that it be called a 
circulator and the circuit symbol suggested which 
indicates its properties is also given in Fig. 14. 

This list of applications is obviously not complete 
since it includes only the fundamental elements from 
which innumerable specific applications can be made. 

In addition to the applications discussed above, which 
depend upon the antireciprocal property of the element 
for their operation there are several simple applications 
which are based only upon the fact that the amount of 
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Fic. 14. Schematic diagram of circulator. 


rotation can be controlled externally by adjusting th 
magnetic field. Among these uses are electri н 
controlled attenuators, 
switches. 

If a circularly polarized wave is propagated in а 
circular guide or if the dominant mode is propagated 
in a rectangular wave guide with the magnetic field 
being applied along the electric vector of the wave, the 
above phenomenon allows one to realize externally con- 
trolled microwave phase shifters, attenuators, modula- 
tors, and microwave windows. 


cally 
modulators, and microwave 
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DISCUSSION 


A. G. FOX AND M. T. WEISS, Bell Telephone Lab- 
oratories, Holmdel, New Jersey: As Dr. Hogan has 
stated, one can apply the plane wave analysis of Fara- 
day rotation, ferromagnetic resonance, and other phe- 
nomena in ferrites, only with very great caution to the 
interpretation of measurements made in ferrite filled 
wave guides. We would like to describe some of our own 
experiences in this matter. 


1. Mode conversion problem—Because of the rela- 
tively high index of refraction of most ferrites, a domi- 
nant mode hollow metal guide, when completely or 
even partially loaded with a ferrite rod, may be capable 
of propagating higher order modes. Furthermore, ex- 
periments have shown that a pencil of high index of 


_ refraction placed in the center of a circular wave 


guide will have a tendency to convert the dominant 
ТЕ mode to the TM;; mode. 

This mode conversion problem became apparent to 
making measurements in circular guide of loss 
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tapered, as a function of magnetic field. The results 
showed peculiar large variations of these quantitites. 
We now believe that these variations can be attributed 
to a partial conversion of the dominant TEn mode to 
the TMi mode by the ferrite pencil which was of 
sufficient diameter to permit the propagation of both 
modes. Thus, as the magnetic field is varied, Шш 
permeability changes, causing the electrical length 2 
the line to change, so that the interference betwee 
the TM: and ТЕ: modes can vary also. 
In order to check the foregoing hypo 
ments were performed using circularly po T 
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From these considerations it is evident that the nega- 
tively rotating component should be more readily 
Subject to mode conversion than the positively rotating 
component since the former has a higher index of re- 
fraction while the latter has an index of refraction which 
drops sharply with applied magnetic field. Our experi- 
ments with circularly polarized waves confirm the 
foregoing ideas and indicate that the negative compo- 
nent may have many loss peaks and valleys in a plot of 
loss vs applied field, while the positively rotating compo- 
nent has a smooth loss curve at fields below the reso- 
nance field value. For small diameter ferrite pencils, 
which cannot support the higher order modes, no 
peculiar loss peaks are observed. 

2. Ferromagnetic resonance for negatively rotating 
wave guide mode—When making circularly polarized 
wave measurements in wave guides on ferrite pencils 
thin enough to reduce though not eliminate mode con- 
version, the usual loss peak for positively rotating 
waves occurred at a high field value Corresponding to 
ferromagnetic resonance. Surprisingly enough, how- 
ever, we also observed a loss peak for the negatively 
rotating waves at magnetic fields very nearly the same 
as that required to produce ferromagnetic resonance 
for the positive wave. The magnitude of this negative 
peak depends on the size of ferrite used, being very 
small for very thin pencils and reaching values above 
the loss peak for the positive wave for some larger 
diameter samples. 

It is believed that this effect is connected with the 
fact that for a wave guide propagating a circularly 
polarized wave of a given mode, the electric and mag- 
netic field vectors are in general circularly polarized 
only at the center of the wave guide cross section. 
Thus, by reference to a field pattern for the TEn 
mode, it can be seen that near the walls of the guide 
the transverse component of the rf electric and mag- 
netic vectors is linearly polarized. Therefore, one 
would expect a small loss peak for negative circularly 
polarized waves at resonance field values, but this 
alone would not appear to account for the high loss 
peak obtained with the larger diameter ferrites. 

The high negative wave loss observed in the larger 
diameter samples can perhaps be attributed to ТМ 
mode propagation. In this mode, when the rf magnetic 
field vector is circularly polarized in the positive sense 
in the center of the guide, it is polarized in the opposite 


sense near the periphery. This is substantiated by the 
theoretical work of H. Suhl and L. R. Walker (to be 
published) which shows that the propagation constant 
of both positively and negatively circular polarized 
waves are nearly equal in a ferrite filled circular wave 
guide propagating the TM; mode. For this mode, the 
ferrite cannot distinguish between a positively or 
negatively circularly polarized wave. Therefore, one 
would expect equal loss for the positive and negative 
wave at the resonance magnetic field value. 

However, when one has a mixture of ТЕ and ТМ 
modes in the ferrite, the negative wave loss may be 
greater than, equal to, or less than the positive wave 
loss, depending upon the relative phasing of the two 
waves. Further work is planned to confirm the above 
hypothesis. 

3. Loss near zero field—It has long been known that 
many ferrites have rather large loss at low magnetic 
fields. With the application of moderate magnetic 
fields in any direction, longitudinal or transverse, this 
loss disappears. This strongly suggests that this low 
field loss may be the result of domain wall motion which 
disappears upon the application of magnetic field. 

If domain wall motion were the cause of this low field 
loss, one would expect the loss to be independent of the 
direction of rotation of the circularly polarized wave 
propagating through the ferrite. However, our experi- 
ments on small diameter pencils of ferrite have shown 
that the loss has а peak for the negatively polarized 
wave. This rather puzzling asymmetry can be explained 
by examining the variation of p with applied field as 
previously described. It is seen that и increases for the 
negatively polarized wave and decreases for the posi- 
tively polarized wave. Therefore, just as in the case of 
а dielectric wave guide, there will be a higher con- 
centration of energy in the ferrite when (pe)! is larger, 
that is, on the negatively polarized side rather than on 
the positively polarized side. "Therefore, if the loss 
peak at zero field in an infinite medium were symetri- 
cal with respect to the direction of circular polariza- 
tion, one would still expect the loss to be higher for 
negatively rotating waves for a partially filled wave 
guide. For a fully filled wave guide, the asymmetry 
should again disappear, but experiments to check this 
are difficult to interpret because of mode conversion 
and cavity resonance effects. 
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INTRODUCTION 


49 ET us consider а material medium in which electro- 
E. magnetic radiation of two widely different fre- 
quencies, for instance, visible radiation and microwave 
radiation, both approximately monochromatic, is 
P propagated. Concerning the medium, let us assume (as 
is usual in the dispersion theory) that it may be re- 
E garded as an assembly of a very large number of iden- 

{ical “unit systems,” such as gas molecules or para- 

magnetic ions subjected to crystalline electric fields. The 
b medium may or may not be placed in a constant, 
homogeneous magnetic field, although the former case 
will usually correspond to actual experimental situa- 


tions. 

19 In general, the properties of the medium as they 
D show themselves in some observations on either radia- 

E tion (e.g., observations of the state of polarization or of 
Е the Faraday rotation of the plane of polarization) will 


not be influenced appreciably by the presence of the 
ә other. Such an influence may, however, very well occur 
if the other radiation happens to be in resonance with 
the unit systems constituting the medium, as has 
repeatedly been emphasized in recent years.’ For, in 
this case, the occupation numbers of the energy levels 
of the unit systems will, in general, be changed, which, 
in turn, may lead to modifications of those properties of 
E the medium which determine the results of the observa- 
tions. Obviously, the occurrence of such modifications 
implies that the initial energy level for the resonance 
transition, which may correspond to absorption or 
induced emission, is occupied, at least intermittently. 
The initial level may be occupied for two different 
reasons, corresponding to two very different kinds of 
experimental situations. On the one hand, the initial 
levelis occupied because it is, at the same time, the final 
- level for a transition involving the other radiation. 
— Such a “double resonance" case has recently been in- 
_ vestigated, experimengally and theoretically, by Bitter 
- апа Brossel.? They have studied the change in the de- 


tion of mercury occurring when mercury vapor placed 
па constant magnetic field is subjected to a radio- 

uency radiation satisfying the magnetic resonance 
п. Double resonance experiments in which the 
п 15 an atomic beam, are also in progress, as 


icular, Е. Bitter, Phys. Rev. 76, 833 (1949); J. Brossel 
I, Compt rend. 229, 1213 (1949); A. Kastler, 
232, 953 (1952); Sce also a review article by A. 
a 8, 1 (1952). 

hys. Rev. 86, 308 (1952). 


reported very recently by Rabi.? In this case the changes 
in the properties of the “medium” are, of course, ob- 
served directly.‘ 

On the other hand, the initial level is occupied be- 
cause the temperature of the medium is such that the 
corresponding Boltzmann factor is not negligible. An 
experiment involving this kind of situation has recently 
been proposed by Kastler.® He pointed out that the 
paramagnetic Faraday rotation of visible light will, in 
general, change considerably under the influence of 
paramagnetic resonance; in other words, the rotation 
angle will change if the paramagnetic salt in question 
is subjected to microwave radiation the frequency of 
which corresponds to an allowed magnetic dipole 
transition between the energy levels of paramagnetic 
ions responsible for the Faraday rotation. Kastler 
restricted himself to a brief qualitative discussion of 
this effect. It is the purpose of the present paper to 
supplement his discussion with a formal quantum- 
mechanical theory. 

Strictly speaking, the initial level may be occupied 
for both the above stated reasons simultaneously. This 
case will not, however, be considered here. 


GENERAL THEORY 


As is well known, the magneto-optical effects depend 
on the average polarizability tensor of unit atomic 
systems of which the medium consists (*average" in 
the sense of statistical mechanics). The average polariz- 
ability tensor is, in general, complex, and it can be 
regarded as composed of a Hermitian part and an anti- 
Hermitian part. The imaginary and real part of the 
Hermitian part determine the Faraday rotation and the 
birefringence, respectively; the anti-Hermitian part 
determines the absorption. If, besides light, microwave 
radiation is propagated in the medium, additional terms 
will appear in the expression for the average polariz- 


3T. I. Rabi, Phys. Rev. 87, 379 (1952). я 

4 If unit systems are atomic nuclei rather than atoms, still other 
experiments very similar in nature to those mentioned above; 
although involving quite different experimental techniques, be- 
come possible. Consider, for instance, an atomic nucleus whic 
emits two gamma-photons in cascade, in the presence of a homo- 
geneous magnetic field. Such a property of the emitted photons as 
the correlation between their directions of motion will, in generas, 
be modified if a radiofrequency field is switched on, provided its 
frequency is in resonance with the possible transition frequency 
between the magnetic sublevels of the intermediate energy level. 
For these sublevels are final levels for the emission of the first 
gamma-photon, and initial levels for the emission of the second 
gamma-photon. Note added in proof.—A theory for this case has 
been developed by B. A. Jacobsohn (University of Washington) 
and will be published shortly. _ 

5 А. Kastler, Compt. rend. 232, 953 (1951). 
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ability tensor for light, provided the frequency of the 
microwave radiation is such as to give rise to resonance. 
It is just these additional terms which are to be calcu- 
lated. 

It should be emphasized that, in the theory here 
given, "light" means a radiation which induces only 
electric dipole transitions in the medium, and “micro- 
wave radiation" means a radiation which induces only 
magnetic dipole transitions. The values of the fre- 
quencies of the two radiations play only a minor role 
in the theory. If the formulas are, in a rather early 
stage of theoretical derivations, specialized to the case 
that the frequencies are those of visible light and micro- 
wave radiation, in the usual sense of these terms, it is 
only because in such a case the effects described by the 
formulas will, under normal experimental conditions, 
most easily be observed. 

According to the general principles of quantum 
statistical mechanics, the average (p), of the electric 
dipole moment p of a unit system is, at time /, 


(p(/))— trace [pot], (1) 


where p is the density matrix of the system. If some 
system of representation is chosen, Eq. (1) becomes 


(p(D)u— „У nDnmPmn(l), (2) 


where Pmn and рт» are the matrix elements of p and p. 
The matrix p will be, in the approximation here con- 
sidered, a linear function of the components of the 
electric vector of the light wave propagated in the 
medium. Hence, in view of Eq. (2), each component of 
the average electric dipole moment will be also a linear 
function of the components of electric vector of the 
light wave. In other words, Eq. (2) implicitly represents 
a tensor relation between (p(/))4 and the electric vector 
of the light wave, the tensor in question being by 
definition, the polarizability tensor, which, as stated 
before, determines the magneto-optical effects. The 
problem is thus reduced to that of calculating p in the 
presence of light, microwave radiation and a constant 

homogeneous magnetic field. "— 

It will be assumed that p satisfies the equation 

i 
дә —-(бер— p3€) — a(p— ро). (3) 
ðt Л 

Here 5 is the Hamiltonian of а unit system in the 
presence of both radiations; po is the density matrix for 
the case in which the thermodynamic equilibrium of the 
assembly of unit systems would be determined by the 
instantaneous energy values of the levels of a unit 
system. In other words, ро is the solution of the equation 


д i 
Kon — - (8Cpo— роб) (4) 
дї h 


л шог formal modifica- 
ry, with merely some minor for fica 
tions, could easily be developed for the case in which changes 2 
the Faraday effect of microwave radiation are сш d eng 
from resonance of a radiation inducing electric dipole or q 
rupole transitions. 


2 


5 An analogous theo 


for the case in which the frequency of the perturbing 
radiation tends to zero, the assembly being supposed to 
be in thermodynamic equilibrium in the absence of 
radiation. The actual density matrix p must clearly 
satisfy an equation which takes into account the fact 
that the instantaneous equilibrium cannot be reached. 
The simplest way of taking this fact into account is 
embodied in the second term on the right-hand side of 
Eq. (3), where the constant a can be interpreted, in the 
case of a gas, as the number of collisions per unit time, 
and, in the case of a paramagnetic salt, as the reciprocal 
value of the spin-lattice relaxation time. Equation (3) 
has been used by Karplus and Schwinger? and, before 
them, by Frohlich,’ in its classical form, as the starting 
point for a computation of the shape of microwave 
absorption lines in a gas, a problem treated previously 
in a different way by Van Vleck and Weisskopf.’ 
Later, Bijl’ used Eq. (3) in connection with the para- 
magnetic resonance absorption. These problems are 
very closely related to the one treated in the present 
paper. 

More explicitly, 56, which is a time-dependent oper- 
ator, is given by 


rH =o +P cose pt- М cosa мі, (5) 
—-—p E, M-—m-H; (6) 


here p and m are the electric and the magnetic dipole 
moment operators; E and wp are the amplitude of the 
electric vector, and the angular frequency of light; H 
and ол are, similarly, the amplitude of the magnetic 
vector and the angular frequency of the microwave 
radiation. Consequently, 3€; is the Hamiltonian in the 
absence of both radiations. It is time-independent, and 
is supposed to include a term that takes into account 
the presence of the constant homogeneous magnetic 
field, and also of possible internal perturbations, such 
as a crystalline field in a paramagnetic salt. Eigenvalues 
of 3Co, which are assumed to be nondegenerate, will be 
denoted Бу Ez. t 

If in the absence of both radiations the medium is in 
thermal equilibrium, as is assumed here, the density 
matrix of a unit system will be 


p'—exp(—3Cs/RT)/trace exp(—9Co/ET), (7) 


where А is the Boltzmann constant and Т the absolute 
temperature. In other words, p° is a diagonal matrix in 
the system of representation in which 3€, is diagonal, 
and its matrix elements р^? are the familiar Boltz- 
mann factors 


Pmn = бжпрт?, 5 
p»? ехр(— Е„/ЕТ) ГУ: ехр(- Е/ЕТ). 


1 К. Karplus and ]. Schwinger, Phys. Rev. 73, 1020 (1948). 
* H. Fróhlich, Nature 157, 148 (1946). 
* 1. Н. Van Vleck and V. Е. Weisskopf, Revs. Modern Phys. 
17, 227 (1945). 
1? D. Bijl, thesis, Leiden, 1950, р. 77. 
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We now introduce two auxiliary matrices оо and о, 


во= ро р 0=р— р. (9) 
Tf use is made of Eq. (5), Eq. (3) becomes, in terms 
of these matrices, 


Qc i 
— 4- (Coo — 0300) = — a(e— со) 
ot Л 


и (094-0)--(094-0)М ] cose ut 
7 


-E[P(p4- e) — (p*-I- e).P |совор, (10) 


or, in the system of representation in which 206 is 
diagonal, 


9 
(++) тп = а(со)љһ 
9! 


i 
--—(р„%— pr?) (M ma созом Е Рт» cosw pt) 
h 


i 
—- XM nikon — TmkM kn) coso mt 


h 
4 (Pmt kn—OmkPkn) coswpt], (11) 
where 


hOmn=Em— Ел. ў (12) 


A glance at Eqs. (3) and (4) shows that (со) һъ satisfies 
the equation which arises from Eq. (11) by setting a— 0. 
If the intensity of radiation is not too high, the terms 
containing the matrix elements of бо on the right-hand 
side of the equation so obtained may be neglected. 
In accordance with the above discussed meaning of po, 
the appropriate solution of this equation is readily 
found to be 


Ё(то)тп= (оа pn) (M mn/Wmn) coso mt 
+(Pmn/@mn) coswpt]. (13) 


For paramagnetic ions in crystals, the matrix elements 
Pm» usually vanish if the corresponding transition 
frequencies belong to microwave or radio regions. For 
high transition frequencies, (со) mn~0, because wmn is 
then large. 

Taking this into account and eliminating (со) „а from 
Ед. (11), by means of Eq. (13), we obtain 


9 
h (eise Э) Omn 
хад? 


=1(р„?— р | (1—1а/ т») М mn созо at 
Pas cosw pt ]—2?- (Мока € mkM kn) cose art 
-F(Pukgkn— ©мкРьл) cosopt]. (14) 


with time like є ӨМ or РЕ an approximate solution 
of Eq. (14) will be of the form! 


тв = Ge |А auge Вт „б ем. 
FHCmne™ P! Duet, (15) 


To determine the constants in Eq. (15), we substitute 
this expression for бол in Eq. (14), and so obtain the 
equations (we neglect а/(юр-| wmn|), as the frequency 
of the visible radiation is supposed not be in the 
vicinity of resonance) 


2haR= — S ADM aA ent Ben) = (А mkt В) М ka 
+ Pint(Crnt Din) — (СтьЕ JB) 3) UP ДЬ (16) 


(out om 12) Ать= Sm", (17) 
(outon а) Вт = бт М, (18) 
(wptomn)Cmn=Smn”, (19) 
(орет) = Sn"; (20) 


DIS od = (Pm?— р^) (1 "X iaf тп) М mn 
— DP (M meRin—RmtM kn), (21) 
QhS inn? = (9m°— ра0) Ра => k(PmkRen—RmkP kn). (22) 


If both radiations are weak and neither frequency is 
nearly equal to any wmn, the matrix А may be put equal 
to zero. The constants Cmn and D, lead then, using 
Eqs. (2), (9), (15), to the usual expression for the aver- 
age polarizability tensor for the frequency wp (the 
Kramers-Heisenberg dispersion formula). The terms in 
amn containing Amn and Bmn give no contribution to this 
tensor. They are proportional to М„„= — (ms: H), 
so that the corresponding terms in Eq. (2) are propor- 
tional to р„„(т„„· Н), which all vanish, because the 
electric and the magnetic dipole matrix elements are 
never both different from zero for the same transition 
(at least, if the two states involved in the transition 
have definite parities). 

Similarly, the constants Amn and Bmn lead to an 
analogous expression for the magnetic susceptibility 
tensor for the frequency ом. The expression is slightly 
more complicated, owing to the presence of terms 
containing a, which are responsible for absorption. 

If, however, ом is nearly equal to one of the Wmn’S 
and the corresponding magnetic dipole transition is not 
forbidden, i.e., in the case of magnetic resonance, the 
sums on the right-hand side of Eqs. (16)-022) cannot 
entirely be neglected. For, if ом (Е, Е)/№ (sub- 
script w refers to the upper level, subscript / to the 
lower level), Az, and Ви, will be much larger than the 
remaining matrix elements of A and В. Hence, even n 
the lowest approximation, two of the matrix elements of 
R, namely, Ruu and Ry, will be different from Zero. 


. 1 The calculations which follow are a straightforward general- 
ization of Karplus and Schwinger's calculations, reference /. 
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Equations (16)-(22) then reduce to 
2hiaRuu= Мад ВМ, (23) 
Ru=— Ruu, (24) 
20м — wu 14) A ry 
= [(o? ра) (1—ia/o1)) — (Run и), (25) 
Bu Ац, (26) 
2h(wet+Omn)Cmn 
= (0m — pn) Pan (On Bni бафы)Ки 
О. (DT) 
Dan Crm” (28) 


Changes in the magneto-optical effects arising from 
paramagnetic resonance are derived from the terms 
containing Ruu and Ru in Eqs. (27) and (28). 
From Eqs. (23)-(26), one finds 
Ruu= А (р10— pu) W ut, 
lox [Ми 


2 ou (ou on) |M ulka? 


(29) 


This expression for Ruu is identical with Karplus and 
Schwinger's corresponding result if the meaning of 
symbols is appropriately reinterpreted [see reference 7, 
Eq. (30)] Equations (27) and (28) together with 
Eq. (29) give explicit expressions for Cmn and ыл. 
If one substitutes these expressions in Eq. (15), and 
uses the expression for т» so obtained to calculate, by 
means of Eqs. (2) and (9), the terms of (p(/)), contain- 
ing е®ї®Рї‚ which will be denoted by (рьр(Й)л, one finds 
after some straightforward but rather lengthy rear- 
rangements 


(рәр()һ= ЁвГ р(е»))ме 2), (30) 


where 


20 хар тоо” 


1 
Reip(or)u— > ра 


ә 2 
т (Q)p'— тп 


Wa oun Dad 20 tmP im 
(pu°— pi?) | = -1, (31) 
р m (0р2 Әит WP — Әт 
1 2шщрРЁат 
Ш{р(шр))һ=— 27 pn? 22 — — 3; 
hn m QP.—Omn 
Wau у Дуа 
= (ри0— рі) | = даа sf 02) 
h т lwp Фит OP Фп 


The vectors Prat and Р, occurring in Eqs. (32) and 
(33) are defined by 


Pant = Re[pas(pan- E) ]; (33) 
pu Im[pas(pa»- E)]. (34) 
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The tensor relationship between (p(wp))4 and E, as 
given by Eqs. (31)-(34), determines the average polar- 
izability tensor of a unit system. In particular, Eq. (31) 
determines the real part of this tensor, i.e., the part on 
which the magnetic birefringence depends. Similarly, 
Eq. (32) determines its imaginary part, which describes 
the Faraday effect, as will be discussed below in more 
detail. The tensor is Hermitian, as may be seen from 
Eqs. (31)-(34), and from the Hermitian character of 
the р, „'ѕ. This corresponds to the fact that the absorp- 
tion of the light wave is here neglected. 


THE FARADAY EFFECT 


Owing to the Hermitian character of the electric 
dipole moment matrix р„„, Eq. (34) can be written as 
follows: 


Р =%(р»»Хр»һ)хХЕ. (35) 


Making use of this equation and introducing the 
abbreviation 


ОР PmnX Dam 
= D (36) 


h т ор ом 


one obtains from Eq. (32) 


Im(p(wp)) = ЖЕ, (37) 
where 


Qut= ара Q,4-W.(Q;— Q.)(p.9— рі). (38) 


As is well known from the theory of the Faraday 
effect,” the rotation of the plane of polarization 6 per 
centimeter is related to Ош in a simple way. If the 
direction of the constant homogeneous magnetic field 
and that of propagation of the light wave are parallel, 
0 is proportional to the component of Ош along the 
direction of the field. The proportionality constant is 


G=8r'wpNi/cr/e, (39) 


where № is the number of unit systems per сс, and є 
is the dielectric constant of the medium (it is assumed 
that the birefringence is small). Hence the term pro- 
portional to Иш in Eq. (38) when multiplied by С 
represents the contribution of the paramagnetic reso- 
nance to the Faraday rotation. 

It should be emphasized that the theory has been 
developed here for the case in which the shape of the 
paramagnetic resonance line is mainly determined by 
the spin-lattice relaxation time. If the predominant 
effects in determining the shape are the dipole-dipole 
and exchange interactions, the exact calculation of the 
contribution of the paramagnetic resonance to the 
Faraday rotation is a problem more or less equivalent 
to that of computing that shape, so that no straight- 

“Н. A. Kramers, Proc. Acad. Amsterdam 33, 959 (1930); see 
also L. Rosenfeld, Z. Physik 57, 835 (1930); В. Serber, Phys. Rev. 


41, 489 (1932); J. Н. Van Vleck and M. Н. Hebb, Phys. Rev. 46, 
17 (1934). 
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ach seems to be possible. Of course, the When one applies the general formula (38) to the 
n ‚ Faraday effect resulting from the para- сазе of nickel fluosilicate, which has been considered by 
(ic resonance would remain roughly proportional Каѕ(ег,? one easily confirms his qualitative conclu- 
sions. 


DISCUSSION 


RAGAM, University of Paris, France: It might electric transitions for visible light, which may occur | 
eresting to generalize slightly this calculation іп crystals. A 
to include the dipole magnetic or quadrupole | 1 
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In this paper the problem of the line sha 
resonance when large exchange interaction is 
from the standpoint of a simplified mathematical model. The 
mathematical model can be called the model of “random fre- 
quency modulation”: It is assumed that the atom absorbs a single 
frequency, which varies over a distribution determined by the 
dipolar local fields, but that this frequency varies randomly in 
time at a rate determined by the exchange interactions. : 

The predicted line shape in the case in which exchange is large 
is of resonance type in the observable center of the line, but falls 
off more rapidly in the wings. This line shape has been verified 
experimentally in a number of cases. This conclusion seems quite 
independent of any assumption about the type of random fre- 
quency modulation, etc. The quantitative conclusions are reached 
in the following way: It is suspected, since the exchange motion is 
the superposition of the effects of a number of neighbors which is 
not particularly small, that a good approximation to the modula- 
tion function is Gaussian noise with a Gaussian spectrum. This, of 
course, is what would result from the superposition of a large num- 
ber of rather small effects. Under this assumption both the second 
moment (which is independent of exchange) and the fourth mo- 
ment of the line shape can be calculated. This kind of modulation 
is the simplest one which does give a finite fourth moment; a 
Магкоћап, or “jump,” type of modulation, which might seem 


pe in paramagnetic 
present is discussed 


more reasonable at first, does not, These moments are then com- 

pared with the moments computed by Van Vleck [Phys. Rev. 74, 

1168 (1948)] to fix the two adjustable parameters, mean square 

frequency, and average rate of change of frequency, of the theory. 
The result as to line breadth, which is essentially 


~{(Ae*))av dipole-dipole 

ET UD UM ОУ 

if J is the exchange integral, can be compared with observed line 
breadths by estimating J from Curie-Weiss constants for a num- 
ber of materials. The results are quite satisfactory if the theory is 
extended in two ways: (a) When the exchange frequency is larger 
than the resonance frequency, it can be shown that the off- 
diagonal elements of the dipolar interaction must be included, 
leading to a line-width larger by a factor of roughly 10/3; (b) in a 
number of cases hyperfine and Stark splitting is contributing 
importantly to the width. 

The good agreement with experiment in the cases we have 
investigated leads us to believe that a quantitative approach to 
the paramagnetic resonance line breadth problem, using only the 
already known concepts of dipolar interaction, exchange narrow- 
ing, and fine structure splitting, will probably explain all the 
observed phenomena. 


A 


I. INTRODUCTION 


1 = phenomenon of exchange narrowing was first 
suggested as a possibility by Gorter and Van 
Vleck! and was demonstrated mathematically by Van 
Vleck.? These authors pointed out that in most pure 
salts the exchange interaction cannot broaden the 
paramagnetic resonance line because it commutes with 
the components of the total magnetic moment and, 


. therefore, has no direct effect on either the Zeeman 


energy (~S.) or the radiating dipole moment (Sz). On 
the other hand, exchange can cause rapid motion in the 
spin system, which can result in averaging out the 
effects of the broadening interactions such as mag- 
netic dipolar interactions, thus narrowing the line. 

At nearly the same time Bloembergen, Purcell, and 
Pound? observed that temperature motion of atoms in 
liquids and some solids had much the same kind of 
narrowing effect on nuclear magnetic resonance lines. 
These authors considered these narrowing phenomena 
in a way roughly similar to our present theory, but with 
а somewhat less schematized and therefore less quanti- 
tative model. With their considerations they deduced 


1 C. J. Gorter and J. Н. Van Vleck, Phys. Rev. 72, 1128 (1947). 


21. k, Phys. Rev. 74, 1168 (1948). 
e coc and Pound, Phys. Rev. 73, 679 (1948). 
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that narrowing occurred if the rate of motion (which we 
shall call we) is rapid compared to the amplitude in 
frequency of the perturbations, which we call wp; and 


that then the line breadth is roughly 


Aamw,?/ we. (1) 


We have applied a similar model to the problem of 
narrowing by motion in the spin system because of 
exchange. In our model we assume the system to be 
absorbing a single frequency, which varies in a random 
way over a certain range determined only by the mag- 
nitude of the perturbations (primarily because of the 
magnetic interactions) but at a rate controlled by the 
motions. This is not an entirely new concept (see, for 
example, reference 1), but we have tried to carry the 
work through in a consistent, at least semiquantitative 
way, and to give the model as good a justification as 
possible.* 

With this model it becomes possible to compute the 
actual line shape and line width, in contrast to the 
method of Van Vleck in which only the second and 


fourth moments of the line shape can be practically · 


* This justification, as well as some of the other more mathe- 


matical parts of the theory, will not be given fully here; we hope 


to cover these points more completely in a later publication. 


JANUARY, 1953 
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calculated. This is important because these moments 
fail to describe the line shape with any accuracy just 
when exchange narrowing becomes important. In all 
the possible forms of the model the line shape is of 
resonance type in the center when the narrowing is large, 
falling off more rapidly on the wings near the frequency 
we This agrees with the results of a number of ex- 
periments.‘ 

We have also found it possible, picking the “Gaus- 
sian" form of the model which is most suited to the 
exchange problem, to compute second and fourth 
moments and,.comparing these with those of Van V leck, 
to fit the adjustable constants ор and we of the theory. 
That the forms of these moments are such as to make 
this possible in the first place is confirmation of the 

essential physical correctness of the model. When 
certain corrections are made, also suggested by the 
model, we find quite excellent agreement with measured 
line widths, using exchange integrals computed from 
paramagnetic Curie-Weiss constants. 

Tn this quantitative aspect we feel that our theory, 
in spite of its apparent arbitrariness, is valuable both as 
an aid to understanding, particularly in regard to the 
corrections which have to be made, and as an extrapola- 
tion method encouraging one to try to use the rough 
relation (1) quantitatively. We feel that the success we 
have had indicates that the concepts already available 
are completely adequate td explain most of the ob- 
served phenomena; there seem to be no important 
mysteries left. 


Il. THE MODEL ОЕ RANDOM 
FREQUENCY MODULATION 


It is true in generals that the spectrum of the radia- 
tion or absorption of any quantum-mechanical system 
is given by the Fourier integral of the Heisenberg opera- 
tor for the dipole moment Sz: 


2 


HO) ее р (2) 


Ї КОКУЛ 


where 


48, 
ih—=HS,—S,H. (3) 
dt 


In our problem the Hamiltonian consists of three parts: 
П 


H=Ho+H,+Hez. (4) 
Ho is the unperturbed Hamiltonian, 
Но= 88 У 5.5 (5) 
2 


causes the ehergy-splittings leading to the lines 
e investigating. Hp is the “perturbing” Hamil- 


erso. 


у 


1951). 
Phys. Rev. 76, 647 (1949). 
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tonian, for the time being assumed to be due to the 
dipolar interactions, which causes the broadening of 
these lines (Van Vleck, reference 2, has written it out 
in full); and Hez is the exchange Hamiltonian, 


Hamz J 485: Өк. (6) 


We now calculate the spectral intensity (2) for a given 
absorption line (state j—state j) under the following 
assumptions: 


(a) ihH,—[Ho- He, НН. Hp). (7) 


This is not really an assumption, but merely the ex- 
pression of the fact that the perturbation of the 
dipolar interactions varies in time because of the ex- 
change Hamiltonian, according to the standard com- 
mutator law. Since very many states are available to 
the system, and since thermal energy is large compared 
with all the Hamiltonians of (4), this time variation will 
be a random one, the order of magnitude of the rate 
being given Бу Hez/ħ. We write down (7) as an assump- 
tion to emphasize two facts: first, that Hez does not 
commute with Л, and thus it does cause a time varia- 
tion of H,; and second, that we leave out, at least for 
the time being, the time variation due to Но; this is 
only justifiable on the basis of the later assumption (d), 
by which we throw away all the parts of H, which are 
off-diagonal in Ноаз being, in the language of reference 
3, nonsecular perturbations. In a later section we will 
consider the case in which Ho&KH ez; then, of course, no 
part of H, is any more “secular” than any other part, 
and we retain assumption (a) but leave in all parts of Hp. 


(b) [Hes Ho]- 0. 


(© LH. 5.]=0. (8) 


These two easily verified assumptions express the 
fact that Hez causes narrowing rather than broadening, 
since it cannot directly change the unperturbed ener- 
gies (by b) or interrupt the radiation in any way 
(by c). 

(d) Finally, the assumption is made that Ир is so 
small as to have no important matrix elements connect- 
ing different unperturbed states of Но. This is the 
assumption which is most vital to the model, since it 
expresses the assumption that H, changes only the 
frequency of the radiation from the system, without 
causing transitions or changing the amplitude. 

This assumption is obviously not a rigorous one, 
since H, has many states of the same energy (e.g» all 
states of given Sz, no matter what 52 is, have the same 
energy). Thus obviously H will have important off- 
diagonal elements. However, the assumption is very 
far from being as bad as this reasoning would make it 
appear. In the first place, it always turns out that we 
need not leave out of our calculation the off-diagonal 
elements of Hp; we need only treat them as if they еы 
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diagonalt For instance, in the present theory, we use 
Van Vleck's full mean square value of Eo : 
both diagonal and off-diagonal effects. 

A second way of thinking of assumption (d) is as an 
“isolated-atom” assumption; for the isolated atom И 
will not have important off-diagonal elements, so that 
we get qualitatively right answers; and then we re- 
normalize by using the full perturbation as mentioned 
above. 

It now becomes possible to compute the spectral 
intensity (2) for a given Spectral line, which we pick 
out by using only the ij matrix element of S.(I) in (2). 
This matrix element, from Eq. (3) and assumption (c), 
satisfies the equation 


ih(S:)57 LH HHE ,, Sz] 
= LH ont H pilt) ]5=:;— [H0;;+ Hp;;() 185. (9) 


Here assumption (d) has eliminated all off-diagonal 
elements, and assumption (b) shows that 


р, including 


Но; Hojj— hos, (10) 


the unperturbed resonant frequency, is not a function 
of time. The solution of (9) is obvious: 


t 


(5.(0)):;= (Szij)o epl - iwg— i | д | (1 1) 


where 


1 
Aui) Hes ЫШ (12) 
; 


is е randomly varying frequency introduced Бу the 
perturbation H,, which in turn varies in time due to 


Eq. (7). i ; 
Equation (11) introduced into (2) gives 


Тв) едо) f д0 | j (13) 


Equation (13) is the basic equation of the random fre- 
quency-modulation model; it states that the spectrum 
is that which one would obtain from a frequency which 
varies about the mean frequency оо in a random way, 
with amplitude controlled by the size of Hp but rate 
determined by Hez through Eq. (7). 
Before going on to the actual exchange narrowing 
problem let us introduce some transformations. First, 
we shall always think in terms of frequency differences 
from the line center, so that instead of w— во we write 
simply о; шо enters nowhere else in the problem except 
in assumption (а). Second, we transform to the correla- 
tion-function form of the Fourier integral by the well- 


t Thus we follow the procedure—remarkably nee quant. 
tatively—of the “adiabatic approximation ш pee m 
ing, replacing the transition effects of off-diagona 


equivalent energy perturbations. 
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known process of Wiener and Khinchin: 


* 


ra) | енеда, 


—20 


(14) 


e(r) - S (5-ти over | 


СИ) sosar |Y . (15) 
t Ay 


Equation (15) forms the basis for our mathematical 
manipulations. It should also be noted that Eq. (15) is 
a very simple way of understanding the phenomena of 
exchange and motional narrowing. Namely, since 1 
and e are Fourier transforms of each other, if о has a 
"breadth" Т in time, i.e., falls off appreciably in time 
T, then the breadth of 7 is 1/7. 

Now, first suppose Ao;;(/") varies quite slowly in time. 
Then the integral in (15) will become appreciable when 
Aw;;7~1, so that if ор is some average of Aw;; we have 
0517-1, and thus the line breadth ~w,, as in the case 
of no narrowing ; the rate of change is unimportant. 

But now suppose we the rate of change of Aws; is 
much faster than its average wp. Then before J Awi; can 
have reached any large value the integrand Aw;; will 
have changed sign, and the whole integral will roughly 
average out. Thus ¢(7) becomes very much broader, 
and J;;(w) correspondingly narrower. 


Ш. THE SPECTRUM FOR GAUSSIAN RANDOM 
MODULATION; EXCHANGE NARROWING 


Before any progress can be made in finding the corre- 
lation function, we must make a decision as to what the 
amplitude and random properties of the function 
Хо, () are. This decision must be made, in the present 
state of the theory of random functions,’ more on the 
basis of mathematical convenience than anything else; 
fortunately, in the exchange narrowing case physical 
realism is probably also satisfied fairly well. 

The most easily handled type of random function is 
the Gaussian type. This may be defined in a number of 
ways: The physical way is to appeal to the law of large 
numbers and say that the superposition of the small 
effects of a large number of random causes is always a 
Gaussian random function, e.g., Brownian motion or 
the voltage due to motion of electrons in a resistor. A 
way of producing a Gaussian random function is to put 
"white" Gaussian noise—that is, Gaussian noise with 
an equal amount of energy in every frequency range, 
such as is produced by electrons in a resistor—through 
an arbitrary electrical filter. All the probability distri- 
butions, for instance the probability of finding a given 
amplitude in a given frequency range, are Gaussian. 
On the other hand, it must be emphasized that the ac- 


1 For a reference on random theory see M. С. W. and C. E. 
Uhlenbeck, Revs. Modern Phys. 17, 323 (1945). The authors are 
indebted to Dr. Shannon and Dr. McMillan of Bell Laboratories 
for helpíul discussions of this subject. 
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ectrum, corresponding to the type of filter in the 
example, is still completely arbitrary. 
n exchange narrowing the frequency Ac;;(I) is due 
їе random perturbing effects on the frequency of a 
ber of neighbors, 6-10 or more, which is not large 
| the usual sense but from experience with random 
M seems to be fairly large in the sense we need. 
In addition, Van Vleck has shown that the mean fourth 
moment of the value of Ac«;; is near to that ex- 
cted from the Gaussian shape. Measured shapes, 
when narrowing is small, are indeed roughly Gaussian. 
his, of course, does not insure that all distributions are 
uH Gaussian, as is required for the true Gaussian random 
. function, but it does verify our reasoning that the func- 
tion should be Gaussian. One can be sure that this 
— assumption is by far the least drastic of this theory. 
- — Once one has picked the Gaussian type of random 
- function one still has the freedom, as pointed out above, 
‘of choosing either the spectrum or the correlation func- 
tion of the random modulation in a completely arbi- 
ary way. This spectrum characterizes the properties 
the motion due to exchange, in contrast to the ampli- 
е of the random function Aw;;, which is a conse- 
quence of the dipolar interactions alone. We should 
emphasize that now we speak of the spectrum of 
i(i), which we сай Z4«(v) ; the corresponding correla- 
m function, related by (14) to Iaw, we call фль(0. 
'ortunately, Van Vleck's computations again furnish 
“us a very useful condition: The mean fourth moment 
ven with exchange is finite, which one can show re- 
s that the spectrum not have an anomalously long 
5 it must fall off at large > more rapidly than и 3. 
particular, this excludes the Markoffian type of 
om modulation in which the motion proceeds in 
umps, such as one might expect from the oversimplified 
re of electrons jumping back and forth due to 
. It is more realistic to think of exchange 
fields which cause the electrons to precess at 
t much greater than J/h. 


ove 
№ 


ably smooth spectrum, the final results will 
ical of those we would obtain with other 
umg tions then are: 


PI 


a Gaussian random function 
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to compute (15). First we use а well-known theorem 
relating to Gaussian random functions: The distribu. 
tion of any linear combination of values of a Gaussian 
random function is itself Gaussian. Now the integral in 
the exponent of (15), 
т 
х= | Ао: ;(Р)аг, (17) 
1 

is itself just such a linear combination, so that we know 
the distribution of X, 


1 xX? 
р(х4х=————еяр(— ax, 
[27 (X? |! (Xa 


where (X?),, is the average value of ХЭ, 


Go. ( | “a | 27722 | 


This, after manipulation, can be shown to be 


(0). 20? Ї (7—10) фл (0. d 


0 
Here we have defined о> as the mean square of До;;: 


(19) 


With the distribution of X, P(X), known, we can im- 
mediately take the average of (15) 


p= (Лаз). 


ces | dXP(X)e*, 


a 


р 


=exp| о | КОЛУ (20) 


Thus we see that with the Gaussian assumption, we can 
relate the correlation function for the spectral line to а 
rather easily performed integral (18) of the correlation 
function ло of the random modulation, together with 
the second moment w,? (19) of the original distribution. 
Before going on to discuss the Gaussian form foreae 
(16) which is of most intérest to us, we shall obtain а 
few rather general conclusions which are valid in the 
limiting cases. i 
Case І: w,>>w. so that pault) is constant at its value 
for /—0, unity, throughout the region in which the 
Coonen of (20) takes on appreciable values. Then we 
ave 


Ф(Т) onse mo - og | 3 di(r—1) 


ey T 
-es(- 2 


) Oe) 
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This can easily be shown, through Eq. (14), to give a 
Gaussian line of mean width wp. This is of due 
exactly what we started out with ; other (otis of modu: 
lation function have been tried, but the general con- 
clusion can always be drawn that in case 7 the modula- 
tion has no effect whatever. 

Case П: о.о. In this case Фл. Will have caused 
the integrand in (20) to vanish long before / can take 
оп a value comparable to 7. Then 


Ф(т) case пазе (=>); Ї es] (21b) 


-ew( - =, (215) 


We 


Here о, can be defined by the equation (consistent 


with 16) 
1 © 
—= | estat 
0 


We 


and it is clearly a good measure of the inverse of the 
total width of e4,, and thus of the true width of the 
spectrum Гль(у). This Eq. (21b) is also remarkably 
general, holding as well for other types of random 
modulation. The line shape resulting from (21b) is the 
resonance shape: 


2 (w/w) 
Го) =- ——————. 22 
T wH (в/в. 2 


Clearly, if (c) is to have а finite second moment, as it 
must if Ашу; is Gaussian, (22) cannot hold throughout 
the frequency spectrum. It can be shown that the wings 
of the spectrum, which are determined primarily by 
g(r) at very small т, where (21b) is no longer valid, 
fall off more rapidly than (22) indicates. In fact, (22) 
is а good approximation out to the frequency we, 
beyond which the wings fall off quite rapidly. 

As mentioned in the introduction, in а number of 
experimental cases of extreme narrowing the reso- 
nance shape (22) has been found to be correct. We feel 
that the shape (22) is probably the most accurate 
conclusion of the theory. 

Some of the moments of the distribution can also be 
found from Eq. (20) directly. The theorem which is 
most convenient to use is easily proved from Eq. (14), 
and is 


d" 
(7). i" (23) 
dr” т=0 
For the second moment this gives - 
Уа 2 т 
(„= са Е || di(r—1) Ж | » (24) 
d? 0 т=0 


(eb). = e. 
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We see that the second moment is completely inde- 
pendent of the effect of exchange, а fact which Van 
Vleck derived for the rigorously correct model. 

The fourth moment is somewhat more complicated 
to derive from (23), but we shall write it down: 


d 
(0%) = 305 — v — eas (т) 5 (25) 
dr? 


| т==0 


Note that this will not be finite unless the spectrum 
of Aw,,(t) has а finite second moment, as stated pre- 
viously. 

With the specific Gaussian form (16) for the correla- 
tion function of Aw;;, we can immediately write down 
the correlation function for this case. It is 


OT Wer 
Ф(т)=ехр( — 1 276190244; 
0 


We 


205? T 
+ [—еъ(—г=)]) (20а) 
тог 4 Е 


The actual spectral line shape is not of much interest 
except in the limiting cases, in which (22) and (21a) 
are quite satisfactory. It is of interest to go ahead and 
compute the fourth moment in this special case [ (24) 
of course being quite satisfactory for the second 
moment J. One can do this quickly with (25) and obtain 


т 
(о*) = > (25а) 


IV. COMPARISON WITH EXPERIMENT 


These general formulas, containing w, and о, as 
adjustable parameters, represent the extent of this 
model's ability to give quantitative information. We 
know only that 

шь Hof he Be Ва) 


and we-~J/h as to order of magnitude. 

Fortunately, there is a way to make the method 
quantitative. We can use Van Vleck's values for the 
second and fourth moments and compare these with 
our values (24) and (25a). This gives two relations for 
our two parameters, о, and wp, so that then we can use 
(22) (at least in the extreme narrowing case) to predict 
the breadth. Thus we plan to use our model to “ехїта- 
polate” Van Vleck’s numbers to get the entire line shape. 
Naturally no accurate limits of error may be set on 
such a procedure; nonetheless, one would be quite 
surprised if our assumptions combined to give an error 
of more than a factor of two, and less than this would be 
far more likely. For example, the two most extreme 
spectra Гл.(,) one could expect, the square spectrum 
and the simple exponential (e-"/*-), lead to errors of 
only about 1.5 in our extrapolation procedure, one in 
one direction and one in the other. The true deviation 
from the Gaussian is probably far less than these. 
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TABLE Г. Exchange narrowing in Fe*** and Mn** salts. 


Salt 0 Hy» H. AHcalc(? AHobs (10/3) AH calc 
A. Extreme narrowing, Н.>»>Но 
| РеМН, (509: 13°К 840 ое 13 800 ое 51 ое 290 ое 170 ое 
Fe:(SO4; 70 1200 74 100 19 90 64 
E MnCl: 16 1750 17 000 175 625 585 
р MnSO, 2 24 1600 25 400 100 330 330 
Е B. 070, weak narrowing 
E MnCh:4H;0 3 750 <3000 > 175 670 
9 Мп504:49:0 2 730 <2000 >250 570 Upper limit 
Ми50,-5Н:0 3 630 <3000 >125 625 241000 
Мп$Е;-6Н;О ~0 460 (0) 800 
The moments as given by Van Vleck аге, fora simple we and wp: 
cubic lattice structure : 
ү) 4 H,?=5.1(g8n)?S(S+1), (27a) 
Е ysero ; 
о n ) 3 H,—2.83—[S(S-- 1) № (282) 
| 88 
1 х (Arbo As'— 0.187), (26а) and 
| АН=Н,/Н, (29а) 


ot Se (E E (= 1) ) 


a? 3 


s Жоли 0.187). (26b) 
"The notation is: g= g-factor, В= Bohr magneton, a= lat- 
tice constant, \ı з are direction cosines of the external 
field with respect to crystal axes, S=spin quantum 
\ number per atom, and J= exchange integral. 
Ё We should point out that the remarkable similarity 
Н between (26b) and (25а) in general form is not а neces- 
sary result of either theory; for instance, terms of form 
(6282/4) can and do occur, but are extremely small, 
—— according to Van Vleck, and he drops them; while the 
Coefficient of (02))л2 is not exactly, but approximately 
— — 3. The angular dependence is also an "accident." It 
т^ А seems to us that this agreement is good evidence for the 
physical sense of our model. 
— The uncertainties we already have seem bad enough 
Г that we need not worry about either crystal structure or 
- directional properties very much, so we shall use the 
otropic averages of (26). We then find for the two 


E 

ofa ( : ) ws(s+2), (27) 
8.48 /”ү? 

шд2---|- р 
: () 8(84-1) (28) 


^" is th > density of spins per cubic centimeter. The line 
breadth is then (half-width at half-power) 
| Ав= оу?/ шу. 


(29) 


ic field, as most measurements are 
fields corresponding to 
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is the predicted half-width at half-power. 

Kumugai and co-workers? have measured or com- 
piled the line breadths for a number of salts of Mn** 
and Ее+++, where crystal anisotropy broadening is 
minor and thus powder data are reliable. For most of 
these salts an estimate of the exchange integral can be 
made from the Curie-Weiss law х--С/(Т-50), with 0 
obtained from the Weiss molecular field equations as 


3k0— 2JZS(S-- 1). (30) 


Z is the number of nearest neighbors, which we always 
set equal to six for consistency with our previous as- 
sumption of simple cubic lattices. These salts are also 
advantageous in that crystal splittings do not contribute 
importantly to 0. 

In Table I we make a comparison of our predicted 
line breadths from Eq. (29a) (column labeled АН-г?) 
with the observed breadths (under AH»). The com- 
parison is valid only for those salts with large 0 which 
are collected in Table IA, both because the 9 measure- 
ments are in most cases not valid to more than +2°K, 
even if nothing but exchange is important, and because 
for the other salts the Я, values are not extreme enough 
to make our limiting formulas correct. 1 

We see that in spite of the belief that our calculations 
should be good within a factor 2 at most, the compari- 
son is bad, since errors as large as а factor б appear. 
'This discrepancy is the same as that noticed by Ku- 
mugai et al? using the simple order-of-magnitude 
formula (1). Fortunately, we can show that two Уёгу 
important sources of broadening have been so far 
neglected, and that their inclusion leads to good agree- 
ment with experiment. : 

The first source is the following. In Уап Vleck's 
computation of the mean square broadening he leaves 


8 Kumugai, Ono, and Hayashi, Phys. Rev. 85, 925 (1952). 
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out terms in Ир which connect different Zeeman energy 
levels. (These are terms mixing 5,--1 and $,-&2 sae 
Sz.) Van Vleck is perfectly correct in doing 2 since 
when H,«Ho, as in all resonance experiments and 
when exchange is not too large, these terms contribute 
only in second order to the main line. On the other hand 
because they mix up the S, states they can lead 5 
satellites at frequencies 0, 260, and Зоо, which are so 
far from the main line that in spite of their weakness 
their mean square breadth contribution is large. 

In the present exchange narrowing cases, on the other 
hand, Hez is not small compared to Но, which intro- 
duces a new effect. One can show in a number of WAys, 
by quantum-mechanical thinking or by the reasoning 
of reference 3, for instance, that these terms should no 
longer be omitted. Namely, the rapid variation of these 
terms due to exchange makes the fact that their 
"natural" unperturbed frequency is not zero im- 
material. 

One can demonstrate this on our model by assuming 
that these terms have a Gaussian spectrum centered 
not about zero but about wo. Van Vleck points out that 
the total mean square amplitude of these terms is 1/3 
of that contributed by the zero-frequency terms, so 
that we may write 


T 
(До: )a pault) = exp ( = cede) 


[e,*4-7/3e5? соз wl]. (31) 


This equation embodies the assumption that the fre- 
quency c, of exchange motion is the same for the two 
types of terms, but otherwise is the only simple way 
to represent the situation. Using (31) one immediately 
sees that, if we wo, Yaw Will be zero long before coswof can 
vary much from unity, so that we can for practical 
purposes use (16), just multiplying wp by 10/3 in 
obtaining the breadth. On the other hand, if о,«оо the 
cosine term will be rapidly varying and will eventually 
average to zero in its contribution to the main line. 
In the last column of Table IA we see that the factor 
10/3 greatly improves the agreement with experiment, 
bringing the ratio of theory and experiment within the 
factor of two we have allowed ourselves. і 
We can still improve this agreement, however, as 15 
suggested by a glance at Table I. Those cases in which 
Н, 18 least still seem to have too great an observed 
breadth. Can there be still another source of broaden- 
ing? A number of authors?! have measured very ap- 
preciable fine structures, of order 1000 to 2000 gauss in 
total width, in dilute salts of Mn** and Fe***. These 
fine structures are due both to the nuclear hyperfine 


IF. Keffer has arrived independently ar e same conclusion 
thesi iversity of California, Berkeley, 1751). 
; б шу Griffiths, Penrose, and Plumpton, Proc. 
Phys. Soc. (London) 61, 551 (1948)... 

10 B. Bleaney, Physica 17, 175 (1951). DOSE 

п Ubbink, Poulis, and Gorter, Physica 17, 2 : 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


NARROWING IN PARAMAGNETIC RESONANCE 275 


splitting and to crystal field splittings. Naturally, the 
latter, major, source of splitting varies from crystal 
to crystal, but the order of magnitude is roughly con- 
stant; and there is no reason whatever to believe that 
the forces causing these splittings are not operative 
in the more concentrated salts. It is known (see, ep 
reference 2) that such splittings will be narrowed out 
by exchange just like dipolar interactions; but none- 
theless they represent an extra interaction which must 
be added in with the dipolar interactions to compute 
the full width. 

This extra contribution is taken into account in the 
following rough manner: we assume the fine structure 
fields to be roughly constant, of mean square magnitude 
Ни’, in all salts. Ни? will represent only in order of 
magnitude the true mean square width of the fine 
structure since we know only to order of magnitude how 
to compute the corresponding exchange narrowing; 
even given the mean fourth moment we certainly could 
not use the Gaussian assumptions. The introduction of 
Ни? has been done graphically in Fig. 1 as follows. 
We assume, for extreme narrowing, 


AH=[(10/3)H,?+ Ин ИН. 


which may be written Н.АН = (10/3)H +H. Thus 
if, as in Fig. 1, we plot H.AH against (10/3)H,? for 
various salts we should get points which cluster around 
a line of slope unity with a positive intercept on the 
Н.АН axis, of order of magnitude Hj—-10*. The 
figure shows that this is the case; the slope of the line is 
12:20 percent or so, the intercept 1-Е 1X 10°. The agree- 
ment is excellent considering the variations of crystal 
structure effects from salt to salt which are to be 
expected. 

In the second half of Table I we list those salts with 
small 0. We can certainly make no definite predictions 


Zi 


ежи 


ис 


дорожим 


Eo 


1 


Р. W. ANDERSON 


cal uncertainties, but we have listed, first 

(Hp taking He the maximum possible as a lower 
mit, and second ~ (7 ?- H 4?) as an upper limit, to 
ne predicted breadths. АП cases lie within the limits. 

e first three salts seem on the face of it to agree 

| ently те Я ще.) the Van Vleck theory, and to 


а little 18 to believe that the mers who nis 
d 0 could be in such great error as to mistake 0—0 
-8—2 or 3, as would be required to explain this fact. 
Ве fourth salt, the fluosilicate,? is included to show 
at the agreement with Van Vleck can be illusory; 
see that this salt has a breadth considerably larger 
ап Ну, so that certainly there is a considerable Ян 
ution. Thus we believe that the other three 


П easured ыб Бо discs at a number of frequencies 
di ina number of directions. Си", under conditions 


large anisotropy both of g and of hyperfine 
icture, with the width of the hyperfine structure 
sually fairly negligible perpendicular to the 
n this direction the half-width is about 25 oersted 
highest frequency, which leads one to estimate 
change field of ~ 1600 oe. The Curie point is about 
‘measurement here is an unpublished one Бу УУ. A. Yager. 


S. Bagguley and J. H. E. Griffiths, Proc. Roy. Soc. 
3) А201, 366 (1950). Р 
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0.7?K,'! which corresponds to 2400 oe exchange field, in 
quite good agreement; while Bagguley and Griffiths were 
themselves able to estimate an exchange field, from 
the frequency at which they could resolve certain lines 
owing to the two molecules per unit cell, of around 2000 
ое. In addition, at their lowest frequency (7-3 cm) these 
authors found a slight increase in line widths, as would 
be predicted because here the “10/3 effect" should be 
beginning to appear. 

It would be of interest to measure more directly the 
“10/3 effect" in a salt in which the exchange frequency 
can be bracketed by two measuring frequencies. It is 
extremely important, however, to avoid difficulties 
which are due to anisotropy broadening by using either 
single crystals or salts with L=0, and to be sure that 
spin lattice broadening is not present (ie., that the 
spin-spin interactions make the lines reasonably broad). 

Thus we find that in no cases we have considered are 


' the data in appreciable disagreement with values pre- 


dicted from our theory, if the corrections for off- 
diagonal elements of the dipolar interactions and for 
fine and hyperfine structure are taken into account. 
We feel that the theory and the concepts it uses are 
thus essentially correct. There seem in paramagnetic 
substances to be no unexplained sources of broadening 
such as are present in ferromagnetic materials and in 
antiferromagnetic materials near their Curie points. 


M'This value comes from de Haas and C. J. Gorter, Leiden 
Comm. 210d. K. S. Krishnan and A. Mookerji, Phys. Rev. 54, 
841 (1938) find a considerable anisotropy of 0, with only the 
roughest agreement with the above value found for the powder. 
Both sets of measurements are at 14°К or higher. T. H. Gaballe 
and W. F. Giauque, J. Am. Chem. Soc. 74, 3513 (1952), working 
along a single axis, agree somewhat better at liquid helium tem- 
peratures with the earlier 0.7°K value than with the 1.8°K value 
found for this axis by Krishnan and Mookerji. In view of the un- 
certainties in the susceptibility work it is best to regard our 
agreement above as somewhat fortuitous. 
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Neél’s Phenomenological theory of antiferro 

t three-dimensional case. When the external ma 
lying in the plane through the favored 

This anomaly consists of a rapid turn-o 

perpendicular to the plane just mentioned. 

tion will deviate towards the field, and finall 

„Following the general method of Kittel, Ub 

high frequencies two resonance fields will be 


resonance field will decrease and vanish, w 
resonance. 


magnetism at zero temperature has been worked out for a 
gnetic field comes near to a certain hyperbola in the field space 
and the least favored direction of magnetization, an anomaly occurs. 
ver of the two opposed directions of magnetization into the direction 
At much higher fields the two opposed directions of magnetiza- 
y antiferromagnetism will go over into paramagnetic saturation. 
bink has investigated antiferromagnetic resonance. At not too 
flanking the hyperbola in field space. At higher frequencies one 
hile the other one will approach the field of paramagnetic 


N Меб 8 phenomenological description of antiferro- 

magnetism’ the magnetic ions are divided over two 
sublattices, which we shall indicate, respectively, by a 
single and by a double dash. 

In addition to the extermal field H, the spins in the 
first sublattice experience a virtual magnetic field— ав”, 
while the spins in the double dashed sublattice exper- 
ience a virtual field — ас’, where the c's represent the 
average magnetization in the sublattice indicated. 

Now the virtual fields tend to keep the magnetiza- 
tions of the two sublattices exactly opposite to each 
other. As long as the external field is small compared to 
the virtual fields it tends to orientate the opposite 
magnetizations perpendicularly to itself, since then the 
magnetic decrease of energy is largest. On the other 
hand, crystalline anisotropy may favor certain orienta- 
tions of the opposite magnetizations. When the external 
field becomes of the same order as the virtual fields, it 
forces the magnetizations into its own direction. In the 
investigation discussed the interplay of these different 
tendencies is analyzed. 


Fic. 1. Hyperbola and 
à ellipse in the H space. 


х 


1L, Neél, Ann. phys. 18, 5 (1932); 5, 232 £1939); 3, 137 (1948). 
J. Н. Van Vleck, J. Chem. Phys. 9, 85 (1941). 


Let us suppose that а as well as р differ in the direc- 
tion of the three rhombic axes x, y, and z. Considering 
ionic levels with a twofold degeneration we get 


H/— H .— (агр Н.И") tanh(W"/kT)(+perm), 
H /'— Н. (esusH //W^) tanh(W'/ET)(4-perm), 


where 
W'— E (u2H Z"-F Hy," p2H,?), 
= (Н pH H pH. 


In cooperation with Dr. J. Haantjes, professor of 
geometry in Leiden, the solutions of these eight egua- 
tions have been analyzed for T—0, in which case the 
hyperbolic tangents are equal to one? 

Four different solutions are found which will be 
indicated Бу А, B, C, and D. At zero external field the 
А, В, and C solutions give saturated sublattices mag- 
netized in the +, +y, and +z directions, respectively. 
The D solution has an identical magnetization of the 
sublattices, and this represents the case of paramag- 
netic saturation. Up to an external magnetic field of the 
order of ад only the solutions A, В, and C exist. If 
Aziz > ани’ > a, which means that the +x direc- 
tions are energetically the most favorable ones and the 
+z directions the least favorable ones, the A solution has 
and keeps the lower energy and will thus be realized. 
Between a field of the order of ад and one of the order 


es ~~. H-2a4 H 
Fic. 2. The directions Р SAL 
$' and р” of the mag- 
netizations of the sub- 
lattices when a field H, 
orientated in the ху 


plane, is increased. 


2C. J. Gorter and J. Haantjes, Leiden Comm. Suppl. 1045, 
Physica 18, 285 (1952). 
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— Н 


Fic. 3. Antiferromagnetic resonance frequencies drawn as а 
function of a field M in the x direction of the crystal. Не is the 
turn-over field, and the dotted line through (0,0) gives the fre- 
quencies of paramagnetic resonance. 


of 2ap the magnetizations are strongly bent towards 
the field. In this region 4, B, and D exist, while А re- 
mains the stable solution. Finally, the directions of the 
magnetizations in the three solutions merge, and the 
D solution is the only one that remains. 

However, in the low field region certain very remark- 
able anomalies are to be expected. These anomalies 
occur when the field comes near to a certain hyperbola 
in the wz plane or to a certain ellipse in the xy plane. 
See Fig. 1. The anomaly then consists in a rapid 
exchange of place between the A and В solutions and the 
B and C solutions, respectively. In the neighborhood of 
the hyperbola we thus have, in the realized A solution, a 

- rapid turn-over from directions near to +y to directions 

near to +y. In this way the crystalline preference for 
“magnetization in the +z directions is checked by the 

magnetic field favoring directions perpendicular to 
itself. The turn-over field in the x direction is 


Н,- С ол) us. 


the anisotropies are relatively small, we may say that 
urn-over field 


Н,- [2o(azn2— ayyy) Ji. 
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If the field lies in the xy plane, the turn-over takes place 
gradually in the same field region. If it lies in the az 
plane, the magnetizations move gradually towards the 
+c direction; but if the angle between field and x axis 
is smaller than arctan[ u? (ay ui — аби) / (о 2и, 
— &y h) J}, a turn-over into the b direction occurs when 
the hyperbola in the field space is reached. 

Figure 2 indicates how, as a result of all this, the two 
directions of magnetization move when a field, orien- 
tated in the xy plane, is gradually increased. 

Following the general method of Bloch and Kittel, 
Mr. J. Ubbink has extended the treatment given above 
to the antiferromagnetic resonance occurring when an 
alternating field is added.‘ If an external field is orien- 
tated in the x direction, resonance is, in general, to be 
expected at two frequencies (Fig. 3). In a very small 
field one of these is equal to 2H -u.// and the other one 
is equal to 2H ;uz/h, where Нь is the field where the 
x axis cuts the ellipse in the xy plane. The lower one of 
these frequencies decreases with increasing field and 
becomes zero at H=H,. 

The larger frequency increases at the same time. At 
Н=Н. the turn-over takes place and the resonance 
frequencies are replaced by two others, one of which 
starts at zero and increases rapidly with increasing field, 
approaching the frequency of paramagnetic resonance 
2Hyz/ h. 

In practice the resonances are studied at constant 
frequency and varying field. As long as the frequency 
is relatively low we expect one resonance field slightly 
below and one slightly above Н.. The interval between 
the two will increase with increasing v, and the low 
resonance field will become zero at »— 2H ,uz/h. 

If H is having another position in the xz plane the 
hyperbola in field space will be flanked by two reso- 
nance curves, while in the xy plane the two resonances 
will merge and disappear when the angle with the x 
direction increases. 

We shall not discuss now Ubbink’s conclusions on the 
resonances in the higher fields of the order of 2ap. 

Part of the conclusions of the calculations made in 
Leiden are identical with those obtained by Мед, 
Kittel, Nagamiya,® and recently by Yosida.$ 


3 Е. Bloch, Phys. Rev. 70, 460 (1946); C. Kittel, Phys. Rev. 71, 
270 (1947); Е. Keffer and С. Kittel, Phys. Rev. 85, 329 (1952). 

4 J. Ubbink, Phys. Rev. 86, 567 (1952). 

5 T. Nagamiya, Prog. Theoret. Phys. 6, 350 (1951). 

8 К. Yosida, Prog. Theoret. Phys. 7, 25 (1952). 
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The frequencies at wh 
with conventional microway. 
Cr203, MnO, МпТе, and Мп 
(powdered) is lowered throu 
the antiferromagnetic region 


MnTe. The line widths in 


ture. CoO and VO: give no detectable absorption e 
CuO show no absorption in the antiferromagnetic 


Se show a large decrease i 
gh its Curie temperature. 


ich electronic resonance will occur apparently lie beyond the region now available 
€ equipment for those materials having Curie temperatures well above 0°К. 
n the amount of resonance absorption as the material 
› with only a small residual absorption remaining in 


1 tic r - MnSe has an absorption vs temperature hysteresis loop that is correlated with 
a magnetic susceptibility loop previously reported for 
absorption decreases. Considerable absorption is found 


this material. The g values remain constant as the 
at zero static magnetic field for MnO, MnS, and 


crease sharply as the temperature of the material approaches the Curie tempera- 
ither above or below their Curie temperatures. NiO and 
region. 


— 


I. INTRODUCTION 


© problem of predicting electronic resonance in 
the antiferromagnetic state is essentially a prob- 
lem of understanding the behavior of the normal fre- 
quencies of precession of two sublattices of magnetiza- 
tion having oppositely directed spins. Once the normal 
frequencies are determined, then one can expect with 
certainty that magnetic resonance absorption will occur 
when the frequency of the applied transverse rf field 
is equal to a normal frequency. Although in actual ex- 
periments there may exist more than one sublattice in 
one direction, the experiment deals, in effect, with only 
two groups of spins; within each group each spin feels 
the same anisotropy and exchange fields. 

The initial investigation! studied experimentally the 
change in absorption at 9300 Mc in going from the para- 
magnetic to the antiferromagnetic region for Сг:Оз by 
our group at the Naval Ordnance Laboratory. Similar 
work? was carried out on MnF» by Hutchison at the 
University of Chicago. These investigations showed a 
sharp break in the absorption as the material was cooled 
through its Curie temperature (T.) with either no 
measurable absorption or only a small residual existing 
below T.. As a result of this work, we believed that the 
normal frequencies of these materials lay beyond the 
region obtainable by our equipment. However, Oka- 
mura, Torizuka, and Kojima? reported appreciable 
amounts of absorption for MnO, MnS, and MnSe 
below the Curie temperature, with no sudden drop as 
had been found for Сг›Оз and MnF;. The reason for this 
difference in response of these materials was not ap- 

arent. 5 
à Кіне and Nagamiya? have calculated the equations 
of motion of the antiferromagnetic system where the 


* Supported in part by the U. S. Office of Naval Research ын 
1 Trounson, Bleil, Wangsness, апа eron 028 ‚79, 

(1950); L. R. Maxwell, Am. ]. Phys. 20, 80 ( To E 
? Reported by private communication (se P 


f b 5 5 (1951). 
5 ARE Torizuka, До Хор ан Rev. 82, 285 (1951) 
*C. Ki Phys. Rev. 82, 565 PE. 5 
25 NUS Theoret. Phys. 6, 350 (1951). 


exchange forces are treated as molecular fields and 
where, similar to the ferromagnetic case, an anisot- 
ropy term is introduced to take into account the 
turning of both spin systems together and relative to a. 
cubic crystal lattice at 0°К. From this one obtains the 
resonance frequency as 


ex/ у= Но-Е[Н«(На--2Н.) }, (1) 


where Но is the static applied magnetic field, Ha and H, 
internal fields describing the anisotropy and exchange 
fields. Physically this means that there should exist 
two different directions of circular polarization both of 
which are capable of being excited by the rf field. For 
the materials mentioned above, which have relatively 
high Curie temperatures, H, is of the order of 105 
oersteds and much larger than either Ho or Ha, in which 
case Eq. (1) reduces to a single frequency 


wo/7= (2Н.Н.).}, (2) 


CRYSTAL 
MODULATOR 


ттен] Mec 


Fic. 1. Block diagram of microwave apparatus for 
recording magnetic resonance absorption. 
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1. В. MAXWELL 


Fic. 2. Photograph of а recorded record showing a 
resonance curve for MnO. 


rom Eq. (2) we estimate that for no external static 
magnetic field the resonance frequency is beyond the 
Бе Ее with conventional microwave equip- 


Ps classical calculations have been extended by 
er and Kittel' to cover ellipsoidal shapes, ortho- 
bic symmetry, and a generalized two lattice 
opy; they also included a quantum-mechanical 
on of the resonance equations which agreed 

es ntially with the classical treatment. Wangsness? has 
Y shown own that both antiferromagnetic and ferromagnetic 
onance conditions are special cases of a more d 


| rial is cooled through the Curie temperature, 
frequency and static magnetic field are within 
ues. The existence of two electronic resonance 


e Ep D are weak. Ubbink!? has 
al ет results on the basis of antiferromag- 


antiferromagnetic materials having 
tures above liquid nitrogen temperature, 


АМТ К. 


5 rr et pne men Hoe 
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П. EXPERIMENTAL PROCEDURE 
A. Experimental Method 


We use the procedures developed by other i Investiga- 
tors for paramagnetic resonance. ‘The sample is located 
at the bottom of an iris coupled resonant cavity, placed 
in the presence of an external steady magnetic field ша 
direction perpendicular to the rf magnetic field. The 
absorption is detected as a change in intensity of reflec- 
tion from the cavity. At resonance we have"! 


P. [(QJQ)—1y: 
т 


where P;— power incident upon the cavity; Р,--роуег 
reflected from the cavity; О. (external 0) = 7X energy 
stored in cavity/energy lost per 2 cycle external to the 
cavity; Qo (unloaded 0) = «X energy stored in cavity/ 
energy lost per $ cycle in the cavity. We define Г by 


|r| = (P/ P$), 


(3) 


express 
1/Qo= (1/0) (1/010), 
B 
Е 
с 10 
х 
© 
ES 
t 09 
= 
© 
98255 -100 О 100 


TEMPERATURE (°C) 
Fic. 3. Variation of 0„(Т)/0„(К.Т.) with temperature. 


and define Ог by 
1/0r— (1/0.)+ (1/0.), 


where 1/0, and 1/Ом are proportional to the losses in 
the walls of the cavity and to magnetic absorption of the 
material within the cavity, respectively. Then one can 
formulate Eq. (3) as 


Qz 111-114 
Ом 1—|г| 


whichisthe expression given by Whitmer and Weidner, z 
where 


(4) 


[Го| = (Р/Р:)+ (5) 


is the reflection for H=0. Upon application of the mag- 
netic field, Р, may decrease in a manner defined as 


Pr=Pr,(1—S). (6) 


3 В. D. Arnold and A. Е. Kip, Phys. Rev. 75, 1199 (1949). 2 
2 С. А. Whitmer and R. T. Weidner, Fifth Annual Progres 


Dox 
Studies (1951), р. 24; 
Sci. Instr. 23, 75 авг 
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Substituting Eqs. (5) and (6) in Ea. (4 
. С/С. h 
52 «1 neglecting terms of 53 and eie NES ave, for 


ey 15-19 


TECTUM eL 
Ом 1-45-45-(Р/Р Л 0) 


The magnetic loss is approximatel linear wit 2 
vided that ае 
(Р/Р, 3, 


B. Experimental Arrangement 


Figure 1 indicates, by means of a block diagram, the 
essential units required for measuring the сз 
resonance. The microwave power is furnished by a 
klystron oscillator operating at a frequency of ap- 
proximately 9300 Mc under the influence of а low 
frequency modulator arranged to vary the reflector 
voltage. By this method the energy incident upon the 
magic tee is frequency modulated about 6 times each 


Woop — —— 24-25 | 
= | 7 p ea 
5 Í MaF% жел Ч, 
ш 80[ их м0 S 
> 1 27 ТА з 
= 1 
d eor | 2 ате 
ш. 
= 40 i Br 
g | "m 

20 | 
х І P; 
S EA E 
= И: 

Пп 569 у л ў s 
96 12001] 50 О || 50 400 +150 


Т. (Mn Te) (60) 
TEMPERATURE (°C) 


Fic. 4 Variation of the height of the resonance 
absorption with temperature. 


second. The material under examination is placed in a 
rectangular cavity located between the pole pices of 
an electromagnet with the static and alternating mag- 
netic fields arranged orthogonally. Detection of the un- 
balance is made through the combination of a crystal 
modulator and detector; the latter is connected to an 
amplifier and recorded (I). The current through the 
windings of the electromagnet is recorded by a second 
brush recorder (ТТ). ) 

Figure 2 eee a typical record made with the 
apparatus described above. A typical record н is 
shown in Fig. 2(a) which gives an approximate linear 
variation in current with time. Power for this current 1s 
provided by an electronic power supply uec Е 
is grid controlled through a motor driven vo су 
vidér. The output from the detector 15 shown in а 
(2b) аз a trace oscillating at ће frequency of the шиш 
lator. By varying the frequency of the Е в 
manner it is possible always to pass throug 


N 


ABSORPTION (RELATIVE SCALE) 
o 


о IO 20 30 40 50 60007009650 
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Fic. 5. Resonance curves for Cr:0; taken at various temperatures. 


nance frequency of the cavity. This procedure is some- 
what similar to the method used by Whitmer and 
Weidner.” A specimen of diphenyl trinitrophenyl 
hydrazyl was usually added to the cavity to be used in 
determining the g values. This material produces a 
narrow pip superimposed upon the absorption record 
[see Fig. 2(b) 1. 

The zero absorption has been arbitrarily defined as 
the amount of absorption existing at the maximum 
magnetic field used (approximately 8000 oersteds). The 
envelope formed by the upper portion of the trace shown 
in Fig. 2(b) gives the absorption of the material as a 
function of the applied static magnetic field and is a 
measure of the quantity S which is proportional to the 
magnetic absorption. 

We have considered above that О, is temperature 
independent. Measurements made at various tempera- 
tures with the cavity empty gave a variation of 
Q.(T)/Qu (room temperature) as illustrated by Fig. 3. 
These changes due to temperature variation were small 
compared to the changes in the magnetic losses which 
were found to occur in the neighborhood of the Curie 
temperatures and were therefore neglected. 


3000 
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TEMPERATURE (°С) 
Fic. 6. Variation of half-value widths with temperature, 
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о 0,504 а МпТе 2. MnO 
x MnO ° MnSe 
* MnS As contrasted to Cr;Os, the peak absorption de- 
2.05 creases more gradually as the Curie temperature is 
2 reached and then levels off to а small residual (Fig. 4). 
Ш 2.00 The absorption diminishes and broadens as the Curie 
E temperature is reached, losing its resonance character- 
т 1.95 istic (as shown in Fig. 8). It shows considerable absorp- 
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Fic. 7. Summary of g values. 


Ш. RESULTS 


Except for certain of the compounds given below, we 
have obtained as а function of the temperature the 
height of the peak absorption (normalized to 100 at the 
maximum), the absorption as a function of the applied 
static magnetic field, half-value widths, and g values. 
The g values have been determined with reference to the 
value of 2.004 reported? for diphenyl-trinitrophenyl 
hydrazyl. This value is temperature independent.” All 
data are for powdered material. 


l. Cr505 


Recent data have been obtained with a sample of high 
purity (Johnson, Matthey, and Company) which gives a 
variation of peak height vs temperature as shown in 
Fig. 4. This is essentially the same type of curve re- 
ported previously by us! but with a lesser slope above 
the Curie temperature. We find, for this material, that 
the temperature-dependent peak reported previously! 
is absent. As seen in Fig. 5 the absorption decreases to a 
small residual below the Curie temperature. The half- 
value width increases abruptly at the Curie tempera- 
ture (Fig. 6). The g values, except for some scatter, are 
temperature independent at about 1.97, as seen in Fig. 7, 
and are significantly less than 2.00. 
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tion at zero magnetic field at — 150?C. This fact was not 
evident in the preliminary measurements! made on this 
material because of insufficient data at the higher 
magnetic fields where zero absorption is fixed. The g 


values are independent of temperature and close to 
2.00 (Fig. 7). 


3. MnS 


'The peak absorption goes through a maximum at 
about —50?, dropping to a small residual below its 
Curie temperature. Similar to MnO, we find а broad 
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Fic. 9. Resonance curves for MnS taken at various temperatures. 


LO 


absorption near the Curie temperature (Fig. 9) with 
appreciable absorption at zero magnetic field at 
— 133°C. The half-value widths increase rapidly near 
the Curie temperature as seen in Fig. 6. The g values 
are close to 2.00 (Fig. 7). 


4. MnTe 


The magnetic absorption was considerably weaker 
for MnTe than for the materials mentioned above. 
TThis fact is not apparent from Fig. 4 because of the 
normalization. It was observed, however, that the peak 
absorption decreased to a small value below the Curie 
temperature. Again broad absorption was found below 
the Curie temperature (Fig. 10). Large half-value widths 
were found (Fig. 6) and g values are 2.00. 


5. MnSe 


Above the Curie temperature the peak absorption 
shows a temperature hysteresis loop as illustrated 1n 
Fig. 11. The loop opens at about room temperature an 
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closes at approximately — 150°C, and th 
tion drops to a small residual at liquid air temperature 
The upper portion of the loop is formed- during the 
cooling part of the cycle. Figure 12 gives the variation 
of absorption with external static magnetic field as the 
temperature of the material is decreasing. The absorp- 
tion broadens as the temperature approaches — 150°C 
showing definite absorption at zero field at —134*C. 
The half-value width, for both decreasing and increasing 
temperature, are given in Fig. 6; a slight hysteresis 
loop is present. At temperatures from about —150°С 
to liquid nitrogen there was a small residual peak, not 
illustrated in Fig. 12, that moved off the resonance 
condition to give low g values as shown in Fig. 7. At 
—130°С and above, the g values were temperature 
independent and scattered between 2.00 and 1.99. 


en the absorp- 


6. CoO 


With a Curie temperature of 12°C it was possible to 
investigate CoO both in the paramagnetic and antiferro- 
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Fic. 10. Resonance curves for MnTe taken 
at various temperatures. 


magnetic region. Throughout the region studied, from 
-1959С to 25?C, no measurable absorption was de- 
tectable. 


7. NiO 


Only measurements below the Curie temperature 
(378°С) were made which gave no absorption. 


8. CuO 


bsorption was detectable in the anti- 


No magnetic а 
gn rature was ар- 


ferromagnetic region. The Curie tempe 
proximately 250°С. 


5 9. VO: 
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netic absorption was observe 
of УО» is about 60°С. 


Fic. 11. Variation 
of peak height 
with temperature for 
MnSe for two sets of 
data. 


PEAK HEIGHT (RELATIVE SCALE) 


-50 0 
T(MnSé) TEMPERATURE (°С) 


IV. DISCUSSION 


For all of these materials that exhibit paramagnetic 
resonance, we find that as the temperature is lowered 
through the Curie temperature, the amount of absorp- 
tion decreases, the peaks broaden, and at a few degrees 
below the Curie temperature the absorption either 
disappears or remains as a low residual. In many 
instances, there is an appreciable amount of absorption 
at zero magnetic field. The abruptness of the decrease in 
absorption is greater for Cr:0; and MnF; than for MnS, 
MnSe, MnTe, and МпО, the latter shows the slowest 
decent. This is illustrated in Fig. 13, where both tem- 
perature and peak heights are normalized. 

Our data do not agree with the work reported by 
Okamura ef 413 for MnO, MnS, and MnSe except in 
certain general features. We have no explanation for this 
difference. Our results not only conform to what one 
would expect from the theory, but, together with the 
response shown by Сг:Оз and MnF;, they give a con- 
sistent picture of this phenomena at the temperatures 
investigated. 3 

The hysteresis loop found for MnSe (Fig. 11) Ю]- 
lows approximately a similar loop reported by Lindsay™ 
for the variation of the magnetic susceptibility with 
temperature. He suggested that there exists three 
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Fic. 12. Resonance curves for MnSe taken during 
decreasing temperature cycle. 


и R. Lindsay, Phys. Rev. 84, 569 (1951). 
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13. Variation of the height of the resonance absorption with 
temperature normalized to the Curie temperature. 


: rption with decreasing temperature similar to the 
etic susceptibility relationship. The departure 
this similarity occurs as the antiferromagnetic 
iment sets in. If, in the antiferromagnetic state, the 


rigin of the low residual absorption found for 
materials below the Curie temperature cannot 
itely determined. They may be due to traces of 
gnetic impurities. In the case of Cr;O5, magnetic 


Illinois: In connection with Dr. Gorter's com- 
out the effects of differences in crystal struc- 
arison of the Leiden work and the work of 
McGuire, it is interesting to note that the 
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ferromagnetic impurity, although spectroscopic meas. 
urements showed no trace of Fe, Co, or Ni. 

Line broadening with reduction in absorption as the 
Curie temperature is reached is characteristic of ай of 
the materials for which paramagnetic resonance ab. 
sorption was found. This is the trend indicated b 
Tsuya and Ichikawa, who have calculated the line 
width as a function of temperature but without in- 
cluding crystal anisotropy. 


V. CONCLUSION 


The experiments made at liquid nitrogen and higher 
temperatures, where the exchange forces are strong, 
show no appreciable resonance absorption i in the anti- 
ferromagnetic state. The theory has been concerned 
with determining the frequency requirement for reso- 
nance and has indicated the experimental condition 
necessary to obtain resonance. These conditions can 
be met by studying materials that have low Curie 
temperatures, going to considerably higher frequency 
(millimeters or less), and by using intense external static 
magnetic fields. At the present time, with the exception 
of the work carried out in Leiden, the theory and experi- 
ment have not reached common ground in this respect. 

Тре problems of line widths, relaxation times, and а 
calculation of the quantitative yield for resonance 
absorption remain as fruitful fields for further investiga- 
tions. 
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DISCUSSION 


peak height and half-width curves for MnO, MnS, and 
MnTe obtained by Maxwell and McGuire show по ab- 
normal changes although the crystal structures change 
from face-centered cubic (NaCl type) to hexagonal 
(probably NiAs type) as one goes from MnO to MnTe. 
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Paramagnetic Resonance Absorption in Solutions 
of K in Liquid МН; 


CLYDE А. Hurcuison, JR., AND RICARDO C. PASTOR 


Institule for Nuclear Studies and Department of Chemistry, University of Chicago, Chicago, Illinois 


SOLUTIONS OF METALS IN NH, 


HE alkali metals and the alkaline earth metals 
E dissolve readily in liquid NH;-5 The solubil- 
ities! of Na and К at the boiling point of NH;, —33:4°С, 
are about 5.4 and 4.9 mol ГЭ, respectively, and the 
solubility changes very little with temperature. The 
concentrated solutions have the color of bronze and a 
metallic luster. The more dilute solutions are blue, 
the absorption spectrum of the dilute solutions of all 
the alkali metals being identical.? When the solvent is 
evaporated, the pure alkali metals remain as residues. 
(Reaction of the metal with the solvent will occur at 
varying rates depending upon temperature, impurities, 
etc., but in the absence of impurities the solutions 
contained in Pyrex glass at room temperature are quite 
stable enough to make possible a variety of measure- 
ments of physical properties.) А study of the vapor 
pressure’ as a function of concentration shows the 
nonexistence of compounds in the freshly prepared 
solutions of the alkali metals. 

One of the striking properties of such solutions is 
their electrical conductivity." The conductivity is 
shown in Fig. 1. At all concentrations the equivalent 
conductivity is greater than that of any known salt 
in any known solvent. In the most dilute solutions 
the equivalent conductance reaches a limiting value 
of approximately 1000 ohm"! cm? mol! which is three 
times that of the best conducting salts in liquid NH;. 
Even more remarkable is the behavior of the conduc- 
tivity at the higher concentrations. A saturated solution 
of K in NH; has a conductivity of approximately 
4500 ohm-^ саг", This may be compared with the 
conductance of Hg at 20?C, which is 10 400, and it is 
seen that these solutions have a conductivity of the 
same order as that of metals. The conductances of the 


* This research was assisted by the U.S. Office of Naval Research. 
1 C, A. Kraus, J. Franklin Inst. 212, 537 (1931). — 
2С. A. Kraus, The Properties of Electrically Conducting Systems 
(Chemical Catalog Company, New York, 1922.) 2 ‹ 
3 D. M. Yost апа Н. Russell, AC dno toe Chemisiry 
Prentice-Hall, Inc., New York, 1944), p. 136. 7 
: «Үй. С. Еа апа А. W. Meyer, Chem. Rev. 8, 213 (1931). 
5 W. C. Fernelius and G. W. Watt, Chem. Rev. 20, 195 (1931). 
5 Gibson and Argo, J. Am. Chem. Soc. 40, 1327 (1918). o. 
7 Kraus, Carney, and Johnson, J. Am. Chem. Soc. 49, 2 
(1927). 
3 C. A. Kraus, J. Am. Chem. Soc. 437, 49 (1921). è 
С.А. E W. W. Lucasse, J. Am. Chem. Soc. 43, 2529 
1921). PNE. 
: m) i A. Kraus and W. W. Lucasse, J. Am. Chem. Soc. 45, 2551 
1923). 
| H ©: E. Gibson and T. E. Phipps, J. Am. Chem. Soc. 48, 312 
(1926). 
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solutions of the various alkali metals in liquid NH; 
agree very closely at all concentrations. Both electro- 
motive force and conductance studies lead to the 
conclusion that in the most dilute solutions of sodium 
the speed of the negative charge carrier is about 7 
times that of the positive charge carrier. When the 
concentration is increased, the equivalent conductance 
decreases, passes through a minimum at about 0.04 
M, and then increases to the enormous values already 
mentioned. In the concentrated solutions the speeds of 
the negative carriers approach those of the electrons 
in metals. 

One is led to the conclusion that when any of the 
alkali metals is dissolved in NH; there is a dissociation 
into positive alkali metal ions and electrons. The 
negative charge carrier is apparently the electron in 
each case. In the dilute solutions the electrons are 
evidently bound not too tightly in some way to the 
solvent molecules. In the concentrated solutions the 
electrons are much less tightly bound and move in 
much the same manner as in metals. In such solutions 
we have the possibility of examining the properties of 
electrons over a range of concentrations varying by a 
factor of 10* to 105. 

The behavior of the conductivity with concentration 
was interpreted by Kraus and his co-workers in terms 
of equilibria between sodium atoms, sodium ions, free 
electrons, and solvated electrons. Several lines of 
evidence lead to the discarding of such models. One of 
the clearest reasons for rejecting models involving the 
existence of large concentrations of alkali metal atoms 
or solvated electrons is a consideration of the results 
of studies of the static magnetic susceptibilities of such 
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Fic. 1. Conductivity of K in NH; at NH; B. P. [С. A. Kraus, 
J. Am. Chem. Soc. 43, 755 (1921). 


i REEL. Digitized.by Arya Samaj Foundation Chennai and eGangotri 


HUTCHISON, 


10x1079. 


X 510-9? 


CONCENTRATION, Mol 17^! 


Fic. 2. Magnetic susceptibilities of solutions of alkali metals in 
liquid NH; (see reference 12). © К at 240°K. O К at 220°К 
(see reference 13). А Na at 238°К. 


solutions./?? If such species existed in large numbers, 
the solutions would be paramagnetic and their sus- 
ceptibilities would obey Curie's law with respect to 
variation of temperature and concentration. This type 
of behavior 15 not observed. The experimental measure- 
ments of the static susceptibilities are shown in Figs. 
й 2, 3, and 4. In the very concentrated solutions and down 
| to а few tenths normal, the susceptibiltiy is quite small 
of the order found in the metal and hasa very small 
temperature coefficient. As the concentration is lowered, 
the molar susceptibility increases rapidly and ap- 
proaches in the most dilute solutions the value for one 
mol of spins. This is the general qualitative type of 
behavior to be expected if the electrons are free or in 
a periodic potential as in a metal. Under such conditions 
they would at high concentrations form a degenerate 
Fermi gas with most of the electrons paired and not 
contributing to the paramagnetism. At the lower 
concentrations, however, the degeneracy would be 
removed and the susceptibility would be of the order of 
that of a mol of spins. Hence, in this particular respect 
the solutions behave much as would be expected for 
a metal in which the concentration of electrons could 
be varied over a very wide range. 
With respect to both conductivity and magnetic 
susceptibility the behavior is not in detail like that of 
- metals. For example, the temperature coefficient of the 
5 . conductivity is positive at all concentrations.'? Also 
— Ще magnetic susceptibility is considerably lower than 
that calculated for a free electron gas,?^ and at all 
_ concentrations investigated the susceptibility increases 
— with increasing temperature.” Various attempts have 
5 made to account for this behavior of the suscept- 
. Huster suggested an equilibrium between 
ons апа Na ions, on the one hand, and diatomic 


> and N. Sugarman, J. Chem. Phys. 11, 354 (1943). 
uster, Ann. Physik 33, 477 (1938). 
F. Mott and Н. Jones, Theory of Properties of Metals and 
rendon Press, Oxford, 1936) 1р. 184. 
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molecules on the other. 'The necessary molecular con- 
centrations are, however, in disagreement with the 
apparent molecular weight measurements of Kraus.“ 
Freed and Sugarman” have proposed a decrease of 
density of energy levels near the top of the Fermi distri- 
bution because of the binding of the electron in a variety 
of resonance structures involving NH; molecules and 
solvated metal ions. This would result in а reduction 
of the magnitude of the susceptibility. They also 
proposed that there are pairwise interactions between 
electrons similar to those which lead to the F’ centers in 
crystals in which two electrons are trapped in a single 
vacancy.» These pairs would be expected to be dia- 
magnetic and would thus lead to lowered susceptibil- 
ities. In particular they might be responsible for the 
increase of susceptibility with increasing temperature. 
Ogg!5-13 has discussed in some detail the formation of 
F'-like centers. He proposes that individual electrons 
are trapped in cavities which they create in the solution 
and are in equilibrium with pairs of electrons similarly 
trapped. He believes that he can account for the 
behavior of several physical properties, including the 
magnetic susceptibility on the basis of such an equilib- 
rium. Moreover, he believes that the cavities are very 
large, and that as a consequence of this there is an 
extraordinarily large diamagnetic contribution to the 
susceptibility. 


EXPERIMENTAL METHODS 


Some time ago we observed paramagnetic resonance 
absorption in solutions of K in liquid NH; at microwave 
frequencies.” Observations of the resonance have also 
been made by Garstens and Ryan? and by Levinthal, 
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Fic. 3. Magnetic susceptibilities of solutions of alkali metals in 
liquid NH; (see reference 12). © K at 240°К. Г] К at 220 K (see 
reference 13). А Na at 238°К. 
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Rogers, and Ogg." The width of 0.1 gauss, which we 
initially reported, turned out to be caused largely by 
magnetic field inhomogeneities. Whereas the resonances 
in paramagnetic salts are generally several thousands 
of times this broad and must be studied at microwave 
frequencies, we have investigated this extremely sharp 
and consequently enormously intense resonance at 
low frequencies and field strengths where it was much 
simpler for us to produce a homogeneous field and 
measure the actual widths. 

| We have studied the paramagnetic resonance absorp- 
tion in solutions of K in liquid NH; at frequencies in 
the range 5.5 to 8.2 mc sec-! corresponding to field 
strengths of 2.0 to 2.9 gauss. The static magnetic 
field was supplied by a solenoid which could be ac- 
curately aligned with the earth's field. The sample 
of K in liquid NH; was placed at the center of the 
solenoid in the coil of a regenerative oscillator-detector 
circuit. The magnetic field was modulated at 40 cycle 
sec? by means of a small auxiliary coil. A phase 
sensitive detector was employed and its output was 
recorded on a recording potentiometer. The modulation 
amplitude was sufficiently small to insure a signal 
proportional to the first derivative of the absorption. 
The static magnetic field was varied linearly with time 
by means of a motor-driven potentiometer in the 
current supply circuit. The current through the solenoid 
was recorded on the same chart as the magnetic signal. 
A. Watkins-Pound calibrator? circuit was employed for 
determining signal intensities. With this device one 
may simulate the change in coil resistance produced 
by the magnetic signal by means of a changing plate 
resistance of a thermionic tube. One then employs the 
regenerative oscillator-detector-amplifier-recorder sys- 
tem to compare the magnetic signal with the calibrator 
signal produced when a 40 cycle sec” signal of known 
magnitude is placed on the grid of the calibrator tube 
at known fixed plate current. The recorder chart was 
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Fic. 5. Width of resonance at maximum slope vs concentration. 


calibrated in terms of calibrator grid voltage imme- 
diately after each scanning of the magnetic resonance 
signal. 

The samples of K in liquid NH; were prepared by 
distilling K several times in high vacuum and finally 
distilling it into Pyrex glass capsules. Then NH; dried 
by addition of K and subsequent distillation was added 
and the capsule sealed. The amount of K in these 
solutions was determined after completion of magnetic 
investigation by dissolving in H:O and boiling to 
remove ће NH;. The resulting solution was titrated 
with standard acid. The weight of NH34- К was deter- 
mined by weighing the capsule before and after opening 
it. 

Measurements were made at a room temperature of 
28°С and at the boiling point of liquid NH; which is 
— 33°С. For the low temperature runs the sample was 
immersed in a Dewar filled with liquid NH;. 


SPECTROSCOPIC SPLITTING FACTOR 


'The spectroscopic splitting factor for the solutions 
of K in liquid NH; was compared with the factor for 
2,2-diphenyl-1-picryIhydrazyl??? at approximately 8.2 
mc sec 1. In the case of the solution of К in NH; the 
rf coil field strength was 0.0023 gauss rms. The shift 
of the center of the resonance under these conditions 
due to the Bloch-Siegert* effect is by the factor 

1-1(2Н,9/16Н 1-1-1.6х 1077, 

and is consequently small enough to be neglected. 
Assuming the splitting factor for 2,2-diphenyl-1- 
picrylhydrazyl to be 2.003718 (the microwave value), 
we find the factor at room temperature for К in ХН, 
to be 2.0010--0.0002 at 0.425 mol ГЇ, and 2.0011 
--0.0002 at 0.0365 mol I". This is the same as the value 
2.0012--0.0002 found at 23 500 mc зес "19 This factor 
is considerably lower than the value of the g factor, 
2.0023, for a free electron spin. However, it is not 
nearly so low as the value 1.995,25 which we have 
observed for additively colored crystals of КС]. 

2 Holden, Kittel, Merritt, and Yager, Phys. Rev. 77, 147 (1950). 

*: Е. Bloch and A. Siegert, Phys. Rev. 57, 522 (1940). 


А 55 © A. Hutchison, Jr., апа С. A. Noble, Phys. Rev. 87, 1125 
1952). 
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Fic. 6. Line shape. 


WIDTH When 0 is very small, as in our case, 
width of the resonance between the points of АН--У2 rf field strength. 


For a sample whose concentration was 0.152 mol Г" 
the variation of width with rf field strength was 
investigated with the following results: | 


in Fig. 5. The width was measured at room v2 xf width 
ure from a concentration of 0.425 down to field strength at max slope 
1, and at the boiling point of NH; from  . gauss gauss 
ol I. Tt is clear that this resonance is 0.0032 0.0311 
est electronic resonance so far observed ! ES 
0.0081 0.0327 
hase. In the case ofta resonance as 
i ES s 2 К 0.0163 0.0335 
ie must consider Ње Rabi width 0.0324 0.0388 
th th flipping of the spin by the perturbing : Е : 
c field. This is approximated by It is clear that at the higher coil voltages the Rabi 
к. width is seriously interfering with observation of the 
true width. Consequently, all scannings of the resonance 
half-height and where 0 is absorption were made at coil voltages corresponding 
Em el approximately to the smallest rf field listed aboy 
x gt or about 0:05 volt. In the case of an organic free radica. 
( which is much wider than the К resonance there 55 
of course, no observable change of width with СО 
voltage. m 
width of this resonance is several orders: cu 
tude less than that observed in aqueous solutio de 
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of paramagnetic salts of about the same concentrations. 
There is evidently an extraordinarily large exchange 
narrowing associated with the great mobility of the 
electrons in these solutions. The average value of 
B/r (r is the distance between electrons) ranges from 
0.06 to 2.6 gauss. The broadening by magnetic nuclei 
would be expected to be several gauss. At room temper- 
ature there is perhaps a slight increase in the width 
at the lowest concentrations, and the increase is marked 
at the lower temperature. This increase becomes 
pronounced in the vicinity of the region in which the 
susceptibility begins to rise rapidly with dilution. 
The room temperature measurements were extended 
to considerably higher concentrations than at the 
lower temperature, and there is apparently quite a 
large increase of width at the higher concentrations. 


LINE SHAPES 


The areas under the curves drawn by the recording 
potentiometer were obtained by numerical integration. 
The scale on the field strength axis was quite linear as 
determined from the current recording. The scale on 
the magnetic signal axis was quite linear in calibrator 
grid voltage. Moreover, it was found that the grid 
voltage at constant plate current was very close to 
being proportional to magnetic signal over the range 
employed in the experiments. This last was determined 
by comparing calibrator signals with magnetic signals 
of various sizes produced with an organic free radical 
by field modulation amplitudes of various sizes. It 
was consequently a simple matter to obtain the 
absorption curves with errors not greater than probably 
5 percent. Some absorption curves were also determined 
using the Watkins-Pound RF Spectrometer.” The 
results were indistinguishable from those obtained 
with the regenerative oscillator-detector. The regenera- 
tive oscillator-detector was employed in our investiga- 
tions because of its much more favorable signal-to-noise 


ratio. The results of the investigation of the line shapes ^ 


are shown in Fig. 6. The points are taken Írom the 
experimental curves. The line shapes of three samples 
over a range of concentrations and at both room temper- 
ature and the boiling point of NH; were compared with 
Gaussians and Lorentzians. It is clear that these 
absorptions correspond much more closely to the 
Lorentizian than to the Gaussian over most of the 
range of the absorption, but drop considerably below 
the Lorentzian in the wings of the curve. 


-INTENSITIES 


A second numerical integration yielded the areas 
under the absorption curves. By means of the current 
and signal calibrations the relative areas under the 
absorption curves for the various samples could be 


obtained. 4 | 
Since the static susceptibilities of the samples are 


related to the rf susceptibilities by the Kronig-Kramers 


relation, 


2 °x”) 
x= -| Чу, 
т) у 


these second integrals afford a means of comparing the 
static susceptibilities of the spin systems. Our exper- 
iments are carried out at constant frequency and 
varying field strength. We may, however, for a sharp 
symmetrical absorption make the transformation of 
the above relation from the one type of experiment 
to the other and hence obtain static susceptibilities 
from our measurements of the rf susceptibilities. We 
must, of course, consider the changes in Q of the coil 
and the filling factors from sample to sample. We 
determined 0, w, and C during each run. Filling factors 
were determined for each sample. The desired relation- 


28  r*AR 
x f dH, 
mto Ché, К? 


where x is the static susceptibility, 8 is the Bohr 
magneton, Ё is the filling factor, w is the angular 
frequency, C is the capacity across the coil, is Planck's 
constant, R is the rf resistance of the coil, and H is the 
field strength. The grid voltage of the calibrator is 
proportional to AR/R?. We replaced fo7(AR/R?)dH 
with the second integral of the recorder curves and 
employed a standard substance to eliminate the 
proportionality constant. The standard substance 
employed was tris-p-nitrophenylmethyl, a completely 
dissociated free radical in which resonance was first 
observed by Pake, Weissman, and Townsend.” А» 
sample of this material was prepared and later assayed 
for us by Professor Weissman. We carried out scannings 
of the resonance of this material. The comparison of 
the second integrals of the curves so obtained with the 
similar ones for the K in liquid NH; enabled us to 
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21 Pake, Weissman, and Townsend, personal communication. 
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calculate static susceptibilities of the solutions relative 
» to that of the organic compound. The free radical 
3 assumed to have the static susceptibility of 1 mol 
Е spins per mol of free radical at 28°C. The number of 
ols in the sample of organic free radical was known to 
roximately 5 percent. 
1 e results of the susceptibility determinations are 
own in Figs. 7 and 8. At room temperature the 
alculated static susceptibility is seen to follow the 
sort of pattern as determined in static field 
ents at low temperatures. The susceptibilities 
iderably higher than those of the static exper- 
t the boiling point. Like the latter, they rise 
Sharply with dilution at about the same concentration. 
Th pe low temperature runs were made some time 
bios to the high temperature runs, and two 


C. A. HUTCHISON, JR., 


AND R. C. PASTOR 

points have been omitted for the two lowest concentra. 
tions where some decomposition is known to have 
occurred. These two samples also give obviously low 
results at the higher temperatures. Some of the other 
points at the lower concentrations are probably suspect 
for the same reason. The points for the molar Suscep- 
tibility at the higher concentrations at the lower 
temperature are in reasonably good agreement with 
the static field measurements. The resonance phenom- 
enon is peculiar to the paramagnetic spins and is 
relatively unaffected by the diamagnetism. Conse- 
quently, such a comparison of static field measurements 
with static susceptibilities calculated from rf measure- 
ments enables one to detect the presence of any abnormal 
diamagnetic susceptibilities. It is clear that no 
abnormally large diamagnetism exists in these solutions 
at the boiling point of NH; at the concentrations 
investigated by both methods. Such determinations 
of static susceptibilities from rf measurements afford 
а powerful tool for a number of problems of chemical 
and physical interest where large amounts of dia- 
magnetic material or abnormally large diamagnetisms 
of the paramagnetic species itself may obscure the 
primary effect. We have discussed this problem 
recently for the case of the detection of organic free 
radicals in solution.?$ 
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HIRTY-TWO шогвашс phosphors containing 

paramagnetic activators have been examined. 
The phosphors are luminescent under ultraviolet ir- 
radiation and their paramagnetic resonance spectra 
have been investigated both when unirradiated and 
irradiated. Because the mechanisms of luminescence 
and paramagnetism both depend upon unpaired elec- 
trons, it has been anticipated that a change in para- 
magnetism would occur upon excitation to lumines- 
сепсе. The emphasis has been placed on phosphors 
containing dilute concentrations of doubly ionized 
manganese as activator. Mn++ is in an 5 state and, in 
dilute concentrations, should act very nearly as an ideal 
paramagnetic substance. 

The unirradiated spectra may be classified into five 
groups. The first four groups contain all the manganese 
activated phosphors and the fifth group contains all 
nonmanganese activated phosphors. The spectrum for 
all members of group one consists of a single broad 
absorption curve from 750 to 1000 gauss wide. Group 
two contains four phosphors each of whose spectrum 
consists of six clearly defined peaks interpreted as 
hyperfine structure. The spacings between peaks vary 
from 68 to 88 gauss depending upon the host crystal. 
Group three contains two phosphors whose complex 
spectra contain thirty lines attributed to a combined 
fine and hyperfine structure. No spectrum could be 
resolved for the members of group four. Likewise, the 
phosphors of group five yielded no resolvable spectra. 

The most striking features of the Mn** spectra are 
the isotropic hyperfine structure and the fine structure 
resulting from crystal field splitting. These spectra have 
been shown to fit, qualitatively, the theory and mecha- 
nism proposed by Abragam and Pryce while quantita- 
tive discrepancies between theory and experiment have 
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been indicated. Arguments have been offered based upon 
line broadening as a function of crystal field symmetry 
to account for the large line widths in group one and the 
lack of spectra in groups four and five. The arguments 
fit the existence of highly resolved spectra in groups two 
and three. The spectroscopic splitting factor, g, of 
all spectra was two (the free spin value) as expected for 
ап 5 state. The hyperfine spectra verify the spin of the 
manganese nucleus as being 5/2. 

The results of investigating the irradiated spectra 
have been negative with the exception of indications of 
photoconductivity. The negative results may well arise 
from inadequate volume illumination of the phosphor 
sample. Further research into illumination techniques 
and cavity design may rectify the situation and provide 
a critical, experimental test of the anticipated change in 
paramagnetism. 

The experimental method utilized X-band microwave 
equipment and static magnetic fields of the order of 
3350 gauss. The unique character of the technique 
consists in superposing a 2-5 gauss ac magnetic field 
sweep upon the static field while traversing the field 
range of interest in approximately four minutes. At 
each value of static magnetic field, the ac information 
signal is proportional to the slope of the absorption 
spectrum at that value. A phase detector is used to 
convert the information signal into a phase and ampli- 
tude dependent signal. In this manner the sign of the 
slope is conserved, permitting reconstruction of the 
original absorption curve. The irradiation technique 
consists in the removal of the ac magnetic sweep and 
square-wave-ultraviolet illumination of the sample. The 
resultant signal, upon traversal of the magnetic field 
range, should be proportional to the difference in 
spectra of the unirradiated and irradiated sample. 


REVIEWS ОЕ MODERN PHYSICS 


EVERAL years ago Dr. Brickwedde, Chief of the 
Division of Heat and Power of the National Bureau 
of Standards, proposed to start a project in the low 
temperature section on “magnetism at very low tem- 
peratures." His intention was to set up an apparatus 
with which it would be possible to produce and maintain 
temperatures well below 1°K by means of the adiabatic 
demagnetization method. The general purpose was to 
continue the work of the thermometry section in the 
region below 1°K as well as to study the magnetic 
properties of the paramagnetic salts used in the cooling 
process. Moreover, other projects of the low tempera- 
ture group could be extended to lower temperatures. 
The project was started in July, 1951. Dr. Hudson, 
who did the work for his doctor’s thesis in the field of 
adiabatic demagnetization at the Clarendon Labora- 
tory of the University of Oxford, England, joined the 
staff of the Bureau in July, 1951. Dr. de Klerk, leader 
of the demagnetization investigations at the Kamer- 
lingh Onnes Laboratory of the University of Leiden, 
Holland, came to Washington as a consultant for one 
year in September, 1951. 
Since the project was started, most of the time was 
devoted to building the apparatus and only recently 
some experimental results were obtained. 
The magnetic fields used in the demagnetization proc- 
ess are produced by a commercial A. D. Little magnet, 
giving fields up to 23 kilooersteds in a pole gap of 
21 in., using 25 kw. The cooling system for the magnet 
and the motor generator are located in the basement 
of the building. The panels for the motor generator 
are in the magnet room. The liquid helium Dewar 
is suspended from a horizontal wooden arm, approxi- 
mately 2 meters long, which can be rotated around a 
vertical steel pillar. After the demagnetization, the 
poles of the magnet are separated and the cryostat 
is removed from the magnet, so that the measurements 
at the low temperature are not influenced by the iron 
of the magnet. The vapor pressure of the liquid helium 
bath is pumped down with the help of a large Kinney 
pump, located in the basement of the building, and it 
is connected to the Dewar by a copper tube, partly 
— 5 in. in diameter, partly 3 in. The connection to the 
rotating arm is made by means of a flexible rubber 
. hose, also 3 in. in diameter. Pressures below 0.5 mm 
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can be obtained easily with this pumping arrangement, 
The high vacuum system, consisting of a УМЕ 20 oil 
diffusion pump and a glass valve system, is located on 
the wooden arm; hence, it turns with the cryostat, and 
no flexible connections or swivel joints are needed in 
the high vacuum line. The magnetic properties of the 
salt after the demagnetization are measured with the 
help of a Hartshorn mutual inductance bridge. Apart 
from a few minor details it is a copy of the bridge used 
in the demagnetization work at Leiden. The bridge 
can be used both for ac and ballistic measurements 
and by reversing some switches the transition from one 
to the other can be made in a few seconds. Mutual 
inductances up to 3 millihenries can be measured with 
an accuracy better than 10-8 henry. Small phase 
angles can be measured with an accuracy of 0.3 percent. 
For measurements in external fields an iron-free Helm- 
holtz coil was wound giving fields up to 600 $, using 
1.5 kw. It is surrounded by three mutually orthogonal 
Helmholtz coils used for compensating the earth's 
magnetic field. The whole assembly is mounted in a 
brass frame and is counterweighted. Though the total 
weight is 170 pounds it can be raised and lowered 
easily around the cryostat. 

Until now two experiments have been made with 
the new apparatus. We shall review them very briefly. 

In cooperation with Dr. Pellam we measured the 
second sound velocity of liquid helium II in the region 
between 0.05 and 19K. Above 0.9? the results are in 
excellent agreement with those of Herlin, but at the 
lower temperatures we have much higher values than 
those found by Atkins and Osborne. At 0.5°К the 
difference is a factor of 2.5. If we extrapolate our values 
to absolute zero, we find 190 m/sec instead of 152 m/sec, 
the value given by Atkins and Osborne. 

Recently we performed some investigations оп the 
magnetic behavior of chromium methylamine alum. 
The measurements are still in progress and I shall not 
go into many details, but it seems that this salt obeys 
the theoretical predictions better than the ordinary 
chromium potassium alum; for instance, it was foun 
that the flat part in the entropy versus temperature 
curve occurs at S= R In2, which is much more reason- 
able than the value 5=0.4 В which was found for 
chromium potassium alum. 
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This is a brief explan 
domains, especially in г 
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possible, under certain conditions expl 
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ation of the magnetic properties of fine ferromagnetic grains of single elementary 
eference to the influence of time on the magnetization at a given temperature. Ap- 
e interpretation of the thermoremanent magnetization of lavas and clays and to the 
irection and intensity of the terrestrial magnetic field in the past. It is shown that, 
ntains two kinds of fine ferromagnetic grains with clearly different Curie points, it is 
ained in the text, that the constituent having the lowest Curie point 
posite to the exterior field: there arise, by this phenomenon, interac- 


tions between the grains and the demagnetizing field created by the constituent having the highest Curie 


point. Also, in certain cases, the to 
field. Recently Nagata found sam 


tal thermoremanent magnetization is directed inversely to the acting 
ples of lava in which the thermo-remanent magnetization obeys the mecha- 


nism thus described. In the geophysical interpretation, there will be, then, reason to keep in mind the 
possibility of this curious phenomenon, in considering the possible inversions of the terrestrial magnetic field. 


E designate here under the name of fine powders 

the powders in which the grains are small enough 

for each one to contain only a single elementary Weiss 

domain. For this it is necessary that the diameter of the 

grains be less than a certain critical value d;. This can 

be evaluated by determining the diameter of a single 

domain of uniform spontaneous magnetization that 

possesses the same free energy as a closed configuration 

having a resultant spontaneous magnetization equal to 
zero. One obtains thus! a critical value given by 


? 3Na? d, 
(= (ке——озо7), (1) 


2т а 


where JV is the coefficient of the molecular field (5890 
for iron) and a the distance between magnetically 
active neighbors (2.86A for iron). Thus one finds that 
the grains of iron of a diameter less than d,— 320A 
should contain only a single elementary domain. The 
variations of magnetization of a group of such fine 
grains arise then only from the rotations of the mag- 
netic moments resulting from the individual grains. 

In the theory of their magnetic properties’ one takes 
account usually only of the rotations imposed by the 
magnetic field applied against the different forces of 
anisotropy: anisotropy of form, magnetocrystalline 
anisotropy, etc. . . , but in reality the grains are already 
so small that it is necessary to consider the spontaneous 
rotations due to the thermal fluctuations which provoke 
а kind of magnetic Brownian movement.*^ In a group 
of identical grains one can define the time of relaxation 
то such that, Ло being the remanent magnetization of 
the group of grains at the initial instant, the magneti- 
zation at the instant / is spontaneously reduced in zero 
exterior field to the value /= Joe 4". 

4, 1488 (1947). 

E Né C RE E 24 1550 (1947). 

3L. Weil, J. phys. et radium 12, 437 (1951). 


1L. Néel, Ann. Géophys. 5, 99 (1949). 
5Т, Néel, Compt. rend. 228, 664 (1949). 
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Approximate evaluation of this type of relaxation 
gives the result‘: 


il gil 22 т vw J 3 
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where e and m are the charge and the mass of electron, 
k the Boltzmann constant, v the volume of the grain, G 
its modulus of elasticity in shear, J. its spontaneous 
magnetization, А, its longitudinal magnetostriction at 
saturation, and D a numerical coefficient which 
depends a little on the form of the grain and which 
is around 3. Finally H, is the coercive force of the 
group of grains in question if the phenomenon of 
spontaneous demagnetization did not exist. Table 
I gives the variations of the times of relaxation as a 
function of 2/7, for iron. 

This table shows at what point the time of relaxation 
varies rapidly with the diameter of the grains. In order 
that the remanent magnetization of a group of grains 
remain perfectly stable, it is necessary that their time of 
relaxation be at least equal to 10° sec. Equation (1) 
shows that the diameter of the supposed spherical grain 
must then be at least equal to a certain critical diameter 
d;=160A. This discussion shows that the diameter of 
the grains of iron powder, used in the manufacture of 
permanent magnets, must lie within well determined 
limits. Experimental results of Bertaut confirm this 
point of view.* 

Let us suppose now that we are concerned with a 
group of grains that are perfectly stable at ordinary 
temperature, that is, such that their time of relaxation 
то 15 practically infinite. In order to produce a substan- 


TABLE I. 


TO (uc Gg Gas dabo cüs $02 ес 
v/T 32 39 47 54 62 7.0 1072 cm?/degree 


5 Е. Bertaut, Compt. rend. 229, 417 (1949). 
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_ tial remanent magnetization in this group, it is neces- 
sary to apply a magnetic field of the same magnitude as 
the coercive force He. As shown in Eq. (2) it is the 
— exponential term which determines the variations of ro. 
This time of relaxation diminishes at the same time as 
the factor H.J,/T which appears in the exponential: 
this factor tends toward zero at the Curie point because 
J, approaches zero and He diminishes when the tem- 
perature rises. Thus there exists a certain temperature 
Ty, lower than the Curie point called the blocking tem- 
perature, at which the time of relaxation has the order 
of magnitude of the duration of an experiment, several 
seconds to several minutes. Above this temperature, 
I... magnetization of a group of grains follows in a reversible 

and practically instantaneous manner the variations of 
the applied field and there is no more hysteresis. This 
blocking temperature depends on the nature and the 
dimensions of the grains. 
At the blocking temperature and in the magnetic field 
"Нь the magnetic moment resulting from a group of V 
. . identical grains is 


3 3 Мь= NvJy tanh(vJyH/ RT»), (3) 


—. where Jẹ represents the value of the spontaneous mag- 
ә —metization of the grain at the blocking temperature. 
— This expression results from an equilibrium, according 
_ to Lenz's law, between two possible orientations, anti- 
parallel to each other, of the magnetic moment oJ, of 
the grain. This equilibrium is defined by the value of 
the hyperbolic tangent, tanh(J,H,/k7%). 

— Now if one lowers the temperature below 7» while 
— keeping the magnetic field, at least at the beginning, 
at the same value Ma, the time of relaxation becomes 
rapidly very big and the passage from one orientation 
| of equilibrium to another becomes practically impos- 
-sible. The magnetic moment of each grain preserves the 
orientation that it had at the temperature Ts. In other 
words the hyperbolic tangent maintains the same value. 


of the spontaneous magnetization. At the tempera- 

е То, lower than 7», at which the spontaneous 

etization possesses the value Jo, this resulting 
ent Mo will be given by 


Мо= №7 tanh(vJ,H,/kT>). (4) 


discussion of this formula shows that if v is big 
sh, it is possible to communicate in this manner to 
‘а resulting moment which is of the order of 
saturation moment NvJo, using a field Нь 
ian the coercive field He. The magnetiza- 
communicated is known under the name of 


ture and called isothermic remanent 
no-remanent magnetization has a 
order to modify its value, it 
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magnitude of Me, that is, much larger than the field Ну, 
which gave rise to it at the temperature 7%. Finally, as 
long as the acting magnetic fields remain small cone 
pared with the coercive field Ha, the magnetization of 
the group of grains remains completely fixed in magni- 
tude and in orientation by the field Л, which acts on it 
at the moment when, for the last time, its temperature 
passes through the value 7, of blocking. In order to 
modify the magnetization of this group in a weak field 
it is necessary to heat it to the temperature Ту. : 

'These considerations have permitted us to explain! 
theoretically why the clays and lavas preserve for an 
indefinite time a remanent magnetization parallel to the 
direction of the terrestrial magnetic field that acted on 
them during cooling. 

In a group of heterogeneous grains there exists a 
whole series of blocking temperatures extending from 
ordinary temperatures to the highest Curie point of 
constituents. The result 15 that if the magnetic field 
has varied during cooling the group of grains is able to 
register the history of this variation in a sensitive man- 
ner and to preserve it indefinitely at ordinary tempera- 
tures. One can later find it again by a series of progressive 
reheatings. In an analogous fashion the curious phenom- 
ena discovered by Thellier" and Nagata have been 
explained. 

'The theory of these phenomena is relatively simple 
when one neglects the interactions between the grains, 
that is, when the grains are largely separated from each 
other. In particular, let us consider a group of identical 
ferromagnetic grains which have the form of an elon- 
gated ellipsoid of revolution and of which the anisotropy 
is only an anisotropy of form. Their demagnetizing co- 
efficient along the major axis can be put equal to 4т/3 
— n, where и varies from 0 for a sphere to 47/3 for a cyl- 
inder. Let us suppose also that the grains are dispersed 
in a cluster limited exteriorly by a sphere and oriented at 
random along the three mutually perpendicular direc- 
tions. We will designate by c the fraction of the total 
volume of the cluster in each one of these categories; 
this is a measure of the density of the grouping of the 
grains and varies between 0 and $. Let us suppose now 
that the field Нь, applied at the blocking temperature 
Ty of the grains in question, is sufficiently weak so that 
the argument эЛьНь/ЁТь of the hyperbolical tangent of 
Eq. (4) is small compared with one. One finds then that 
the average remanent magnetization of the cluster at 
the temperature То is given by the formula 


Л=сЮзьНь, (5) 


if one neglects the interactions between the grains and 
if one puts 


В= Jo/ Jy апа ss vJ$/ KTy. 


TE. Thellier, thesis, Paris, 1938; Ann. Inst. Phys. Globe 16, 157 
(1938); see also bibliography in reference 4. 1) 
(1945) Nagata, Bull. Earthquake Research Inst. 21 (March, P- 
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When one considers these interactions, one must write 


no J —cRSil,, (6) 
1-2с 
(1-26/3)/554-сн- 


In the lavas to which the preceding formulas are 
applicable, one finds that R is about 4, s, of the order of 
6 to 8, л about 1.7 (corresponding to an ellipsoid of 
elongation 1.8) while c lies between 0.03 and 0.20. 
Practically 5, differs generally little from s»; the effect 
of the interaction is not very important. 

The formulas (5) and (6) show also that the ther- 
moremanent magnetization is proportional to H, when 
Нь is small. One can also show that it is parallel to 
the field Нь, and in the same direclion, which has a priori 
appeared perfectly obvious. 

Тһе phenomena become complicated and can become 
extremely interesting if the cluster considered above 
contains two kinds А and B of ferromagnetic grains 
possessing clearly different Curie points such that the 
blocking temperature T of the constituent A having the 
highest Curie point is above the Curie point of the 
constituent B. Under these conditions, at the instant 
in the course of cooling when the temperature has 
attained the Curie point of B, the constituent A has 
already assumed, under the action of the applied field 
Нь, а thermo-remanent magnetization which is hence- 
forth quenched and which will increase automatically 
during the subsequent cooling without letting itself be 
influenced by the variations of the existing field. The 
thermo-remanent magnetization of B develops then 
under the action of a field equal to the geometric sum 
of the applied field Нь and of the demagnetizing field 
created by the grains of А. It may well happen that the 
demagnetizing field created by A is larger than H, so 
that the total field acting on B is directed in the direction. 
opposite to Нь. The constituent В is then magnetized in 
а direction opposite to that of the applied field. It can 
happen also that the thermo-remanent magnetization of 
В is greater than that of A in absolute value; under these 
conditions the total thermo-remanent magnetization re- 
sulting from the cluster is directed in the direction 
opposite to the field which originated it. 


5ь= 
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If the constituents A and В are formed of grains of 
the same volume and shape, with the same value of R, 
and with the individual concentrations each one equal 
to 3c, the theory shows? that the thermo-remanent mag- 
netization of the group is certainly negative when the 
following inequality is satisfied: 


5 2[1—4c-- (82/3) ] 
(1—2c)—(2/R)(1—3c) 


With the values of К, n, and зь indicated above, it is 
only necessary that the concentration 3c of each of the 
constituents is greater than 0.28 for this condition to 
fulfilled. In order that negative thermo-remanence ap- 
pear, it is absolutely necessary that the grains be 
elongated. For spherical grains (7-0), the preceding 
inequality cannot be satisfied. 

Experiment shows that the concentrations of the 
ferromagnetic constituents of lavas are generally less 
than the limiting value of 0.28 given above. But it is 
not necessary, in order to obtain a negative thermo-rem- 
anent magnetization, that this be the average con- 
centration of the ferromagnetic constituents. It is 
sufficient that it be obtained within the complex clusters 
of grains. For example, one can imagine grains formed 
by the segregation in two phases, having different Curie 
points, of a solid homogeneous solution stable at a 
high temperature; here the necessary large concentra- 
tion is automatically realized. 

To summarize, the theory shows that it is possible 
for certain lavas to acquire a thermo-remanent magneti- 
zation directed inversely to the field which produced it. 
It is thus possible that certain inversions of the terres- 
trial magnetic field, supposed to occur in the course of 
geological ages and deduced from the remanent mag- 
netization of the lavas, is in reality due simply to the 
specific properties of said lavas. Recently the Japanese 
geophysicist Nagata discovered,!® among the discharge 
products of the Haruna volcano, samples of lava which 
assumed negative thermoremanent magnetization in the 
laboratory. These samples contain two ferromagnetic 
constituents. This discovery constitutes a good experi- 
mental verification of the proposed theory." 

9 L. Néel, Ann. Géophys. 7, 90 (1951). 


10 Т, Nagata, Nature (London) 169, 704 (1952). 
1 L, Néel, Compt rend. 234, 1991 (1952). 
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DISCUSSION 


JOHN W. GRAHAM, Carnegie Inslitulion of Wash- 
ington, Department of Terrestrial Magnetism, Washing- 
ton, D. C.: For a number of years at the Department of 
Terrestrial Magnetism we have been studying the 
extent to which it may be possible to trace the history 
of the earth’s magnetic field in geologic time by ob- 
servations of the magnetic properties of rocks. As early 
as 1949 we found it necessary from our observations to 
propose that the so-called inverse magnetizations of 
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some rocks should be explained by factors other than a 
reversal of the sense of the earth’s magnetic field or 
shifting of continental masses relative to the earth’s 
magnetic axis. Professor Néel's subsequent treatment 
of this problem is thus of considerable interest and 
importance to us. 

This summer we made extensive field samplings and 
observations in some remarkably well preserved and 
unweathered late pre-Cambrian diabase dikes in north- 
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ern Michigan. We were optimistic that we could provide, 
by direct field observations, a verification of the theory 
for self-reversal. Our premise! was that on the quickly 
cooled margins of the igneous intrusives, the ferro- 
magnetic ingredient might cool as a single metastable 
phase and acquire a normal polarization, whereas in the 
central portion of the intrusive, with slower cooling, two 
interacting phases and inverse polarizations could 
develop. Dikes 200 ft, 70 ft, and 2 ft wide were all ob- 
served to have inverse magnetizations, essentially 
uniform in direction and intensity, prevailing to within 
at least } in. of the contact with the enclosing rocks. 
A simple experiment suggests that this fact cannot be 
explained by supposing that before the melt was in- 
jected, the ferromagnetic ingredient had already ex- 
solved into two phases: samples of these rocks when 
cooled from above the Curie point in the earth’s field 
acquire only normal polarizations of intensity com- 
parable to those observed in the natural samples. Since 
the temperature of injection of diabase is generally 
held to be well above the Curie point, then it follows 
that heating briefly in this experiment to the neighbor- 
hood of 600°C should not have caused a recombination 
of the two phases. Therefore, presumably, they did not 
exist at the time the dike material was injected, but did, 
according to the theory, develop during the cooling of 
the dike. 

The time interval of the magnetically important 
cooling of a 2-ft dike can be estimated to be of the order 
of a few days. In the first laboratory heating experi- 
ments, the samples were cooled in about an hour, and 
the question follows whether a longer interval than 
this is required for the phase splitting to take place in 
order to get inverse magnetizations. Accordingly, 
samples were cooled from 600°C to 100°C over an 


1 John W. Graham, J. Geophys. Research 57, 429 (1952). 
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interval of several days. Once again normal polariza- 
tions were obtained. 

It thus seems clear that we are not dealing here with 
material that today has the interesting self-reversa] 
property that Néel has treated. From these observa- 
tions alone, however, it cannot be determined whether 
the earth's field actually was reversed at the time these 
rocks were emplaced, or whether the magnetic properties 
today are reflecting the influence of chemical changes 
that may have taken place in these rocks during Ше 
many hundreds of million years of their past history. 

These experiences provide a good example of the fact 
that there still remain a number of interesting facets 
to the problems of rock magnetism and tracing the 
history of the earth's magnetic field. 


CLARENCE ZENER, Westinghouse Research Labora- 
tory, East Pillsburgh, Pennsylvania: Iron sulfide and 
chromium sulfide have similar crystal structure and 
similar dependence of magnetic properties upon х; 
optimum ferromagnetism occurs at 1221.14. К. Heikes's 
very satisfying interpretation of the magnetic proper- 
ties of chromium sulfide is also applicable to iron sulfide. 
As x increases beyond 1, the Cr lattice acquires vacan- 
cies; simultaneously, some Cr ions become Cr***. The 
interchange of Cr** and Cr*** ions, called double 
exchange, gives rise to ferromagnetic coupling, which 
is greatest when the product of the concentrations of 
Cr** and Cr*** ions is greatest, namely at х= 1.14. It 
also gives rise to metallic electrical conductivity; the 
conductivity is likewise greatest at х= 1.14. Whereas 
Heikes's interpretation predicts intimate association of 
electrical conductivity with ferromagnetism, Néel's does 
not. Thus a study of the electrical conductivity of 
FeS, vs x will furnish a criterion for choice between the 
two interpretations. 


я 
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Saturation and Magnetization of Hexagonal Iron 
Oxide Compounds 


G. W. RATHENAU 


Philips Research Laboratories, N. V. Philips Gloeilampenfabrieken, Eindhoven, The Netherlands 


The value of the saturation magnetizati 


on at absolute zero of BaO- 6Fe4O; and related compounds can be 


explained as due to noncompensated antiferromagnetism. 

The Bloch wall formation in small particles is discussed. One is led to the assumption that in these materials 
Bloch walls are nucleated at imperfections. In specimens containing randomly oriented large crystals, Bloch 
wall formation becomes appreciable at a positive field strength of the order of 47I s. 

By orienting the crystals in a magnetic field (BH) max-values of 3X 10° gauss oersted have been obtained. 

The critical diameter for wall formation changes with temperature. An excess of walls formed at a different 
temperature from the temperature of measurement may persist in a metastable equilibrium. 


I. SATURATION MAGNETIZATION 


CLASS of hexagonal iron-oxide compounds, of 

which BaO-6Fe,O3 is the prototype, has been 
dealt with in an earlier publication.! Figure 1 shows the 
saturation magnetization of BaO- 6Fe;O; as a function 
of temperature, as measured for single crystals along 
the hexagonal axis, which is the direction of easy 
magnetization. Figure 2(a) schematically shows the 
crystal structure? In this hexagonal structure oxygen 
ions form a close packed lattice, some sites of which are 
occupied by Ba ions. The ferric ions are found on five 
nonequivalent sites in the interstices of the oxygen 
lattice. 

The value of the saturation magnetization and the 
dependence of the paramagnetic susceptibility on 
temperature indicate that the magnetization of the 
materials under consideration is due to noncompensated 
antiferromagnetism. The value of the saturation 
magnetization at low temperatures could be estimated 
for this compound and related materials. In this 
estimation, based on Anderson's theory;? it is assumed 
that an angle Me? —O—Me®, where Me stands for two 
magnetic ions and O for the oxygen ion giving rise to 
superexchange between them, causes strong negative 
interaction if near 180°, while interactions between two 
magnetic ions can be neglected when this angle is 
near 90°. The dependence of the superexchange on 
distance is taken into account by neglecting all inter- 
actions which involve Me—O distances in excess of ЗА. 
Proceeding along these lines, one finds 40 Bohr mag- 
netons as saturation moment of ВаО-6бЕе:Ос at absolute 
zero temperature, while an extrapolation of the measure- 
ments gives about 44 Bohr magnetons.. к 

Tt has already! been shown that very slight alterations 
of the structure can change the noncompensated 
antiferromagnetism into compensated antiferromag- 


! Went, Rathenau, Gorter, and van Oosterhout, Philips Tech. 


Rev. 13, 194 (1952. ——— à 
*\. Adelsköld, Arkiv for Kemi, 
No. 29, 1 (1938). РА 
op WwW. Е Phys. Rev. 79, 705 (1950). 
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netism. The compound K;O-11Fe;0;, the structure of 
which? is schematically represented in Fig. 2(b), is non- 
ferromagnetic. This can be explained by the small 
change in ionic arrangement near the layer which 
contains the large Ba or K ion. The three O ions in the 
Ba layer are replaced by one O ion in the K layer so 
that again a strong interaction results. Decause of 
this interaction the K layer now will be a mirror plane 
for the direction of the magnetic moments. 


П. CRYSTAL ANISOTROPY AND 
COERCIVE FORCE 

The energy of crystalline anisotropy A, which is 
shown as a function of temperature in Fig. 3, determines 
the coercive force. The strain energy can be neglected, 
since the magnetostriction constant measured normal 
to the direction of preferential magnetization is only 
about 2-10, at room temperature, while the shape 
anisotropy may be ignored because of the relatively 
low value of the saturation magnetization. In Fig. 4 
the temperature dependence of 2К/Т, is compared 
with that of the coercive force for fine-grained material 
oriented at random. For pure rotation the coercive 
force rH e should equal 0.96K/T,. The difference between 
the curves shown in Fig. 4 indicates that wall formation 
and wall movement must be taken into account. 

The critical diameter for wall formation in isolated 
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Fic. 1. The saturation magnetization of dense ВаО-бЕе:О, 
as a function of temperature. 
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+С. A. Beevers and М. А. S. Ross, Z. Krist. 97, 57 (1937). 
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of the material can be estimated to be as large 
ie micron. It varies with temperature as K?/I,, a 

tity which is plotted in Fig. 5. For a given grain 
> ber of walls can thus be expected to decrease 
ncreasing temperature below 430°C. Especially 
alls that are fixed at inclusions or regions of 
strain, and therefore are least mobile, will 
her temperatures. On the other hand, the 
necessary to move a particular wall 
h temperature as К+. It is believed that 
ts, the influence of which on the coercive 
sed, cause the maximum in the rH, curve 
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Fic. 2. Comparison of the crystal structures of ВаО-бЕ e203, which shows noncompensated antiferromagnetism, and 
К Fe1:017, which shows compensated antiferromagnetism; schematic. Large circles represent oxygen (or Ba ог К) ions. 
Small circles represent ferric ion in different crystallographic sites. 


diameter, while for smaller dimensions an external 
field has to be applied which increases with decreasing 
particle size. On treating again® his model of a single 
domain sphere, we arrive at the conclusion that the 
field strength at which a wall is formed should be 
independent of particle size, in case the thickness of 
the wall is small compared with the crystal size. It has 
been found experimentally that the coercive force of 
large particles of ВаО-6бЕе,О, is much smaller than that 


of small particles and also than the critical field strength - 


which has been calculated, just as in the case of MnBi.’ 
Thus we are forced to assume that walls are nucleated 
at imperfections of the crystals such as, e.g. gral 
boundaries. f 
The calculation runs as follows. The largest field is 
needed in the initial stages of wall formation; therefore 


* Rathenau, Smit, and Stuyts, Z. Physik (to be published). 
7C. Guillaud, thesis, Strasbourg, 1943. 
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only small angles 0 have to be considered. If v is the 
disturbed region at the surface of the crystal and Ex 
the increase in exchange energy, the energy balance 
reads 

KO w+ Ez, — LH H-421,/3]7, 5 3 0972 


By taking the disturbed region sufficiently broad in the 


beginning, the exchange energy can be decreased. When 
it is neglected, one arrives at 


Н,-2К/16-41,/3. 


The gain in demagnetization energy increases И the 
wall starts in the middle of the sphere. The coefficient 
of 4x7, then becomes —0.86. In a thin plate magnetized 
along its normal, as is encountered in the hexagonal 
compounds, one arrives at the coefficients —1.01 and 
— 2.02, respectively. 


IV. THE MAGNETIZATION CURVE 


While the stiffness with respect to rotation as given 
by 2К/Т, is very large, wall formation and wall displace- 


5.105 
erg/em?| + 
4.09 ! : - 


500% 


Fic. 3. Constant of crystal anisotropy К of ВаО-6Ее2О; as a 
function of temperature. (From Е. = К sin?04- - - -.) 


ment can be made difficult or easy at will by sintering 
the material ata low or a high temperature, respectively. 
The magnetization processes of rotation and wall 
displacement can therefore be separated. 

Let us consider the case that a wall can be created 
even in a small demagnetizing field, say zero. Owing 
to the random orientation of the crystals combined 
with a high resistance to rotation, large internal 
demagnetizing fields and, accordingly, wall displace- 
ments occur in positive external fields. 

The problem can be approached? by ignoring rota- 
tions for the present, thus for 2K/7,7»H. Let a crystal 
be represented as a. small ellipsoid of revolution, with 
the easy direction along the axis. Let the demagnetiza- 
tion coefficient along the axis be n. The crystal is 
imbedded in a matrix which is thought to have the 
homogeneous magnetization I along a direction which 
makes an angle @ with the axis of the ellipsoid. The 
total internal field along the axis of the ellipsoid 
vanishes when an external field Нс(0) parallel to the 


10000, р 


Fic. 4. The quantity 2К/Г. and the intrinsic coercive force 
1H е as measured for fine-grained material as a function of temper- 
ature (BaO-6Fe;0;). 


magnetization of the matrix is applied: 
Но(8) = (nI „/со58)— 1. 


If the external field exceeds H(@), the ellipsoid is 
saturated, while for smaller external fields the magnet- 
ization of the ellipsoid decreases by wall formation 


-40 -100 0 30 40 50° 
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Fic. 5. The quantity K3/I, as a function of temperature. 
(BaO-6Fe:0;.) 


so as to render the total internal field zero. By averaging 
over 6, Fig. 6 is obtained. 

Figure 7 gives magnetization curves measured at a 
low and a high temperature. Figure 7(a) applies to small 
crystals and shows that at positive field strengths the 
upper branch of the loops can be represented by Stoner 
and Wohlfarth's* calculations for pure rotation.* 


raf 
als 

Fic. 6. Demagnetization by wall formation in positive fields as 
calculated for a model with 2K/I nl „n 


ЗЕ. C. Stoner and E. P. Wohlfarth, Phil. Trans. Roy. Soc. 
(London) 240, 599 (1948). 

* The values for J, and К used for the calculation of Stoner and 
Wohlfarth’s curve were measured on single crystals, 
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Fic. 7. Hysteresis loops for BaO-6Fe:O; with random crystal 
orientation, measured at —196 and 280°C, respectively: (a) 
material with small crystals, obtained by sintering at a low temper- 
ature; (b) material with larger crystals. 

Dashed: Demagnetization curves calculated for pure rotation. 


(1 Figure 7(b) for large crystals shows that appreciable 

wall formation occurs in positive fields of the order of 
4z1, (see Fig. 1), which is in accordance with Fig. 6 if 
one takes into account that the crystals are small plates 
with the hexagonal axis as normal. 

In Figs. 8(а) and (b) the magnetization curves at 
room temperature are compared {ог coarse-grained 
material oriented, respectively, at random and in such 
a way that the easy direction of magnetization coincides 
with the direction of the external field. As is to be 
expected there is almost no demagnetization in positive 
fields in the oriented material. 

In a forthcoming paper? it will be shown that the 
texture of the oriented material is improved by firing 
at high temperatures. This is explained by the absorp- 
tion of misoriented crystals under the action of surface 
tensions. It suffices here to say that (BH)max-values of 
3Х105 gauss oersted have been obtained. l 


V. METASTABLE WALL CONFIGURATIONS 


_ As was mentioned in Sec. II, the critical diameter for 
all formation is proportional to K?/I,. Figures 5 and 
. 9 show the increase of this quantity with temperature 
its sudden decrease near the Curie point. It is an 


es with a change in temperature in such a way 
stable equilibrium is maintained. The following 
ent has been performed to answer this question. 

al” permeability in a “small” field of 500 
| measured at 15°C after establishing 


esting question’ whether the wall configuration · 
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the’ equilibrium configuration of the walls at various 
temperatures Ta by demagnetization at these temper- 
atures in an ac field. Figure 9 shows that the suscep- 
tibility after demagnetization either at low temperatures 
or at temperatures very near the Curie point, where 
К/Т, is smaller than at room temperature, greatly 
exceeds the value obtained by demagnetization at 
room temperature. An excess of walls apparently 
remains in a metastable state within the material. On 
the other hand, demagnetization at temperatures 
where КГ, exceeds its room temperature value only 
leads to a slightly reduced susceptibility at room 
temperature, indicating that walls enter. 

It is interesting to note that the minimum in the 
(uo—1)-curve of Fig. 9 does not occur at 280°С, 
where ‚И. is maximum, but near 400°C, where ЮУ, 
is maximum. For the fine-grained sample the permeabil- 
ity after demagnetization at elevated temperatures 
approaches the value calculated for rotation only. 

Table I, in which (uo—1) after subtraction of the 
rotational part is given, reveals more clearly that an 
excess of walls is retained, while a deficiency is nearly 
supplied. If it is assumed that the stiffness of a wall is 
proportional to its energy and that after demagnetiza- 
tion at a certain temperature Га the same wall con- 
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Fic. 8. Hysteresis loops for BaO-6Fe:O; measured at bur 
temperature for coarse grained material of small coercive | о 2 
(а) crystal orientation at random; (b) texture, the dud 
easy magnetization being in the direction of the applied field- 


Digitized by Arya Samaj Foundation Chennai and eGangotri : = 


Digitized by Arya Samaj Foundation Chennai and eGangotri 06 


SATURATION MAGNETIZATION 301 


EQUES с шшш... istis 


figuration exists at different temperatures of me 
ment Гь, Гиз, one expects 


[(uo— 1) та, тт1(К1/1„)ть1]/ 
[(ш—1)тя,т»з- (K/L )rn2]=1. 


Table I shows that this relation holds well if after 
demagnetization the change of temperature is such as 
to produce an excess of walls. The results are qualita- 
tively summarized in the undermost part of Fig. 9. 

The high degree of stability of an excess of walls 
might be due to some coupling of these walls during 
the demagnetization process by which they were formed. 
An additional experiment, in which no ac field was 
applied at the low temperature, points in this direction. 

The specimens of Table I were demagnetized at 15° 
and, before being measured at 15°, cooled to — 196°C. 
The (m—1)-values obtained were 0.57 (specimen А) 
and 0.35 (specimen B). Comparison with (c) and (d) 
in Table I shows that an excess of walls is once more 
metastable. But not all walls formed at low temper- 
atures are now retained. 


asure- 


TABLE I. Contribution of wall movement to (uo—1). Tm: tem- 
perature of measurement. Та: temperature of demagnetization. 
Letters (a), (b), (c), and (d) as in the schematic representation of 
Fig. 9 


Tm Gm LT 
—196? 15°С (Qu —1)s  (Ki/I))is ЈТа —const 


(A) large crystals 


Ta —196°С 131 1.12 0.96 
(а) (b 

15°С 0.97 0.41 1.94 
© (9 

(B) small crystals 

Ta —196°С 1.25 1.09 0.94 
(a) (b 

15°С 0.72 0.21 2.8 
(© (9 
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Fic. 9. Initial permeability ив measured for BaO-6Fe;0; with 
random crystal orientation at room temperature. Before the 
measurement the material was cooled down from above the Curie 
point in a field-free space, then demagnetized at the temperature 
T in an alternating-current field decreasing in amplitude from 4250 
oersteds. It was then brought to 15°С and measured. 

Curve A: large grains; curve B: small grains. 


Аз is to be expected, demagnetization and measure- 
ment at — 196°C, with an intermediate heating to 15°C, 
lead exactly to the values (a) of Table I. 

The author wants to thank his colleagues Mr. J. 
Smit, Mr. E. W. Gorter, and Mr. A. L. Stuyts for 
help and discussions. 


DISCUSSION 


С. W. ВАТНЕМАС, N. V. Philips Gloeilampen Fab- 
rieken, The Netherlands (in answer to questions): Near 
room temperature, magnetoelastic energy and shape 
energy are negligible compared with crystalline energy : 
A (perpendicular to axis) =20X 10-5. The results are 
consistent with the idea that this is true also at higher 
and lower temperatures. : 

The texture can be made very perfect, as is shown 
by the curve for the low coercivity oriented sample. 

Saturation of nonoriented material requires very 


high fields. 


С. Г. HoGAN, Bell Telephone Laboratories, Murray 
Hill, New Jersey: According to data recently taken at 
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the Bell Telephone Laboratories, Ferroxdure at 9000 Ме 
induces a Faraday rotation of less than 0.1 degree/cm 
in a round wave guide, in applied magnetic fields up to 
6000 oersteds. Compared with ferrites, it shows a very 
low loss at 9000 Mc, but high loss at 48 000 Mc. 


M. T. WEISS, Bell Telephone Laboratories, Murray 
Hill, New Jersey: Have any ferromagnetic resonance 
experiments been made оп these BaO- 6Fe;0; materials? 


С. W. RATHENAU, М. V. Philips Gloeilampen Fab- 
rieken, The Netherlands: Such experiments are being 
conducted, but no final results can yet be reported. 
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"phe experiments described test the theory of fine-particle 
magnets. Particles of Fe, Co, and Ni, of size 100-2000A, were 
prepared by electrodeposition into a mercury cathode. Their 
— sizes and shapes were determined with an electron microscope. 
- —  JExperiraents on coercive force vs particle size show, in general 
- _ agreement with theory, that the maximum coercive force of Fe 
particles occurs at about 150A and is about 1000 oersteds, for 
—— yery small packing factors. The coercive force decreases rapidly 
- for smaller particles, slowly for larger particles. The rapid de- 
crease for particles smaller than 150A is attributed to thermal 
Ё — fluctuations; this is borne out by measurements at low tempera- 
= tures. 


Y \URING the past fifty years there have been 
| several independent 1пуезїїрайоп5!75 of the 
omagnetic properties of small particles of iron, 
nickel, cobalt, and manganese bismuth. These investi- 
| gations have shown extremely high coercive forces, of 
- Ще order of 1000 oersteds for iron; and theoretical in- 
ations have predicted coercive forces of ten times 
- these experimental values. 
— What seems to be lacking is (1) the experimental 
relationship between the coercive force and particle 
— sizeforiron, cobalt, and nickel, and (2) the exact shape of 
_ the particles that have a coercive force more than twice 
e value predicted by theory: 
In order to obtain these relationships, fine particles of 
cobalt, and nickel were prepared by the electro- 
on of these materials in a mercury cathode by 
| standard electrolytes. The coercive force of the 
ly deposited iron and cobalt could be made as low 
20 oersteds and subsequently increased to a maximum 
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T Experimental Study of the Coercive Force of 
Е: Fine Particles 
W. Н. MEIKLEJOHN 


General Electric Research Laboratory, Schenectady, New York 


Addition of 25 percent by weight of 20-oersted Fe particles to 
1250-oersted Fe particles decreases the coercive force to 500 
oersteds: thus any experiment designed to check the predicted 
10 000 oersteds for particles of 10-to-1 shape anisotropy requires 
an extremely high percentage of such particles. For both Fe and 
Co, the temperature variation of coercive force closely follows that 
of crystalline anisotropy and not that predicted for particles with 
shape anisotropy. Electron micrographs show that many of these 
particles are bean-shaped, with axis ratio 1.5. The extent of the 
present work is not sufficient for evaluation of the contribution of 
shape anisotropy to the coercive force of Fe. 


of 1000 oersteds by heating at a convenient temperature 
for a period of time. Further heat treatment would de- 
crease the coercive force to as low as 40 oersteds. Figure 
1 shows the relationship between the coercive force at 
liquid nitrogen temperature and time of heat treatment 
at 200?C. 

In order to measure the coercive force of the iron 
particles in the mercury it was necessary to prevent their 
movement or rotation by solidifying the matrix. This 
could be done by adding an alloying element such as 
silver to the mercury to obtain a solid matrix, or simply 
by freezing the mercury. Since experiment showed that 
the same coercive force was obtained by both methods, 
the latter method was used because it proved to be 
more expedient. The mercury was frozen by placing it 
in liquid nitrogen, and the coercive force was measured 
at this temperature. 

In all cases, the coercive force listed is the intrinsic 
coercive force, measured by placing a magnetized 
sample in a coil immersed in a magnetic field which is 
directed opposite to that of the sample. The coil is 
connected to a galvanometer, which is caused to deflect 
by moving the sample in and out of the coil, yet keeping 
the sample in the reverse field. The reverse field is in- 
creased until no deflection is obtained, and therefore the 
intrinsic induction in the sample has been reduced to 
zero. The reverse field is then measured to obtain the 
intrinsic coercive force. 

The above process gave excellent control of the соёг- 


cive force, and as it happened also the particle size, 50. 


that a material was available for coercive-force and 
particle-size measurements. The measurements of the 
particle size, while the particles were still wetted by the 
mercury, proved to be both extremely difficult and un- 
reliable. To remove the mercury from the particle by 
evaporation always resulted in a large particle size, 
discussed in connection with Fig. 1. The best method of 
removing the particles and having the desired size was 


as 


| 
| 
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to dewet the particles by diffusing ox зеп t g 
mercury, to form an oxide shell pec dece 
and collect them after they floated out of the mercury. 
The use of a “Mercury Oxifier" has proved very efficient 
in this respect. Since this removal takes place at essen- 
tially room temperature, the particles do not grow in 
size except for the volume increase due to the oxygen 
taken on by the surface to form FeO. One might expect 
that the particles would be completely oxidized, but 
this does not happen except for the very small sizes 
below 50 A. If the powder is pressed in a die it has an 
extremely metallic appearence, and both electron 
diffraction and x-ray diffraction data have shown that 
the material is not completely oxidized. 

A comparison of the coercive force of the particles in 
the mercury and after removal by the introduction of an 
oxide shell on the particles is shown in Table I for iron. 
The room temperature value of the coercive force is 
also shown along with the percent change due to the 
temperature difference. One might expect a shift in the 
maximum coercive force of the oxide-coated material 
toward the apparent larger particle sizes. Any such shift 
might easily be offset by having a particle-size distri- 


"TABLE I. Intrinsic coercive force of iron. 


Hci in 3 Регсеп! сһапде 
mercury Hci out of mercury in Hci 
—196°С —196°С 20°С 20°С to —196°С 


450 590 35 1600 
900 1025 670 53 
1075 1100 880 25 
1050 1050 850 23 
975 1000 870 22 
900 850 750 14 
350 350 300 17 


bution in the mercury, in which case the larger particle 
would Бе {һе first to come out owing to the greater 
buoyancy” force. Because of these opposing factors, a 
correction has not been made in the particle size to 
account for the oxide shell on the particle. 

The percentage difference in the coercive force shown 
in Table I is in good agreement with what one would 
expect from crystalline anisotropy. The one exception 1s 
the case of the particle of 35 oersteds at room tempera- 


‘ture (75 A diameter), in which case one must turn to 


some explanation such as that proposed by Néel. The 
critical particle diameter for thermal instability de- 
creases as the temperature is decreased, and hence a 
judiciously chosen particle would have a tremendous 
increase in coercive force as the temperature 1s lowered. 
This condition was found to exist also in the iron 
particles in a mercury matrix, where the coercive force 
of particles smaller than the optimum size increased 
from, 400 oersteds at liquid nitrogen temperature to 
550 oersteds at liquid hydrogen temperature and 700 
oersteds at liquid helium temperature. 

The Е particles were prepared for meas- 
urement in an electron microscope, the first major 
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Died 
Fic. 2. Electron micrograph of iron particles in silicon monoxide. 


problem being to show the effect of these small per- 
manent magnets on the electron beam. It seemed very 
likely that the magnetic field of the particle would 
deflect the electron beam and cause the image not to be 


pe m Electron micrograph of same area ёо Fig. 2 after dis- 
solving the iron particles to form a cavity. Some particles 1 
have not been dissolved сап be used as size reference. that 
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Fic. 4, Intrinsic coercive force at liquid nitrogen temperature 
of iron and cobalt particles as a function of particle size. 


in direct proportion to the particle size and shape. 
Electron micrographs taken of the particle and of the 
cavity left after etching the particle from a silicon 
monoxide matrix show that the image does faithfully 
reproduce the size and shape of the particle. This is 
shown in Fig. 2 and Fig. 3. 

The results of the measurement of particle size were 
plotted against coercive force and are shown in Fig. 4. 
It is apparent here that in the region from 5000A 
particles to 200A, where thermal fluctuations take over, 
the product of the coercive force and particle diameteris 


15А iron particles. 


MEIKLEJOHN 


a constant and the curve is that of an equilateral 
hyperbola. This is in agreement with the relationshi 

that Guillaud found for manganese bismuth particles 
The present theoretical relationships of the simple 
theory of coercive force do not show this dependence of 
coercive force on particle 8126,6 

The straight-line portions of the curves shown in Fig. 
4 will probably extend to particles smaller than 200A 
and then become horizontal if the measurement is made 
at a sufficiently low temperature to eliminate the drop 
due to thermal fluctuations in the particles. 

The curve for particle size vs coercive force for cobalt 
shown in Fig. 4 gives a value of the critical particle size 
for single domain behavior which is of the same order of 
magnitude as for iron, and not ten times the size of iron 
as has been predicted by theoretical calculations. 


Г 


го 


Fic. 6. Electron micrograph of 560A iron particles. 


There is also disagreement, as has been known for some 
time, between the experimental values of the coercive 
force for cobalt and the value obtained from considera- 
tion of the crystalline anisotropy energy. Theoretical 
calculations predict a value of 6000 oersteds for cobalt 
on the basis of its crystalline anisotropy, while the ex- 
perimental value is of the order of 1000 oersteds. 

The shapes of the particles are shown in Figs. 5, б, 
and 7. An examination of these electron micrographs 
shows that many of the particles have a shape anisot- 
ropy of 11/2 to 1. Of course, this is only а two-dimen- 
sional view of the particles, but a lack of any plate-like 
particles leads to the belief that these particles are nearly 
prolate ellipsoids of an axial ratio of 11/2 to 1. Since 


°C. Kittel, Revs. Modern Phys. 21, 541 (1949). 
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theory ^ predicts a value of nearly 3000 oersteds for 
this ratio of major to minor axis of the particles, there 
again seems to be disagreement with the theory. Since 
there 18 certainly & size and shape distribution of 
particles shown in the electron micrographs, an experi- 
ment was conducted to determine the effect of this on 
the measured coercive force. The results are sh 
Fig. 8. 

To determine this relationship, iron was electrode- 
posited into mercury so as to have a coercive force of 
12 oersteds. Since the suspension of iron in mercury is 
very homogeneous for this particle size, volumetric 
ratios were taken аз а measure of the amount of iron in 
the mercury. Eight different samples were taken. Four 
of these samples were heat treated to have a coercive 
force of approximately 1000 oersteds at liquid-nitrogen 
temperature. These samples were then mixed with the 
untreated samples to form the required percentage of 
low- and high-coercive-force material (0, 25, 50, 75, and 
100 percent of the former). The results of this procedure 
are given by curve 1 of Fig. 8. Essentially the same pro- 
cedure was used to mix the untreated iron with cobalt 
heat-treated to near the maximum coercive force, and 
the result is shown in Fig. 8, curve 2. In both cases 
there is а rapid decrease in the coercive force with a 
small percent admixture of the low-coercive-force 
material. On the other hand, if iron of near-maximum 
coercive force is mixed with iron particles heat treated 
beyond the maximum to 150 oersteds and approxi- 
mately 1000A particle size, the effect on the coercive 
force is greatly reduced. This result is shown in Fig. 8, 
curve 3. The decrease in coercive force is linear with the 
weight percent of low-coercive-force material, instead of 
having the shape of an equilateral hyperbola as in the 
case of very small particles of low-coercive-force 
material. 

To explain the 1000 oersteds coercive force obtained 
for iron on the basis that there is a mixture of low- 
coercive-force particles (that is, some that аге round and 
of 500 oersteds coercive force) with 3000-oersted 
particles of 14 to 1 shape anisotropy would actually 
require data similar to those shown in Fig. 8 for particles 
of similar size but of about 10 to 1 ratio of coercive 
force. However, if it is assumed that this relationship 
would be the same as for curve 1 of Fig. 8, which is more 
favorable to the theory, then the electron micrographs 
must show approximately 25 percent by weight of the 
particles to be round, smaller than 75A, or larger than 
500A. The electron micrographs cannot be evaluated 
very well to show that there is not a 25 percent by 
weight of round particles. Also it is extremely difficult 
to evaluate the percent by weight of particles less than 
75A because this size approaches the resolution of the 


electron microscope. 


own by 


? E. C. Stoner and E. P. Wohlfarth, Trans. Roy. Soc. (London) 


A240, 599 (1948). à : d 
8E, АС Doklady Akad. Nauk SSSR (N.S) 70, 215 


(1950). 


СС-0. In Public Domain. Guru 


OERCIVE FORCE OF FINE PARTICLES 305 


А i" |.» 


Fic. 7. Electron micrograph of 620A iron particles. 


It is hoped that stereographic electron micrographs 
can be taken that will allow an evaluation of the true 
coercive force of the particles having shape anisotropy. 

There is still another evaluation to be made, and this 
is the effect of clustering of the particles. In spite of the 
measurements being made at 0.004 packing factor (the 
weight of iron per cubic centimeter divided by the den- 
sity of iron), the particles have not been separated any 
better than is shown in these electron micrographs, 
where it is obvious that there is considerable clustering 
of the particles into groups as great as 100 particles. 


INTRINSIC COERCIVE FORCE (OERSTEDS) 
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Fic. 8. Effect of mixing low coercive force particles with 
high coercive force particles. 
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— — One can probably assume a packing factor of the order 
-of 50 percent for these clusters, whereupon Weil? has 


shown that the coercive force will be cut in half. In 
addition, this clustering makes it extremely difficult to 
line up the particles. If we assume that Néel’s!® cal- 
culation for randomly oriented cubic crystallites applies 
to both hexagonal cobalt and iron with shape anisot- 
ropy, then the theoretical value for iron particles of 
13 to 1 shape anisotropy is reduced from 3000 oersteds 
for widely separated particles to approximately 500, and 
that for cobalt particles from 6000 oersteds to 1000 
oersteds. 


* L. Weil and S. Marfoure, Compt. rend. 225, 229 (1947). 
10 L. Néel, Compt. rend. 224, 1488 (1947). 
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It is apparent that in spite of having particles of 13 to 
1 shape anisotropy, steps must still be taken (1) to 
better evaluate the effect of shape and size distribution 
(2) to evaluate the effect of clustering on lining up of 
the particles, and (3) to evaluate the “apparent” 
packing factor due to clustering. 

It is hoped that further work along these lines wil] 
lead to an experimental evaluation of the contribution 
of shape anisotropy to coercive force. 
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A New Permanent Мабпе from Powdered 
Manganese Bismuthide 


EDMOND ADAMS 
U. S. Naval Ordnance Laboratory, White Oak, Silver Spring 19, М aryland 


|р the present demand for cobalt and 
nickel greatly exceeds their availability, there 
has been an increasing interest, both in this country 
and abroad, in the development of permanent magnets 
not containing these elements. The Magnetics Division 
of the Naval Ordnance Laboratory, as part of its 
program of developing improved and nonstrategic 


magnetic materials for military and industrial use, 
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roduct curves—bismanol. 
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has developed bismanol, a new high energy product 
permanent magnet. This magnet was prepared by 
hot-pressing the finely pulverized anisotropic inter- 
metalic compound, manganese bismuthide (MnBi). 
A typical demagnetization curve for bismanol is il- 
lustrated in Fig. 1, which shows a maximum energy 
product (ВН) maz of 4.3X 109 gauss-oersteds, a coercive 
force (Не) of 3400 oersteds, and a residual flux density 
(8,) of 4300 gauss. That this was possible was first 
predicted by Guillaud! as early as 1939. Guillaud, in 


Fic. 2. Hexagonal crystals of MnBi. 


1 С. Guillaud, thesis, University of Strasbourg (Strasbourg, 


France), 1943, 
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PERMANENT MAGNET FROM 


3,000 Psi 
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Fig. 3.  Hot-pressing 
oriented MnBi powder into 
bismanol magnets. 


addition to measuring the saturation moment, magnetic 
crystal anisotropy, and Curie temperature, established 
the dependence of the high coercive force of manganese 
bismuthide on its high crystal anisotropy and reduced 
particle size. Because of these considerations, MnBi 
was chosen for this investigation in spite of the practical 
difficulties involved. 

Manganese and bismuth powders were heated in a 
rotating furnace to 700°С for the reaction to take place 
and aged at 450°C for MnBi crystals to increase in 
size. At this stage bismuth was allowed to diffuse 
through a MgO crucible. This exposed some almost 
perfect hexagonal crystals of MnBi as shown in Fig. 2. 
They were identified as the compound MnBi by x-ray 
diffraction as shown in Table I. Normally, in the 
preparation of a melt, visible crystals of MnBi are 
not exposed. 

The melt of MnBi and unreacted manganese and 
bismuth was then pulverized in a high speed hammer 
mill, yielding irregular particles of approximately 8 
microns in diameter. The magnetic MnBi was then 
separated from unreacted manganese and bismuth 
by use of a magnetic separator. 

The enriched MnBi powder was then hot-pressed 2: 
comparatively low pressure (up to 3000 psi) at 300 С 
in а nonmagnetic cylindrical die with double-acting 
magnetic rams. The purpose of the field (up to 20 000 
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POWDERED MnBi 


oersteds) was to align “the particles with their easy 
direction of magnetization parallel to the direction of 
testing. 

The compacting was performed in a heated die to 
provide a maximum density at low pressures. In this 
respect, it is probably desirable to have a small amount 
of free bismuth present in the powder. This provides 
а fluid medium at 300°C to facilitate particle alignment 
and after solidification, upon cooling, effectively 


TABLE I. X-ray data for MnBi crystals. 


Sample Unit cell length 
МОГ, (quenched from 320°С) 5.87 2:0.02A 
Guillaud (quenched from 400?C) 5.83А 
Guillaud (slow соо!) 6.11A 


separates and immobilizes the particles. Figure 3 
illustrates schematically the compaction of the magnets. 

Thus, a new class of permanent magnets has been 
prepared by powder-metallurgy techniques. These 
magnets exhibit a coercive force (H.) exceeded by no 
other known practical magnets. They can be used for 
practically all present applications of permanent 
magnets; however, in short lengths, where a high 
resistance to demagnetization is important, bismanol 
magnets exceed most commercial permanent magnets 
in available flux density. 
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DISCUSSION 


C. GUILLAUD, Centre National de la. Recherche Scien- 
lifique, Bellevue, France: 'The manganese-bismuth alloy 
prepared by Mr. Adams is identical with that which I 
studied; in fact the characteristic properties of this 
phase are the same. 

I am going to mention the various researches that 
have led to а new method of attaining high coercive 
force and to practical magnet construction; then I will 
summarize the future possibilities. 

In 1943! I formulated the basic idea that, in a particle 
of metal or alloy small enough to constitute a single 
domain, the only possible mechanism is rotation, since 
no wall displacements can occur without walls. Specifi- 
сау," for a coercive force determined by magneto- 
crystalline energy I gave the formula H.=pK/Io and 
suggested construction of magnets by use of fine 
particles with large К. In 1946 Kittel,’ in an important 
publication on the properties of fine particles, reached 

the same conclusions. 

In 1947 I pointed! out a second cause of high coercive 
force in fine particles, the magnetoelastic energy, and 
gave the formula Нь= ?/Ac/Io based on a formula of 
В. Becker. Later Stoner and Wohlfarth® arrived at this 
same mechanism. 

Finally, also in 1947, first Néel* and then Stoner and 
Wohlfarth and J* gave а third cause of high coercive 
force, shape anisotropy, which leads to the formula 
H.— $9" (N— NI. 

Because of the energy necessary for wall formation 
and for existence of multidomain grains, the coercive 
force depends on the grain size; a general study was 
made in 1946 by Kittel. Furthermore, in aggregates of 
grains the values of р, р’, and p” depend on the degree 
of orientation of the domains and on interactions be- 
tween crystallites. The study of MnBi first gave experi- 
mental values of 5; later Néel, followed by Stoner and 
Wohlfarth, perfected the theory and obtained values in 
good accord with experiment. 

The experimental study of these elementary mecha- 
nisms is very difficult because it is necessary to separate 
the effects of the three types of energy. It was our work 
on MnBi and Mn;Sb and L. Weil's work on nickel that 

made possible the clear separation of these effects, by 


— study of the temperature variation of coercive force. 


From consideration of rotation in fine particles, the 
application to magnets follows directly. The high coer- 


Charles Guillaud, 


p? 


pli,cacheté deposited March 8, 1943; Compt. 


“> les Guillaud, thesis (Strasbourg, 1943). 


ttel, Phys. Rev. 70, 965 (1946). 
M Guillaud, Comm. Soc. franc. de Physique (Stras- 
May 31, 1947); J. phys. et radium 8, 347 (1947). 
Е. ( rand E. P. Wohlfarth, Trans. Roy. Soc. (London) 
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cive force is determined by one of the three factors 
mentioned or by several operating simultaneously 
Experiments based on magnetocrystalline energy го 
quire metals and alloys with large К. Cobalt is of partic- 
ular interest but so far has yielded unsatisfactory coer- 
cive forces—probably because (as L. Weil pointed out 
and as we have verified) lamellar grains are obtained. 
Manganese-bismuth magnets based on this mechanism 
have found industrial application. The possibilities here 
are far from exhausted. 

Use of magnetoelastic energy requires materials with 
large ^; the internal stresses can then be controlled, 
for example, by hardening or by formation of solid 
solutions. Here a great field of research is open. 

The possibilities for shape anisotropy are also im- 
portant. Besides obtaining needle-shaped grains one 
can seek, for instance, to obtain a ferromagnetic pre- 
cipitate in needle form within a nonferromagnetic phase, 
or to improve the usual massive magnets by producing 
ones composed of oriented crystals with large shape 
anisotropy. 

Rotations against magnetocrystalline and magneto- 
elastic energy can be produced, not only in aggregates 
of fine particles, but also by use of holes (as we showed 
in the study of cobalt ferrites) or of nonmagnetic in- 
clusions in massive materials. These elementary mech- 
anisms have been studied by Kersten and by Néel. 

Here is a new path of research on magnets. Practical 
results have already been obtained, and important 
progress can be foreseen. 


W. SUCKSMITH: University of Sheffield, England: 
We have been investigating the magnetic properties 
of small iron and cobalt aggregates by utilizing the 
weakly ferromagnetic copper-rich binary alloys with 
iron or cobalt. When bulk specimens of these alloys, 
containing 1-2 percent of cobalt or iron, are quenched 
from high temperatures, they are paramagnetic, and 
the curve of intensity against field resembles that of 
a normal paramagnetic. By heating the alloy at a 
suitable temperature dependent on constitution, and 
interrupting this process at appropriate times, the 
transition from the solid solution to the ferromagnetic 
two-phase state can be followed in detail. In the initial 
stages the paramagnetism increases with a decrease in A. 
Later a small but gradually increasing coercivity de- 
velops, the J-H curves being quite linear up to Н=500 
oersteds. At the same time the slope of the curve m- 
creases progressively, until the coercivity reaches а 
maximum value at about 450 oersteds. At this stage 1t 15 
evident that a harder component is concealed. The 
remanence, and to a lesser extent the coercivity, Ш 
creases with the maximum value of the magnetizing 
field used, even until the latter reaches more than 5000 
oersteds. At the same time the reverse field required to 
decrease the remanence assumes a value considerably 
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in excess of that required to produce a similar effect in 
a normal ferromagnetic. For example, to reduce the 
remanence to zero required about 1500 oersteds: to 
reverse it completely required considerably Reiter 
values. At this stage the coercivity begins to fall off; 
the intensity continues to increase, but with increasing 
curvature of the I-H curve of the familiar shape con- 
cave to the field axis. Finally the coercivity falls to a 
value less than 100 oersteds with the completion of 
the precipitation process at the temperature em- 
ployed. It seems evident, not only from the trend of 
the coercivity-time relationship, but also from the 
evidence for the concealed harder component of the 
magnetization, that with continued heat treatment 
single domain particles increase in size until the appear- 
ance of domain walls causes a decrease in coercive 
force. 


Г. Е. BATES, University of Nottingham, England: 
I would like to draw the authors’ attention to some 
experiments on the ferromagnetic properties of amal- 
gams of iron, nickel, and cobalt in mercury; and in 
particular to the fact that amalgams of nickel are not 
ferromagnetic unless they are heated to about 260?C. 
They may find that experiments on fine particles ob- 
tained from the nickel amalgams will be of particular 
interest. 

I should like to mention some experiments which 
Dr. E. W. Lee made in my department to test the 
theory of Stoner and Wohlfarth with Alnico. In their 
paper they assume that single domain particles are 
embedded in a nonmagnetic matrix, that they are pro- 
late spheroids, and that their magnetic anisotropy is 
determined solely by their shape. If we assume further 
that the magnetostriction is isotropic, which is a good 
approximation as long as there is no regular connection 
between the crystal axes of the domain material and 
the axis of the spheroid, we find enough data in Stoner 
and Wohlfarth's paper to allow us to calculate the 
magnetostriction of Alnico. This Dr. Lee did. 

Dr. Lee's calculation show that the initial magneto- 
striction should be negative and that there should be 
no residual magnetostriction. The experimental results 
for an Alnico with Н.=133 oersteds were chosen as 
most appropriate for comparison with the Stoner and 
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Wohlfarth theory. The negative magnetostriction pre- 
dicted by that theory was not found, although some 
Russian workers have recorded it, I understand, with 
magnetically isotropic Alcomax and Vicalloy. 

We feel that if the observed positive magnetostriction 
is solely caused by islands, then these cannot be of pure 
iron or of pure cobalt, but might be of iron-cobalt 
alloy as suggested by Goldman and Smoluchowski. 


C. KITTEL, University of California, Berkeley, Cali- 
fornia: The x-ray work of Lipson suggests that fine 
particles of cobalt have randomly stacked atomic 
planes. This would have the effect of reducing the 
crystalline anisotropy energy and therefore the coercive 
force of а single domain particle. If future x-ray work 
on fine cobalt particles should bear out this picture, it 
might be profitable to look for alloying elements which 
could act as “hexagonalizers” for cobalt. 


E. C. STONER, University of Leeds, England: The 
idea that the very high coercivity of certain types 
of material might be explained in terms of the char- 
acteristics of single domain particles occurred to a 
number of physicists independently at much the same 
period. In 1939 I made the first calculations with a 
view to explaining the coercivity of the Alnico type 
of alloy on the basis of the shape anisotropy of single- 
domain precipitates of the more strongly ferromag- 
netic constituent of the alloy. Detailed calculations, 
equally applicable to shape, crystalline, and strain 
anisotropy, were resumed and full details published 
much later. This paper contains the results of the 
very lengthy analytical and numerical work which 
13 necessary even in the simplest case. Since it is 
in one of the relatively less accessible journals, atten- 
tion is directed to it as being of considerable potential 
usefulness to all those concerned with the relevant 
alloys and micropowder materials. The extensive and 
beautiful recent work reported illustrates at once the 
range of applicability of the basic theoretical treatment 
and the many additional factors which must be taken 
into account in actual ferromagnetic materials. 


1 E. C. Stoner and E. P. Wohlfarth, Trans. Roy. Soc. (London) 
A240, 599-642 (1948). 
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Thin Films of Ferromagnetic Materials* 


Е. C. CRITTENDEN, JR., | AND К. W. HOFFMAN 


Case Institute of Technology, Cleveland, Ohio 


Experimental observations are reported on the magnetic properties of thin evaporated films of nickel. The 
saturation magnetization follows the general prediction of Klein and Smith after somewhat arbitrary modifi- 


S cations on the basis of fitting the Weiss curve for bulk specimens, as suggested by Drigo. Qualitatively ob- 


served properties due to domain structure follow the predictions of Kittle. The surface roughness of the 
specimens has been carefully controlled. Measurements of temperature coefficient of resistance have led to 


А modification of the theory of electron mean free path in thin films. The mean free path is found to vary at 
small thicknesses, rather than remaining constant as assumed by Fuchs and Sondheimer. The surface rough- 
ness has been estimated with the help of this theory. The films of nickel behave as if surface variations extend 


HERE are several theories of ferromagnetism 
which agree well with experimental evidence 
for bulk samples.! It appears, however, that if a mag- 
| netic specimen is made thin in one dimension while 
E remaining large in the others, important differences 
- — develop between the theories? In this respect investiga- 
tion of the ferromagnetic properties of thin films has 
the nature of a critical experiment with regard to the 
theory of ferromagnetic behavior. 

The Bloch spin-wave theory predicts that a three- 
dimensional lattice is ferromagnetic, but a two-di- 
mensional one is not. Klein and Smith have extended 
the spin-wave method to obtain a quantitative pre- 
diction of the manner in which the magnetization 
should vary with thickness and with temperature. 
— The temperature dependence of magnetization varies 
"| Бош a T! law for thick films to a linear dependence 
"| for very thin films. The Bloch theory is not considered 
| to be valid except in the region where the magnetization 
Ё is near its maximum value, Jo. This rather naturally 
persists in the extension to thin films. This is un- 
_ fortunate since the interesting region for a thin film 

_ is the region where its magnetization falls decidedly 
— below Zo. For lack of quantitative extension into this 
- region based on any other model, an empirical modi- 
fication of the Klein-Smith theory has been made for 
mparison with the experimental results. 
The observations reported here have been made on 
= evaporated films of nickel, extending down to a thick- 
ness of 10.2 angstroms. Experimentally the most 
- serious problems have been those of being certain that 
the films were pure metallic nickel and of controlling 
nd measuring the flatness. A number of details con- 
with the experimental techniques of preparation 
sed to dispel doubts concerning the nature 


part by the U. S. Office of Naval Research. 

e at Atomic Energy Research Department, 
ac., Downey, California. 

[odern Phys. 17, 27 (1945). 

› mith, ys. Rev. 81, 378 (1951). 


into the film approximately 3 angstroms from each surface. 


Drigo* on thin films of electroplated nickel, iron, and 
cobalt. These are shown later for comparison. However, 
it seems difficult to avoid the presence of impurities 
in the electroplated nickel and to control and determine 
the magnitude of surface roughness in the very thin 
films. 

It is recognized that evaporated metal films have 
acquired a bad reputation as far as being specimens of 
metal which may be directly compared with pure 
bulk specimens of the same material. A number of 
effects have contributed to this reputation. Ordinarily 
the pressures used in evaporation are not low enough 
to avoid contamination. Connected with this is the 
lack of true protection offered by vacuum of the order 
of 10-5 mm of mercury, for which each surface atom is 
hit approximately once every half-second by a residual 
gas molecule. Evaporated films also tend to form in 
lumps or to agglomerate when the temperature is 
increased. In addition, they are formed with a high 
density of crystal imperfections, especially if the con- 
densing surface is cold and the condensation rate high. 
On heating, these imperfections disappear and their 
loss leads to the development of a high tensile stress 
in the film which may cause rupture of the film. Evap- 
orated films are polycrystalline with a small crystal 
size. Preferred orientation or oriented overgrowth 
may be present under some conditions. However, with 
due attention to these effects, evaporated films can 
be well behaved specimens of normal metal. 

Nickel was chosen as the material for study because 
the energy of magnetization is not highly anisotropic 
and strain induced anisotropy is not strongly dependent 
on crystal orientation relative to the strain. This allows 
a polycrystalline thin specimen to act as one domain. 

Specimens are prepared in the equipment shown 
diagramatically in Fig. 1. The substrate material m 
fire polished glass cut from microscope slides. Williams 
and Backus‘ have shown such glass to be smoot} 
to less than 5 angstroms as regards sudden discontinur 


ties. The glass substrate strips are approximately 1 inch 


3 A. Drigo, Nuovo cimento 8, 498 (1951). t 
«В. C. Williams and В. C. Backus, J. Appl. Phys. 20, 98 (1949) 
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Бу 3 inches. Silver current and potential contacts are 
fired ej Be advance to allow measurement of electrical 
conductivity. he conductance of the specimen in the 
rate furnace" is recorded continuously and used to 
ол a 
g ata ип e of 60 angstroms per second. 
The rate furnace is kept at 250°C. This high a tempera- 
ture for nickel leads to deposition of a polycrystalline 
film in which the microcrystals are essentially free of 
imperfections. This temperature is, however, not so 
high as to produce grain growth. The shutters are not 
opened until a thick layer is already present on the 
rate furnace specimen. This avoids trouble with electron 
surface scattering effects in the rate specimen. Timing 
of the shutters determines the thickness deposited 
on the specimen. Immediately after deposition of the 
nickel, a third shutter, not shown, is opened and a layer 
of about 200 angstroms of SiO evaporated over the 
specimen to prevent oxidation. The two filament 
sources are so arranged that no cross transfer occurs 
between them. 

The source of nickel vapor is a tungsten filament 
electroplated with nickel. The entire system is outgassed 
for about 12 hours before evaporation takes place. 
| ^ The filament is operated at а temperature where very 
slow evaporation takes place during this 12 hours to 
| remove dissolved hydrogen present in the electroplated 
| nickel. Evaporation takes place in vacuum ranging 
between 5X 1077 and 3X 10-5. This gives a maximum 
possible gas contamination of 0.15 percent, taking the 
residual gas to be N». 

'The film thickness is determined from the rate of 
change of conductance of the monitor specimen in the 
rate furnace and from the time interval between opening 
and closing of the specimen shutters. Absolute calibra- 
tion was obtained by chemical means. The specimen 
was dissolved and the mass of nickel determined by 
quantitative colorimetry using a spectrophotometer. 
The thickness agreed well with multiple beam inter- 
ferometry results for thick films (2000A) where that 
technique is valid. 
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Fic. 2. Graph of temperature coefficient of resistance ss k, the 
ratio of thickness to electron mean free path. The solid curves 
result from the theory of Fuchs and Sondheimer for total inelastic 
scattering (P—0) and 50 percent inelastic scattering (Р = 0.5) 
The dotted curves are the result of introducing a variable mean 
free path for various values of the parameter у. 


The specimen temperature during deposit is held at 
75°С. Temperatures somewhat lower than this (about 
10°С) lead to cracking of the films because of very 
high tensile stress in the film. In general, the lowest 
temperature possible is desirable in order to. reduce 
surface migration of the first arriving atoms. A high 
surface mobility leads to nucleation of a small number 


. of crystals and a consequent increase in “lumpiness” 


of the initial deposit. For nickel 75?C was found to be 
satisfactory. Such films, however, have a high density of 
crystal imperfections. On heating, the resistivity falls 
irreversibly. Annealing at 275°C for four hours brings 
the specimens to a reproducible state. 

An interesting point is illustrated by annealing 
very thin films. An intact, though rough, slab of metal 
should flatten out on annealing if the temperature is 
high enough to give some surface mobility. By flat- 
tening, the surface energy 15 reduced. However, a speci- 
men consisting of isolated islands of metal or a cracked 
slab should tend to pull into spheres to reduce its 
surface energy. A film of apparent thickness, 5А, was 
deposited and coated with SiO. This film was just on 
the threshold of being an electrical conductor, i.e., 
“thinner” films consist of isolated crystals which do 
not touch. On annealing, the resistance of this film 
increased, indicating that it was pulling into isolated 
spheres. On the other hand, slightly thicker films became 
decidedly better conductors on annealing, indicating 
that they are becoming flatter. This.effect is in addition 
to the loss of internal crystal imperfections which is 
occurring simultaneously. The thinnest specimen used 
for magnetic measurements was 10.2A, well above the 
thickness, 5A, at which agglomeration set in. 

As a quantitative means of observing roughness, 
the electrical resistivity of these films was studied as 


| 
| 
| 
| 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


312 E. C. CRITTENDEN, 


200 


Fic. 3. Graph of resistivity vs А. The solid curve is that given by 
Fuchs and Sondheimer. The dotted curves result from introducing 
a variable mean free path. 


a function of thickness. Surface scattering of the con- 
duction electrons causes the resistivity to rise as thick- 
ness decreases. Experimentally the resistivity is difficult 

to observe with precision because the observed resist- 
ance must be divided by the thickness to obtain resist- 
ivity. On the other hand, the temperature coefficient 

of resistivity is a quantity which is independent of 

^ specimen geometry. Both quantities were determined 
on all specimens. Theoretical calculations of resistivity 

vs thickness have been made by Fuchs? and later by 
Sondheimer. Both authors assumed a constant mean 
Їгее path for conduction electrons. Their results can be 
readily extended to predict the temperature coefficient 

of resistance. However, the experimental data fails to 
fit their theoretical predictions for very small thickness. 
This is especially apparent for the temperature соећ- 
cient of resistance which falls far too fast as thickness 
decreases. Invoking elastic scattering at the surface for 
some fraction of the electrons, as suggested as a. possi- 
bility by Fuchs, gives a poorer fit. In attempting to 

i explain this, it was realized that the surfaces should 
& have still another effect on the electrons besides scat- 
tering.’ Since one must satisfy the boundary condition 
that the electron density falls to zero for any appreciable 
distance outside the specimen, one is forced to a stand- 
ing wave pattern for y inside the metal. This limits the 
possible values of electron momentum normal to the 
specimen surface. The Brillouin zone structure, which 
for a large specimen of simple material has its filled 
region in the form of a sphere, is now crossed by a 
ystem of planes representing allowed momenta. This 


ondheimer, Phys. Rev. 80, 401 (195 


Fuchs, Proc. Cambridge Phil. Soc. 34, an (1938). 
Hoffman, and Layer, Phys. "Rey. 86, 657 
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thus decreases as the film becomes thinner. The Surface 
scattering is of course still present and is а large effect 
so that the observed resistivity still rises as thickness 
falls. The temperature coefficient of resistivity is af. 
fected more markedly than the resistivity. Figure 2 
shows the temperature coefficient as a function of 
thickness as observed and as predicted by both theories 
The corresponding values of resistivity are shown i 
Fig. 3. An adjustable parameter y enters which repre- 
sents, in effect, the width of the “planes” crossing the 
Brillouin zone structure. 

It will be noticed in Fig. 2 that the points for the 
smallest thickness begin to fall below the new theoretical 
curve. It seems reasonable to interpret this as an effect 
of specimen roughness. The point plotted at a thickness 
к=0.04 (22.0A) would fall on the curve if displaced 
approximately 6 angstroms toward smaller thicknesses, 
The same displacement also places other points on the 
curve, although the importance of displacement rapidly 
disappears at higher thickness because of the loga- 
rithmic scale. The values of the resistivity plotted in 
Fig. 3 have not been corrected for the roughness. 
Adjustment for the roughness not only changes the 
thickness at which the points are plotted but also the 
value of the resistivity. If a 6-angstrom correction is 
made, the experimental points fall on the theoretical 
curve for y=0.4. The 6A displacement possibly means 
that scattering points protrude frequently to the order 
of 3A into the film from each surface. It seems likely 
that this is nearly as flat a film as is possible, since the 
atomic diameter of nickel is 2.5A. It should also be 
noted that the height of the nickel unit cell is 3.5A, 
so that a detailed model of the roughness seems risky. 

The magnetic measurements have been made in air 
whereas the electrical resistivity and temperature 
coefficients have been measured in vacuum. Although 
the films are coated with about 200A of SiO, some slight 
oxidation occurs on admitting air to the system. Each 
individual specimen was separately corrected for its 
oxidation on the basis of resistivity changes, the cor- 
rection varying from 0.1A to 20A. The film continued 
to oxidize at a slow rate for long periods so that the 


-correction necessary varied with the elapsed time before 


magnetic measurements were made. , 

The magnetic measurements were made with an 
instrument which displays the magnetic hysteresis 
loop on the screen of а cathode-ray oscillograph.* The 
measurement of saturation magnetization has an un- 
certainty of about 1A expressed as magnetic thickness 
for films 50А thick. By this is meant the apparent 
thickness assuming the specimen to have the fux 
density of normal bulk nickel at room COUPE MUN 
(6050 gauss). The applied magnetic field attainable 
is +400 oersteds. m. 

As prepared, the thin films of nickel are in а sta Р 
of tensile stress of 2.5 109 dynes/cm? at room tempera 


- 72 
5 Crittenden, Hudimac, and Strough, Rev. Sci. Instr. 22, 8 
1951). 
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ture.? This stress is isotropic in the plane of the film. 
А small part of this stress results from simple differential 
expansion in cooling from deposition temperature to 
room temperature, but the principal part results from 
loss. of crystal imperfections during deposition and 
during the annealing cycle. In the case of measurements 
made at much lower temperaturethan room temperature, 
differential expansion appreciably increases the stress. 
The associated strain causes uniaxial anisotropy of the 
energy of magnetization with an axis of easy magnetiza- 
tion perpendicular to the surface of the film. Sus the 
film is polycrystalline, the strain induced anisotropy 
developed by each individual crystal is not truly uni- 
axial, but for all orientations the anisotropy figure has 
the general nature of uniaxial anisotropy. Under these 
conditions the films would be expected to behave as 
predicted by Kittel? The general features of the pre- 
dictions are born out. The hysteresis loop is rectangular 
for thin films, becoming more sharply rectangular 
as the films become thinner. This is consistent with the 
existence of a single domain magnetized parallel to the 
film surface for the thin films. Addition of a small 
static cross field in the plane of the film but at right 
angles to the oscillating large magnetizing field of the 
instrument drastically reduces the coercive force. The 
same small cross field applied perpendicular to the 
film has no effect. These observations also indicate 
the existence of a single domain magnetized in the plane 
of the film. Thicker films possess hysteresis loops that 
are more rounded and less sensitive to small cross fields. 
Presumably here the domain structure in zero applied 
field has the nature of that discussed by Kittel, in 
which domains are magnetized perpendicular to the 
plane of the film. On cooling a film of intermediate 
thickness, its hysteresis loop shifts from a sharp rec- 
tangular loop to a rounded loop. This indicates transi- 
tion from a single domain parallel to the film to a 
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: US The 
Fic. 4. Graph of intensity of magnetization vs temperature. 
heavy dotted uem is the Weiss curve. The heavy solid Em ЫН 
the theoretical results of Klein and Smith, setting Тв= сше 
light solid curves result by adjusting magnetization at One 
temperature. The light dotted curves are the result of adj g 
the temperature at constant magnetization. 


Jr., Phys. Rev- 78, 349 


* R. W. Hoffman and E. C. Crittenden, 
(1950). 
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Fic. 5. Graph of magnetization vs thickness. The curves are the 
modified results of Klein and Smith. The solid curve corresponds 
to adjusting the magnetization at constant temperature. The 
dotted curve results from adjusting the temperature at constant 
magnetization. The points in triangles are the results of Drigo on 
electroplated films. 


domain system containing domains magnetized at 
right angles to the film, in zero field. Cooling the film 
increases the uniaxial anisotropy by virtue of increased 
tension due to differential expansion. 

It is fortunate that thin films have rectangular 
hysteresis loops, as this simplifies the measurement of 
saturation magnetization. In case of the data to be 
reported, very thick films presented a problem because 
of lack of saturation at 400 oersteds. 

Before presentation of the experimental data, the 
necessary modification of the theory of Klein and Smith? 
should be presented. Their theoretical results are re- 
ported in Fig. 4 as a plot of Г/Т, versus T/T p, where 
Тв is the characteristic Bloch temperature. А family 
of curves for various values of the number of layers 
is shown. Since the Bloch 7? law is not followed experi- 
mentally for bulk specimens, a modification of either 
the theoretical or experimental results must be found 
so that both can be compared оп а common ground. 
One method would be to plot the experimental results 
as a function of T/T g using the experimentally deter- 
mined value of 2210°K for Tp. However, it was 
felt that a more advantageous method would be to 
modify the theory to fit the Weiss curve, which agrees 
well with experiment for bulk specimens. Results 
can then be quoted in terms of 7/Тс where Tc is the 
Curie temperature. One can set 75 — Те and plot both 
the theoretical curve and the Weiss curve on the same 
temperature scale T/T'c. Two simple, but arbitrary, 
methods for adjusting the theoretical curves to the 
Weiss curve for the case of an infinite number of layers 
will be illustrated. The first method, that used by 
Drigo? is to adjust the magnetization of the infinite 
thickness curve at constant temperature to fit the Weiss 
curve. The magnetization of all the curves for smaller 
thickness was adjusted by the ratio of the Weiss magnet- 
ization to the Bloch curve at a given temperature. The 
second method is to adjust the temperature at constant 


пр. Weiss and В. Forrer, Апп. phys. 12, 279 (1929). 
е P, Weiss, Compt. rend. 198, 1893 (1934). 
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Fic. 6. Graph of intensity of magnetization in gauss vs tempera- 
ture in degrees Kelvin for a 20A nickel film. The solid curve is the 
theoreti result of Klein and Smith modified by adjusting the 
_ magnetization. 


+ magnetization. In this case each curve is adjusted by the 
“оо ratio of the temperature of the Weiss curve to the Bloch 
curve at a given magnetization. The two methods of 
adjustment yield somewhat different results for the 
. adjusted Г/Т, versus Т/Тс curves. Figure 4 shows the 
= Klein and Smith theoretical curves, and the two sets of 
— adjusted curves, all plotted against Т/Т. The solid 
— heavy curves are the theoretical curves obtained by 
— Klein and Smith for different numbers of layers. The 
| number with each family of curves corresponds to the 
- number of atomic layers in a simple cubic lattice for 
- which this theory was developed. The heavy dotted 
p? curve is the Weiss curve. The light solid line is the result 
- of adjusting the magnetization at constant temperature. 
— The light dotted lines are the result of adjusting the 
temperature at constant magnetization. 
“| Toillustrate the two methods of adjusting the theore- 
ч curves, point А in Fig. 4 is transformed in both 
. ways. Point А moves to A’ if the magnetization is 
djusted at a given value of the temperature. Point A 
; is translated to A" if the temperature is adjusted at a 
_ given magnetization. 
__ Measurements of the saturation magnetization have 
[ ade with two models of the magnetic instrument 
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mentioned earlier. One model was specific 


ed ally designed 
for precision measurements at room temperature the 
Ш 


other was designed to provide measurements over the 
temperature range —190?C to +200°C. The results 
obtained with the two instruments will be described 
separately as the latter is subject to some additional un. 
certainties. 

Measurements made at 25?C are plotted in Fig. 5 
The theoretical curves are taken from Fig. 4 for 
T/Tc=0.47, the ratio for nickel at room temperature, 
The number of atomic layers has been obtained b 
dividing the thickness by 2A, the approximate distance 
between the 111 planes in the face-centered cubic 
nickel crystal. The points seem to fall rather close to the 
solid line representing the theoretical results of Klein 
and Smith after adjusting the magnetization by the 
Weiss curve at constant temperature. The thickness 
at which magnetization ceases at this temperature is in 
surprising agreement with the theoretical prediction, 
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Fic. 8. Graph of intensity of magnetization in gauss vs 
temperature in degrees Kelvin for a 139A film. 


The points-for small thickness have less uncertainty 
than for the higher thicknesses because of difficulty 
at high thickness with saturating the specimen. The 
results of Drigo* plotted on the same figure seem to 
fall low. This might be due to surface roughness or 
oxidation of the electroplated films. 

Measurements made as a function of temperature 
are shown in Figs. 6, 7, and 8. Figure 6 represents the 
specimen plotted at 10 atomic layers in Fig. 5. This 
specimen is not ferromagnetic at room temperature 
but becomes so at lower temperature. Figure 7 repre- 
sents the specimen plotted at 19.5 atomic layers in Fig- 
5. This specimen is weakly ferromagnetic at room 
temperature, and it has been possible to follow 1 to 
its Curie temperature. Figure 8 is a much thicker 
specimen, 69.5 atomic layers, for which the Сите 
temperature is nearly that of bulk nickel, but the curve 
still shows a definite flattening compared to the Weiss 
curve for bulk nickel. 


A new instrument is under construction with which 1 i 
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is hoped that curves such as Figs. 6-8 can be obtained 
with much better precision. 

The general agreement between the observations and 
the modified theory of Klein and Smith is quite surpris- 
ing. This may be largely fortuitous, as the modifications 
based on the Weiss curve are quite arbitrary. In 
addition, the theory was developed for the case Ч а 
simple cubic crystal whereas nickel is face-centered 
cubic. This has required the rather arbitrary guess that 
the distance between the 111 planes in the ficecentered 
cubic crystal should be substituted for the distance 
between 100 planes in the simple cubic crystal. Never- 
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theless, the general features of the behavior appear to 
be well described by the theory of Klein and Smith. 

It is hoped that the availability of experimental 
observations in this field will stimulate further theoret- 
ical work, particularly in the extension of other models 
of ferromagnetic behavior into this range. 

The authors wish to thank Mr. Edwin H. Layer and 
Mr. John D. Groselle of this laboratory for their 
contributions to the experimental data reported. The 
work has been assisted by a fellowship provided by the 
Standard Oil Company of Ohio which was held by 
one of the authors (ВУУН). 


DISCUSSION 


T. L. GILBERT, Armour Research Foundation, Chi- 
cago, Illinois: It is commonly accepted that the Bloch 
spin wave method, which is based on the Heitler- 
London-Heisenberg model of a ferromagnet, predicts 
that two-dimensional arrays of atoms are always non- 
ferromagnetic. This prediction is inferred from the 
fact that an integral which appears in the constant A 
in the theoretical magnetization-temperature curve, 
M(T)/M (0) -1— AT”? is divergent! 

This inference is unjustified, for the divergence may 
be the result of entirely extraneous reasons. It is in 
disagreement with predictions based on the Ising 
model of a ferromagnet. This disagreement is, by 
itself, not too significant because the Ising model is, 
admittedly, a poor one. However, it has been shown by 
Ekstein? that, if one refines the spin-wave method by 
taking into account the interaction between reversed 
spins, using a perturbation approach, the integral 
appearing in the constant 4 may converge to a finite 
value for certain two-dimensional arrays. One infers 
from this that two-dimensional arrays can be ferro- 
magnetic if the Heitler-London-Heisenberg model is 
valid. 

Recent developments, as reported at this conference, 
indicate that the Heitler-London-Heisenberg model is 
inadequate, and so the matter is not fully settled; but 
this result does show that the present theory of thin 


1 Sommerfeld and Bethe, Handbuch der Physik (Julius Springer, 
Berlin, 1926), Vol. 24/2. Ё 
2H. Ekstein, Phys. Rev. 80, 122 (1950). 


СС-0. In Public Domain. 


films, in so far as it is based on the spin-wave method as 
used by Bloch, is open to serious question. 


С. J. GORTER, Leiden University, The Netherlands: 
Atthe Grenoble Conference, two years ago, I pointed out 
that according to Nernst’s law the spontaneous mag- 
netization should have a horizontal tangent with 
respect to Т at Т=0. I was not able then to extract 
a satisfactory explanation from Professor Stoner and 
Professor Néel, who presented curves in disagreement 
with this requirement. 

I am now getting really worried about Nernst’s law, 
since the theoretical curves shown by Dr. Crittenden 
also seem to violate it. 


R. W. HOFFMAN, Case Institute of Technology, 
Cleveland, Ohio: (in answer to questions) No line 
broadening determinations were made with x-rays. 
However, electron diffraction line width measurements 
have been made by E. K. Halteman at this laboratory. 
Since the stress broadening and the broadening caused 
by particle size depend in different ways on the angle 
of reflection, the two parts may be separated experi- 
mentally. 


C. GUILLAUD, Centre National de la Recherche Scien- 
tifique, Bellevue, France: In very thin films it is possible 
to obtain nonferromagnetic hexagonal nickel, which can 
be transformed to ferromagnetic cubic nickel by 
annealing. 


1 А. Colombani, Ann. phys. 19, 272-326 (1944). 
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Coercive Force of Precipitation Alloys 
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Cunico, Cunife, and the various types of Alnico are structurally analogous in that at the state of high 
coercive force the crystal structure of the precipitate is distorted from a cubic lattice to a tetragonal lattice. 
A single empirical relation has been derived from the data for these types of materials in which maximum 
coercive force is directly related to degree of tetragonality and saturation induction of the precipitate. On the 
basis of the fine particle theory this result suggests that not only shape anisotropy but also crystal anistropy, 
as affected by strain, contributes to the coercive force. This work represents the first successful attempt to 


correlate the coercive force of the various commerci 


characteristics. 


al permanent magnet alloys with more fundamental 


HE energy of a magnetic material, as exhibited by 

the area under the demagnetization curve, in- 
creases directly with the three properties: residual in- 
duction, squareness of the loop, and coercive force. It 
would be desirable to relate these properties to more 
fundamental characteristics of the material. Although 
it seems that residual induction and squareness of the 
loop depend upon characteristics such as saturation 
induction, packing factor (ratio of ferromagnetic phase 
to total value), and orientation, the origin of coercive 
Тогсе has been somewhat more elusive. The coercive 
force of all permanent magnet alloys originates in a 
solid state transformation which is promoted by the 
heat treatment of these materials. The transformation 
proceeds by the nucleation and growth of a new phase 
within the parent matrix. The particles of the new 
phase are usually anisotropic in shape, frequently plate- 
like as in Fig. 1. Since the particles start from embryos of 
a few unit cells in size, they would be expected to grow 


structure of Alnico 2 showing plate-like precipitate 
p icles larger than those responsible for high 
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during heat treatment through the size range where 
magnetic behavior is based on single domain particles, 
Thus, one would immediately expect that the fine 
particle theory derived for shape anisotropy would be 
applicable. In order to test this possibility, the coercive 
force of a variety of permanent magnet alloys is plotted 
in Fig. 2 against the saturation intensity estimated for 
the precipitates in these alloys. Both the packing factor 
and shape anisotropy are about the same for the alloys 
listed, and consequently, a direct proportionality would 
be expected between coercive force and saturation 
intensity. Since no simple relation is apparent in Fig. 2, 
an examination of the structural features of these 
alloys is essential in order to develop a good correlation 
with coercive force. 

Three of the commercial permanent magnet alloys, 
namely, Alnico, Cunico, and Cunife, are cubic solid 
solutions which decompose into two cubic phases of 
slightly different lattice parameters during the aging 
heat treatment. This behavior occurs over a specific 
range of compositions in the Fe-Ni-Al, Cu-Ni-Co, and 
Cu-Ni-Fe systems upon which the alloys are based, 
respectively. The prototype of these alloys is the Ni-Au 
system, which will be used for simplicity in describing 
the characteristics of this class of materials. During the 
precipitation heat treatment the properties change as 
shown in Fig. 3. Saturation magnetization and rem- 
anence increase as the ferromagnetic nickel precipitate 
forms. On the other hand, the coercive force first m- 
creases and than decreases. At the condition of high 
coercive force the decomposition products are coherent 
with each other and thus have tetragonal crystal struc- 
tures instead of cubic. A possible role of the tetragonal 
structure will be developed subsequently. 

Ап interpretation for the composition dependence of 
properties of diverse series of alloys will be more ёх- 
tensive than a postulate of high coercive force that 15 
based upon a single alloy. Thus in the present work the 
principal concern will be given to explaining the varia- 
tion in properties across the composition scale as ш 
Fig. 4; the magnetic annealing of Alnico 5; which К 
adequately been explained as an orientation effect of the 


ГА. Н. Geisler, Trans. Am. Soc. Metals 43, 70 (1951). 
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precipitate, will be neglected, and only properties for 
treatment without field will be considered. The variation 
in remanence in Fig. 4 is to be expected, since the induc- 
tion increases as the amount of nickel in the alloy in- 
creases. On the other hand, the maximum coercive force 
from a curve such as in Fig. 3, when plotted against 
composition as in Fig. 4, increases continuously as the 
amount of nickel decreases when field strength is suff- 
cient to saturate the alloy (Hmax=1500 oersteds or 
greater).* The relationship appears to be general for the 
various alloy systems of the type considered here, in that 
the coercive force continuously increases as the ferro- 
magnetic components of the alloy decrease within the 
composition range for heat-treatable alloys. The sim- 
plicity of the precipitation process in these alloy systems 
and the prototype Ni-Au permits an evaluation of the 
coherent state, relative to the fine particle theory, in 
explaining the variation of coercive force with alloy 


Fig. 3. Changes in properties of 
an Au-30 percent № alloy 
quenched from 900°C and aged 
designated intervals at 500 С: 
From Köster and Dannóhl (see 
reference 3). 


MAGNETIZATION AND REMANENCE IN GAUSS 
ELECTRICAL RESISTANCE IN OHMS -MM'/MMxIO* 


MINUTES 


1 b: 
* The broken part of the curve at the left is pro 
2 C. Kittel, RE Modern Phys. 21, 541 (1949). 
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composition. Theoretical relationships for the coercive 
force of fine precipitates have been derived from funda- 
mental properties such as saturation magnetization, 
magnetostriction, and magnetic anisotropy constant. 
It would be in order now to seek empirical relationships 
expressing the composition dependence of coercive 
force in the precipitation alloys, in order to evaluate the 
theoretical relationships. 

The usual theorist has not had a very deep apprecia- 
tion of the heterogeneous state of matter. This conclu- 
sion is evident by past treatments of order-disorder 
phenomena, in which little recognition has been pro- 
vided for a two-phase equilibrium at temperatures 
between that for disorder and that for long-range order. 
Likewise, a heterogeneous mechanism of nucleation and 
growth of the ordered phase from the disordered, which 
has been identified and found useful in explaining the 
transient maximum in the coercive force during order- 


8 
8 


8 


AN Ч | 3 т шт Раны 
ча: d 


BRINELL HARDNESS IN KG/MM* 
8 
COERCIVE FORCE IN OERSTED 


25 5) 15011425 


AGING TIME HOURS 


ably imaginary, limited because the alloys are no longer ferromagnetic. 
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— Fic. 4. Compositions dependence of maximum coercive force, 
remanence, and disregistry for Ni-Au alloys. From Kóster and 
Dannóhl (see reference 3). 


g, was not provided for in theory. With no insight of 
е constitution of Ni-Au alloys, one might glibly con- 
; ude from Fig. 4 that these are alloys in which in- 
| creasing coercive force with higher gold is associated 
with decreasingsaturation intensity, increasing magneto- 
striction, or increasing magnetocrystalline anisotropy. 
| In order to illustrate the types of information portrayed 
“Бу the phase diagram and pertinent to an explanation 
of the composition dependence of magnetic properties, 
a brief description of the significance of the phase 
gram follows. 

me features essential for an understanding of these 
oys can be illustrated by Fig. 5, which represents 
chematically the phase diagram and lattice parameter 
ration for Ni-Au and also applies qualitatively to 
opriate compositions in the ternary alloy systems. 
miscibility gap in the solid solutions field is the 
or the heat treatment of these alloys. An alloy of 
tion X, when quenched from high temperatures 
at Ту, decomposes into the two phases, of com- 
пз Сол and Са» and appropriate lattice param- 
The weight fraction of each phase in the mixture 
equilibrium is given by the lever law from the 
of the tie line AC. For the nickel-rich phase 
on is АВ/АС. Regardless of alloy composi- 
es between Ca; and Co; all heat-treatable 
npose at T, into the same phases, of compo- 
d Caz. Thus, bulk properties such as 
ire those of the ferromagnetic phase, 
1а remain constant for the series 
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composition variation of coercive force (Fig. 4). On the 
other hand, the effect of changing composition from 
Соц to Ca» is to change the relative amounts of the two 
phases at equilibrium according to the lever law as 
pointed out above. This mixing obviously accounts for 
the changing residual nagnetization of the two-phase 
alloys, although the bulk properties of the ferromagnetic 
phase remain constant. 

The phase diagram shows that at equilibrium, two |, 
features concerning the ferromagnetic phase о» change | 
as the composition of the alloy is changed towards 
higher gold: first, the weight fraction of o» in the alloy | 
decreases, and second, the composition and lattice ' 
parameter of the parent phase o; becomes more differ- 
ent from that of o». The first feature expresses the ulti- 
mate packing factor for complete precipitation which 
should be considered in regard to the coercive force of 
fine particles as controlled by shape anisotropy. The 
second feature, when expressed as disregistry between 
the parent phase and the ferromagnetic precipitate 
(at top of Fig. 4), is related to the tetragonality which 
the lattice of the first particles to form must assume 
when they precipitate in the matrix. Both of these 
features change in the expected direction to explain the 
increasing coercive force with increasing gold content in 
the alloy. 

The relationships between coercive force and the two 
features which possibly could be related to the variation 
with composition should now be examined. In Fig. 6 the 
ultimate packing factor by volume, which was obtained 
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Fic. 5. Lattice parameter and miscibility gap in solid state 
of Ni-Au alloys. 
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from the corresponding phase diagrams?-5 and corrected 
for density, is plotted against the observed ratio H/I, 
for three series of alloys.[57 The maximum observed 
coercive force H. was obtained from published data for 
the variation of H with time for different aging temper- 
atures. The intensity of magnetization at saturation 
was obtained from published data corresponding to the 
composition of the precipitate as determined from the 
phase diagrams. The plotted data show little tendency 
to group into a single curve. Thus, another variable 
must be considered to give a general relationship for 
coercive force. Comparison of the observed data with 
calculated data will be discussed later. 

The relationship between, coercive force and dis- 
registry is shown in Fig. 7. The disregistry values 6 were 
calculated from lattice parameter measurements for the 
supersaturated solid solutions!**? and equilibrium 
precipitates of compositions determined from the phase 
diagrams. When the quantities are plotted on logarith- 
mic scales a straight line relationship results. This re- 
lation is particularly evident for the Ni-Au series, where 
most data were available. The data for the Cu-Ni-Co 
series were for maximum energy product, which appar- 

3 5 б с. 28, 248 (1936). 

Уры н Neumann, etsi 39 218 (1938). 

5S. Kuiti, Rept. Aero. Res. Inst. Tokyo Imperial University 15, 
601 (1940). : x 

| Saturation values for the equilibrium precipitates of com- 
positions shown by the phase diagrams were obtained from the 
work of Marian (reference 6), Sucksmith (reference 7 ), and 


i i from 
Dannóhl (reference 4). Maximum coercive force values are 
the M Köster (reference 3), Dannóhl (reference 4), and 
Geisler (references 1 and Эу 23007 
V. Marian, Ann. phys. , 45 ! end 

1 W. Sucksmith, Е Soc. (London) ALT Sree 

8 Bradley, Cox, and Goldschmidt, J. Inst. Metals 67, цэ, 

9 A. Н. Geisler and J. B. Newkirk, Trans. Am. Inst. Mining 


Met. Engrs. 180, 101 (1949). 
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ently does not occur under the same aging conditions 
as maximum coercive force in the two alloys of greatest 
disregistry. This condition explains the departure of 
the line from the two points at the upper end ofthe 
series. А second point is given for a disregistry of 0.7 
which is the maximum Не of the alloy Cunico. The lines 
can be described by the relationship 


InH,— A Inó--B, (1) 


where the slope and intercept constants А and В have 
the following values for natural logarithms: 


Alloy series A B 22 

Fe-Ni-AI 1.48 9.48 1480 
Cu-Ni-Co 1.15 7.13 1060 
Ni-Au 0.45 4.37 432 


It should be noted that the coefficients А and В de- 
crease with saturation magnetization of the precipitate 
The relationship is given graphically in Fig. 8, from 
which empirical evaluations of the coefficients are 
possible. From these, a general relationship expressing 
the data for the three series of alloys would be 


InH ,— 0.001037, Iné-+-0.005/,-+-2. (2) 


It is interesting to compare the extrapolated values 
for zero packing, shown at the upper end of the curves 
in Fig. 6, with those for maximum disregistry (also 
zero packing) in the alloy series in Fig. 7. The latter give 
higher extrapolated values closer to those calculated for 
shape anisotropy. If it were possible to precipitate pure 
Fe with 7,—1714 coherent with NiAl(0—0.42), then 
according to the empirical expression (2) the coercive 
force would reach 8300 oersteds, compared with 5200 
oersteds calculated for randomly oriented needle-like 
particles. Thus, there tends to be some reasonable agree- 


Fe-NI- Al 
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o 
o 


MAXIMUM OBSERVED Hç IN OERSTEDS 
o 
o 


0.1 


ment of empirical and formal theory, regardless of the 
full magnitude difference when the comparison is made 
with the actually observed coercive forces of commercial 
alloys. 

Attempts to fit the data for other alloys of the same 
type to the empirical expression are reasonably success- 
. ful. The data given in Table I are based upon estimates 

.. of the composition and saturation magnetization of the 
precipitate phase in alloys with more than three com- 
ponents. The values of disregistry are based on lattice 
parameter measurements for the various alloys. The 
_ data are plotted in Fig. 9, where the line represents the 
. relationship derived from the data for the three series 
_ of alloys. Cunife and the more complex Alnicos agree as 
well with the line as do Alnico 3, Cunico, and Au-30 
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tate disregistry or tetragonality, 


percent Ni, alloys in the three series from which the 
expression was derived. Thus, it seems possible for the 
first time to justify the variation in coercive force 
among the commercial permanent magnet alloys of the 
simple precipitation type on the basis of fundamental 
properties of the precipitate: its saturation magneti- 
zation and its crystal lattice disregistry relative to the 
matrix. The relationship reconciles observations involv- 
ing all three cubic ferromagnetic metals, Fe, Ni, and 
Co. 

The role of disregistry in affecting the coercive force 
of fine precipitates could conceivably be threefold, 
involving all criteria which have been considered in the 
theory of the coercive force of fine particles. In all three 
cases the effect is caused by low disregistry (under 10 
percent), which promotes extensive coherent growth of 
the precipitate. First, disregistry will affect particle- 
shape anistropy; for when disregistry is low, the par- 
ticles can grow as coherent plates or needles, to keep 
surface energy low with minimum strain energy. Mm- 
creasing disregistry would lead to decreasing shape 
anistropy (inverse of desired relationship); for as the 
strain energy increases, coherency diminishes, and mini- 
mum surface energy requires a spherical shape. Second, 
higher disregistry leads to higher tetragonality at the 
coherent state, with an increased magnetic anisotropy 
of the precipitate. Third, the elastic strains for coher- 
ency entail high stresses, which increase to a limiting 
value with increasing disregistry. Since magnetostric- 
tion is not included, at least in the rough form of НЫ 
empirical expression, it would seem that the third дон: 
need not be considered. The first factor probably вэ 
counts for the direct dependence of coercive force 


Fic. 7. Relation between maxi- 
mum coercive force and precipi- 
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Fig. 9. Empirical relation for 
composition dependence of maxi- 
mum coercive force, showing con- 
formance of the commercial alloys 
and a Ni-Au alloy. 


Alnico2 e 


Alnico 5 


saturation magnetization as in theory; however, in the 
range of disregistry considered here the inverse relation 
to disregistry is not dominant. АП of the alloys con- 
sidered here have precipitate particles with appreciable 
shape anisotropy, 5 to 10 or more when the particles are 
large enough to resolve in the microscope. Thus, it 
would seem that the dominant role of disregistry is by 
means of its effect on crystal anisotropy. While absolute 
values were not considered, perhaps the expression is 
concerned only with the increasing magnetic anisotropy 
of а cubic lattice (a feature the alloys have in common) 
as tetragonality at the coherent state is increased. 
Evidence that this condition may be the case is found in 
the fact that the coefficients of Eq. (2) are not the same 
as those needed to explain the disregistry dependence of 
the coercive force of the CoPt type of ordering alloys, 
where the new phase at equilibrium may be tetragonal. 
The departure of the calculated coercive forces listed 
in Table I from the observed could be attributed to 
deviation of the particle shape from the needle-like 
assumed for the theory. All the alloys have plate-like 
particles when of microscopically resolvable sizes, but 
it is known that a needle-like shape precedes the 
plate-like in some precipitation alloys. Correlation of 
coercive force with packing factor in Fig. 6 is based on 
the ultimate packing factor which obtains at complete 
equilibrium. This assumed value is probably greater 
than the value at maximum coercive force, where pre- 
cipitation is only partly completed, and any correction 
would merely exaggerate the departure from calculated 
soercive force values. The saturation magnetization of 
he coherent precipitate was assumed to be that of the 
strained second phase at equilibrium. Although only 
slight departure would be expected, it 1s appreciable 

1 other cases such as the precipitation of iron from 


соррег solid soultions. 


While disregistry and ultimate packing appear to be 
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two factors which can be readily evaluated, it is possible 
that there are other less tangible factors which might 
explain the composition variation of coercive force in an 
alloy series. Other factors which cannot be readily 
evaluated quantitatively would include particle size and 
size distribuition, which may be implicit in the condition 
for maximum observed coercive force. 'The time of the 
maximum in the aging curve is probably controlled by 
the attainment of an optimum size distribution and 
packing of the more ferromagnetic precipitate.f These 
features depend upon nucleation and growth rates of the 
precipitate, which in turn are related to the free energy 
change on precipitation. Since free energy change goes 
through a maximum near the middle of the miscibility 
gap in the phase diagram, the nucleation rate would be 
a maximum here, leading to the narrowest size distribu- 


Taste I. Properties of the precipitation type of permanent 
magnet alloys 


Maximum 
coercive force 


Approximate composition of Precipitate — gb. calu- 


Alloy precipitate Г. 5 served latedb 
Alnico 2 sFe-15%Co-4% Ni-495 AI-395 Cu 18005 0.06 550 2450 
Alnico 3 Fe-59; Ni-597 AI 1480 0.10 450 2010 
Alnico 4 *Fe-1075 Co-465 Ni-405AI 17502 0.07 700 2380 
Alnico 5 aFe-30%Co-3%Ni-3%Al randome 19008 0.05 450 2620 
Alnico 5DG *Fe-30% Co-3%Ni-3%Al aligned — 1900» 0.05 640 5500 
Alnico 6 зЕе-309,Со-326М1-395А1-29511 1780» 0.11 750 2420 
Alnico 7 *Fe-2595 Co-495, Ni-475 Al-495 Ti 15002 0.28 1200 2040 
Alnico 12  *Ее-20%Со-5%№1-595А1-69 Ti 1200» 0.73 950 1630 
Cunico Co-295; Ni-79; Cu 1060 0.70 870 1440 
Cunife Fe-10% Ni-10%Cu 1100» 0.39 550 1500 
Au-30%Ni Ni-10%Au 432 6.51 180 590 

з Estimated. 


b Calculated for randomly oriented, needle-like particles with packing 
factor of 0.5, He —1.361;. л 7 
¢ Without field treatment during cooling. 


In alloys rich in the ferromagnetic component, which would 
be the continuous phase upon completion of precipitation, the 
pertinent "precipitate" would be the small impoverished shells 
surrounding the particles of the nonmagnetic p at the state 
of partial precipitation. 
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tion. Thus, if size distribution alone were the controlling 
factor, the coercive force—composition curve would be 
expected to exhibit an inverted U shape analogous to the 
solubility limit (Fig. 5) rather than the continuous rise 
towards the side rich in the less magnetic component. 


SUMMARY 


The coercive force of alloys such as Ni-Au, Cunico, 
Cunife, and the Alnicos is related directly to the satura- 
tion magnetization and disregistry of the precipitate. 
The latter factor is a measure of the degree of tetrago- 
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nality and strain which the precipitate must Sustain t 
be coherent with the parent matrix at the state of hi Ч 
coercive force. Consideration of other factors such as à 
absolute magnitude of magnetic anisotropy, magnet d 
striction, and packing, which are incorporated in io 
theories, seems unnecessary to rationalize the coerciy 
force of these alloys. £ 

It is hoped that this description of the various aspects 
of permanent magnet alloys will lead to an extension of 
the formal theory of fine particle magnets that will be 
applicable to the known alloys. 
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The Physical and Magnetic Structure of 
the Mishima Alloys 


E. A. NESBITT AND В. D. HEIDENREICH 
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HE Mishima alloys! of the iron-nickel-aluminum 
system, discovered in 1932, have been the sub- 
ject of many structural and magnetic investigations 


r r 1 
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_ fic. 1. Electron diffraction reflection pattern from Mishima 
single crystal (approx. Ее МА). (100) surface and electron beam 
along (100) direction. Array of needle-like spots indicates perma- 
nent et precipitate. Crystal cooled from 1300°C at 3°C per 
second, then aged at 600°C for 1 hour. 


—____ 


1 Mishima, Stahl und Eisen 53, 79 (1933). 


because of their interesting permanent magnet proper- 
ties. Although a completely satisfactory equilibrium 
diagram has not yet evolved, many controversial 
points have been settled, and there has been substan- 
tial agreement by recent investigators? for the main 
reaction of the system. Because of these investigations, 
the permanent magnet properties have been attributed 
until now to a body-centered cubic precipitate which has 
approximately the same lattice spacing as its body- 
centered cubic matrix (2.86A). According to Bradley 
and Taylor,® this precipitate lattice under permanent 
magnet conditions conforms to the dimensions of the 
parent lattice. The idea of two body-centered cubic 
lattices of approximately the same spacing was also 
extended to the case of ‘Alnico 5 in order to explain the 
high coercive force in this alloy. However, as a result 
of the recent discovery of a пе,” face-centered cubic 
precipitate* in Alnico 5, which was found to be the agent 
responsible for the alloy's permanent magnet proper- 
ties, it was decided to re-investigate the cause of the 
permanent magnet properties in the Mishima alloys: - 


Figure 1 shows an electron diffraction pattern ob- ^ 


tained on a (100) single crystal (approximately FejNiAI) 
cooled from 1300?C at 3°С per second and aged at 600 C 
for 1 hour. The intense spots are those due to the body- 
centered cubic structure, and the less intense spots are 
superlattice reflections indicating that the alloy 25 0r- 
dered. The array of needle-like spots in this photograph 


2 A. J. Bradley and A. Taylor, Proc. Royal Soc. (London) 166/ 
353 (1938). 5- 

35. Kiuti, Japan Nickel Rev. 9, 78 (1941). 2 

* W. Dannohl, Arch. Eisenhüttenw. 15, 321 (1942). «sd 

* A. J. Bradley and A. Taylor, Physics in Industry, "Magn 2 
(Institute of Physics, London, 1938), р. 91. 23, 35: 

‘R. D. Heidenreich and E. А. Nesbitt, J. Appl. Phys. 5» 724 
(1952); E. A. Nesbitt and R. D. Heidenreich, J. Appl. PAYS: ^» 
366 (1952). 
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Fic. 2. Magnetic anisotropy of quenched Mishima 
single crystal (100) disks. 


shows a new face-centered cubic phase of 10.0 angstroms 
cell size which is similar to the recently discovered Alnico 
5 precipitate. The appearance of a second phase after this 
treatment is not surprising since the crystal has a 
coercive force of 435 oersteds. 

Figure 2 shows torque curves obtained on water and 
oil quenched single crystals. Both curves show a simple 
fourfold symmetry and a [001] direction of easy mag- 
netization. The water quenched sample has a value of 
104 000 ergs per cm? for К; which is slightly higher than 
the value of 92 400 ergs per ст? obtained on the oil 
quenched sample. As we decrease the cooling rate of the 
crystals to obtain optimum permanent magnet proper- 
ties, the measured anisotropy changes from positive 
to negative. This change in the sign of the anisotropy 
indicates that the anisotropy of the precipitate is 
opposite in sign to the anisotropy of the matrix. Figure 3 
shows torque curves obtained on (100) crystals one of 
which was cooled at 10°C per second and the other at 
10°C per second plus a bake at 820°C. Both curves 
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Fic. 3. Magnetic anisotropy of Mishima single crystal (100) disks. 


show a simple fourfold symmetry and a [011 ] direction 
of easy magnetization. The sample cooled at 10?C per 
second has а К; value of — 78 500 which is insufficient 
to account for the measured coercive force of 461 
oersteds if we assume that the alloy is divided into single 
magnetic domains. However, the sample that was baked 
at 820°C yields а K; value of —480 000 ergs per cm?, 
which indicates that values of anisotropy exist in this 
alloy sufficient to account for all measured values of 
coercive force on the basis of the crystalline anisotropy 
of the precipitate and matrix. 


REVIEWS ОЕ MODERN PHYSICS 


INTRODUCTION 


GREAT deal of work has been done during the 

last fifteen years on the magnetic properties of 
fine ferromagnetic powders. Of particular interest is 
their coercive force, which is known to be given by one 
of three formulas: 


H,—33c/2J ; (1) 
E H.=2K/J; (2) 
| Н.=(№-— №), (3) 


| depending on the origin of the coercive force;"? inner 

stresses (c), magnetocrystalline anisotropy (К), or 
| shape anisotropy (27: and Л; being demagnetizing field 
1 coefficients) may give stability to a preferred direction 
1 of magnetization within the grain (А is here {һе satura- 
i tion magnetostriction and J the saturation mag- 
netization). The materials are prepared by the general 
methods of making catalysts, from amalgams, by de- 
composition of carbonyls or even by mechanical 
crushing; the particle size should be small enough so 
that each grain comprises only one domain.’ Theorists 
(Néel,? Kittel®) agree in stating that this condition is 
satisfied when the diameter of the grains becomes of 
the same order as the thickness of the Bloch walls in 
the same substance in the undivided state. For iron 
the critical diameter should therefore be about 300A; 
for nickel, it should be somewhat larger. These critical 
dimensions are confirmed by several noteworthy experi- 
ments; in particular, by means of x-rays (Вега), 
by measurements of the heat of wetting in the case of 
7 iron (Weil’), and by means of electron microscopy for 
nickel (Kittel and Galt5). However, electron microscope 
photographs always show a very tight packing of the 
particles. In fact, in iron-amalgam, Mayer and Vogt? 
recently found by means of x-rays a diameter of 3004 
in agreement with a coercive force of 900 oersteds, but 


— measured by ultrafiltration a much larger diameter of 
10А. 


THE SPONGES 


Ve will show that these aspects are reconcilable. 
| speaking of very fine grains, the concept of 


Z. Physik 62, 253 (1930). 

Z. Physik 81, 790 (1933). 

Compt. rend. 224, 1550 (1947). 

Colloque de ferromagnetisme et antiferromagnetisme, 


Das гү 
Kittel, Revs. Modern Phys. 21, 541 (1949). 
Bertaut, Compt. rend. 229, 417 (1949). 
Compt. rend. 227, 48). 
ipbell, Phys. Rev. 77, 725 (1950). 
‚ 2. Naturforsch. 7a, 334 (1952). 
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together, somewhat like the elements of a sponge. A 
substance may be considered as made up of separated 
particles when the bridges between them are smal] 
enough. The sponge may well be as large as 1 micron: 
but the heat of wetting will nevertheless indicate the 
correct ‘surface if the holes between the grains are 
communicating, and the x-rays will in any case give the 
correct diameter of the elements. Ultrafiltration, on the 
other hand, will indicate the size of the whole sponge. 

From a magnetic point of view, the magnetic ele- 
ments are single domains, while the sponges are not. 
In each element the direction of magnetization is 
different, and on every bridge there is a small Bloch 
wall. One of the two following alternatives may happen: 

(1) The critical field for displacement of the wall is 
given by!? 


= , (4) 


p (E) 2К-Е4т/2Кр2/ Ea? 
52 


H=0.99— 
Ja 


where 2p=hole diameter; s=bridge diameter; K =ani- 
sotropy constant; a—lattice constant; J= saturation 
magnetization and Е= Young's modulus. Thus, if H is 
small enough, the wall will move in fields smaller than 
those required for rotation, and the coercive force of the 
sponge will be given by formula (4) rather than by 
formulas (1), (2), or (3). 

(2) The wall does not move before rotations take 
place. 

As may be seen easily, alternative (1) happens when 
the bridges are large and the holes are small and in- 
effective. In the particular case of shape anisotropy 
(formula 3), for instance, the coercive force of compacts 
varies as (1— d/do), where 4/40 is the ratio of the density 
of the compact to that of the massive substance. This 
presupposes that all the holes are effective. If some 
holes are ineffective, the representative line will not 50 
through the origin (see Fig. 1), but it will be shifted to 
the right by an amount corresponding to their relative 
volume. We found this true on a series of ferronickels 
(Fig. 1): Before sintering, for the four compositions, 
the line goes through the point H.=0 when (1—4/do)=0- 
However, after a low temperature sintering (300°C), а 
shift occurs and about 25 percent of the holes became 
ineffective. 

It should be mentioned that, even when the field 
does not reach the critical value given by formula (4), 
but rather a lower value Л, the wall may move, because 


of thermal fluctuations. The time of relaxation of this 


10 L, Néel, Cahiers phys. 25, 21 (1944). 
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vJ (H — h) | 


T=C exl 

3kTH} 
where v is approximately the volume of the br 
this way, one may understand how some holes are effec- 
tive at low temperatures and not at room temperature 
in spite of only a small variation of И. For instance, 
Fig. 2 shows that at liquid nitrogen temperatures the 
effect of sintering on the coercive field of the above- 
mentioned ferronickels is much less pronounced than at 
room temperature. 
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Fic. 2. Coercive force vs 1— (4/40), when (4/40) is the ratio of 
the density of the compact to that of the massive substance. Liquid 
nitrogen temperature. In each case the upper points indicate the 
values before sintering; the lower, after sintering. 


SPONGES WITH VERY FINE ELEMENTS 


When individual grains are very small, their mag- 
netization may also turn spontaneously." The relaxa- 
tion time for such rotation is 


T'c-exp[ vJ H"/ET |, 


where H’ is approximately the coercive field [formulas 
(1), (2), or (3) ]. When т’ is of the same order of mag- 
nitude as the time of measurement, the apparent 
critical field for such grains is of the order zero. In other 
words, if a fraction of the grains has a very small volume 
v, the mean coercive force of the powder will be smaller. 
Of course, the remanent magnetization will be reduced 
in proportion to the total volume of these small par- 
ticles. 

There is no experimental difference between a ferro- 
magnetic body whose magnetization turns spontane- 
ously during а measurement, and a paramagnetic body 


8 L, Néel, Compt. rend. 228, 664 (1949). 


“шоп Raney catalysts at room temperature, т 
relatively high coercive force at liquid hydrogen 
atures, has previously been given by the author.* 
e have seen, at least from a magnetic point of 
ere is little difference between separated grains 
‘sponges made up of small elements connected by 
narrow bridges. Therefore, the change in magnetic 
operties with temperature reported by Mayer and 
Vogt for their iron-amalgam sponges, which these 
authors attributed to a "rotational effect," is more 
probably associated with the temperature dependence 
f the probability for a spontaneous reversal of mag- 
tization discussed above. Similarly, the increase in 
» coercive force of the same amalgam on aging from 


hat on aging—as is the case in every sintering process— 
the bridges become larger and consequently the holes 
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become smaller and less effective, so that ulti 
the sponges become effectively single grains and s 
domains of some hundred angstroms in diameter 
therefore, of high coercive force. 

In spite of the beautiful results obtained by Elmoreu 
on colloids, it would be incorrect to use a Langevin ]a 
to calculate the mean diameter of the sponge elemen 
in the “paramagnetic” state. In colloids the particles 
are separated, while in a sponge, as we just pointed oj 
the particles are not independent. Moreover, the stop. 
ping of the Bloch walls on the bridges is temper 
dependent, and, therefore, the “magnetic” diameter of 
the elements of the sponge is smaller, the lower the 
temperature. From this point of view, the magnetic 
granulometry used by Mayer and Vogt as well as by 
ourselves? appears to remain an approximate one, but 
probably not worse than any other method. 


M W, C. Elmore, Phys. Rev. 54, 1092 (1938). 
15 L, Weil, J. phys. et radium 12, 23 (1951). 
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The Molecular Field Treatment of 
Antiferromagnetism 
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INTRODUCTION 


“| за first E of a molecular field concept was in 
MA mm phenomenological theory of ferromagnet- 
ism.' The Weiss procedure was to take account of the 
interactions within a magnetic material by considering 
the total field acting on a given atom to consist of the 
applied magnetic field Но and an internal field which 
was assumed to be proportional to the average magneti- 
zation. In Néel's first papers? on antiferromagnetism 
he generalized this idea by dividing the magnetic lattice 
into two sublattices, each of which was acted on bya 
molecular field proportional and opposite to the mag- 
netization of the other sublattice. Since that time Néel 
and other workers! have enlarged and refined Néel's 
methods. In this paper, we wish to discuss some of the 
results of such calculations. 

We shall not concern ourselves here with the quan- 
tum-mechanical approaches to ferromagnetism and 
antiferromagnetism or with the relation of these results 
to the validity of the molecular field theory, although 
the usual Heisenberg interpretation of the molecular 
field coefficients will be used. It is worth noting, how- 
ever, that the molecular field method seems to have 
considerably less theoretical justification for anti- 
ferromagnetism than for ferromagnetism, although the 
agreement with experiment is about the same for the 
two cases. 

In the discussion to follow, only first and second 
nearest neighbor interactions will be considered, al- 
though the method can easily be extended to include the 
effects of more distant neighbors. We shall assume that 
both interactions may be either ferromagnetic or anti- 
ferromagnetic. For convenience in discussion, the vari- 
ous combinations are classified as indicated below. 


Case I II ш ТУ 
Nearest heighbor interaction | a c Í 
Second nearest neighbor interaction Ui a if 


THE HIGH TEMPERATURE SUSCEPTIBILITY 


We assume the material contains № magnetic atoms 
each with a magnetic moment p= gBSo where So is the 
spin quantum number, g the gyromagnetic ratio, and 
8 the Bohr magneton. In problems involving antiferro- 
magnetic interactions it is necessary to divide the lattice 


! P. Weiss, J. phys. et radium 4, 661 (1907). 

2L. Néel, дын ЕС 18, 64 (1932); 5, 256 (1936). ee 

Dh 195 Binen Phys. Rev 56 19 о уш Й 948); P W. 
ys. 9, 85 (1941); L. Néel, Ann. phys. 3, 137 us 

Anderson, LA Qi. 79, 705 (1950); T. Nagamiya, 568 1052). 

ret. Phys. 6, 342 (1951); J. S. Smart, Phys. Rev. 99, 
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of magnetic atoms into sublattices to take account of 
various possible types of magnetic ordering. The method 
of subdivision depends on the symmetry of the specific 
lattice, but there should be at least division into enough 
sublattices so that a given atom has neither first nor 
second nearest neighors on its own sublattice and only 
one kind of neighbors on any other sublattice. Let и be 
the number of sublattices required for the material 
considered. We limit ourselves to cases where the sub- 
lattices all have the same number of atoms, V/n. 

We begin with a form of Langevin's equation for the 
high temperature susceptibility of a paramagnetic 
material 

S=CH/T, (1) 


where #85 is the component of и in the direction of the 
field Н and C’=g8So(So+1)/3k. Let the internal field 
acting on an atom on the jth sublattice due to its neigh- 
bors on the kth sublattice be y;45;, where S; is the value 
of S for sublattice k and *;; is the Weiss field coefficient. 
The y;, are simply related to the Weiss field coefficients, 
yı and yə, for first and second nearest neighbor inter- 
actions. 

ү:=22:17.|/88, 1=1,2, (2) 


where Z; is the number of ith nearest neighbors and J; is 
the exchange interaction between electrons on ith 
neighbors. We have in general 

Yi fir Yi (3) 
where f;,' is the fraction of the ;th nearest neighbors of 
atom 7 оп sublattice k. 

We have chosen to define the +; as positive quantities 
and write in the sign of the interactions explicitly. 
Accordingly, we introduce the quantities є=-Е1Ї, 
depending on whether the interaction between the 
jth and kth sublattices is ferromagnetic or anti- 


ferromagnetic. 
The equations of state corresponding to (1) are then 


= 22025224 "m5 
ke] 


From Eq. (4) we can easily calculate the susceptibility 
х= (Vg8/nHo)X S j= NgBC'/(T—0), (5) 


where 
6=C’> єў Vj k- (6) 
kj 


It is found that the high temperature susceptibility of 
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ORDERING OF THE FIRST KIND 


ORDERING OF THE SECOND KIND 


Fic. 1. Possible kinds of magnetic ordering for a body-centered 
cubic lattice. 


an antiferromagnet can be fitted quite well to an equa- 
tion of this form. The quantity 0 so determined is 
usually (but not always) negative and is of the order of 
magnitude of the Curie temperature. 

The possible Curie temperatures for the material can 
be found by setting Ho=0 in Eqs. (4) and finding what 
temperature allows nonzero solutions for the S;. This 
procedure leads to solving a determinantal equation 
whose roots give the various Curie temperatures. We 
find, in general, 


T.— C'*  nikeixvik (7) 
ЕЕ; 
апа 
S;2m);$& with лук=льы=-Е1. (8) 


The тус are parameters which describe the type of 
ordering corresponding to a given Curie temperature; 
that is, there is а set of уу, for each T'..* If neither yı 
nor Уг are zero, then three types of ordering are possible: 
(1) an antiferromagnetic arrangement with respect to 
nearest neighbors, (2) an antiferromagnetic arrange- 


3 * some cases, certain of the S; are not related by equations of 
the form (8). This means that the magnetizations of some of the 
ttices are completely uncorrelated as far as this simple theory 
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ment with respect to second nearest neighbors, and (3) 
а ferromagnetic arrangement. The first two types Вах 
been designated Бу Уап Vleck аз antiferromagnetic 
ordering of the first and second kinds, respectively, ie 
an example, Fig. 1 shows the two kinds of ordering for а 
b.c.c. lattice. 

In practice, one is usually able to determine the mag. 
netic configurations for the two types of ordering, апа 
consequently the уь for each type, by inspection, Then 
0 and the Т, may be obtained from Eqs. (6) and (7) 
without the need of solving the determinantal equation 
The kind of magnetic ordering which actually occurs 
will be that corresponding to the highest Curie tempera- 
ture. This can be demonstrated, for example, by com- 
puting the Gibbs free energy for the various configura- 
tions, as is done in a later section of this paper. 

These calculations help clarify the difference in the 
physical interpretations of 0 and Т.. The quantity 0 
appearing in the susceptibility formula indicates the 
net effect of the internal fields in aiding or hindering the 
applied magnetic field in producing alignment. The 6 for 
a particular material is obtained by adding algebraically 
the contributions from first and second nearest neighbor 
interactions as indicated by Eq. (6). Te, on the other 
hand, depends on the actual magnetic structure below 
the Curie temperature and is essentially a measure of the 
energy required to bring the system from a state of 
perfect order to one where the long-range order is des- 
troyed. То find Т,, we combine the same terms as were 
used in finding 0 but with plus or minus signs according 
to whether or not the magnetic structure is favorable or 
unfavorable to a given interaction, as indicated by Eq. 
(7). 

If 0 and T, are known, y; and ys may be calculated 
from Eqs. (6) and (7) for the antiferromagnetic case. 
(In the ferromagnetic case, where 0— T., we have only 
one equation and can determine only the sum (уг: ү).) 
However, а convenient way of demonstrating the rela- 
tion between the experimental results and the Weiss 
field coefficients is to plot 0/Т, as a function of үг Үе 
These curves are shown in Fig. 2 for a b.c.c. lattice. The 
Roman numerals labeling the curves refer to the type 
of interactions and the Arabic numerals to the kind of 
ordering. Thus, for Case II, the ordering is of the first 
or second kind depending on whether үг/7: 15 less or 
greater than 4. For Case III, the ordering is of the first 
kind for all values of 2/71. For Case IV, the material s 
ferromagnetic for y»/y1« $ and antiferromagnetic wit 
ordering of the second kind for qs/yi:» 5. Analogous 
results obtain for other types of lattice with cubic sym 
metry. 

Tun Fig. 2 the theoretically possible values of 
6/ Т. for а b.c.c. antiferromagnet range from +1 to — і 

For the f.c.c. lattice, which is of considerable ore ^ 
mental interest, the corresponding range 15 from T 
—5. All known antiferromagnets have 0/T. values M. 
fall within the range appropriate to their шавиа 
lattice. We note that there are in general two poss! 


, 
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Fic. 2. 0/T e values for 
body-centered cubic lat - 
tice. The Roman numer- 8 
als оп each curve refer ^. 
to the signs of the inter- 
actions; the Arabic nu-  -! 
merals refer to the kind 
of magnetic ordering. 
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values of *;/* for a given 0/T, ratio. In order to deter- 
mine the correct value of 2/7, the magnetic structure 
must be established by neutron diffraction or suscepti- 
bility measurements on single crystals. 

The determination of yı and yə by susceptibility 
measurements should be of considerable interest since 
there is at present no way of calculating these quantities 
theoretically. However, the existing experimental data 
is scant and sometimes not too accurate; also there is 
some question as to the degree of validity of the results 
of this simple theory. Brief reviews of the existing experi- 
mental data are given by Anderson and Smart.’ 


THE SUSCEPTIBILITY BELOW THE CURIE 
TEMPERATURE 


For low temperatures, we can no longer use the 
approximation »H/kT<1 which leads to Eq. (2), but 
we must instead write the exact equations of state 


5;=5,В(5}), (9) 


where В is the Brillouin function for spin So and 
у:= gBSo| Н,Д/ВТ. In this case, 5; is the average spin 
per atom on the jth sublattice in the direction of H 31 
is found, in a manner exactly analogous to the simple 
Weiss treatment of ferromagnetism, that the sub- 
lattices become spontaneously magnetized below T. 
with their relative orientations specified by the ту The 
temperature variation of the spontaneous magnetization 
of the individual sublattices is identical with that for a 
simple ferromagnet. The appearence of the ad 
magnetization makes it necessary for us to E 
cases in which the applied field Но and the molecu = 
field are not collinear; we shall, however, conside у 
the possibility of а single antiferromagnetic E 
calculation given below follows closely а m 

developed by Van Мес. 


г “th sub- 
Let the total average spin per atom on the jth su 
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lattice be given by 
S;=S,9+3S;, (10) 


where S; is the spontaneous value and 9S; the change 
produced by the external magnetic field. Using the above 
results and assuming all 6S; to be equal, we find that 
Н; may be written in the interesting and useful form 


The total average spin S in the direction of the magnetic 
field Ho is given by 


(12) 


7=1 


S 5| DE B(yj) cos(H;, но 
Combining Eqs. (11) and (12) and making approxima- 
tions suggested by the fact that | Ho| «| H;|, we find 
1 35:(544-1)-38 (9) 
хи= N gBC' , (13a) 
Т—35,(5+-1)-18'(у%)0 


Xi— Ng8C'/ (T.— 8) = хи(Т,) — x(T 9), 


(13b) 


where the parallel and perpendicular subscripts refer 
to the direction of the magnetic field with respect to the 
antiferromagnetic axis, and у? is the value of y; with 
Н,= 0. 

The powder susceptibility, which is what is usually 
obtained experimentally, is found for cubic crystals by 
combining хи and x, in the ratio 1:2. Figure 3 shows the 
theoretical temperature variation of the powder suscepti- 
bility of MnO below the Curie temperature. The calcula- 
tion was made by using the value @/T.= —5 which was 
obtained from experimental susceptibility measurements 
on MnO above the Curie temperature. The theoretical 
prediction that х(0)/х(Т.)=3 is fairly well satisfied, 
but otherwise the agreement between theory and ex- 
periment is rather poor, the shapes of the curves being 


XVX a 


— THEORETICAL CURVES 
FOR S+5/2 
ххх EXPERIMENTAL DATA 
ON Мо 


о o2 04 0.6 оз to 


туте 


Fic. 3. х(Г)/х(Г.) vs Т/Т. for a material with a single anti- 
Е. ferromagnetic axis. The experimental data are taken from Bizette, 
Squire, and Tsai, Compt. rend. 207, 449 (1938). 


considerably different. A similar discrepancy occurs for 
ЖЛ other antiferromagnetic compounds such аз MnS, 
FeO, CoO, etc. It is difficult to say just why this dis- 
crepancy occurs. It is of interest to note that if more 
than one antiferromagnetic axis is assumed, then the 
theoretical x— Т. curve becomes much more like the 
1 experimental one. Also, as Anderson has shown,’ 
| х(0)/х(Т) ratios different from 3 are then allowed, and 
| since the experimental values range from 0.30 to 0.90, а, 
better over-all agreement between theory and experi- 
ment might be obtained. However, both the neutron 
and x-ray difiraction data on antiferromagnets are 
usually interpreted as being consistent: with the idea 
of a single antiferromagnetic axis (MnO: is an excep- 
tion). It is also possible that the reason for the dis- 
crepancy lies in a basic defect of the molecular field 
model. Ziman* has shown that a spin wave treatment 
considering only nearest neighbors gives results which 
are in good agreement with experiment (and also with 
the molecular field theory for nearest neighbors only), 
but no quantum-mechanical approach has been at- 
tempted which considers the effect of more distant 
.. neighbors. 
MAGNETIC STRUCTURE TRANSITIONS 


One of the interesting features of the results of the 
first section are that there are critical values of the ratio 
2/7, such that the orderings on either side of this 
alue are of different kinds. This result suggests 
hat, in addition to the usual Curie temperature transi- 

ere might sometimes occur transitions in which 
парпейс ordering changes from one kind to 
noth reover, there is excellent experimental 
у lence? that transitions from a ferromagnetic to an 
1 magnetic arrangement occur in MnAs and 


ndon) 65А, 540 (1952). 
223 (1951); A. Serres, J. 
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the problem of phase transitions from an antifer 
magnetic to a “ferromagnetic” state produced by ap 33 
cation of a strong magnetic field. Using a model sm 
to Garrett's, the author? has recently examined d 
problem of changes in the type of magnetic orderingin 
zero applied field. Ё 
For this problem it is convenient to consider only the 
case of atoms having a single unpaired spin (S— 3) and 
to define a reduced magnetization с=5/.5= 25 and а 
reduced temperature 7—7/T.. Then the Weiss. 
Langevin equation of state (9) takes the simple form 


gj—g-— tanh(e/7), (14) 
with 


0j;— 7;k0 4, јук "kj 11. (15) 


It is easy to show that the entropy of this system 
may be written in the form 


S—NE[In2— ($ (1—0)? о tanhc)]. (16) 


This result enables us to classify the types of transitions 
which may occur. If some of the sublattices merely 
reverse their direction of magnetization without 
changing c, then the transition occurs without a change 
in entropy and is а second-order phase transition. On 
the other hand, if the specific magnetizations of the 
sublattices are changed as well as their directions the 
transition will in general be of the first order. 

The free energy in zero field may be obtained by 


integrating dG = — SGT. We find 
In(1— c? 
Jl a7) 


T. 
G(T)= v|- 17 LG 

2 tanh oe 
with G(T.)= — NAT, 102. Since the function of ø in Eq. 
(17) is zero for с=0 and decreases monotonically for 
increasing о (or decreasing Г), the type of ordering with 
the highest Curie temperature will have the lowest free 
energy at all temperatures. Thus, as long as the equation 
of state has the form of Eq. (14), there will be no transt- 
tion from one kind of ordering to another. 

However, it seems likely that the molecular field 
coefficients yı and y; may actually depend in some way 
on the temperature, say because of thermal expansion 
of the lattice. This point has been particularly em- 


phasized by Néel.? We assume that there is a simple. 


linear variation of the form 


qi Yo (1d- oT), (18) 


=, 2. 


This makes the effective field vary with temperature, j 


giving an equation of state of the form 


1-Е Ат 
z= o=tanh( г), 


T 


(19) 


with c;— плох as before. Here т= Т/Т.о, where T; 


3 Т, S. Smart (unpublished work). 


2L. Néel, Ann. phys. 8, 237 (1937). А E 
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the Curie temperature for aj=q,= 
coefficient А is a function of the Үс 
form depends on both the type of | 
of ordering occurring. The Principal effect of the 
temperature variation of the у; is to distort the normal 
g— т curve obtained for ai= œ»=0. An example of this 
distortion is shown in Fig. 4 for the special case А= — 
0.23. 

At any temperature T w 
temperature” Tea, given by 


0. The temperature 
and ©, whose exact 
attice and the type 


е have an “apparent Curie 


Теа= Ге (1-Е Ат). (20) 
The actual Curie temperature is given by 
Т.=Т2/(1— А). (21) 


The entropy is, of course, the same function of с as it 
was for the previous case. However, because of the 
different relation between с and т the free energy is now 


G(T)- wal - T шд 


Т, уа? tanh—o+c In(1— c?) 7 
== ( ^f 221 (22) 
2 tanh^!e— Ас те 


with т. = T Т. 

Now let us consider two possible types of magnetic 
ordering, А and B, for a particular system. First, it is 
important to note that although туло, Уго, ол, and аз are 
the same for the А and В states, the temperature 
coefficients Ал and Ag are unequal since they are differ- 
ent functions of these four quantities. It is this differ- 
ence which makes the structure transitions possible. 

If, for example, the А state has the highest actual 
Curie temperature, then for temperatures just below 
Тел, GA Gg. The condition that a transition occurs is 
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Fic. 4. Distortion of 
the normal o—r curve 
owing to temperature 
variation of the molecu- 
lar field coefficients. 


then evidently Св(0) « G4(0), or with the use of (22) 


TCA 
aT ca? f oa d 4 


0 


TCB 
ЯЛ! світв< Тев7— Тса?, (23) 


0 


where 74— T/T c4? and тв= Т/Тсв?. 

The theory described here is too simple to expect 
more than qualitative agreement with experiment. 
However, some of the predictions of the theory are 
supported by the observations of Guillaud and Serres.’ 
It can be shown that if the temperature at which 
047 тв is Г., then in general Ga(T.) >=Св(Т.), so that 
the transitions should be expected to be first-order 
transitions, as is observed. Second, using the curves of 
Fig. 2 as an example, we see that a material which is 
ferromagnetic at low temperatures and antiferromag- 
netic at higher temperatures should have a 6/7. value 
slightly less than unity. The observed value for МпАз is 
0.72 and is the only known case where an antiferromag- 
net has a positive-6/T,. Finally, the values of ац and 
оз required to give the observed transitions is of the 
order of magnitude of 10-*/°K, in very good agreement 
with estimates (made by Néel’) based on other 
considerations. 
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Observations on Antiferromagnetic CuCl,-2H,O 
Crystals 


C. ]. Совткк 


Kamerlingh Onnes Laboratorium, Leiden, The Netherlands 


Four series of observations carried out in the Kamerlingh Onnes Laboratory on CuCl;-2H;O0 crystals are 
reviewed. The magnetization curves confirm the general picture given by the theoretical analysis of Gorter 
and Haantjes. At the lower temperature a sharp threshold field is found in the crystallographic ac plane 
with a minimum value of 6500 $; at higher temperature its value increases somewhat. 

Specific heat measurements reveal the existence of a short-range order tail above the sharp Néel tempera- 


ture at which antiferromagnetism vanishes. 


In the investigations on proton magnetic resonance a sharp transition is found between a nonsymmetrical 
paramagnetic resonance diagram and a symmetrical resonance diagram characteristic for antiferromagnetism. 
In this way it is found that the Néel temperature depends on the direction of the magnetizations. 

It is possible to follow the turn-over of the magnetizations near the threshold field. The position of the 
protons and the nature of the sublattices have been determined. The sublattices do not exchange position 
within 107 sec. Microwave resonances have been observed at 9400 and at 4000 megacycles/sec. The absorp- 
tion bands are confined to the neighborhood of the turn-over fields. General agreement with Ubbink's 


theoretical treatment is found. 


INTRODUCTORY REMARKS 


N this review paper the chief results are given of four 
different kinds of investigations carried out by four 
teams of workers in the Kamerlingh Onnes Laboratory. 
On the whole the results are in agreement with the 
phenomenological theory described in another review 


paper.! 


the direction of the a axis. X 4.1°К ; field in the direction of 

e b axis. A 3.02*K ; field in the direction of the a axis. V/3.02^K ; 

eld in the direction of the b axis. [1 1.57°K; field in the direction 
the a axi 57°К.; field in the direction of the b axis. 
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"They are presented as tests and confirmations of that 
theory which is presumed to be known. The historical 
order, however, was different: Many of the essential 
results had been collected before the theory in its pres- 
ent form had been set up, although at a later phase it 
was helpful in the classification of the data. For full 
details I refer to the original papers, which appeared in 
the Communications from the Kamerlingh Onnes 
Laboratory and in Physica. 


MAGNETIZATION 


By the usual Faraday method for the measurements 
of the magnetization parallel to a magnetic field, 
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2 5 
Г Fic. 2. Magnetization о when the field H lies in the ад pines 
а function of the angle between Н and the a axis. T emp £300 2 
2.1*K. + H —3600 $. X H = 5300 $. A H —6000 ¢. Г1 H= 
© H=7000 $. V H —7250 $. 0 H=7450 $- 


ANTIFERROMAG 


Handel, Gijsman, and Poulis? inye 
copper chloride in the crystallog 
planes.’ Between room tempera 
liquid hydrogen temperatures th 
lows the Curie-Weiss law, 


stigated the hydrated 
raphic ab, ac, and be 
ture and the lowest 
€ susceptibility x fol- 


х=о/Н = Ngug!/k(T— 0), 


where ив is the Bohr magneton and £ is Boltzmann's 
constant. g is found to be 2.19, 205. апа 2.25 in th 
crystallographic a, b, and c direction 3 
while 0— 5?K. 

At the lowest liquid helium temperatures (1.57°К), 
however, the magnetization remains very small when а 
field in the a direction up to 6500 ¢ is applied (Fig. 1). 
Then, in an interval of а few hundred oersted, the 
magnetization increases steeply. At still Stronger fields 
the magnetization is simply proportional to the feld 
strength. In the 6 and c directions the magnetization is 
proportional to the field at all field strengths used. 

The three field independent susceptibilities are found 
to be approximately proportional to the squares of the 
three g factors just mentioned. This indicates that the 
antiferromagnetic exchange energy (-4аи2) is about 
5X10~* erg/ion and that its anisotropy is not higher 
than 1 percent. 

It is clear that the threshold field at 6500 ¢ can be 
identified with the turn-over field discussed in reference 
1. This leads to the result that the exchange energy, 
when the magnetizations in the sublattices are in the 
+a directions, is 0.2 percent lower than in the +b 
directions. When a constant field is rotated in the ab 
plane (Fig. 2), the susceptibility has a sharp minimum 
in the a direction, which, in agreement with the theo- 
retical formulas, goes over into a narrow and small 
maximum at the threshold field strength. In the ac plane 
(Fig. 3), however, the corresponding curves at fields 
above 6500 $ consist of two clearly distinct parts. 
Near the a axis a platform develops which is separated 
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Fic. 3. Magnetization с when the field Н lies in the ac plane as 
a function of the angle between H and the a axis. Temperature 
2.1*K. А Н —5660 $. О Н —6640 à. Y Н = 6880 $. -+ Н — 7560 $. 
E] Н=8175 $. 0 Н —9225 $. 


by a steep fall from a region where the magnetization 
behaves as if the threshold field had not yet been reached. 
Obviously the steep fall indicates the position of the hy- 
perbola in the field space which separates the regions 
where the magnetizations in the sublattices remain in the 
ac plane from those where they have been turned over 
into the +b directions. The shape of the hyperbola 


Fic. 4. Specific heat 
С» as a function of 
temperature Г. — — — 
Specific heat caused by 
lattice waves. 
tail caused by disap- 
pearing short-range or- 
der. —.—.—. sum of 
tail and lattice specific 
heat. 


2 Handel, Gijsman, and Poulis, Leiden Comm. 290*. 
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i 31.6 y 317 
i" Fic. 5. Resonance diagram in the paramagnetic state. Proton 


| magnetic resonance frequencies as a function of the angle in the 
Ч ab plane. T = 14.3°К; Н = 7460 $. 


31.8 MHz 


indicates that the exchange in the +c directions is again 
0.8 percent higher than that in the +b directions. 

1 When the temperature increases, the low-field sus- 
О — .ceptibility in the a direction varies in the way predicted 
| -by Van Vleck. The threshold field increases somewhat. 


SPECIFIC HEAT 


Dr. S. A. Friedberg has measured the specific heat.‘ 
It shows a lambda-anomaly with a steep fall at 4.3°K 
(Fig. 4) marking the Néel temperature 0,. It is note- 
= worthy that —3&0; is only about 2 of the exchange 

energy as determined from the susceptibilities. At the 

· high temperature side the specific heat has а tail which 
“| dsapproximately proportional to T=. In this tail appar- 
ently the short-range order disappears gradually. 
^ Below 0. an entropy of about 0.40R is contained, while 


it is evaluated that the tail contains 0.25R. Thus, фе. 


sum is not much smaller than the theoretical entropy 
value R In2=0.69R. 


According to Van Vleck’s theoretical treatment, the 
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exchange specific heat at high temperatures s 
Sa?u!/2zRT?, where z indicates the number of int 

acting antiferromagnetic neighbors. This would lea dii 
2—3 or з= 7 depending on whether ay? is deduced fro E 
6, and 0 or from the susceptibilities in the anti 
magnetic region. a 


hould be 


PROTON MAGNETIC RESONANCE 


Poulis, Hardeman, and Bélger® have carried out 
elaborate investigations on the proton magnetic тезо- 
nance. The observation of the frequency at which 
the nuclear magnetic resonance occurs gives a very 
accurate determination of the average local magnetic 
field at the spot where the nucleus happens to be 
located. Bloembergen discovered in the paramagneiic 
CuSO,.5H;O that, when at low temperatures the 
average magnetization of the copper ions in the ех- 
ternal field becomes large, the average local field 
may differ considerably from the external field. The 
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Fic. 7. Resonance diagram in the antiferromagnetic state above 
the threshold field H с. ab plane; T=3.02°K; Н = 8920 $. 


observed splittings of the proton line are proportional 
to the external field and approximately inversely pro- 
portional to the temperature. 

CuCl;-2H50 behaves similarly in the liquid hydrogen 
region, but at the lowest helium temperatures Poulis 
et al. found a very different kind of resonance diagram. 
The general width of the structure is independent of the 
temperature and of the external field, and a marked 
symmetry in the resonance diagram indicates that to 
every proton experiencing a certain field due to the j 
copper ions there is another proton that feels an exactly 
opposite field. It was this observation which constituted / 
the starting point of all the other observations on CuCl: 
-2Н:О. | 


5 J. Н. Van Vleck, J. Chem. Phys. 5, 320 (1937). 

*'N. J. Poulis and G. E. G. Hardeman. Leiden Com 1 
Physica 18, 201 (1952); Leiden Comm. 288^, Physica 280°, 
(1952). Poulis, Hardeman, and Bélger, Leiden Comm. 2 
Physica 18, 429 (1952). 3 
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Fic. 8. Reso- 
nance diagram in 
antiferromagnetic 
state just blow the 
threshold field H.. 
ab plane, Г=3.47°К; 
Н--7460 $. 
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Below the threshold field the resonance diagram has a 
period of 360°, since the magnetizations in the two sub- 
lattices then remain in the neighborhood of the +a 
directions. Above the threshold field, however, the mag- 


- netizations remain approximately perpendicular to the 


field. 

After a rotation of 180? the magnetizations have also 
rotated over 180?, thus the relative orientation is 
the same; hence, the period of 180? in the diagram 
(Fig. 5). 

Near the threshold field the resonance diagrams are 


4.340°K 


; ic diagram is 
Fic. 9. Temperature at which the antiferromagnet’ anes а 
transformed into a paramagnetic resonance уыш (А). 
of a field in the a direction (©) and in the b 
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complicated, and it is possible to follow the turning over 
of the magnetizations in detail. 

It was not easy to find satisfactory locations for the 
protons and to divide the crystalline lattice in sub- 
lattices in a way that accounts for the many data in the 
paramagnetic as well as in the antiferromagnetic state. 
By trial and error a satisfactory arrangement was finally 


6000 


7900 8000 9000 


Fic. 10. Antiferromagnetic resonance absorption in arbitrary 
units as a function of a field in the a direction. T =2.52°K; 9400 


megacycles/sec. 
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Fic. 11. Antiferromagnetic resonance absorption in arbitrary 
units as a function of a field making an angle of 40° in the ac 
plane with the a direction. 9400 megacycles/sec. 


found in which successive copper layers parallel to the 
crystallographic ab plane have alternating spin-orienta- 
tions. The narrowness of the resonance lines proves that 
the sublattices cannot exchange positions within 10-1 
sec. 

When the temperature increases, the width of the 
_ pattern of splittings decreases. This is obviously due to a 


iden Comm. 2884, Physica 18, 361 (1952). 
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decrease of the spontaneous magnetization on t] 
lattices. The dependence of this spontaneous m 
zation, thus found, agrees up to about 4°K with 
be expected from Néel's theory with 5-1 


пе Sub. 
арпец. 
that to 
z and 0, 


=4.5°K. Above 4°K, however, the spontaneous map. 
netization decreases much more rapidly. This ева 
is rather similar to that of ferromagnetics. 

The change from the antiferromagnetic to the para- 
magnetic pattern is quite abrupt. In a small externa] 
field, which leaves the magnetization near the favorable 
-Еа direction, the change occurs at 4.337°С. 

When, however, a field above the threshold field is 
applied in the a direction which turns the magnetiza. 
tions over to the b directions, this Néel temperature 
decreases to 4.29°°K. 

The ratio of the width of the pattern at 4.4°K and at 
15*K is only about 1.4, while theoretically (154-5)/ 
(4.44-5) — 2.13 should be expected. This, and the similar 
anomaly encountered in the susecptibilities, is connected 
with the two different values of the exchange energy. 


ANTIFERROMAGNETIC RESONANCE 


The antiferromagnetic resonance was studied at the 
frequency of 9400 MHz by Ubbink, Poulis, and Ger- 
ritsen.” A few experiments were also carried out at 4000 
MHz. In general, it may be said that absorption has 
been observed in the neighborhood of the threshold 
hyperbola in the ac plane and that all results are in good 
agreement with Ubbink's theory (Figs. 6-12). When the 
constant field is situated in the ac plane, one absorption 


Fic. 12. Polar dia- 
grams of the position 
of the resonance mag- 
netic fields at 9400 
megacycles/sec. Left- 
hand side: feld in the 
ac plane. Right-hand 
side: field in the ab 
plane. 
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band is observed slightly below the 
one slightly above it. When the const 
in the ар plane, the two bands ap 
merge, and vanish if the angle w 


threshold field and 
ant field is Situated 
5 approach each other 
ith the a axis increases. 
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The high frequency susceptibility increases anoma- 
lously at the low-field side of the lower band and not at 
the high-field side as it otherwise does. This is in agree- 
ment with the theoretical expectations. 


DISCUSSION 


M. LAX, Syracuse University, Syracuse, New York: 
It is not surprising, as Professor Gorter points out 
that a deviation occurs from the Curie-Weiss law 
just above the Curie temperature, and that this 
deviation is not adequately explained by the classical 
molecular field theory. The deviation from the Curie- 
Weiss law originates in fluctuations of spin orienta- 
tion that are neglected in the usual molecular field 
treatment. The spherical model which includes these 
fluctuations yields a molecular field coefficient that 
varies with temperature above the Curie temperature 
and thus can account qualitatively for the observed 
deviations. 


F. KEFFER, University of Pittsburgh, Pittsburgh, 
Pennsylvania. 
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Mr. J. Kaplan has made an Ewald-Kornfeld calcula- 
tion of the magnetic dipole field factors. By using these 
and anisotropy of the g factors, he finds a 1300-oersted 
anisotropic field between preferred and next-preferred 
axis, 12 oersted between preferred and third axis. This 
is clearly wrong. 

Professor Kittel suggested using pseudo-dipole 
coupling between the exchange-coupled spins. This 
gives a dipole-like factor of order J(g-2)?. By using 
this and the anisotropy of the g factors and adding 
to Kaplan's calculation, we find 500-oersted anisotropic 
field between preferred and next-preferred axis and 
1000 oersted between preferred and third axis. This is 
in agreement as to order of size and direction as meas- 
ured by Professor Gorter's group. 


REVIEWS OF MODERN PHYSICS 


power of the temperature. 


HE anhydrous difluorides of the elements man- 
ganese, iron, cobalt, and nickel all have the 
rutile-type crystal structure.’ The tetragonal unit cell, 
containing two molecules, has values of co/ao in the 
neighborhood of two-thirds. The structure of the 
positive ion lattice may be thought of as made up of 
chains running parallel to the c axis. A given magnetic 
ion and its two nearest magnetic neighbors all lie in the 
same chain. The eight next nearest neighbors, in the 
directions of the body diagonal of the tetragonal unit 
cell, are more distant than the nearest neighbors by 
/ factors ranging from 1.12 in ЕеЕ, to 1.18 in NiFo. 
The structure of МпЕ,, which is typical, is shown in 
Fig. 1. Because of the tetragonal symmetry there is 
a possibility of anisotropy in the magnetic susceptibility. 
The symmetry requires that one of the principal axes 


"Crystal structure of MnF>. Solid circles are Mn**, 
x open circles are Е-. 


and Chemical Company Fellow, 1951. 

; M. Griffel and J. W. Stout, J. Am. Chem. Soc. 
(5) d СоЁ», A. Ferrari, Atti Acad. Lincei, 
Haendler, Patterson, and Bernard, J. 
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The magnetic anisotropy of single crystals of FeF; and СоЁ, has been measured over the temperature 
range 11 to 340°K. Like МпЕ:, the anhydrous difluorides of iron and cobalt have the tetragonal rutile 
crystal structure, and the anisotropy results are compared with those found by Stout and Griffel for МпЕ,. 
In all three compounds the magnetic susceptibility parallel to the crystallographic c axis is at room tempera- 
tures greater than that in a direction perpendicular to this axis. Because of the orbital magnetic moment the 
high temperature anisotropy is much greater for Fel» and СоЁ» than for MnF». As the temperature is 
lowered, the anisotropy changes sign and at 11°К has large negative values, indicating that the susceptibility 
parallel to the c axis becomes small. This indicates that at low temperatures there is an ordered antiferro- 
magnetic arrangement with the elementary magnetic moments aligned parallel and antiparallel to the c axis. 
Such a magnetic structure has been found from neutron diffraction measurements by Shull and Erickson. 
The anomalous behavior of the magnetic anisotropy, associated with the antiferromagnetic ordering, is in the 
case of Col’: spread out over a much wider temperature range than in the case of MnF» and ГеГ,. At the 
lowest temperatures the anisotropy of МпЕ: varies as 7?, whereas those of ЕеЕ and Cols vary as the fourth 


of magnetic susceptibility lie along the c axis of the 
crystal, while the susceptibility must be the same in all 
directions normal to the c axis. 

From measurements of the magnetic susceptibiltiy 
by Bizette and Tsai? and by de Haas, Schultz, and 
Koolhaas, and from the heat capacity measurements 
of Stout and Adams,‘ manganese fluoride is known to 
be a typical antiferromagnetic material. It exhibits a 
maximum in the powder magnetic susceptibility and at 
about the same temperature a region of anomalously 
high heat capacity which is indicative of a cooperative 
phenomenon. The susceptibility data of Bizette and 
Tsai? indicate that FeF» is also antiferromagnetic, but, 
according to Bizette,® CoF» and МЕ» are not. 

The theory of antiferromagnetism proposed by Van 
Vleck? predicted that below the Curie temperature the 
magnetic susceptibility of an antiferromagnetic material 
should decrease with decreasing temperature in that 
direction along which the spins of two sublattices are 
aligned parallel and antiparallel, and should approach 
zero at the absolute zero of temperature. The suscep- 
tibility perpendicular to this direction would, according 
to the theory, remain constant below the Curie temper- 
ature. However, Van Vleck did not discuss why the 
direction of spin alignment should correspond to any 
particular direction with respect to the crystallographic 
axes. The exchange forces, which presumably cause 
the antiferromagnetic ordering, are themselves 160 ГОрО 
so in a substance like MnF», where the magnetic 1005 
are in an 5 state and consequently the anisotropy 
energy due to crystalline electrostatic fields would be 


? Н. Bizette and B. Tsai, Compt. rend. 209, 205 (19390 : 
з de Haas, Schultz, and Koolhaas, Physica 7, 57 (1940). 4. 1535 
1]. W. Stout and H. E. Adams, J. Am. Chem. Soc. 04, 
(1942). Л 
5 Н. Bizette and B. Tsai, Compt rend. 212, 119 (1941). 
‘H. Bizette, Ann. phys. (121 1, 295 (1946). 
1J- H. Van Vleck, J. Chem. Phys. 9, 85 (1941). 


1953 


Magnetic Anisotropy of the Iron-Group Fluorides 


J. W. 5тоот AND L. M. MATARRESE * 


ail — 


| 


22 Amm Аи» Сыл ДД) - эй 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


MAGNETIC ANISOTROPY 


very small, it was doubtful if any preferential directi 
of spin alignment would exist in a crystal. a 
In an investigation of this point Stout and Griffe] 
discovered by measurements on a single crystal of 
MnF: that at high temperatures the magnetic ani- 
sotropy 15, 48 was expected, very small but as the 
temperature is lowered below 70°К a rapid increase in 
anisotropy begins, reaching extraordinarily large values 
in the hydrogen temperature range. Figures 2 and 3 show 
the data on MnF». At high temperatures (Fig. 2) the 
magnetic susceptibility is greater parallel to the c axis; 
at 300°K the anisotropy is about 0.1 percent of the 
susceptibility. As the temperature is lowered the 
anisotropy rises at first as one would expect from the 
effect of an anisotropic crystalline field. At 120°К the 
curve reaches a maximum and then rapidly drops. 
The anisotropy passes through zero at about 77°К 
and at lower temperatures the greater susceptibility is 
perpendicular to the c axis. In Fig. 3, which shows the 
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Fic. 2. Molal magnetic anisotropy of MnF». хи and xı are molal 
susceptibilities parallel and perpendicular to the с axis. Note that 
the ordinate scale is 1000 times that of Fig. 3. 


anisotropy, xu—x,, below 100°K, the scale is one 
thousand times smaller than that of Fig. 2. By combin- 
ing the results of the anisotropy measurements with 
the powder susceptibility data of de Haas, Schultz, 
and Koolhaas? one can calculate the susceptibilities 
parallel and perpendicular to the c axis. The curves for 
MnF, are shown in Fig. 4. Within the limits of error 
of the powder susceptibility data the susceptibility 
parallel to the с axis approaches zero at the absolute 
zero of temperature. 

The а magnetic behavior of МиЕ» at low 
temperatures is in qualitative agreement with E 
theory of Van Vleck,” provided one assume. AE EE 
alignment of the spins is parallel and antiparallel i 
the с axis of the crystal. This alignment of the шин 
has been confirmed by neutron diffraction measure 


; (b 
9 J. W. Stout and М. Griffel, (а) Phys. Rev. 76, 144 (1949); ©) 
J. Chem. Phys. 18, 1455 (1950). 
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Fic. 3. Molal magnetic anisotropy of MnF;. хи and x, are molal 
susceptibilities parallel and perpendicular to the c axis. The arrow 
indicates the temperature of the heat capacity maximum. 


ments of Erickson and Shull? which, besides showing 
that the c axis is the direction along which alignment 
occurs, also demonstrate that the spins in a nearest- 
neighbor chain in the direction of the c axis are all 
aligned parallel to one another. Each chain is surrounded 
by four others with spin alignment antiparallel to it. 
The ordered magnetic structure consistent with the 
magnetic susceptibility and neutron diffraction data 
is shown in Fig. 5. 

The small anisotropy observed in MnF; at high tem- 
peratures indicates that for each magnetic ion there is 
an anisotropy energy of a few tenths of a wave number 
favoring alignment of the spins along the c axis as 
compared to а perpendicular alignment. In the neigh- 
borhood of 100°К. the long-range order, caused by the 
energetically much larger exchange forces, begins to 
appear in the crystal. As the temperature is lowered 
the extent of order continues to grow. One may think 
of the magnetic ions as clustered together in ordered 
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Fic. 4. Molal magnetic susceptibility of МпЕ: parallel and 
perpendicular to c axis of crystal. 


з (а) В. A. Erickson and C. С. Shull, Phys. Rev. 83, 208 (1951), 
(b) В. A. Erickson, thesis, Agric. and Mech. College of Texas, 
June, 1952. 
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Fic. 5. Ordered magnetic structure of Марз, ЕеЕ:, СоЕз. The 
arrows indicate the spin alignment parallel and antiparallel to the 
с axis. Only the positive ions are shown. 


groups which grow in size as the temperature is lowered. 
3 The energy required to turn a group in the crystalline 
| field is the small anisotropy energy per ion times the 
number of ions in a group, and if the number in a 
group increases rapidly this energy soon becomes 
large compared to ЁТ. This explanation, suggested in 
qualitative form by Stout and Griffel, has been quanti- 
tatively treated by Yosida!? and by Keffer. The latter 
author emphasizes the importance of the dipole forces 
which cause an anisotropy energy in addition to that 
of the crystalline field. Griffel and Stouts had pointed 
out that the dipole forces would contribute to an 
| anisotropy energy and, from their result that the spin 
alignment was along the c axis, suggested the magnetic 
Structure shown in Fig. 5 as the one favored by the 
dipole forces. However, the possibility of other direc- 
tional dependent forces made any theoretical prediction 
uncertain, and it was not until after the neutron diffrac- 
; tion results? were obtained that the magnetic structure 
was proved. 

The magnetic ions Fe** and Co** are in D and F 
States, respectively. The interaction between the orbital 
. .. motion of the electrons and the crystalline electrostatic 

— fields produces in magnetically dilute salts of these 
2 ns а large magnetic anisotropy.? In the anhydrous 
uorides the anisotropy energy should be much larger 
an was the case in MnF;. As the number of electrons 
in the d shell increases beyond the half-filled position 
— of nanganous ion, one might also expect a decrease in 


ida, Prog. Theoret. Phys. 6, 691 (1951). 
; Phys. Rev. 88, 608 (1952). 
» Chakravorty, and Banerjee, Trans. Roy. Soc. 232, 
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the magnitude of the exchange energy. To ту 


estigat 
: е 
these effects we have measured the magnetic anisotro 


of single crystals of Fel’, and СоЕз. The detailed Tesults 

of these measurements will be published elsewhere, 
The observed magnetic anisotropy of FeF 

in Fig. 6. The points shown as filled circles were taken 


2 15 shown 


under isothermal conditions. Those indicated by 
crosses were obtained during a warming curve апа 
because of possible temperature gradients are consider- 
ably less accurate. They serve, however, to show the 
general shape of the curve in the region between 20 and 
60°K. Like MnF,, the susceptibility at high temper- 
atures is greater in the direction of the с axis, but the 
magnitude of the anisotropy at high temperatures is 
much greater, amounting at 300°K to 20 percent of the 
powder susceptibility. This is comparable to the 
anisotropy observed in dilute ferrous salts.2 At high 
temperatures the anisotropy rises with decreasing 
temperature, but the curve bends over, reaching a 
maximum at about 95°K, and then drops rapidly. The 
anisotropy passes through zero at about 72°K and, as 
the temperature is lowered, rapidly drops to large 
negative values. In the hydrogen range the variation 
of anisotropy with temperature decreases at the 
lower temperatures and it appears that the curve will 
approach 0°K with zero slope. The magnetic susceptibil- 
ity of powdered FeF; has been measured by Bizette 
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Fic. 6. Molal magnetic anisotropy of FeF2. хи an is. 
molal susceptibilities parallel and perpendicular to the c axis 
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and Tsai? Ву combining these data with out anisotropy 
values, the susceptibilities parallel and perpendicular 
to the c axis have been calculated. The curves are 
shown in Fig. 7. The powder susceptibility data do not 
extend below 63°K and the dotted portion of the curves 
is an extrapolation upon the assumption that the 
parallel susceptibiltiy, хи, approaches zero at 0°К. 
The powder susceptibility data do extend to a low 
enough temperature to show definitely the maximum 
in хи. Aside from the expected much larger anisotropy 
at high temperatures the curves for FeF, resemble 
those of MnF» and are in qualitative agreement with 
the behavior predicted by the theory of Van Vleck. 
The anisotropy data show that the alignment of the 
elementary magnets is in the direction of the c axis, 
in agreement with the neutron diffraction measurements 
of Erickson and Shull.? Figures 4 and 7 show the perpen- 
dicular susceptibility rising below the Curie temperature 
for Mnf» and falling in the case of FeF;. On the theory 
of Van Vleck? x, should be independent of temperature 
in this region. The variation in x, is much larger than 
the error in out anisotropy measurements, but because 
of possible errors in the powder susceptibilities, and the 
lack of data at hydrogen temperatures for FeFs, the 
knowledge of the details of the variation of x, with 
temperature below the Curie points must await precise 
determination of the powder susceptibility, or prefer- 
ably, measurements of the susceptibility of a single 
crystal along a known crystallographic direction. 

The data for the magnetic anisotropy of СоЁ, are 
shown in Fig. 8. As was the case with Мар, and FeF;, 
at the lowest temperatures the greater susceptibility of 
СоЁ: is that perpendicular to the c axis. The magnitude 
of the low temperature anisotropy in СоЁ, is unusually 
large, being twice that observed for Мар». On the 
Van Vleck theory? the Curie temperature, Тс, is related 
to the constant perpendicular susceptibility below the 
Curie temperature, x, (which is equal to the anisotropy 
at 0°К), Бу Tc—iC/x,, C is the constant in the 
Curie-Weiss law, x=C/(T+Tc), that describes the 


: ibi Це! and 
Fig. 7. Molal etic susceptibility of FeF» para 
unos ааа to c axis of crystal. 
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Fic. 8. Molal magnetic anisotropy of СоЕз. хи and x, are 
molal susceptibilities parallel and perpendicular to the c axis. 


high temperature susceptibility. The observed Curie 
constants for colbalt salts range from 2.4 to 3.4, so 
one might expect a Curie temperature for CoF2 between 
24 and 33°K. A similar calculation for MnFs and ЕеЕ, 
yields Curie temperatures of 88 and 120°K, respectively. 
These temperatures are roughly in agreement with 
those at which the rapid fall in anisotropy begins. 
However, in CoF2 the anomalous behavior of the 
anisotropy extends to temperatures much higher than 
the Curie temperature calculated from the low temper- 
ature anisotropy data. By fitting Brillouin functions 
to his observed magnetic scattering intensity data, 
Erickson® estimates the Curie temperatures as 75?K 
for МоЕ», 90°K for FeF;, and 50°K for CoF;. 

The curve drawn in Fig. 8 between 20.4 and 53? is a 
smooth interpolation between these points. We have 
made measurements during warming between 20 and 
60°K, and a preliminary calculation of the data indicates 
that at temperatures slightly above 20°K the anisotropy 
rises more steeply than the curve drawn and then 
decreases in slope until at a temperature of around 
40°K it again rises steeply. Although these results may 


ВЕ. C. Stoner, Magnetism and Matter (Methuen and Company, 
London, 1934), p. 312. 
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Fic. 9. Моја! magnetic susceptibility of СоЁ, parallel and 
perpendicular to ¢ axis of crystal. 


__ be revised upon more complete calculation of the warm- 
— ing curve data, there is no question that between 20 
— and 60°K the absolute value of the anisotropy decreases 
monotonically with temperature. 

. .. Unlike MnF, and ЕеЕ, there is in СоЕ, по rapid 
. change of slope in the anisotropy curve as the maximum 


ыГ 


— 18 approached from the low temperature side. The 
_ anisotropy of CoF; passes through zero at about 146°K 
3 _ and rises slowly to a broad maximum in the neighbor- 
. hood of 260°К. At higher temperatures there is a 
= gradual fall in уха. 
— — In СоЁ, we observed a small field dependence of 
anisotropy energy at the temperature of liquid 
tydrogen. The anisotropy increased by about 2 percent 
. in going from 2000 to 10 000 gauss. No field dependence 
” of anisotropy was observed for СоЕ, at higher temper- 
_ atures, пог for МпЕ» and FeF; at any temperature. 


Иа and the anisotropy measurements we have 
ulated the susceptibilities parallel and perpendicular 
4 с axis. The curves are shown in Fig. 9. The data 
of | le Haas and Schultz show a considerable decrease 
of the powder susceptibility with field at 14°K, whereas 
found a slight increase in the anisotropy with field. 
wing the curves we have used the powder sus- 
ties at high fields. The curve in Fig. 9 for Хи 
ot extrapolate to zero at 0°K; the value of the 
susceptibility would have to be decreased by 
ent in order to obtain a curve extrapolating to 
ather surprising result should be verified 
Ї 


5 to 20.4°K the temperature 
. anisotropies decreases 
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rapidly at the lower temperatures. This fact, toget] 

5 E ler 
with the large value of the observed anisotropy | 
evidence that the magnetic moments are aligned al 
the c axis of the crystal. Such an alignment has bee 
found by Shull and Erickson? on the basis of пе Ки 
diffraction measurements. It appears clear from ae 
neutron diffraction and magnetic anisotropy measure. 
ments that CoF, at low temperatures is antiferro. 
magnetic, if by this term we mean an arrangement of 
magnetic moments ordered with respect to one another 
so that the net magnetic moment in the absence of a 
field is zero, and aligned along a certain direction in 
the crystal. 

The spectacular drop in x, between 10 and 100°K 
and the gradual variation of the anisotropy curve 
before its maximum at 260?K is not consistent with a 
simple picture of antiferromagnetism based on exchange 
interactions between spins, together with an anisotropy 
energy. It is well known that over the range 1 to 300°K 
dilute cobalt salts do not obey Curie's law, and Schlapp 
and Penney’ have pointed out that for Co ion the 
lowest orbital level in the presence of a cubic field will 
be triply degenerate. In addition, there is a spin 
degeneracy of four. These twelve lowest-lying states 
will be split by the spin-orbit coupling and by electro- 
static fields of sufficiently low symmetry into six 
double degenerate levels. The separation in energy will 
be small enough so that, although at very low temper- 
atures practically all of the magnetic ions are in the 

lowest level, at room temperature there will be an 
appreciable population in higher levels. If the exchange 
interactions, which can remove all spin degeneracy, 
are comparable in energy to the separation of the levels 
by spin-orbit interaction and anisotropic crystalline 
fields, then one would not expect any simple theory of 
antiferromagnetism to be applicable and it appears 
reasonable that the magnetic anomalies would be 
spread out over a larger temperature range than in a 


16.0 
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15.8 

50 
X,-X, x105 15.6 
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Fic. 10. Molal magnetic anisotropy at hydrogen temperat for 
versus fourth power of the temperature. The scale on the left is 

_ СоЕ»; that on the right for FeF 2. 


15 R, Schlapp and W. С. Penney, Phys. Rev. 42, 666 (1932). 
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salt like МпЕз where only the exchange interaction 
plus a small anisotropy energy need be considered t 
By a treatment based on the Spin-wave theory 
Kubo has shown theoretically that the а 
anisotropy of а set of spins antiferromagneticall 
coupled together by exchange forces should at the low 
temperatures vary as 7°, The observed datas on MnF, 
at temperatures obtained with liquid and solid hydro- 
gen, agree well with this relation. From these data 
Kubo calculates an approximate Curie temperature of 


15 К. Kubo, Phys. Rev. 88, 568 (1952). 


62°К which may be compared with the observed 
temperature, 66.5°K, of the heat capacity maximum. 
The observed anisotropies at the lowest temperatures of 
FeF, and СоЁ» do not, however, vary quadratically 
with temperature, but rather fit closely a function linear 
in the fourth power of the temperature. In Fig. 10 are 
shown the anisotropy data for FeFs and СоЁ, in the 
hydrogen range plotted against 7*. Within the accuracy 
of the measurements the points fall on straight lines. 
Because of the field dependence found for CoF;, curves 
are given for two different magnetic field strengths. 
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The Spin-Wave Theory as a Variational Methog 
and Its Application to Antiferromagnetism 


Rvoco Ково* 


Institute for the Study of Metals, The 17 niversity of Chicago, Chicago, Illinois 


The spin-wave theory in a modified form is applied to antiferromagnetism. The interaction between 
different modes of spin-waves, which is due to the higher order terms omitted in the customary spin-wave 
treatment, is taken into account in a self-consistent manner. It is shown that the interaction terms cause a 
change of the frequency spectrum of spin-waves which is equivalent to the existence of an anisotropic field, 
The upper limits of the ground levels are calculated. The variational method can also be applied to the 
discussions of the stable configurations of magnetization vectors in anisotropic and external fields, and it is 


consistent with the molecular field theory. 


INTRODUCTION 


HE spin-wave theory first invented by Bloch! as 
an approximate method of treating ferromagnets 
at low temperatures has recently been applied by several 
authors to antiferromagnets.2-® The main difference 
between the two cases lies in the fact that the theory 
remains approximate for antiferromagnets even at 
absolute zero, where it becomes rigorous for ferro- 
magnets. The reason is simple; it is because the spin- 
wave theory applied to antiferromagnets necessarily 
starts from the assumption that there exists an ordered 
pattern of the sublattices at low temperatures, whereas 
the ground state of an antiferromagnet should be a 
singlet which is described by a very complicated com- 
bination of the patterns of the spin ordering. 

The inverse pattern of an ordered pattern, that is, 
the spin configuration in which the directions of spins 
are just reversed, is also to be included in the linear 
combination. The interaction between the opposite 
orderings, however, will be so indirect that it can be 
neglected, and a fairly good approximation is obtained 
by taking the configurations near one of the ordered 
states.? The transition from such a state to its opposite 
pattern should be so slow that neutron diffraction ex- 
periments? can actually prove the ordering. Such a spin- 
wave treatment of antiferromagnets is a reasonable 
approximation to the ground states as has been dis- 
cussed in detail by P. W. Anderson,? and it can be used 
to derive the thermodynamic properties? as well as the 
microwave absorption of antiferromagnets at low tem- 
peratures.5-7 

It should be remembered here that the spin-wave 


* On leave from the Department of Physics, University of 
Tokyo, Tokyo, Japan. 

1 Е. Bloch, 7. Physik 61, 206 (1930). 

? P. W. Anderson, Pbys. Rev. 86, 694 (1952). 

2 К. Kubo, Phys. Rev. 86, 929 (1952). 

“I. Shoji, Busseiron-Kenkyu (in Japanese) 39, 55 (1951). 

* T. Nakamura, Prog. Theoret. Phys. 7, 539 (1952). 

5 Keffer, Kaplan, and Yafet, Am, J. Phys. (to be published). 

? J. M. Ziman, Proc. Phys. Soc. (London) A65, 540, 548 (1952). 

* J. R. Tessman, Phys. Rev. 88, 1132 (1952). 

* С. С. Shull and J. S. Smart, Phys. Rev. 76, 1256 (1949); Shull, 
Wollan, and Strausser, Phys. Rev. 83, 333 (1951). 
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theory customarily omits the higher order terms in the 
original Hamiltonian, which in the spin-wave language 
give the interactions between the different modes of 
the spin-waves and cause the broadening of resonance 
absorptions. Very little is known, however, concerning 
how these interactions effect the energy levels and the 
thermodynamic behavior of ferromagnets ог antiferro- 
magnets Obviously the contribution from the inter- 
action terms is zero for ferromagnets at absolute Zero, 
but it will be considerable at higher temperatures. 
It will be even greater for antiferromagnets, for which 
it is not zero at absolute zero. This is one of the reasons 
that one might feel somewhat skeptical about the spin- 
wave theory of antiferromagnets. 

It should be also noticed that the neglect of inter- 
action terms gives rise to a certain difficulty in the spin- 
wave theory. This is revealed, for example, in the fact 
that the fluctuation of the magnetization (of the sub- 
lattice in the case of antiferromagnets) diverges ab- 
normally for both ferromagnets and antiferromagnets, 
ог, more exactly, it is of the order of N42, М being the 
total number of magnetic atoms or ions, and D the 
dimensionality of the lattice, if there exists no aniso- 
tropic field acting on the spins.? This abnormal fluctua- 
tion might, at first sight, be correlated with the free 
rotation of the resultant spin-moment in the absence 
of the anisotropic field. However, such an interpretation 
is inconsistent with the current picture that describes 
the spins primarily aligned by strong exchange forces, 
the resultant moment moving around in a relatively 
weak anisotropic field and also in an external field, if 
any. This picture requires the resultant moment to be 
a well-defined quantity with a normal fluctuation of the 
order of N. The fact that the spin-wave theory does p 
give such a picture may be regarded as a c Д 
the theory. Corresponding to this we have to sutt, 
from many divergences if we apply simple perturbation 
methods to the interaction terms starting from the 
usual spin-wave approximation. ЭГЧ 

"The purpose of the present paper is, in the first P : 
to examine the importance of these interactions Б 
and secondly, to remove the difficulty mentioned above, 
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applying the spin-wave theory in a different form from 
the usual one, namely as a variational method. To do 
this, we choose а system of spin-waves with a certain 
spectrum of proper frequencies representing the best 
approximation of the spin-system, These spin-waves are 
different from those obtained in the usual spin-wave 
theory. They are determined in a self-consistent way. 
taking the interaction terms into account. Thus for 
instance, the ground levels obtained are the best upper 
limit of the true values as far as we confine ourselves 
in the picture of spin-waves. This variational method 
will give a finite frequency for the spin-wave of infinite 
wavelength in the absence of an anisotropic field. This 
follows because, ш antiferromagnets, where the spin- 
waves collide with each other even at absolute zero, 
the wave trains must be of finite length and accordingly 
the frequency of long waves cannot be exactly zero. 
The method proposed here can be applied to ferro- 


magnets as well, but here we shall confine ourselves to 
antiferromagnets. 


1. VARIATIONAL METHOD IN QUANTUM 
STATISTICS 


First we describe in a general way the variational 
method employed. Let the Hamiltonian of the system 
under consideration be H. We define the variational 
functions for this Hamiltonian by the eigenfunctions of 
a suitable operator Нь, called the trial Hamiltonian, 
which is assumed to be of the form 


H= GENA (1.1) 
T 
where X,’s are some known operators, and the sum 
should include the adjoint operators such ас, Ху if 
X. is not Hermitian. The trial Hamiltonian should be 
selected of solvable form, and in most cases must be 
separable into components having only a few degrees of 
freedom, so that the eigenvalue problem of Hı, will be 
solved explicitly in the form 


НЧ „= €n V 5, (1.2) 


where Y, and e, are naturally functions of the constants 
(c). If such a trial Hamiltonian is properly chosen, 
the smallest diagonal element of H in the representa- 
tion Г diagonalizing H:n, will be an approximation. of 
the lowest level of H, the best approximation of which 
will be given by minimizing it with respect to the varia- 
tional parameters {c+} : As to the excited levels, there Ч 
а theorem proved by Peierls which states that the 
approximate partition function 


27-08 exp(— Has/ KT), 


elements of Н in any 
rger than the true parti- 
trace exp(—H/RT). 
he approximate free 


constructed by the diagonal 

representation, can never be la 
tion function of the system Zo= 
Therefore, at finite temperatures, t 


"WR. Peierls, Phys. Rev. 54, 918 (1938). 


energy 
Е= —ET logZ (1.3) 


should be minimized with respect to {c,}. The calcu- 
lated minimum of the free energy is the best approxi- 
mation as far as we confine ourselves in the frame of the 
trial system set up by Eq. (1.1). The trial Hamiltonian 
itself might then be considered as a certain representa- 
tion of the system at the temperature T. 

The variational procedure of this program is sim- 
plified if the diagonal elements Hnn can be given in the 
form 

Н.а-Н(---,Х,ХД,--4), (14) 


where X, means the diagonal element of the operator 
X, in the representation T. X, is dependent on the 
quantum number z and on the parameters {c,}. The 
diagonal elements of Нь, or the eigenvalues, are ex- 


pressed as Ч 
єһ= Н (п) => с,Х (л). (1.5) 


Then it can easily be proved that the extremum condi- 
tion of Р, Eq. (1.3), is reduced to a set of equations 


oH 
—=C, r=1, 2, 3 
9Х, | 
(1.6) 
2 ҮР 
= r=1, 23 
дс, 


where Я is considered as a function of (X,) in the form 
of Eq. (1.4) and F, is the “trial free energy" of the 
system represented by H,,, that is, 


F,,— kT log У exp(—e,/kT). (1.7) 


The solution of Eq. (1.6) gives the most favorable values 
of the variational parameters and the averages of the 
operators X,’s at the temperature T. Inserting these 
values, the function Н of Eq. (1.4) gives the average of 
the energy, and the equation 


F=F,,—H,,+H (1.8) 


gives the free energy, which is an upper limit of the 
rigorous one. At absolute zero, the equations are 
reduced to 


oH 
ar (resi A › 
ах, 
M (1.9) 
25 ӘН, 
Ar= До, 1, 25 › 
9c. 


where Ё, means the lowest eigenvalue of Нь. Of 
course, Eq. (1.9) is easily proved directly. 

Applied to a many-electron system, Eq. (1.9) is 
nothing but the Hartree-Fock equation, provided that 
the set of our trial Hamiltonians covers the whole set of 
Hamiltonians corresponding to the one-body approxi- 
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mation. Then Eq. (1.6) is the extension of the Hartree- 
Fock equation at finite temperatures. We shall not go 
further in this, but we see that the variational method 
used in the following just corresponds to the Hartree- 
Fock method in the sense that the coupled oscillators 
are represented in a self-consistent manner by a set of 
independent oscillators. 


2. SPIN OPERATORS 


The spin-wave theory is most conveniently formu- 
lated by using the “spin deviation" operators introduced 
by Holstein and Primakoff." The spin deviation is 
defined by 


3 n=S—S,, (2.1) 


S being the magnitude of the spin and 5, its component 
along a given axis of quantization. In terms of the 
annihilation and creation operators a and а*, which will 
be called the spin-deviation operators in the following, 
the other components are written as 


а a*a à 
S2+7S,= esy(1-7) а, А 5 
: а*а\? 
А) , 


where а and a* satisfy the commutation rule 


aa*—a*a=1 (2.3) 
and 


а*а= п. (2.4) 


The merit of this formulation lies primarily in this 
commutation rule, which is much simpler than those 
for the spin operators. The spin-wave method consists, 
essentially, of writing the Hamiltonian in terms of the 
Fourier components of the spin-deviation operators 
defined over the whole crystal, and diagonalizing the 
expression by retaining only quadratic terms in the 
Fourier components. Naturally the equivalent approxi- 
mation is obtained in a semiclassical way,” which has 
been adopted for antiferromagnets by Anderson? But 
we prefer the Holstein-Primakoff expression, since we 
want to give rigorous expressions for the higher terms. 
However, there is an inherent difficulty in this ex- 
pression. Due to the commutation rule of Eq. (2.3), the 
spin-deviation operators have to be matrices of infinite 
dimensions in the representation diagonalizing z, Eq. 
(2.4). By definitions, (2.1) and (2.2), the parts where 
n=2S+1 (or |5,|>5) is separated from the part 
JS2|SS. This separability no longer holds in the spin- 
_ wave formulation, so that the unwanted contributions 


- — will necessarily come in from the part nz:25S-- 1. 


ЛТ. Holstein and Н. Primakoff, Phys. Rev. 58, 1908 (1940). 

. Heller and H. A. Kramers, Proc. Roy. Acad. Sci. Amster- 
37, 378 (1934); L. Hulthén, 5942. 39, 190 (1936); М. J. Klein 
d Е. S. Smith, Phys. Rev. 80, 1111 (1951). 
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Therefore, if we wish to go 
simple spin-wave theory, 
definitions (2.1) and (2.2), which are primarily vali 
for 0:5/:5225, by some definitions for nz 284-1: ч 

Mathematically, the most convenien 
be that which is periodic. Let us introd 
ator [n] refined by 


a step further 


than th 
we have to supplement + e 


t definition will 
чсе à new oper. 


(n En ]| n") пб, for 0:55/:528, 
(w | Es ]] n?) = Ги я, 
if n — n", mod (254- 1). (2.5) 


[1] is commutable with ә, and so is а periodic function 
of 1. With this we define the spin operators by 


S.=S—[n], 


5.+15,= (23)! fa, (2.6) 
S2—15,= (25)la* f, 
where f is a function of n defined by 
KAN 
f= ( do) (С2]+-1) 0+1). (2.7): 


In the representation where all the n’s are diagonal, 
the Hamiltonian of a spin-system will correspond to a 
direct product of matrices, each of which is defined for 
each of the spins and, because of the definition (2.6), 
each composed of an infinite repetition of a (2S 4- 1)-di- 
mensional matrix. This Hamiltonian, which has an 
infinite dimension with respect to the spin-deviations, is 
to be distinguished from the usual Hamiltonian of the 
spin-system with (2S--1)-dimensions for each of the 
spins. Yet the new Hamiltonian has the same spectrum 
of the eigenvalues as the usual one. In particular, the 
upper limit of the lowest eigenvalue is the same for both. 
Thus the new Hamiltonian treated by the variational 
method gives the answer for the spin-system. The 
variational method will also be applied at finite tem- 
peratures using Eq. (2.6), although in this case 1t 15 
less rigorous than at absolute zero because the virtual 
multiplicity introduced by the periodic definition of 
(2.6) might result in some errors. 

An alternative of the definition (2.6) would be to 
introduce projection operators such as 


(en) 1, 0225 
-0, 2S<n’ 


and to multiply the density matrix of the spin-system 
by the product of such operators defined for all the 
spins. But this introduces mathematical difficulties, 
because then one has either to treat the problem ap- 
proximately as for the spherical model of ferromagnets, 
or to abandon the simple commutation rule of Eq. (2.5) 
introducing the operators eae and єа*є instead a g 
and a*. The latter method may be practical only for 
the case of S=4.5 
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For simplicity we assume the На 


ferromagnet to be miltonian of an anti. 
е 


Н.„=Ј У 5,-5, (3.1) 


Gk) 


in the absence of anisotropy and of external fields 
Assuming two opposite directions as the quantization 
axes of the spins on each of the sublattices, into which 
the lattice 15 assumed to be divided in the ordered state 
we introduce the expressions for the spin operators by 


S; S— [n]; 
SjF iS QS)! fja; (3.2) 
Sjz— 25 у= (25) Юу f; 
апа 
Зи --35-4( 1, 
91-56, (25752 fr, (3.3) 


Skz—iSky= (25) +7, 


with [я] and f defined by (2.5) and (2.7). Inserting 
Eqs. (3.2) and (3.3) in (3.1) one obtains 


H,— —ANJsS* 
+27507 Lao» [n])—J 2 214%), 


+75 У {/;}кфка;*/]$^]к} (3.4) 


which is, strictly speaking, different from (3.1) in that 
the dimensions of (3.4) is œv, whereas that of (3.1) is 
(2S4-1)N. 

Now let us introduce the Fourier components of the 
spin-deviation operators 


а= (2/1) да, 

ay*— (2/N) a; (3.5) 
b= (2/N) oe be 

by*= (2/N)» ем. 


Substituting these expressions into Eq. (3.4) we have а 
Very complicated operator, which in itself may be 
beyond mathematical means. But we can give exact 
expressions for its diagonal elements in a certam family 
of representations. 
The spin-wave approximation is obtained from Fa 
(3.4) if we retain there only the quadratic terms © 
Spin-deviation operators. This is given by 


Hapin wave— — 11.7252 


TuS La*ay-btb4-m Gba tb), (3.6) 
à Р 


where J 
n=} ers 
р 


: earest neighbors 
With р denoting the vectors to the n t neigh 
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from a lattice point. The higher order terms of the spin- 
deviation operators omitted in Eq. (3.6) represent the 
Interactions of the spin-wave modes. Now we define 
the trial Hamiltonians of the spin-waves by 


Ho [eof соь" салаа), (3.7) 


which is a generalized form of Eq. (3.6). The operator 
(3.7) can easily be diagonalized to 


Нь= > Сп) (оАо) 
+ (024-5) (00— Аи) (салс) ], (3.8) 


where 
ex = [{3 lentea) — сз? J}, | Aex— X6 — сох). 


The two modes with the same wave number А corre- 
spond to the precessional motions of spins in opposite 
sense. These classical pictures have been discussed by 
Keffer et al. More general forms of the trial Hamil- 
tonian will be any quadratic form of spin-deviation 
operators, but for simplicity we shall not go into such 
generalizations. Equation (3.7) means that we confine 
ourselves to the representations where 


diag a,=diag a4*— diag b,=diag 5,*— 0, 
diag алау = Чар алал, = diag ау*ау/* 
—diag ay = ++: =diag b3*b,,*—0 for АА. (3.9) 


"These conditions allow us to derive exact expressions 
for the diagonal elements of H.z, Eq. (3.4), provided 
that we make an additive condition that 


diag a,*a,=0(1), diag b,*b, =0(1), (3.10 
diag ab, =0(1), diag ay*b)*=0(1). ЯГ ) 
This means that we exclude those states where some 
modes of spin-waves are highly excited. One might 
suppose that such excitation may happen for the 
infinitely long waves, but we have to exclude such 
configurations because they correspond to the rotation 
of all the spins in phase? 
With the above conditions we can show the exact 
expression of the diagonal element of H.z is given by 


diag Hez— H(A, B, C C,*) 


N 1 1 
= 5551 --АС(А)--86(8) 
2 5 5 


1 - 
Ae x Fo,(A, B, С, (255) 


2 р 


1 
шон E F,,(A, B, 62 e^] 
Ze 


ерән. | 


—Á— ——— с 


рур" 
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where 
2 
A — — >) diag ax*a, 
N x 
2 
В=— У) diag by*by, 
NX 
(3.12) 
С,= — Y; e^ diag ayby, 
N x 
2 
C,*=— У) e- diag ay*by*, 
Na 
and 


С(4)-1-(25--1)А24(1--АУЙ Н-А2)-, (3.13) 
© © © 1--т H-n 
ож DD. M X усн» 
1-0 т=0 n=0 1 1 
X(A+4AB—C,C,*)"(B+BA—C,C,*)"(C,C,*)! 
8) CG.) "=", (3.14) 
ю æ w l+m+1\ /l+n+1 
оз 90 7) 
1-0 m=0 n=0 1--1 1+1 
X flm) НЕ») (А-АВ—С,С,*)" 
X(B+AB-—C,C,*)*(C,C,*) 
X[(+4)(1+B)—C,C,*]} 22-7, (3.15) 


(See Appendix.) Since the diagonal elements of H.» are 
expressed by Eq. (3.11) as was assumed in Eq. (1.4), 
we can apply the variational formulas given in Sec. 1. 


4. GROUND LEVELS OF ANTIFERROMAGNETS 


Now we shall go to the discussion of ground levels. 
In the absence of any anisotropy and magnetic field, 
we can assume іп Eq. (3.8) that с1л= сг by symmetry. 
Then we have A=B in Eq. (1.2) and Eqs. (1.9) are 
reduced to 


› 


9Н.. Jô. 
des 2 
oC дА 


1 
Saye Cee, E 
N Xx 


1 
С=С*= ЭГ: У «үх (1— о?уҳ?)-}, 
Nx 


where we assume that C, is independent of p, which 1s 
true for cubic and also tetragonal systems. 4 and C 
are functions of а, which is the only parameter now 
remaining in our variational problem, although we 
started from a general assumption, Eq. (3.8) involving 
(3/2)N parameters. Thus Eq. (4.1) gives the most 
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favorable value of a. The functions A and C can be 
calculated from the expressions? $ 18 


1 
A, (siny) 2—K (siny)— 5, 
т 
1 
С, (siny) = —— sinwD (510), 
т 


2 y 
A» (siny)= (за) —#, 
п? 2 


C» (siny) = — cosecy A» (siny) ‹ (4.2) 


(2 
=] А» (sin0) secé со ав, 
0 


2 я/2 
Аз (ту) == f A» (siny 8ш0)00, 
T Yo 


Сз (зїп) = —cosecwA з (siny) 


2 ЫЙ 

-- | Аз (siny sin6) cot?*6d6, 

T чо 

where K and D are the complete elliptic integrals, or 
from the power series like 


© 2n 4 
Ag ERES | ч )| sin’, 
7L 


n=1 


со 2 4 
Сз (siny)=—4 У (2n— oele JI sin?ny. 
2 


n=l 


In these equations the suffices refer to the dimension- 
ality of the lattice and the three-dimensional lattice is 
assumed here to be the body-centered type (CsCl type 
arrangement). Some examples of the numerical values 
of A and C are given in Table I. 

If A and C are small enough, an approximate solu- 
tion of Eq. (4.1) is given by 


o~1+[S4+44(1—1/2S)}—4](4(1)—C(1)) <1, 


which can be used for three-dimensional cases. For 
example, if S=1, the most favorable value of а is 
around 0.975. In this case, the interaction between the 
spin-waves raises the frequency of long waves to a few 
percent of the frequency of the shortest waves. In 
effect, this is equivalent to a certain anisotropic field, 
which, if-present, helps the ordering and produces a 
finite frequency for long waves. Therefore, if we start 
from the wave functions obtained by our variational 
method, all the divergent difficulties are removed and 
the fluctuations will always be normal. 

Some numerical results of the preliminary calcula- 
tions are shown in Table II. For convenience, we list 


1 С. N. Watson, Quart. J. Math. 9-10, 269 (1938); Quart. J- 
Pure and Appl. Math. 39, 27 (1908). ОБ 
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the values of c defined by the equation 


N 
ктоппд == go Са (4.3) 


Anderson" has proved by a vari 


s : ational argument that 
с lies in the limits М 


0«с« н (4.4) 


Our calculation replaces the lower limits of c in (4.4) 

| by more accurate values. The spin-wave theory;?? 
neglecting the higher terms, gives the approximate 
values of c: 

} 

! 

! 

Ч 

D 


«= — 2[A(1)+C(1)], (4.5) 


which should be the limit of our values for S= о. 

For one-dimensional cases, Eq. (4.5) gives sur- 
prizingly good agreement with the rigorous value 
с= 0.375 calculated for S— 4.15 This agreement is more 
or less accidental, because the complete Hamiltonian 
evaluated by the wave function in the simple spin-wave 
approximation diverges in one dimensions. The most 
favorable values of а are actually smaller than 1. It 
is, however, remarkable that our c’s are rather close to 
Ca for S= l. 

In three dimensions, А and C are small even for а= 1, 
and our results are very close to the spin-wave approxi- 
mation. This is because of a tendency for the higher 
terms to cancel. For example, the third term on the 
right-hand side of Eq. (3.4) contributes to c by 0.011 for 
5-1, but at the same time the higher expansion terms 
in the fourth term nearly compensate this increase. 

One point which seems unfavorable for the variational 
method is that the theory fails to show the ground states 
of one-dimensional chains to be disordered. For ex- 
ample, the minimum of the energy plotted against 
a=siny occurs around V^ 65? for S=1, which gives 
470.23. Thus the ground state of our variational 
method has a finite magnetization of the sublattice, 
which is generally given by the formula 


M —àNgud .S— AG(A)]. 


Most probably the one-dimensional antiferromagnets 
are disordered even at absolute zero.? The off-diagonal 
elements, neglected in the variational method, should 
then be very important in this case. 


TABrE I. The functions А and C. 


ANA (2 Ax(siny) Ci(siny) As(sinp) С (зу) Ax(siny) Сз(ѕіпу) 
ОО — o 0.1966 —0.2756 0.0593 —0.0958 

| 80° 0.5038 —0.6831 01469 -02258 0.0531 ши 

V 70° 02973 —04696 0.1074 —0.1847 0.0433 —0079 
60° 0.1865 —0.3475 0.0759 —0.1499 0.0329 —0. 
50° 0.1161 —0.2618 0.0510 —0.1196 


мр. W. Anderson, Phys. Rev. 83, 1260 (1951). 
“Н. A. Bethe, Z. Physik 71, 205 (1931). 
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TABLE П. Numerical examples of c calculated by 
the variational method. 


5 1/2 1 3/2 2 а 1/2 


Linear chain 0.198 0.323 0.345 0.330 0363 0.5 
Quadraticlayer 0.147 0.197 0.212 0.1580 0.25 
CsCl type 0.069 0.073 0.074 0.073 0.0730 0.125 


5. ANTIFERROMAGNETS IN ANISOTROPIC 
AND EXTERNAL FIELDS 


In the molecular field theory of antiferromagnets, 
which has been adopted by Nagamiya!* and by Keffer 
and Kittel” for the calculation of resonance frequencies, 
each of the resultant moments of the sublattices, is 
pictured precessing in the resultant field due to the 
exchange forces, the anisotropic field, and the external 
field. The counterpart of this picture in the present 
analysis is as follows: 

In Fig. 1, the crystallographic axes are given by 
(Xo, yo, 20). Let us assume the axes of the precessional 
motions of the spins of sublattices to be 2’ and =”, and 
take the bisector of these two axes as the y axis, the 
z axis being chosen orthogonal to y in the plane (7, =”, 
у), and the x axis orthogonal to y and =. Then the com- 
ponents of the spins on one of the sublattices can be 
represented by Eq. (2.6), choosing the axes (x, y, 2) 
where у’ is orthogonal to z' and x. Similarly, the spin- 
components of the other sublattices can be expressed 
with respect to the axes (x, у”, z”). Then the Hamil- 
tonian of the spin-system is a function of the spin- 
deviation operators referred to the prescribed axes of 
precession, of the relative orientation of (x, y, z) with 
respect to the crystallographic axes and the applied 
magnetic field, and of the assumed distortion angle 6, 
the angle between 2 and — z”, which can be assumed to 
be small. In this form, the odd power terms of the spin- 
deviation operators do not vanish, which means that 
torques remain making the precession axes deviate 
from the assumed directions. The variational method 
can be applied here in various ways. For instance, we 
can put 6 equal to zero, and instead assume some finite 
shifts of equilibrium point, say e, for the spin-wave 
oscillator of infinite wavelength, which should be de- 
termined in a variational way (in this case the spin- 
waves of finite wave numbers have the precessional 
axes in z(— z) direction). Or, assuming e to be zero, the 
most favorable value of 6 can be determined. More 
generally we can seek the most favorable values of є 
and 6, which means the spin-waves are precessing 
around z' and z”, except the longest spin-wave which 
has a little different axis of its precession. 

In this way, we can first obtain the free energy of the 
system which depends on the other parameters left, 
that is, the orientation of (x, y, z) axes, the anisotropy 
constants, and the field strength. The most stable state 
of the antiferromagnet is that in which the free energy 


1$ T. Nagamiya, Prog. Theoret. Phys. 6, 342, 350 (1951). 
17 F, Keffer and C. Kittel, Phys. Rev. 85, 329 (1952). 
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Fic. 1. Axes of quantization in anisotropic and external fields. 


(or the energy at 0°К) is minimized with respect to the 
orientation. The calculation will not be carried out here, 
but we can show that the free energy is given in the form 


Е= Е Ев zx (Н.Н, —2хаН2. (5.1) 


Неге F« means the free energy of the system in the 
absence of the anisotropic and the external fields, and 
Fanis is the additional free energy due to the aniso- 
tropic field. The last two terms are the magnetic energy 
due to the external field, and хи and x, are the parallel 
and perpendicular susceptibilities. This expression is 
proved on the assumption that both the anisotropic field 
and the external field are far weaker than the exchange 
force, which allows us to use а perturbation method. 
If, for instance, the anisotropy is strong enough, F 
cannot be separated into such terms as in Eq. (5.1). 

In Eq. (5.1) the first term Fex is isotropic with respect 
to the orientation of the precessional axes, while the 
others are anisotropic. The stable orientation is de- 
pendent on the relative magnitudes of the anisotropic 
field and the applied field, so that the effective sus- 
ceptibility is generally dependent on both the direction 
and the magnitude of the applied field. 

"These are the same conclusions one gets from the 
molecular field theory!*!5 except that the quantities in 
Eq. (5.1) have different functional forms as regards 
tempersture dependence, and that the anisotropic part 
of the free energy is calculated in а dynamical way. 


' Some of such thermodynamic quantities have been 


studied by the author? in the frame of the spin-wave 
theory. The variational method does not change the 
results significantly for three-dimensional lattices, 
where the corrections due to the higher terms are small 
except in the case of fluctuations. For instance, 


Å 


N gu? 
KL 

295 

4 Neu? ( AT ү? 
Хп —— 
“29 BUS NO 


ат. Néel, Ann. phys. 113 Serie 5, 232 (1936). 
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KUBO 
at low temperatures. More detailed discussion is out of 
place here and will be given elsewhere. 


APPENDIX 


Any function of the operator n=a*a can be repre- 
sented by 


1 dx 
f(n)=— $ {@)x—, (A.1) 
2т? at 
with the generating function | defined Бу 
f) X fla). (A.2) 
n=0 
The operator x" is conveniently expanded as 
» (1—1) 
28-03, а*та?, (А.3) 
р р! 


'Thus we have 


У f(n3as (т) dito” 


= Qni) $ $ Беда дума 


(2::1)5:0)-1)5 
p! q! 
XL ara; л в". (АЛ) 
7 


Хо» 


Now we define the notation 
1 * 
diag 2, a;*?a;?+7b „Жар, „түт 
2 


N 
E ИРИ) 9, 4+2), (А.5) 


where “diag” means the diagonal elements of the oper- 
ator in the representations satisfying the conditions 
(3.9) and (3.10). Then we can show that 


(b, p+r, 4, 9+7), = (P 7)! д! 
1 
x (44-С,5С-15(84-С, 8 стае. (А.б) 
TL 


For instance, 


N 
29 $, 9, Dp 


= (2/№) == > z DDD 
2 и У к 
diag ам*. --ахр*аш:- акро - Dra Da ка 
Хехр —/02A—32u—Y2»4- Vv ji к- Le] 
259802) 
— У py! AC, *7-!C,7-t Be-7-t 
2 78 7-4 


N 1 
--945-- 4 (ALC A) (ВС) at, 
2 2x1 
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where the second formula obtained in a combinatory 
way 1S rigorous provided (3.10) holds. The general 
formula (A.6) can be established in like manner. Then 
the diagonal elements of (A.4) are expressed 


diag 25 fi(n3a; fo (п) 


=N Gri f $ fiG)a7 df (уууф (s, у), (АЛ) 


with 


o o (x—1)?(y—1)« 
E ус; с 


(5, Р+7, Ф, 44-7), 


»-04-0 p! q! 
1 (p+r)! 

-- zX (x= 1)>(y—1)¢ 
2т? ра Р! 


X (AFCA) ВС) ар, 
which satisfy the recurrence formula 
09,,/0C,*— (x— 1)(y— 1)9,,, p- (A.8) 
In particular, 
Фо = [(1— (2—1)4) (1— (y—1)) 
— (&—-1)0— 06,6, * T1, 


(A.9) 
Pi, = С Фор". 


The integral on the right-hand side of Eq. (A.7) can be 
carried out if the poles of the generating functions are 
known, or it can be done by expanding Ф,, in x and y 
or (x— 1) and (y— 1). A simple example is 


diag 2: [n]; 
7 
AV и со 
=— — [2 Ja (1— (x— 1)4 ) a dx 
2 2тї n’=0 


N (284-1) 428 N 
l Ї 


—AG(A). 
(1-+ЕА )?5+1— 4288 2 


Equations (3.14) and (3.15) are obtained by the ex- 
pansion 


o wo ® /l+m\ ҮГЕТ ade 
ERECTO) 
xX (A+AB—C,C,*)"(B+AB—C,C,*)” 
x (C,C,*)'E(1H-4)(123-B) - C,C,* p 3-77 
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and the similar expansion of Фу, Another useful ex- 
pansion is 


о © Ø I--m І-т’ 
22350909) 

1=0 m=0 т’ --0 1 L 

Ж (—1)'+”(у—1)!+”'А n Bn'(C,C,*)!. 

which give the formulas 

о n * 1--т 1--пт 
ebb ECT) 

1-40 m=0 т'=0 1 1 


XA'*n[ АН А" В (СС), 


ye (2-8 
14-1 11 


KAM Аба A BMG CE 


POD э (Hii, 


1-4 m=0 m’=0 


where the difference operator A? means the fth differ- 
ence of [n] or f(n) evaluated at л= 0. Thus if the spins 
are of the magnitude 5, Fs, will be 


Fo,— AB-- C,C,*— (2S--1) (A4?8*14- BPS - - -., 
Fo - C[14-2(0—35))— 1) (44-B)4----]. 
The function Fs, can also be given in a closed form 
Fo,= AG(A)BG(B)+C,C,*{1—G(A)—G(B) 
2. 2 ex [(14-A— eA)(14-B— В) 
ад о-у), 


where w and о are the roots of the equations, о2551-1 
and o?5*1— 1. 

Some generalizations of these formulas are also 
possible. In particular, a useful generalization of 
Eq. (A.3) is 


a (att G9 = {1+ ee*(x— 1)4-0(8)) 
X (1+ (x— 1)ea*-4- 3(x— 1)?8a?--O(e)) 
= (x—1)? 


SO 


р-0 


а*ғағ{1--(х— 1)e*a 


+3 (2—1 --0(е)}, 


which is employed for the treatments described in 
Sec. 5. 
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On the Theory of the Ising Model of 
Ferromagnetism* 


GoRDON Е. NEWELL AND ELLIOTT W. MONTROLL 


Institute for Fluid Dynamics and Applied Mathematics, University of Maryland, College Park, M aryland 


1. INTRODUCTION 


N his doctors dissertation of 1925, Ising!f proposed a 
simple model of ferromagnetism which has been the 
subject of considerable investigation during the past 
fifteen years. The model is based upon the view that 
ferromagnetism is caused by an interaction between the 
spins of certain electrons in the atoms making up a 
crystal. 
We must therefore associate with each particle of the 
crystal, a spin coordinate о. We imagine the particles to 


be rigidly fixed in the lattice, either neglecting the vi- : 


brations of the crystal or assuming that they act inde- 
pendently of the spin configuration and can therefore 
be considered separately. Instead of adopting the ac- 
cepted model and considering с as a vector spin, 
we consider с as a scalar quantity which can achieve 
either of two values o= -Е1. The value o= 1 corresponds 
to a spin state with the spin in some preassigned direc- 
tion, and с= — 1 corresponds to a spin in the opposite 
direction. The spin is considered to be either *up or 
down.” 

The interaction energy between two particles located 
at the jth and kth lattice points and having spins о; 
and ох, respectively, is postulated to be 


(1.1) 


' [—Jojo, if j and k are nearest neighbors 
| . 0 otherwise. 


Thus, we postulate that only particles on nearest 
heighbor lattice points interact; that the energy is di 
if the nearest neighbors have the same spin and +J if 
they have unlike spins. The zero of energy has teen 
conveniently chosen as the average of these two. The 
constant J, which appears as a parameter, 15 а measure 
и = > 
*This work was partially supported by the oma SE Naval 
esearch. Part of this paper was presented at the V gi 


Conference on Magnetism, September, 1952. 


T References will be found under Bibliography at end of article. 


of the strength of this coupling and must be determined 
from the physical properties of the system. J will be 
positive for a ferromagnetic system and negative for an 
antiferromagnetic system. 

In addition to this energy, we postulate that the 
particles can interact with an external magnetic field. 
А magnetic moment y is assigned to each lattice point, 
and the energy of interaction of the jth particle with 
the field is chosen to be 


Eg — — ulo;. (1.2) 


The thermodynamic and magnetic properties of a 
crystal which contains N lattice points can be deter- 
mined from the partition function 


N N 
Z= У --- У ехр(2К У ajojort+uD Y, oj), (1.3) 
тү=Е1 on=t1 i,k=1 j=l 


where 


1 if j and Ё are nearest neighbors 


Бай 0 otherwise, 
K=J/kT, ©=Н/ЁТ. (1.5) 
For example, the internal energy per particle is given Бу 
Е= N-&T?0 logZ/o0T (1.6) 
and the magnetization per particle Бу 
M — N30 1062/98. (1.7) 


If the only reason for studying the Ising partition 
function (1.3) is to advance the theory of ferromag- 
netism, then undue attention has been paid to this 
problem considering that the spin interaction used is a 
scalar one and that the lattice distances are fixed and 
do not depend on spin orientation. Actually the wide- 
spread interest in the model is primarily derived from 
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FiG. 1. The exact specific heat curve of the two-dimensional 
Tsing lattice (curve 1) is compared with approximate curves of 
Kramer-Wannier (curve 2), and Bethe (curve 3) (see reference 3). 


the fact that it is one of the simplest examples of a 
system of interacting particles which still has some 
features of physical reality in it. The model forms an 
excellent test case for any new approximate method 
of investigating systems of interacting particles. If a 
proposed method cannot deal with the Ising model, it 
can hardly be expected to be powerful enough to give 
reliable results in more complicated cases. 

Underlying the interest in this problem as a study of 
some physical model, there rests the more fundamental 
question. Does the formalism of statistical mechanics 
predict phase transitions and, if so, how? We can hardly 
give satisfactory answers to these questions without 
examples. Even an artificial example is better than 
none. So far only a few examples have been successfully 
studied. One of these is the famous Einstein-Bose gas 
condensation and another is Onsager's brilliant analysis 
of the two-dimensional Ising model. A third is the 
spherical model of cooperative phenomena. The model 
and not some mathematical approximation is in each 
case the sole cause of the phase transition represented 
mathematically by a singularity in some of the thermo- 
dynamic quantities. 

Even though the Ising model is not considered to be a 
very realistic model of ferromagnetism, it is equivalent 
to а very good model of a binary substitutional alloy and 
an interesting model of a gas or liquid. 

It can easily be shown (see Appendix 1) that the grand 
partition function used to describe the order-disorder 
phenomenon in binary alloys has exactly the same 
mathematical form as that of an Ising ferromagnet in a 
magnetic field. An alloy with equal numbers of two 

atomic species is equivalent to the Ising model in the 
absence of an external field. The coordinate c; no 
longer represents a spin, but rather represents the two 
possible states of the jth lattice point. c;—--1 or —1 
accordingly as the jth point is occupied by an atom of 
type 1 or type 2. 

"The “lattice” model of а gas or liquid is formed Бу 
dividing a given volume into a large number of cells of 
equal size, with each cell being occupied by either one 
or no molecules. An empty cell is represented by «= — 1 


2 
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and а filled one by «—-F1. It is shown in Appendix 1 
that the specific volume of a lattice gas is related to the 
magnetization of the Ising model. 

The Ising model can also be related to a theory of 
adsorption of gases on surfaces. 

This paper is a review of the work done on the Ising 
problem (and its equivalents) since the appearance of 
the comprehensive review of order-disorder phenomenon 
by Nix and Shockley.” Much of the emphasis in this 
period (and hence in this review) has been on the de- 
velopment of exact analytical expressions for thermo- 
dynamic quantities. It has been shown that critical 
phenomenon are not always accurately described by 
approximate theories? For example, the critical tem- 
perature of the two-dimensional Ising problem is in- 
correctly given by approximate theories, as is the na- 
ture of the specific heat singularity. The exact specific 
heat curve derived by Onsager! is compared with the 
corresponding curves of various other theories in Fig. 1. 
It is to be noted that the form of the approximate 
curves at temperatures above the critical temperature 
are especially poor. 

The thermodynamic properties of two-dimensional 
lattices of various sorts (with nearest neighbors inter- 
action only) can now be derived by either of two 
methods. In the first, that used by Onsager, the par- 
tition function is expressed as the largest characteristic 
value of a certain matrix. This characteristic value was 
determined by Onsager using a complicated algebraic 
development. Through the use of spinors and the theory 
of Lie algebras, Kaufman®-* and van der Waerden (in 
an unpublished letter to Onsager, 1946) have simplified 
the Onsager analysis considerably and have given more 
motivation to the individual steps in his work. The 
second method, which has been developed recently by 
Кас and Мага? is based on the van der Waerden? com- 
binational formulation of the partition function. The 
partition function is expressed in terms of the number of 
ways closed graphs with a given number of bonds can be 
constructed on a lattice. Finally a determinant is con- 
structed such that each term in its expansion (by the 
definition of a determinant) corresponds to a closed 
graph. We shall discuss both of these methods in parts 
2 and 4 of this paper. 

То date no one has found exact expressions for (a) 
the partition function of a three-dimensional Ising 
lattice; (b) that of a two-dimensional lattice in a mag- 
netic field; or (c) a two-dimensional lattice with inter- 
actions between next nearest neighbors as well as 
nearest neighbors. The first few terms in high and low 
temperature series for the partition functions of (a) and 
(b) will be reviewed in Sec. 7. 


2. MATHEMATICAL FORMULATION OF PROBLEM 


In this section we express the partition function (1.3) 
in several alternative forms so that we can proceed 
with both the matrix and combinational analysis of the 
two-dimensional lattices. 
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2.1 Matrix Formulation 


Here we relate the partition function of the Ising 
model to the largest characteristic value of a certain 
matrix whose elements are functions of T and the coup- 
ling constants.?-? We first derive the required relations 
for a more general class of system than the Ising model 
and finally specialize to it. 

We consider a lattice consisting of m "layers" of 
particles. We represent the possible states of the jth 
layer by и;. For a one-dimensional nearest neighbor 
system such as the Ising problem, the “layers” will be 
individual particles and и; will be described by the 
internal coordinates c; of these particles. For a two- 
dimensional lattice the “layers” will be rows of particle 
and v; will be given by the set of internal coordinates 
с, of all lattice points in the jth row. For a three- 
dimensional lattice, the “layer” will be a layer in the 
usual sense and v; will be given by the set of all internal 
coordinates of that layer. 

In general the word “layer” will be used to describe 
any subdivision of the lattice into small (usually iden- 
tical) parts but in such a way that the jth layer inter- 
acts only with the j— 1th and j+ 1th layers. If there are 
interactions between nearest and next nearest lattice 
points, we choose a layer, in the one-dimensional case 
for example, to be a pair of particles which interacts only 
with a neighboring pair of particles. If the lattice has 
forces of finite range, we can still consider it a type of 
nearest neighbor system but with interacting units 
containing more than one lattice points. 

The energy of such a system we assume to be of the 
form 


т—1 m` 
V= Dd VG vi) 22 VO), (2.1) 
Si = 


where V (vj, >а) is the interaction energy between the 
jth and j4-1th layers, and V(v;) is the internal energy, 
of the jth layer. й 

It is mathematically convenient to assign periodic 
boundary conditions by inserting an additional inter- 
action V(vm, vi) between the mth and first layers. 
Physically this is equivalent to bending the lattice into 
a ring, but, as one takes a larger and larger system, such 
surface effects become negligible. 

The partition function of a system in which the mth 
layer is connected to the first is 


Z=: Pes эзы), (2.2) 
where 
P(v;, vj) =exp{—LV Oz ина) + 2V (>) 
+4V (рзы) ЕТ). (2.2а) 


Notice that Р is a function of a two-parameter set 
of numbers и; and узн, which we shall assume to be 
discrete. We may consider P as a matrix with matrix 
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elements P(v;, изз) between the states и; and уда. 
Because of the particular choice of P with ZV (v;) and 
1V(vj.1), P is a symmetric matrix. It is sometimes con- 
venient but not necessary to make P symmetric. We 
could have defined a matrix 


P'(vj, vj) = ехр{ — LV (vi иза) V(vj) RT} (2.25) 


which would substitute for P in (2.2). 

One recognizes that the sum over и; in (2.2) yields 
simply the conventional matrix product. Indeed con- 
sidering P as a matrix 


Z=trace (P™)=DL srs”, 


(2.3) 


where (Aj) is the set of characteristic values of the 
matrix P. 

We are not usually interested in knowing Z exactly 
for arbitrary m but only 


lim zz logZ = logAmax 


mn 


-+ Jim m~! log 14-7 У (Ху) Жи)" ]- 


mh 722 


Here we have factored out the largest eigenvalue Anax 
and numbered the №; so that Лшах із Xi. И Nmax is non- 
degenerate then j/Amax<1 and (Aj/Amax)”—0. Thus, 
the second term above does not contribute. Even if 
Атах is degenerate or asymptotically degenerate as 
тэ, the second term will not contribute unless the 
number of degenerate states or asymptotically de- 
generate states increase exponentially with m. To our 
knowledge such a situation has, however, not arisen in 
any applications; thus 


lim m~ logZ = logAmax- (2.4) 


т—5 


Let us now find explicitly the matrix P for the one- 
and two-dimensional Ising lattice (without a magnetic 
field). 

In the one-dimensional case и; is simply с; and 


V(s, с") = —Jac', У(в)=0. 
Hence (since о?= 1), 


P(e, o’)=exp(Koo’)= (1+ ugg’) coshK, 


u=tanhK, 
so that 
ES Мех 
[P= ( ) =eX[+e*C, (2.5) 
ЕК ек 
where I is the identity matrix and 
0 1 
cz ( 1 C-IL 
1 0 
Another form for P is 
P= (2 sinh2K)! ехр(К*©), (2.6a) 
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where К* is defined by 


tanhK*=e"*, sinh2K*sinh2K=1. (2.6b) 


. Since the characteristic vectors of C are 


ueri) and w-z( Ji 
1 —1 


and every vector is а characteristic vector of the iden- 
tity matrix 
№=2 со58К, As—2sinhK, 
: | (2.7) 


Z= (2 coshK)™-+ (2 sinhK)"~ (2 coshK)". 


'The thermodynamic and magnetic properties of a 
one-dimensional Ising lattice are discussed in Ap- 
pendix 2. 

The matrix associated with the two-dimensional 
Ising lattice is much more complex. In the absence of a 
magnetic feld, the potential energy V (v) is the potential 
energy of interaction between neighboring particles in 
the same row. If » is the number of particles per row, 


(2) = —/' 22 OjO 1. 


jl 


This includes an interaction 40544. For the purposes 
of obtaining greater symmetry, we impose periodic 
boundary conditions also in the rows by defining 
On41=01. Physically this means that the lattice is 
wrapped on a torus; it is periodic along both the rows 
and columns. We again anticipate that this device 
should have a negligible effect upon the physical 
properties of the system. 

"The potential energy between two neighboring rows is 


V(v, vy) 2 —J У оюу. 


1-1 


We have introduced here two different coupling 
constants J and J'. We thus consider the possibility 
that the lattice will have stronger couplings in one 
direction than the other. Wherever no additional com- 
plications arise from such a generalization we shall 
continue to consider JJ’ even though this generaliza- 
tion leads to no very interesting physical effects that 
J=J’ does not show. 

Using (2.2b), we obtain 


P'(v, v) c exp(K X ejos -K' У озу); (2.8) 
j=l j 


7-1 


Р” is a matrix of dimension 27. A state и is described by 
the values of от, 0о, ---, €n with с;= 4-1. 
. P" can be put into a more convenient form by fac- 


toring it into the product of simpler matrices. We first 


make use of the following simple fact. If (V2),, is a 


ў diagonal matrix with diagonal elements (Из), 


(Из), == (У:),6,,» 
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and (У), any arbitrary matrix, then 


(УИ) =? (V2) 0b (Vi) ии = (V2) (И т) e. 


Notice that P" is of this form if we write 


Р’=У.Уг, 


(072 = ĝojo бов» * * “болон ехр(К” У Tjo j41); (2.9) 
7-1 


(Vi), =exp(K D» и) Ш ехр(Комюу). 
1-1 a 
Each of these two matrices can also be simplified. 
We notice that V, is simply the nth direct product of 
the 2X2 matrices for the one-dimensional problem 
[ Eq. (2.5) ]. For some remarks about direct products see 
Appendix 3. 


У, = (eXI-+e-*C) X (её51--с-50)х---х(е“1--с-50) 
= (2 sinh2K)"? exp(K*C) x exp(K*C) 
X-+-Xexp(K*C). 
If we define 


CjIXIx--XIXCXIx---X1 (2.10) 
with C in the jth factor, then 
V= (2 sinh2K)"? TIT exp(K*Cj). 
7-1 
To simplify V2 we define a matrix 

1 0 
з= ( ) (2.11) 

о 


апа 
S;z IXIX---XIxsxIx---. 


s; is also a diagonal matrix with diagonal elements +1 
if the state y has c;—--1 and —1 if c;— —1. In terms 
of these matrices s;, we may write 


У,=ехр(К" 2 Эсгий (2.12) 
If we define 
Vi=exp(K* У C), (2.13) 
then E 


Р’ (2 sinh2K)"^V;V;. 


The symmetric matrix P of (2.22) can be deduced in 
the same manner to be 


P= (2 sinh2K)?PV;iV;V,f. 


This differs from Р” only by a similarity transforma- 
tion by V5. Since neither the eigenvalues nor Z= trace 


P^ are altered Бу а similarity transformation to Р, we 


again confirm that we can use either Р or P". 
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It is easy to generalize the form of Р” to include ап 
interaction with a magnetic field. In this case 


На = (2 sinh2K) "ү.ү,ү,, 
(2.14) 


У:=ехр(и® У sj). 
7-1 


We shall return to this matrix method again in Secs. 
3.2 and 4. 

By imposing slightly different boundary conditions, 
Kramers and Wannier? showed that one could also 
formulate this problem with a different matrix. Whereas 
the matrix P represents the contribution to Z of an 
entire row of the lattice, we can define a matrix M 
which represents the contribution of only a single 
particle. 

То do this we must choose “screw” boundary condi- 
tions. Instead of imposing an interaction between the 
nth and first particles of the same row (periodic bound- 
ary conditions), we let the th particle of one row inter- 
act with the first particle of the next row. Thus the 
rows are connected to each other as on a screw. To 
eliminate any loose ends on the lattice, we connect the 
nth particle of the last (mth) row to the first particle 
of the first row. The rows of the lattice thus have the 
geometry of a helix with its ends connected to form a 
torus. 

With this geometry, it is natural to number the par- 
ticles consecutively from 1 to nXm. The interaction 
between particles in the same column appears then as 


—J 38 jin 
and that in the rows as 
— J' ojoj- 


The partition function for this system is 


уу л» ехр|К” У оўо; К У оюя»] 
сү=:1 спт=+1 j=l 0-1 
(2.15) 


with 
Onm+j 0 j- 


We wish to represent this as a matrix product in 
such a way that the jth factor contributes the terms 
depending upon c;. Since the contribution of c; de- 
pends upon the state of the j—nth particle, it is still 
necessary to have a matrix of dimension 27. The physical 
significance of this matrix will be more apparent after 
the discussions of Sec. 3.2. 

The appropriate matrix is defined by 


n—l 


=exp(K’on'on) ехр(Ке 01) П êle — oj). (2.16) 
ja 


The matrix connects the state от, ---, с» to the state 
сл, ->:, с. Most of the matrix elements, however, 


are zero. They are nonzero only if о = 0, 07703, 
+++, 85-4 7 05. сл! is the only “free” index and may be 
interpreted to be сла. The matrix thus may be con- 
sidered to connect the states от, ::-, an to the state 
т», +++, сп and to produce a factor appropriate to 
describe the energy of interaction between баа and 
Сү, 77, т. Since the indices are dummy indices, we 
can also interpret it as connecting the state оз, 777, 
б уул to the states суо, °°", буулаа» 

Regardless of how one interprets the matrix M one 
observes from (2.15) and (2.16) that 


Z=traceM"™= Y, у”. (247) 


1-1 


Опе сап also express the matrix M in terms of simpler 
matrices. In addition to the matrices already defined by 
Eqs. (2.5), (2.10), and (2.11), we define a matrix 


Rey 054 OC) од б(в1”- тә)б(тз — сз) zu 


XK 6(on-1'— on) 5(on' — 91). (2.18) 


This matrix merely cyclically permutes the и particles 
of one row. Thus, В"= I. One easily deduces that’? 


M= (2 sinh2K)! exp(K’s,.S2—1) exp(K*C,)R. (2.19) 


Loosely speaking one can say that the operator R turns 
the lattice from one point to the next, and the other 
factors introduce the appropriate Boltzmann factor 
for the new point. 

Following the procedure above, one can also easily 
construct matrices appropriate for the three-dimen- 
sional lattice. One can in fact do this in at least three 
ways. By appropriate choice of boundary conditions, 
one can form matrices which represent the contribution 
to Z of an entire layer, a single row or a single particle 
in a manner analogous to that used in deducing P and M 
for the two-dimensional lattice. The matrices will in 
each case be of dimension 2/7 if the layers are / par- 
ticles wide and m particles deep. 

The reader may wish to try this as an exercise. Since 
there has been little progress toward solution of these 
matrices, we shall not discuss them in any detail. 


2.2 Combinational Formulation 


At high temperatures and zero magnetic field, an 
expansion of the partition function in powers of tanh?K 
can be constructed by counting the number of ways of 
forming closed paths of given length along the bonds of 
the lattice. This formulation of the problem was sug- 
gested by van der Waerden.* (Kirkwood^ gave the 
first systematic approach to the order-disorder problem.) 

We modify (1.3) slightly to read 


Z= У [I ехр(Кеуоь). 


gy-xl on=il1 n.n. 


The product over “п.м.” denotes the product over 
values of j and k corresponding to nearest neighbor 
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Fic. 2. Ап example of a graph connecting points of the 
lattice with no bond repeated. 


points of the lattice. We next write 


ехрА oo, = еы сов К (2.20) 
u= tanhK 


to give 


Z=(coshA)/? У... У [I (14-c5o3), 


а1=-Е1 oN=+1 п.л. 


where c is the number of nearest neighbors of а given 
particle and №с/2 is the total number of interactions. 
For the square lattice с=4. The formalism to this point, 
however, is also applicable to other lattices. For three- 
dimensional simple cubic lattices c— 6. 

We next expand the product 


Z= (coshK) S У... У (+u У vic; 


srl on=+1 п.п. 


Ни? У (0:03) У (ox01)+---}. 


п.п. n.n. 


(2.21) 


The coefficient of u’ is the sum of products of 2/ c's. 
The a’s occur in pairs corresponding to nearest neigh- 
bors, and no such pair is to occur twice in the same 
product (by the simple rules of the expansion). 

To obtain a convenient geometrical picture, we can 
associate with a pair озо, a bond connecting the neigh- 
bors 7 and 7, and with the pair ске; another bond con- 
necting k and /, etc. With each product of 21 e's, we 
associate a “graph” or set of l bonds. Since pairs occur 
at most once in a given product, no bond is to appear 
more than once in the same graph. In Fig. 2 we have 
drawn the graph associated with the term : 


(a102) (озса) (со) (2206) (озот) (свв) (010711) 


Ѕіпсе 


Da т=% D =й, 


8-1 0-1 


(2.22) 


the only terms of (2.21) which contribute to Z are those 
in which each c; occurs to an even power. Since a bond 
can appear only once in a term, о; can occur at most c 
times or 4 times for the square lattice. This also means 


в. WLOIN TRIO Е 

that the only graphs of interest are those in which each 
lattice point is connected by an even number of bonds 
(0, 2, or 4 for the square net). We conclude from this 
that all contributing graphs must be the superposition 
of simple closed polygons (polygons with no loops) 
having no common sides. Also the converse is true; 
there is a nonzero term in Z for each such superposition 
of simple closed polygons. (Such polygons may have 
common points however.) For simplicity we shall call 
such graphs, “closed graphs” (Tig. 3). 


Fic. 3. An example of a closed graph in which each point 
is connected by 0, 2, or 4 bonds. 


Each closed graph of m bonds contributes to Z a 
term 2u” after summing over о! to ох. Hence, the 
partition can be written as 


Z=2% (coshK) «У. ,n(r) tanh’, (2.23) 


where я(х) is the number of closed graphs of r bonds 
which can be constructed on the lattice. и(0)-1 and 
in a square or cubic lattice (7-0 unless 7 is even. 
Equation (2.23) can be generalized to include more 
complex interactions. If, for example, K represents the 
interaction between lattice points of a square lattice 
which lie in the same row and K’ that between pairs 
in the same column, then 
Z= (coshK coshK^)N2* Y^ n(r, s) tanh’K tanh*K", (2.24) 


r,s 


where (7, s) is the number of closed graphs with 7-5 
bonds, 7 in the horizontal and 51 the vertical direction. 

Equation (2.24) is the starting point of the combina- 
tional derivation of the two-dimensional Onsager 
formulas Бу Кас and Ward.’ 

It is also possible to obtain a low temperature expan- 
sion of Z which involves a somewhat different combina- 
tional problem (except in the two-dimensional square 
lattice in which, as we shall see in the next section, both 
high and low temperature counting procedures are 
equivalent). 

For any given state of the system, let 


N,=number of o’s that are +1, 
N2=number of unlike pairs of nearest neighbors. 
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Since № с/2 is the total number of nearest neighbor 


pairs (as before, c 15 the number of nearest neighbors for 
one lattice point), | 


У; вау = (Nc/2— N y) C-1)9- Nu ( — 1) = Nc/2—2N 5 


N 
È вг-Х(--1)-(Х-Х4(-1)-Х-2Х- 
i=] 


If gu, №, №2) is the number of ways a given №, 
and Nj» can be chosen on a lattice of № points, then 
й=ехр(М№ р) ехр(МсК/2) > g(N,Ni, Nio) 

Ni Nı2 


Xexp(—2KNı2— 26N). (2.25) 
In the absence of a magnetic field 


707 Цоож 

| Z= NKD (уе Е", (2.26) 
where m(r) is the number of ways r pairs of unlike 
neighbors can be arranged on a lattice. 


Fic. 4. A square lattice (above) hexagonal lattice (below) are 
illustrated by solid lines along the bonds joining nearest neighbors. 
The dual lattice, formed by bisecting the bonds of the original 
lattice, is similarly illustrated by the broken lines. 


High and low temperature expansions based upon 


(2.24) and (2.25) will be discussed further in Sec. 7. 


3. PHASE TRANSITIONS 
3.1 Duality Theorems 


Through certain symmetries in the matrix approach 
to the Ising problem, Kramers and Wannier? derived 
an interesting relation between the high and low tem- 
perature expansions for the partition function of a 
square lattice. Although this relation was not powerful 


enough to yield an analytic expression for the partition 
function, it was sufficient to locate the Curie point if 
we assume one existed. Onsager (see Wannier?) gen- 
eralized this relation by a topological argument to a 
wider class of two-dimensional lattices. 

Onsager constructed a “dual lattice” to a given lat- 
tice by drawing a bond through each bond of the original 
lattice and connecting these new bonds at points in the 
center of each unit cell of the original lattice. In Fig. + 
is shown the square lattice (solid line) and its dual 
(dotted lines) also a hexagonal lattice and its dual 
which is a triangular lattice. Since the dual of the square 
is also a square lattice, we describe it as self-dual. 

To derive Wannier’s duality theorem between the 
high and low temperature behavior by geometrical 
arguments, we consider the square lattice of Fig. 5. 


We represent lattice points with с=--1 by dots and 
those with о= —1 by X. Each bond joining unlike spins 


is bisected by a bond of the dual lattice. It is clear that 
(except perhaps for points near the boundary oí the 
lattice) this set of bonds on the dual lattice forms a 
closed graph of the type described in the preceeding 
section and that the number of bonds of the dual lattice 
is exactly the number of unlike pairs of the original 
lattice. Indeed there is a one-to-one correspondence 
between arrangements of bonds connecting unlike c's 
on the original lattice and closed graphs of the same 
number of bonds on the dual lattice. 
By comparing the definitions of n(r) (2.23) and m(r) 
(2.26), we notice that 
m(r)=np(r), G4 
mp(r)- n(r), ш) 
where the subscript D refers to functions on the dual 
lattice. These relations hold for other two-dimensional 
lattices as well as the square lattice used in the 
illustration. In the case of the square lattice, we can 
discard the subscript D because the dual lattice is the 
same as the original lattice. 


Fic. 5. An example to show that each configuration ої “up 
spins” denoted by dots and “down spins" denoted by x can be 
described by a closed graph on the dual lattice. The bonds of the 
closed graph bisect bonds oí the original lattice joining unlike 
pairs of spins. 
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Using the definition of K* given in (2.65) and the 
relations (3.1), we see that the expressions (2.26) and 
(2.23) for Z are related as follows: 


Z(R yg еу mr)?" 
=) mnp(r) tanh'K* | 
=Zp(K*)[2%? (coshK*)Npeb л, 


Since there is a bond of the dual lattice to each bond 
of the original lattice, N p^p/2-— №с/2. The above can 
be simplified somewhat to read 


Z(K)=Zp(K*)2-?(2 sinh2K)"*^, (3.2) 


А large value of K* is associated with a small value 
of K by (2.6b). Hence the partition function of one 
lattice at a high temperature is related to the partition 
function of its dual at a low temperature and vice versa. 

In a self-dual lattice such as the square lattice, (3.2) 
implies that if а singularity exists at a temperature 
T=J/kK, then another singularity exists at a tempera- 
ture T*— Л/ЕК*(К). If, however, as is intuitively ex- 
pected, only one singularity exists, it must occur at 
T=T*. From (2.6b) we see that this critical point is 
given by 

|sinh2K.|=1, К.==0.4407 


(К. will be positive if J is positive, negative if J is 
negative). Substituting T— Т, into (3.2), we see that 
(3.2) is identically satished so that we know the singu- 
larity is not a discontinuity of Z. 

The above arguments cannot be directly applied to 
either the triangular or hexagonal lattices since these 
lattices are not self-dual. It is possible, however, to locate 
the Curie point. Onsager (see Wannier?) found another 
quite different relation between the triangular and hex- 
agonal lattices, the so-called star-triangle transforma- 
tion derived in Appendix 4. This relates the low tempera- 
ture behavior of the triangular lattice to the low tem- 
perature behavior of the hexagonal lattice. Using both 
the star triangle and the dual transformations, one ob- 
tains а relation between the low and high temperature 
behaviors of the triangular lattice (also the hexagonal 
lattice). Thus, we can use the same arguments as above 


25 exp( —LV (v2, №) (>з) ИТ} bu(v1) 


bio) Гу EVD RT AD 


121121 


AND 
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to deduce the Curie points of each of these lattices, 
assuming that one such exists. 


3.2 Long-Range Order 


'The Ising lattice has many very interesting proper- 
ties that would not generally be classified as thermo- 
dynamics. If, in the lattice, we should fix the spin con- 
figuration of part of the system, we might ask what 
effect this has upon the system as a whole. If when we 
fix the spin of one particle, particles far away from the 
fixed spin show a preference for some definite spin 
direction, we say that the system has a long-range 
order. We describe а system as ordered if the spins 
show a strong tendency toward some organized pattern. 
In a ferromagnet, for example, the spins of an ordered 
state are predominantly in the same direction. 

Ashkin and Lamb!* showed that long-range order in 
a nearest neighbor system is associated with a degen- 
eracy or asymptotic degeneracy of the largest eigen- 
value of the matrix P defined in Sec. 2.1. 

Imagine that we build a large crystal by starting with 
a single layer and add new layers one at a time to the 
existing configuration. Suppose we should fix the state 
vo of the original layer or, to be more general, suppose 
we assign a probability distribution po(vo) to the 
states vo. 

We next add to the zero layer, the first layer of par- 
ticles. Let p:(v1) be the probability that the first layer 
is in the state v; if the zero layer is distributed according 
to po(vo). We see that the equilibrium distribution is 
given by 


25 ехр{ — [V (vi, vo) + V (3) / RT po(vo) 


pia) = = (В: 
У exp( — [И (и, м) VG) ]/ЁТ} po(vo) 


70,71 


За) 


The denominator is a normalization factor chosen so 
that 5^5n$1(v1) 2 1. The numerator is the sum over all 
уо of the Boltzmann factor of the state v; if the neigh- 
boring state is vo times o(vo). In a similar manner, we 
see that since #2(v2) depends only upon the state vı, 


> exp(—[V(vs, и) V (vi, vo) + V (v3) - V (v1) /&T ) po(vo) 


71,70 


72,71,70 


In general, we find. 


= . (3.4а) 
У exp{—[V (v, м) +V (rs, vo) +V (v3) + V (1) ]/kT} po(vo) 
2 295% ехр(-3: LV(v3)d- VG, изл) VET) fo(vo) 
З Е (3.5a) 


Ут 


E E ep(-X V0) V(s VAT) Polo) 
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This procedure of adding one layer of particles at a 
time describes a Markov process, T he probability dis- 
tribution of the mth layer depends only upon the state 
of the &—1th layer. The usual theory of Markov 
processes is ideally suited to the analysis of this type of 
system. 

We can simplify considerably the notation of Eqs. 
(3.3a) to (3.5a) by considering p; to be a vector with 
components ;(v;), I а vector with unit component for 
each state v, and Р” the matrix defined in Eq. (2.2b). 
The above equations can then be written in the usual 
matrix notation 


P’- py 

D pe (3.3b) 
Р”-р, (P’)?- p, 1 

P ЖОЕ Па (3.4b) 
P’-pn-1 (Р)"-р, 

Pr = (3.55) 


= І. Р”. 10:22 m І. (Pr. n 


The matrix Р” is similar to the symmetric matrix Р 
and thus has a set of eigenvalues A; and complete set of 
eigenfunctions 4, We can expand ро in a series of 
these Wy, 


po— Di ел. (3.6) 
By definition of the А; and v; 
Р”фус- jt. 
"Therefore, (3.55) becomes 
рл [Оле (4) ]. (3.7) 


We again order the eigenvalues so that А>» 
2: 77, so that if c10, 


Wit 2, (АА) "с/с 


jz2 


ао 


722 


(3.8) 


If X is neither degenerate nor asymptotically de- 
generate as т>, (Х,/А4)7-90 and 


po—uwu/(I:3: as moo. 


This means that the distribution of layers far from the 
original layer are independent of the coefficients 6j 
which describe the distribution of the zero layer. р» is 
independent of ро. If there is no degeneracy, there is 
no long-range order. . 

If, on the other hand, the largest eigenvalue were 
degenerate, for example if 4;— A27 Аз- - -, then 


Pr Ler сИГ T- 43) H- es (T 45). 


The distribution of a layer arbitrarily far from the 
original layer still depends upon сг and ¢ which in turn 
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depend upon ро. А degeneracy of the largest eigenvalue 
therefore implies the existance of long-range order. 

The question of what matrices have degenerate 
largest eigenvalues becomes a significant one. There is 
in some cases а definite answer to this question. Fro- 
benius proved that if all the matrix elements of a finite 
matrix are positive and nonzero, then the largest eigen- 
value is nondegenerate. 

The matrix elements of Р” are indeed positive and 
nonzero. It follows then that if we are to have long- 
range order, it is necessary that the number of states v 
be infinite or become infinite as m—>~. In a two-di- 
mensional lattice such as the Ising lattice, we are 
interested in the properties of lattices in which the num- 
ber of particles per row is of the same order of mag- 
nitude as the number of rows. If we let т 0, we must 
also let the number of particles per row n= ‚апа the 
Ху will depend upon m in the sense that as we add new 
layers (rows) we also wish to add new particles to the 
layers. As m—~, the number of states per row also 
becomes infinite. Frobenius’ theorem thus does not 
apply to a lattice infinite in two or more directions but 
it does forbid long-range order in most (if not all) 
systems of interest which are infinite in only one di- 
rection.! 17 

Just as the matrix P describes a Markov process that 
gives the distribution of the mth layer in terms of the 
distribution of the m—ith layer, the matrix M dis- 
cussed near the end of Sec. 2.1 described a Markov 
process giving the distribution of the particles 7-1 
to j+n in terms of the distribution of the particles 7 to 
j+n— 1. Notice that the “screw” boundary conditions 
make it possible to generate a lattice Бу iterating the 
procedure of adding a single particle at a time. This is 
not true of the periodic boundary conditions because 
one must change this procedure of adding single par- 
ticles when one has filled a row and starts a new row. 
One can also build а three-dimensional lattice by an 
iterative procedure of adding single particles. 

Frobenius’ theorem does not directly apply to the 
matrix M because not all matrix elements of M are 
nonzero. There are equivalent theorems which do 
apply, however. 


4. THE TWO-DIMENSIONAL SQUARE LATTICE 


The solution of the two-dimensional square Ising 
lattice in zero magnetic field has been obtained in 
several ways. No one has found a short cut to success. 
All these methods are quite lengthy and very tricky. 
It would hardly be appropriate to describe in detail 
here all the various procedures. We shall discuss only 
one combinational method and one algebraic method. 

Although the original solution by Onsager* could be 
easily followed from step to step, the motivations 
and over-all plan were obscure. In Sec. 4.2, we shall 
attempt to give some of the key steps in this original 
formulation and to describe, as we see it, the motiva- 
tions that lead from one step to the next. We have 
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2. Fic. 6. Polygons contain- 
ing the above type of con- 
necting bonds are not to 

4 3 be counted. 


chosen to discuss this method as the one example of an 
algebraic procedure not because we consider it the best, 
but because it affords an opportunity to present some 
ideas about it that have circulated privately but have 
never been published. 

Interest in this problem reached a climax several 
years after Onsager’s publication when Kaufman? de- 
scribed a simplified procedure based upon the theory of 
spinor representations of the rotation group. Her 
analysis was not only elegant but very clearly presented 
even to those not disciplined in the mathematical tech- 
niques employed. We shall have little to say about this 
procedure here for we see no way to add to or improve 
upon her analysis of the problem. For the details of this 
method, which in many ways still seems the most 
elegant despite more recent developments, we refer the 
reader to her original presentation. 

Nambu!? also independently discovered a method 
which was in principle very similar to Kaufman's. 

Following these papers came a rapid sequence of 
minor refinements and applications. The method was 
also applied? to the matrix M discussed in Sec. 2 in- 
stead of the matrix P originally considered by Kaufman. 
It was also applied to other lattice types than the square 
lattice. Some of these supplementary calculations are 
discussed in Secs. 5 and 6. 

In Sec. 4.1 we discuss one of the most recent tech- 
niques based upon the combinational procedure de- 
scribed in Sec. 2.2. This technique was discovered by 
Кас and Ward.’ Domb has also solved the problem Бу 
obtaining recursion formulas for the n(r) of Eq. (2.23). 
The method has not been published but has been de- 
scribed as being very lengthy. 

The thermodynamic properties of the square lattice, 
based upon the results of Secs. 4.1 and 4.2, are sum- 
marized in Sec. 4.3. 


4.1 Combinatorial Method 


In this section we shall obtain an expression for the 
partition function of a two-dimensional square lattice 
by employing a combinatorial method, recently de- 
veloped by Кас and Ward. This method is “elementary” 
in the sense that no spinors, Lie algebras, or other 
specialized algebraic techniques of the type used in the 
matrix method solufion are required; however, it in- 
troduces some problems in topology that have not been 
rigorously solved. The starting point is the formula (2.24) 


Zn m= (2 coshK coshK")"^ » n(r, s) tanh’K tanh*K" 


г,8 


(4.1) 


AND 
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for the partition function of a square lattice of nm 
lattice points. Here z(r,s) is the number of closed 
graphs with r+-s bonds, r in the horizontal and s in the 
vertical directions, which can be constructed on the 
lattice. The aim is to construct a matrix А whose de- 
terminant generates terms which are in a one-to-one 
correspondence with closed graphs on the lattice. We 
зееК an А such that 


Zn,m= (2 coshK coshK")"" detA. (4.2) 


'To see that there is a relation between determinants 
and closed graphs formed by connecting points on a 
lattice, let us examine the defining equation of the de- 
terminant of an Nth order matrix whose elements 
are Aij 

detA= УА 2k2* * Амим. (4.3) 
The set of indices Ёл, Ёс, ---, ky is some permutation of 
the indices 1, 2, ---, V: the sum extends over all permu- 
tations, and the sign is + or — accordingly as the per- 
mutation is odd or even (it is even if an even number of 
interchanges of the indices kı, Ёс, - - -, ky are required to 
put them in the order 1, 2, ---, №). 

It is well known in the theory of permutations that a 
given permutation can be expressed as a product of 
cyclic (see Carmichael, Theory of Finile Groups, Ginn 
and Company, 1937, p. 6) permutations, no two of 
which have a letter in common. Hence, the product of 
the A;,’s in any term of (4.3) can be rearranged in the 
form у 


== (A tA iiz Aisma) (A sited 1437 А Aic : 

XxX (А 154 l2l3* * -A (ри). (4.4) 
The permutation 1, 2, 3- --N—kı, ke, ---, Ry is thus 
described as a cyclic permutation of 74, 72, 43, ++ +, tsa) 


times a cyclic permutation of 71, 72, Js, ---, jaa, etc. The 
sign is + or — accordingly as the second indices 


= n —4 п 


ат 
св i 


(à) 


(b) 


Fic. 7. Diagram (a) illustrates a closed graph on ап »X2m 
lattice, whereas (b) illustrates the corresponding oriented closed 
graph on an nXm lattice as described in the text. 


== 


| p^ 


» — 


=». 


IR 
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їз, day *** bay 115 for fu, fi; e 
or odd permutation of the first. indi 
Л, 2... The number of interchanges necessary to 
bring 12, îs, - * -, 7a), 4; into the order й), i», iz, --- 1: 
5 А 4 , " 
is 5(1)—1 as опе can easily see Бу interchanging suc- 
cessively the last and next to last numbers, the next to 
last and second from the last, etc. Thus, the sign is 


(— 1) 0ж-4(- 1) (e 1):8)-1. z -(— 1)г09-1, (4.5) 


We now ask in what way are the terms (4.4) similar 
to terms of the expansion of Z? First, we note that the 
cycles of (4.4) can be pictured as simple closed polygons. 
If the indices 11, 12, ** - represent points of a lattice and 
the matrix element Ai, represents a connection (bond) 
joining i, and i», then (4.4) is associated with the 
superposition of r simple closed polygons, one connect- 
ing the points й, 1, -+-, Ба) another connecting 
Л, j2, yw ҮС? etc. 

This association is not quite what is required, for 
these polygons are somewhat different from the closed 
graphs of Z. The polygon ij, 1», ---, is has no point 
in common with fı, -+ +, 7,0): they are disj-int polygons. 
As we saw in Sec. 2.2, the closed graphs of Z were not 
restricted to be the superposition of disjoint simple 
closed polygons but rather the superposition of simple 
closed polygons with no common sides. 

This restriction on the polygons which generate Z 
suggests that perhaps we can establish a correspondence 
between the sides of these polygons and the indices of 
(4.4). Indeed, we can in this way come one step closer to 
success because the bonds of the simple closed polygons 
which generate the closed graphs are such that each 
bond joins another bond in a sequence which forms a 
cycle, but the same bond can appear in only one cycle. 
These are just the properties of the indices of (4.4). 

In (4.4) we see that each bond is so represented as 
both a first and a last index of some A jz, i.e., each bond 
is part of some polygon. In Z, however, not all points 
are parts of a graph. This can be remedied in a rather 
trivial manner. We interpret a cycle of order 1, an 
element А ‚у, as indicating the absence of the jth bond 
in any polygon; the jth bond does not connect with 
anything except itself. 

We have now established at least a one way corre- 
spondence between closed graphs of Z and terms of 
det A. There is for every closed graph a corresponding 
term in det A. There are many terms of det A which 
must be eliminated. The only nonzero matrix elements 
of А;„ would be those between two bonds j and 7 
having an end point in common; thus, most of the 
matrix elements would be zero. У 

There remain some very troublesome barriers to es- 
tablishing a one-to-one correspondence between terms of 
Z and the terms of det A. The cycles Aii isis: - -Aisir 
and Aiisqy---AisigA ie, which are inverses of each 
other, correspond to the same polygon. Also terms in 
the expansion of the determinant which correspond to 
cycles such as А1»Аз: ог 412425451 (see Fig. б) are not 


represent an even 
Сез 11, 12, uu “йау; 
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(c) 


Fic. 8. The closed graph illustrated above can be oriented in 
many ways of which four examples are shown. Each is associated 
with a superposition of simple clockwise oriented polygons. If we 
first separate the space into two regions designated in (d) by + 
and —, then one can assign the unique orientation (d) to the 
closed graph by always choosing the bond orientation so that the 
+ region is to the right of this direction. 


related to any closed graphs on our lattice. The diffi- 
culty here seems to be rather fundamental. The terms 
of the determinant expansion seems to be more closely 
associated with oriented polygons, those traversed in a 
given direction. We must be able to distinguish between 
the two ends of a bond so that we can connect a new 
bond only to the “loose end" of its predecessor. 

Кас and Ward’ overcame this hurdle by showing that 
the expansion of the partition function of an иХ2т 
lattice could be discussed in terms of oriented polygons 
on an nXm lattice. This correspondence is illustrated т 
Fig. 7. In the иж2 lattice (a) upon which we draw 
the closed graphs that generate Z, we disregard those 
polygons which cross the center line. We are therefore 
really considering an иХ2т lattice consisting of two 
independent nXm lattices so that 


Газа nm Ч 


For any closed graph on the иХ2»т lattice (7a), we 
construct oriented graphs on the nXm lattice (7b) in 
the following manner. We first adapt a rule for uniquely 
orienting the bonds of all graphs in Fig. 7a, a rule which 
is the same for both the upper and lower parts of Fig. 7a. 
Those graphs or parts of graphs in the upper half of 
(a) are transcribed on to (b). Those in the lower half of 
(а) are reflected across the center line and then tran- 
scribed on to (b). Kac and Ward suggested that the 
graphs in 7a be oriented "clockwise." This is a rule 
which is unambiguous if the graphs are simple closed 
polygons. It is also easily applied-to the superposition 
of disjoint simple closed polygons each of which would 
be oriented clockwise. : 

Even though any closed graph is а superposition of 
simply closed polygons with no common sides, each of 
which would be oriented clockwise, the decomposition 
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Fic. 9, An oriented polygon is not to contain this bond connection 
in which a right bond follows a left bond (or vice versa). 


of a complex graph into its component polygons is not 
always unique (see, for example, Fig. 8). Since we want 
to count different graphs and not all ways of decom- 
posing them, we must adapt some rule for extracting a 
unique decomposition. 

Such a rule can be given for the graphs of interest by 
recalling the basis of the dual theorem in Sec. 3.1. This 
theorem is based upon the observation that the closed 
graphs on the dual lattice uniquely separate the lattice 
into two parts, one having spins in one direction (up or 
down) and the other part having the opposite spin 
(down or up). For any closed graph, it is possible to 
separate the space into two such parts which we desig- 
by + and — (see Fig. 8). One can then uniquely assign 
a direction of the bonds to be such that a + region is 
always to the right of the bond direction. The unique 
decomposition into simple closed polygons is achieved 
by choosing those polygons surrounding + regions and 
orienting them clockwise. 

'The problem of calculating Z has been described now 
as а problem of counting oriented closed graphs of the 
above type. The plan to write 


алт Zn, m (2 coshK coshK^?"» det А (4.6) 


has been aided by the fact that det À does count oriented 
polygons, but we have achieved this goal at the expense 
of complicating the type of oriented graphs to be 
counted. 

A bond in Fig. 7b can now appear at most twice, 
which means that it can no longer be associated in a 
one-to-one manner with the indices of (4.4). It will now 
be necessary to establish а two-to-one correspondence. 
Although the correspondence is not as elegant as one 
might have hoped, the scheme that finally leads to 
success is to associate directed bonds with the indices 
of (4.4). 

А directed bond can be characterized by its direction 

and the lattice point toward which it is directed. In- 
stead of numbering the bonds consecutively with a single 
index as in (4.4), it is convenient to replace these indices 
by a set of three parameters. The pair of variables 
(i, 7) will be used to represent the row and column 
which locate the lattice point toward which the bond 
of interest is directed. The letter Г will be used to repre- 
sent the direction of the bond. Г will have one of four 
values R, L, D, or U depending on whether the bond is 
directed to the right, left, up or down. The symbol 


блю (4.7) 


will replace the matrix element A; of (4.4). This 
symbol will be associated with an ordered pair of bonds, 
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the first of which is in the direction Г, directed toward 
the lattice point (7, 7) and the second, which will be 
interpreted to start at (i, 7), proceeds in the direction 
I’ toward the lattice point (7, j^). The matrix (4.7) will 
be of dimension 4 nm with 4 values of Г for each of the 
nm lattice points. 

Even though we have not yet completely established 
the desired one-to-one correspondence between un- 
oriented graphs of Fig. 7a and the terms of det А, let us 
consider some properties that should be required of the 
matrix А. 

As was indicated earlier in this section, in order to 
make the terms in the expansion of det А correspond 
only to oriented polygons on our lattice, we must set all 
matrix elements A (i, j, T; 7’, 7’, Г’) equal to zero unless 
the point (i, 7) can be connected by a bond in the direc- 
tion T" to the point (7, 7). (The only exceptions to this 
are the diagonal elements which represent the bonds 
that are absent.) Of these possibilities we also wish to 
rule out those situations illustrated by Fig. 9 in which 
one step on a directed polygon is followed by a retracing 
of itself in the opposite direction. These rules can be 
summarized by the condition A(i, j, Г; 7, 7’, Г’)=0 
unless 


1-4, 75502 and Г=Г’, (4.8а) 

2, 2001 I=L, and гук, (48b) 

225 22177116 and TL, (450) 

гал =], 01:20 and TU, (48d) 
ог 

1-0-1, 7-7, I’=U, апа T¥D. (48е) 


То make these conditions also valid at the boundary, 
we introduce periodic boundary conditions as in Sec. 2.1 
by wrapping the lattice on a torus. We see then that the 
above conditions are invariant to rotations of the torus 
about either of its axes, i.e., to cyclic permutations of the 
indices 17+ 1(m—m-+1=1) or joj+i@—on+1=1). 
Indeed, we expect that the matrix elements themselves 
must be invariant to such transformations since these 
transformations leave the geometry of the lattice 
Invariant. 

In order to take advantage of the periodicity of the 
lattice, it is convenient to imagine the 4% nth order 
matrix as consisting 4X4 blocks or as an mXnth order 
matrix, the matrix elements of which are themselves 
4X4 matrices. We use the convention that АС, j; i^, 7) 
is for each 2, 7,7 and j' a 4X4 matrix with matrix ele- 
ments A (7, 7, T; 4/, 7, Г”). We realize that the matrices 
АС, j; ?, 7) should be invariant to the cyclic trans- 
formations of the lattice, therefore 


АС, j; t, j) -A(0, 0; i/—i, 7—7. (4.9) 


In view of the conditions (4.8), the only independent 
matrices (4.9) that are not null matrices are А(0, 0; 0, 0), 
A(0, 0; 0, +1), А(0, 0: 0, =i), А(0, 0; +1, 0), and 
А(0, 0; —1, 0). 


> 


^x 
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According to (4.8), А(0, 0, 0, 0) is a dia 
the diagonal elements of which с 
sence of a bond in a closed graph. All graphs are not 
weighted equally as seen by (4.1). The weight is as- 
signed according to the number of vertical and hori- 
zontal bonds in the graph. Since the total number of 
possible bonds of a graph is fixed at 4mm, this unequal 
weighting can be introduced either into the off diagonal 
matrices А(0, 0, 0; —1), etc., which in a certain sense 
count the number of such bonds or into A(0, 0, 0, 0) 
which counts the number of such bonds that are 
missing. 

Another way of describing this freedom is to recall 
that multiplication of any row or column of a matrix 
by some constant changes the determinant into this 
constant times the original determinant. 'Thus, we can 
always replace a determinant, by a known multiple 
of another determinant all of whose diagonal elements 
are one. 

We may, without any loss of flexibility, set 


А(0, 0, 0, 0) = L, (4.102) 


I, being the 4X4 identity matrix, and then choose the 
other matrices so as to give the desired weights. 

We know that for every horizontal bond that appears 
in a graph, (4.4) must contain a factor x— tanhK. The 
number of such bonds will be equal to the number of 
times a matrix element from A(0, 0, 0, +1) appears in 
(4.4). To simplify notation we write 


A(0,0,0, +1)=xA(0, +1), x=tanhK, (4.10b) 


gonal matrix, 
orrespond to the ab- 


similarly 


А(0, 0, +1, 0)=yA(+1,0), y=tanhK’. (4.10c) 


А(0, +1) and A(+1, 0) will now be matrices indepen- 
dent of « and y. They will depend only upon the 
geometry of the lattice. 

Most of the matrix elements of these matrices will 
also vanish as a result of (4.8). А(0, 1) must in fact be 
of the form 


(4.11a) 


2 


A(0, +1)= 


R WBOR 
oooo 
(=) (=) > (m) 
ооо (=) 


in which the matrix indices are taken in the order К, L, 
U, and D and 7, В, and а are as yet unspecified. Thus, 
y corresponds to an element with Г= К, Г'= К; B corre- 
sponds to the element Г= U, T'— А and a to the ele- 
ment — D, I’=R. А 

From А(0, — 1), one uniquely determines also 
A(0, +1) and A(+1, 0). We ask that the matrix (4.7) 
be invariant to the interchange of x and y along with the 
transformation which rotates the positive horizontal 
direction into the positive vertical direction (а 90° rota- 
tion if the lattice were on a flat surface). Such a trans- 
formation preserves the topology of the graphs. Thus 
A (i, j, T; i*, j’, Г") must remain invariant if we simul- 
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taneously send i—j, 7--4, #7, 75-й, ROU, 
UL, LD, DR and xy. It follows from this that 


00a 0 
A(+1, 0)= n i op (4.11b) 
000 0 
0000 
А(0, —1)= А 7 7 9) (4.116) 
0800 
0008 
A(-1,0)=|? 0 0 5 (4.114) 
000 ¥ 


One might be tempted to also make A invariant to 
reflections. Although it is true that Z is invariant to 
reflections, the topology of the oriented polygons is not 
invariant; a reflection takes a clockwise polygon into a 
counterclockwise polygon. A will in fact not be invariant 
to reflections. æ corresponds to a counterclockwise turn 
of 7/2, В to a clockwise turn, and у to no turn of 
connecting bonds (see Fig. 10). 

The values of а, В, and y are now to be chosen so 
that any term of the expansion of det А corresponding 
to a superposition of simple closed polygons of the pre- 
scribed type contributes 1Xtanh'K tanh*K'— x"y* in 
accordance with (4.1). The substitution (4.10) assures 
that a term of the expansion will have the correct power 
of x and y but (4.5) indicates that we must choose a, 8, 
and y to give a positive sign. 

Each simple closed polygon on a square lattice has 
an even number of bonds, therefore s(7)— 1 in Eq. (4.5) 
will be an odd number and the sign (4.5) will be (— 1)". 
To make the terms positive, a, 8, and y must be chosen 
so that an additional factor of (—1) appears with each 
cycle in the expansion. A simple closed polygon directed 
ша clockwise direction has four more clockwise turns 
then counterclockwise turns. Thus, in (4.4) there will 
be 4 more powers of В than æ for each clockwise cycle 
and 4 more powers of а than В for each counterclock- 
wise cycle. There is for each cycle a factor of the form 
(a8)^8* or (e8)^a* for some я. We can obtain the de- 
sired factor (— 1)" if we choose a= 8—1, ой = 8:— — 1, and 
y=1. Thus, 


«=ехр(їт/4), В=ехр(—1т/4), у=1. (4.12) 
сс B f 


Етс. 10. The three types of bonds connections illustrated above 
correspond to the elements а, В, and y in Eq. (4.11). 
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(а) 


Fic. 11. The unoriented closed graph (a) corresponds to many 
oriented graphs. Among these are the unicursal paths (b) and (c) 
in which both polygons of (a) are traversed in a single cycle. 


The matrix А has been completely specified on the 
basis of a few simple requirements which do, however, 
guarantee that det À will count correctly at least the 
simple closed polygons and superpositions of disjoint 
polygons on the lattice of Fig. 7b. The terms in det А 
which are associated with the bonds appearing in such 
graphs, consist of one term for each possible combina- 
tion of clockwise and counterclockwise orientation of 
the disjoint polygons and each such combination does 
appear once in a figure such as 7b. 

Det A also correctly counts many other types of 
graphs but there is as yet no proof that it correctly 
counts all possible graphs. Actually we know that there 
are some which are not counted correctly, namely those 
which “loop” the torus. Such failures would not be con- 
sidered serious however since one would attribute them 
to the selection of periodic boundary conditions. 

Kac and Ward considered a few simple cases of over- 
lapping polygons and showed that they also are counted 
correctly. 

One class of configurations which they considered was 
the graphs consisting of simple closed polygons on the 
lattice 7b which touch each other at single points only 
(no overlapping bonds). A simple example is given in 
Fig. 11a. A troublesome feature of such graphs is that 
det А includes terms corresponding to unicursal paths, 
i.e., those which traverse more than one polygon in a 
single cycle as illustrated in Figs. 11b and 11c. One 
readily sees that Fig. 11b has an excess of 4 clockwise 
turns and therefore is counted as a positive term, 
whereas 11с has an equal number of clockwise and 
counterclockwise turns and therefore contributes a 
negative term to det А. One can easily check that the 
net contribution of all unicursal paths of Fig. 11a is 
zero. Kac and Ward claim that this is true of the 
entire class of graphs which are composed of more than 

one polygon and in which each polygon has a point in 
common with at least one other polygon. 

It is apparent that after the elimination of the uni- 
cursal paths, det А properly counts all possible graphs 
at least for the simple cases such as in Fig. 11 or dis- 
joint superpositions of these. One might still question 
the count on a graph such as Fig. 8 which proved to be 
an annoyance earlier. 

Perhaps even a more troublesome category of graphs 
15 that in which bonds from the upper and lower parts 
of Fig. 7a overlap when transcribed onto Fig. 7b. 
Because of the choice of clockwise orientations in Fig. 
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7а, these double bonds may consist of either two bonds 
directed the same or two bonds directed oppositely. 
Since indices in (4.4) are never repeated in the same 
term, det A will not contain terms corresponding to 
graphs having an identical pair of bonds such as in 
Fig. 12a ог Fig. 13a. 

On the other hand, det А will count some super- 
positions of clockwise oriented polygons which have 
common sides forming a pair of oppositely directed 
bonds such as Figs. 12b and 13b, and even single poly- 
gons which loop back on themselves to form an op- 
positely directed pair as also illustrated within Fig. 13b 
and in Fig. 14. None of these graphs appear on the 
lattice of Fig. 7b because the graphs of Fig. 7a do not 
contain double bonds. 

Kac and Ward did resolve the difficulties presented 
by the cases illustrated by Figs. 12 and 14. The contri- 
butions of Figs. 14a and 14b cancel as do all terms corre- 
sponding to similar type graphs. Regarding the situa- 
tion in Figs. 12a and 12b, they pointed out that there is a 
one-to-one correspondence between graphs of type 12a 
and those of type 12b. Instead of counting the “allowed” 
polygons 12a, the determinant counts the “forbidden” 
polygons 12b. 


мирни 


Fic. 12. (a) illustrates a superposition of simple closed polygons 
forming an identical pair of bonds. (b) illustrates a superposition 
of polygons forming an oppositely directed pair of bonds. Det A 
counts only type (b), whereas Fig. 7b contains only graphs of 
type (a). 


A graph such as in Fig. 13 which contains both an 
identical pair and an oppositely directed pair of bonds 
was not considered. One cannot establish a one-to-one 
correspondence between allowed and forbidden paths 
by merely reversing the direction of one of the polygons 
as in Fig. 12. 

It is certain that det A does correctly count all closed 
graphs since the partition function derived below checks 
(at least for large lattices) with that obtained by other 
methods. The manner in which some complicated 
graphs are counted is still uncertain, however. Although 
the analysis is as yet logically incomplete, the ideas 
presented are very praiseworthy. 

It is worth pointing out here that this method of 
counting cannot be generalized in any obvious way to 
the three-dimensional problem nor to the two-dimen- 
sional problems with a magnetic field or longer-range 
interactions. The magnetic field problem involves a 
much more complicated counting procedure. One must 
keep account not only of the number of bonds in the 
polygon but also the area. The crossing of diagonal 
bonds in the next nearest neighbor problem causes 


-ъ 
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trouble, whereas in three dimensions, one encounters 
polygons with knots. Perhaps even more serious is the 
fact that a polygon in three dimensions does iot diode 
the space into an "inside and outside," The solution 
above, thus, rests heavily upon the peculiar topological 
properties of this particular problem. 2 

In view of the evidence presented above, we shall 
accept as correct the postulate that det A correctly 
counts closed graphs and proceed to obtain an explicit 
expression for Z based upon (4.6). ` 

There would be little advantage in expressing Z in 
terms of det A if it were not for the fact that det A is 
invariant to any similarity transformation of A. In 
particular det A is equal to the product of the eigen- 
values of А. 

The matrix A is defined by Eqs. (4.7), (4.9), (4.10), 
(4.11), and (4.12), of which Eq. (4.10) represents the key 
to the simplification of det А. This equation expresses 
the cyclic character of А and immediately suggests that 
one transform the matrix А by a double Fourier expan- 
sion, thus transforming to a set of base vectors that are 
eigenfunctions of the two cyclic permutation operators 
(one for the vertical symmetry and one for the hori- 
zontal symmetry) that leave the lattice invariant. 


"EJ 


t LÀ 
œ 
© A 


(а) (5) 


Fic. 13. A graphs such as (а) can appear as a graph in Fig. 7b 
but will not by counted by det А because it contains an identical 
pair of bonds. It also contains an oppositely directed pair. (b) 
illustrates another orientation of the same graph with no identical 
bond pairs. 


We define a unitary matrix К of dimension 42m with 
matrix elements 


R(&, 1; k’, 1) = (nm), exp(2rikk'/m+2rill'/n). (4.13) 
The convention here is consistent with that used in 


Eq. (4.10). I, is the 4X4 identity and R(k, l; k’, /) isa 
4X4 matrix. If we define B 


В--КАК-, 


then det A=det В. One easily finds by using the 
orthogonality properties of the Fourier exponentials 
that 


Bk, 1; k’, 1) = быв, У У A(0,05 4, 5) 


в=1 #=1 


Xexp(—2aikt/m—2mils/n). (4.15) 


(4.14) 


All elements of B vanish except those for which k=’ 
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and /=/. Substituting Eq. (4.10) into (4.15), we find 
Bek, 1; k, D) =B(k, D)  L-- yA(1, 0) 
Xexp(—2zib/m)-- yA(—1, 0) ехр(2я18/т) 
--=А (0, 1) exp(—2zil/n)+xA(0, — 1) exp(2xil/n) 


1--хєр! 0 you a убо! 
0 14-хє, уб Vag! убьо 
= ‚ (4.16) 
septa" xaa 1+4-убғ 0 
xer!la ха 0 1--у6;) 


where 


e=exp(2ril/n), ô=exp(2rik/m), а=ехр(іт/4). 


Since the eigenvalues of А are the eigenvalues of the 


B(k, 7) 
det A= П П det B(£, 1) 


k=1 1=1 


n 


=J II (24-2) (14-5) -y 22) (ert e) 
k=1 1=1 
—x(1— y) (ôrF 87-!)), 


Zn, m= 2?^" TT TI {cosh2K cosh2K’ 
1 1=1 


= 


—sinh2K’ cos(2z1/1) 


—sinh2K cos(2rk/m). (4.17) 


The quantity of particular interest is 
lim (um)-! logZ 


m n 


=log2+3(mn)— У > log [cosh2K cosh2K 


k=1 l=1 


—sinh2K" cos(2z1/n) —sinh2K cos(2rk/m)] 
—]log2--i4— f ЇЇ log (cosh2K cosh2K" 
0 0 


—sinh2K cosw—sinh2K’ cosw')dwdw'. (4.18) 

An attempt has been made by Е. J. Murray” to apply 
a combinatorial approach to a three-dimensional lattice. 
The calculations have not yet been developed far enough 
to yield analytical results. 


PE 
(a) 6 


Fic. 14. Det A has terms corresponding to oriented polygons 
that “оор back on themselves” as illustrated by the two examples 
above. The terms corresponding to (a) and (b) cancel. 
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4.2 Algebraic Method 


We now consider an algebraic procedure for finding 
the eigenvalue associated with the partition function 
for the two-dimensional square Ising lattice in zero 
magnetic field. We shall briefly outline Onsager's 
original solution with special emphasis on the method 
and motivations rather than the detailed algebra. For a 
more extensive discussion of the latter the reader is 
referred to Onsager's original presentation.! 

As was shown in Sec. 2, the operator to be investi- 
gated is V; V; [see Eqs. (2.12) and (2.13) for definitions |. 
It is convenient to express this in terms of two operators 
Ay and А, defined by 


А, =— У) С, A=) $781 (4.19) 


j=l j=l 


with 8,558) (In the following we shall also have 
occasion to use the convention С. 55505.) The matrices 
of interest are 


Vise and Vo=eH’Ai, (4.20) 


The general plan for solving this problem is to first 
perform some algebraic transformations. Starting from 
Ap and Аз, we generate a Lie algebra (see Appendix 5) 
by forming the commutator [ Av, А; ], then forming the 
commutators of this with Ay and А,. We continue to 
generate commutators of commutators until we obtain 
a set of operators such that the commutator of any two 
is a linear combination of operators already in the set.] 

One can, of course, generate а Lie algebra starting 
with any set of operators. Matrices of dimension 2” 
will in many cases lead to a Lie algebra of 4” elements, 
ie. an algebra which contains as many independent 
elements as there are matrix elements in the matrix of 
dimension 2". The first fortunate feature of the opera- 
tors Ap and A, is that they generate a Lie algebra of only 
3n— 1 linearly independent elements. 

We next notice certain very convenient symmetries 
in the structure constants of the Lie algebra. Because of 
these symmetries we can, by applying linear trans- 

formations in the Lie algebra, decompose the Lie 
algebra into subalgebras of very simple structure. By 
expressing Аз and А; in terms of these subalgebras we 
obtain а form of V;V; which is readily factored into 
commuting matrices which can be diagonalized sepa- 
rately. 

Attempts to apply this procedure to the three- 
dimensional problem or even the two-dimensional 
'problem with a magnetic field are seriously hindered at 
an early stage because the operators of interest generate 
a much larger Lie aigebra, so large in fact that it would 
seem to be of little value. All the various algebraic 


{ уап der Waerden is credited with the observation that the 
algebra so generated and the transformations that follow belong 
to the theory of Lie algebras. The authors are indebted to Dr. 
Bruria Kaufman for describing this connection. 
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methods take advantage of very special properties of 
the operators, and it has not been possible to generalize 
them in any very interesting way. 

'The first step of the procedure is to generate a Lie 
algebra from Аз and A, Rather than generate this 
element by element, we shall anticipate the results and 
write them in the most convenient form. 

We define a set of operators 


Р., = ay Ca, 


(4.21) 
Ра. ь=5.С.1Саг"::Сь15ь ab, 


using the convention that s,4;=s,; and С, 5, Thus, 


A= 2» Р, а) A= я Рес. (4.22) 
а=] а=] 

These are but two operators of a set А; which we de- 

fine by 


Ак= Ри. (4.23) 


а=1 


There are 2 linearly independent Az. From (4.21) we 
see that 
p (HE Pd pneu ОР, atky 


(4.24) 
О=С,С,. - -C,. 
(The minus sign appears because s; anticommutes with 
C;, as one readily observes from the definitions [(2.6a), 
(2.10), and (2.11)].) Thus 


Ак, „= — UA; апа Anvon= Ax. (4.25) 


(Note that А, commutes with U and U?*- I.) 
With the addition of a set of elements 


@,=3[А,, Aol, (4.26) 


we can define a complete Lie algebra containing the 
elements А; and Су. The commutation rules for this 
algebra are (see reference 4, p. 127) 


ГА, А, |= 485}, 
ГА, 6:1-2(Ац:5-Аснн, (4.27) 
[@,, 6,]=0. 


We have defined 2” operators С, but actually 
only »—1 are linearly independent. Since ГА, Ay] 
=—[А; АД, we see from (4.27) that Gm=— G- 
= — G5. Go ГА, Aj ]=0 becausean operator always 
commutes with itself. G,=[Aj,,, A;]— [— UA;, A;]-0 
because U also commutes with А;. We, therefore, have 
only Gi, Gs, ---,С, цав linearly independent operators. 

We have seen so far that А, and А, generate a. Lie 
algebra of only 3n—1 elements (2 A;’s and n— 1 6,5). 
We also observe that the structure of this Lie algebra 
is rather unique. Notice that if in (4.27) we replace 
A; by Аз. the commutation relations remain un- 
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changed. From (4.27) alone there is no "preferred" 
Àj; there is no way to single out one А; as being differ- 
ent from all the others. The symmetry here is formally 
very similar to the symmetry of the cyclic matrix in 
Sec. 4.1, the cause of which could be traced to the fact 
that the crystal has cyclic symmetry, i.e., all particles 
in a row of the lattice are equivalent (with the periodic 
boundary conditions). The cyclic symmetry in (4.27) 
arises, however, from a different source. The periodicity 
in the lattice has already been incorporated into the 
А; and С» which are themselves invariant to а cyclic 
transformation of the lattice points. The cause of the 
cyclic symmetry in (4.27) is not obvious physically. 

The existence of this symmetry, however, suggests 
the next step. From general properties of the group of 
Cyclic permutations, one is assured that a Fourier 
transformation of the operators A; and G; will give an 
even simpler description of the Lie algebra. Just as a 
Fourier transformation of a cyclic matrix makes most 
of the matrix elements vanish, so also does a Fourier 
transformation to this cyclic Lie algebra make most of 
the structure constants vanish. 

The Fourier transformation is achieved by intro- 
ducing the operators 


2n 
X,— Qu) © An cos(xrm/n), 


т=1 


2п 
Ү,= — (2n)3 У An sin(xmr/n), (4.28) 
mæl 
Z.—i(2n) > Gn sin(mar/n). 
т=1 
We notice that 
X,= Х,- сл) 
Y,=—Y_,=—Yo,_,, (4.29) 


l= че А = = Т = 


А check оп the number of independent operators shows 
that there are 7—1 independent Y,, n—1 independent 
Z,, but 14-1 independent X,. ‹ 

The commutation rules for these operators are easily 
calculated from (4.27) to be 


ГХ,, Y —2iL, 
С KKI; 
[2,ХД—=—Ү.. 


АП operators (including Хо and Х„) commute with апу 
other operator with a different subscript; thus, for 
ræs, [X,, X,]— 0, Х,, Y.]=0, etc. The three operators 
X., Y,, and Z, (for each т) themselves form a Lie algebra 
which is a subalgebra of the complete set. We have, as 
predicted, decomposed the original Lie algebra into 


(4.30) 
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small subalgebras of very simple structure. The sub- 
algebras are in fact very similar to those associated with 
the three-dimensional infinitesimal rotation group (see 
Appendix 5). 

Our aim now is to express V;V, in terms of this new 
set of operators and to take advantage of the simple 
structure (4.30). The relation (4.28) can be easily 
inverted by the usual rules of Fourier transforms to 
give A,, and G,, in terms of X,, Y,, and Z,. The result 
of this is 


2n 
А„= У [Х, cos(mar/n) — Y, sin(mar/n) |, 
r=1 


e (4.31) 
С„= —1 У) Z, sin(mrx/n). 
r=l 
In particular, 
Аг-У X,= Хоа РА В 
r=] 
2n 
Ai= > [Х, cos(rz/n) — Y, sin(zr/n)] 
r=1 
= Xo 2[Xi соз(т/л)— Y; sin(z/n) ]+--- 
+2[X,-1 cos((— 1)z/n) 
—Y.sin((n—1)m/n)]—X,. (4.32) 


Substitution of (4.32) into (4.20) gives 


V; Vi exp( K’ X [X. cos(zr/n) 
r=] 


—Y, sin(ar/n) ]} exp( — K* T X,}. (4.33) 
r=] 
We can make valuable use of the commutation rules 
(4.30) by noting that if two operators A and B commute, 
then e4*B= ete = Pet., It is therefore possible to factor 
(4.33) into the product of commuting matrices: 


Ү.Уг- II U,, 
r=0 


U,=exp{2K’[X, cos(zr/n) 
— Y, sin(xr/1) ]) exp( —2K*X,} rz£0, n, 


U,— exp((&'— K*)X;), 
U,=exp{—(K’+ K*)X,}. 


The fact that the U, commute with each other also 
implies that they can all be simultaneously diagonalized 
and that the eigenvalues of V;V; are products of eigen- 
values of the U,. 

We can find the eigenvalues of the U, by a somewhat 
indirect procedure. It is not wise to try to determine 
explicitly the matrices X,, Y,, and Z, in the original 


(4.34) 
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representation. The multiplication table of the X;, Yn 
and Z, is independent of representation as are also the 
eigenvalues. The latter are, with the help of a few rather 
simple bits of knowledge such as the dimension of the 
matrices, etc., determined by the former. 

We have so far given only the commutation rules of 
the X,, Y,, and Z,. To proceed further we must also 
know X2, Y2, Ze, X,Y,, etc., which can be found by 
direct evaluation using the abstract properties of the 
Pa» (see reference 4, р. 129). The complete multiplica- 
tion table is given below (the operators R, are defined 
by the expressions below): 


Х2=ү2-72= К,= К, 

Х,-Ё,Х,-Х,К,-(Ү,7, — 17,1, | 
Ү,=К,Ү,=Ү,К,=17,Х,= —iXZ, 
Z,=R,Z,=Z,R,=iX,Y,= —iY,X, 
Х2-К-К2 | 
X,=R,X,=X,R,/ 


"JKr£n—1, 
(4.35) 


r=0, n. 


From this table one can calculate any combination 
of products of Х,, Y,, and 7,. The important features 
of the table are the following. The operators X,, Үг, and 
Z, anticommute with each other and X;?, ҮД, and Z? 
are all projection operators (К,2= К,), i.e., they have 
eigenvalues either zero or one. 

We can very easily establish that К, is not the unit 
matrix and is truly a projection operator with some zero 
eigenvalues. From (4.28) we notice that since Aj, 


my 


X,= (2n) [I— (—1)*U] У Ам cos(mmar/n). 


Similarly У, and Z, contain а factor [1— (—)"U ]. 

The operator U defined in (4.24) plays a rather im- 
portant role in this problem. U is the operator which 
changes all spins о; to —о;. 

The eigenvalues and eigenfunctions of U are very 
simple. Since 0°= I, the eigenvalues are +1. U operat- 
ing on any state given by и: (01, с», ---, on) changes it 
to a new state Uv: (—61, — 0», ---, — on). For each pair 
of states > and Uv as described above, there is an “even” 
and an “odd” state given, respectively, by v+ Uy and 
»— Ur. In the “even space" 0=1 and in the “odd 
space" 0= — І“. Each subspace is of dimension 2571. In 
this representation U has the form 


where I’ is the 2"! identity matrix and О is the 271 
dimensional null niatrix. In this same representation 
3(14-0) and $(I— U) are, respectively, the projection 
operators 
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Vs, Vi, and all the operators used in describing them, 
including the {X,}, (Ү,), and {Z,}, commute with U. 
'This means that in the representation above, all these 
matrices must be of the general type 


where X denotes some 2"! dimensional matrix. In par- 
ticular, since Х,, Ү,, апа Z, contain [1— (—1)'U] as a 
factor, these operators must be of the type 


X:0 
( HAE pee ) for х odd 
0:0 


0:0 
( 552203 ан ) for r even. 
0:X 


The nonsingular part of the projection operator R, is 
at most of dimension 2751. 

Equipped with the multiplication table (4.35) and 
some simple properties of the X,, Ү,, and Z,, we return 
again to the eigenvalue problem (4.34). Matrices such as 
(4.35) have been studied extensively, particularly in 
connection with representations of the rotation group 
and the Lie algebra discussed in Appendix 5. One need 
not be an expert on such things, however, to solve this 
problem. 

Wefirstobserve that a transformation with exp(iz,Z,), 
with z, a constant, produces the following transforma- 
tion of the X,, Y,, and Z, (1720, n): 


and 


exp(iz,Z,) X, exp(—iz,Z,) = X, cos2z,+Y, sin2z,, 
exp(iz,Z,)Y, exp(—iz,Z,) 

=—X,sin2z,+Y, соѕ22,, 
exp(iz,Z,)Z, exp(—iz,Z,)=Z,. 


(4.36) 


If we imagine the X,, Y,, and Z, to be orthogonal vec- 
tors, then the above similarity transformation also pro- 
duces an orthogonal transformation of the vectors X+, 
Y,, and Z,. In general any orthogonal transformation of 
the X,, Y,, and Z, can be produced by a similarity 
transformation of the type : 
exp(z,Z,+-,¥-+,Xr). (4.37) 

This correspondence between orthogonal transforma- 
tions and similarity transformations is the basis for the 
theory of representations of the rotation group and 
also underlies the Dirac theory of the electron. A 
generalization of this is also the basis of Kaufman’s 
scheme for solving the Ising problem. 

If now we should expand the exponentials in (4.34) 
using the rules (4.35), we can express U, as a constant 
plus a linear combination in R,, Х,, Y,, and Z,. Note 
that any power of X,, for example, is either Х, or К.. 
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By using a transformation of the type (4.37), which 
leaves К, invariant, we can eliminate Z, and Y,. If we 
considered the linear expression in X,, Y,, and Z, as a 
vector, then this procedure is identical to the rotation 
of coordinates so that the vector is along the *X axis." 

It will not be necessary to find this transformation 
explicitly. We can easily show that U, is transformed 
into the form 


U,— (I— К,)-+ К, coshy,--X, sinhy,= ехр(у,Х,) (4.38) 


(~ indicates similarity). We already have argued that 
this expression will be linear in R, and X,. In addition, 
we know from (4.34) that the projection 1(I— В,) 0, is 
a unit matrix (since X,, Y,, Z,, and R, all vanish in this 
space) and is unaffected by the transformation (4.37). 
Furthermore, we see that transformation of (4.34) by 
exp($7iZ,) changes both factors of U, into their re- 
ciprocals, X,>—X, and Y,>—Y,. U, and л! are 
therefore similar and |det U,| = 1. Since this property 
also must be preserved by a similarity transformation, 
the coefficients of R, and X, are restricted in the 
manner indicated. 

The problem of finding y, is very easy because the 
similarity transformation affects only the coefficients 
of X, Y,, and Z, leaving the coefficient of R, unaltered. 
coshy, is therefore the coefficient of К, in the original 
expansion of 0,: 


cosh y, = cosh2K" cosh2K * 
—sinh2K’ sinh2K* cos(rz/n). (4.39) 
Since X,, Y,, and Z, commute with operators of a differ- 
ent index, we can apply the appropriate transformations 
for each r to VV, and bring all U, simultaneous into 
the form (4.38). 
We have thus established 


VoVi~expl—2(yoXot 27X14 - - + 
+2ү.1Х,1+ Yn Xn), (4.40) 
where 
yo— K*—K' and yn=K’+K* (4.41) 
are also consistent with (4.39). 

We have not as yet commented on the sign of the у;. 
The signs of yo and y, are defined by (4.41) but except 
for j=0 and п, only |y;| are defined by (4.39). This is 
all that is necessary, however, because the transforma- 
tion ехр(21т2,) sends X, into —X, [ Eq. (4.36) |, Equa- 
tion (4.40) is thus valid if we replace X; by —X; or y, by 
—yr, (1750,7). For convenience we shall hereafter 
choose all y,, (70, л) as the positive solution of (4.39). 

Since the X, commute, they can all be simultaneously 


diagonalized. The X, satisfy the equation 
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АП eigenvalues of V;V; must be of the type 


х-Цэ. 
№ е", et or 1 for r=0,n, (4.43) 
„=, EF ог 1 for 77:50 m 


Unfortunately, the converse of this is not true; not all 
à of the type (4.43) are eigenvalues of V.V, (there are 
37+! possible combinations of (4.43) but only 2^ eigen- 
values). Even though the X, can be simultaneously 
diagonalized, the subspace in which X; is +1 might be 
a space in which, for example, X; could be only +1. 
We are still confronted with the task of determining 
which combinations in (4.43) are allowed. 

We can very easily eliminate a large number of the 
solutions of (4.43) by recalling that in the even space 
(U---I), Х,=0 for all odd r, whereas in the odd 
space (U=—I’), Х,-0 for all even r. We therefore 
know that either the А, with 7 odd are 1 (in the even 
space) ог А, with r even are 1 (in the odd space), 


A= ААА. - цан ОР МАА: PEE (4.44) 

Whereas the spinor analysis method automatically 
gives all the eigenvalues and their degeneracies, the 
problem of completely disentangling the proper combi- 
nations of the above is at this state a rather tedious 
operation (although not a difficult one). Fortunately, 
we are interested only in the largest eigenvalue of VV; 
and perhaps also in any that are asymptotically de- 
generate with the largest. 

The problem is to determine the simultaneous eigen- 
values of the X,. To find at least some of these we 
consider 


2n—1 


Aci diss (4.45) 
ia i 


The C; all commute and are very easily diagonalized 
simultaneously. Since C?— I, the eigenvalues of C; are 
+1 and since the C; are direct product matrices, the 
eigenvalues of C; do not depend in any way on the eigen- 
values of other C+. The 2" eigenvalues of Ap are given by 


—4Ay—-E1-E1-2E1-- ---E1. (4.46) 


There are n terms in (4.46) and the 2” solutions are 
obtained by selecting all possible combinations of the + 
signs. If the C; are all diagonalized, then U= C,C;- - -C, 
is also diagonal and has the value -Е1 accordingly as 
the right side of (4.16) has an even or odd number of 
minus signs. Ín particular we note that the lowest 
eigenvalue of А, is nondegenerate, belongs in the even 
space, and has the value 


X,(X?—I)=0; (4.42) Ao —n. (4.47) 
therefore they have eigenvalues X,=0 or +1. The next lowest eigenvalue of Ao is degenerate, belongs 
СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar » 


Digitized Бу Arya Samaj Foundation Chennai and eGangotri 


372 С Е. NEWELL AND E. W. MONTROLL 


serve that in the odd space, the smallest eigenvalue of 
Ao is 


A= —n+2= Xot X:+- T X22 


e 3 
2KT/GHJ 


Fic. 15. The specific heat of the two-dimensional Ising lattice 
with (1) J=J’ (isotropic), (2) J=100J’, and (3) 77-40 (linear 
chain) (see reference 4). 


in the odd space, and has the value 
A= —n4-2. 


Returning to (4.45), we also recall that for U— 7", 
all X, for r even vanish. There is one eigenfunction of 
the X, which gives 


Ay —ne Хүр Хз > Xs 
2X,;-2X344-::---2X, 2X, forn odd 
Ш. 


(4.48) 


for n even. 


Since the X, can be only +1 or 0, there is only one way 
that this equation can be satisfied, namely for all X, 
(г odd) to have the value X,— — 1. 

This simple argument tells us that V2V; has an 


| eigenvalue 
| exp[3(2y1+ Qyst::-+2y¥n-2tYn) ] 
2 for 7: odd 
+= (4.49) 
exp (214-2ү:4-::-4-2үя-1)1 
for n even 


ог by extending the definition (4.39) of y; for 727: 
M.mexp[á(viyaeccbyss)]. (4.50) 


By comparing this with other expressions in (4.44), 
we see that this is certainly the largest eigenvalue in 
the even space. The next largest in this space is smaller 
by at least a factor e 7:. Comparison with the possible 
eigenvalues of the odd space shows that this is also 
larger than any of these but one of the possible eigen- 
values of the odd space is asymptotically equal to the 
above, namely the solution with all positive ex- 
ponentials. 

There is one final question to be answered. Is the 
solution of (4.44) 


Х--ехр ( туу 7 2222) ] 


really an eigenvalue of V;Vi? To obtain a partial 
answer to this question we notice again (4.48) and ob- 


чү | nd и ar: 
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Iro Р-Р for т odd. 


The X, cannot all simultaneously be — 1 for this would 
contradict the above being the lowest eigenvalue of Ao. 
The only possible solutions of the above are X»=+1 
and all other Х;= —1, Xn=+1 (ог n even) and all 
other Х;= —1 or some X;=0 (770, n) and all other 
Х;= —1. We shall not pursue further the question of 
which of these possibilities are really solutions (it turns 
out that they all are). The solution of particular in- 
terest is the case Хо= 4-1 all other X;— — 1, for this 
leads to the largest eigenvalue of VV; in the odd space: 


A —exp[Z(— vot yet yet de Yss-2) ]. (4.51) 


If K*«K', у= K*— K' is negative and for large п 
approaches the value of — yı. If K*« К”, М and Ay 
are asymptotically degenerate. At K*— К”, yo changes 
sign and for К*> К’ the degeneracy no longer exists. 

The situation here illustrates very nicely the predic- 
tions made in Sec. 3. There we predicted that if a phase 
transition exists, at least in the case K' — К, it occurs at 
K'— K*, the point where this degeneracy disappears. 
We also saw that a degeneracy of the largest eigenvalue 
is associated with long-range order, thus the critical 
temperature truly represents a transition from. an 
ordered to а, disordered state. 

'To complete the analysis of this section, we find an 
asymptotic expression for Z. As shown by Eq. (2.4) a 
degeneracy of the above nature has no effect upon the 
thermodynamic properties derived from Z 

lim (nm) logZ—3 log(2 sinh2K) 


n,m-o 


= lim (2n) 3 (qid yet -+ Yen) 


= lim (2n) У cosh-i[cosh2K" cosh2K* 
n=% r=1 
—sinh2K’ sinh2K* cos((2r— 1)z/1) ] 


= =) | ET (4.52) 


(0) = cosh (cosh2K’ cosh2K* 
—sinh2K’ sinh2K* созш). 
This expression does not show the symmetry in K 


and K’. We can obtain a more symmetric form by con- 
verting (4.52) into a double integral using the relation 


2T 
f log(2 coshx—2 cosw)dw= 2тх. 
0 
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This yields 
lim (umm)? logZ-log2 


n,m—20 


Hes | do | dw’ log (cosh2K cosh2K’ 
0 0 


—sinh2K cosw—sinh2K’ cose"). (4.53) 
4.3 Thermodynamic Properties 


In Secs. 4.1 and 4.2, we have derived by two quite 
different procedures the partition function of the two- 


dimensional square Ising lattice. The result of this 
calculation was 


lim (nm) logZ —log2 


n,mo 


He | f log (cosh2K cosh2K 
0 0 


—sinh2K cosw—sinh2K’ coso')dede'. (4.18) 


This expression shows the symmetry with respect to 
interchange of К and К’. One of the integrals is easily 
performed using the identity 


f log(2 coshx— 2 cosw)dw= vx 
0 


to give the less symmetric form 
Ши (nm) logZ 
=} log(2 sinh2K)-- (27) f О CD 
0 
where 


coshy(w) = cosh2K" cosh2K * 
—sinh2K’ sinh2K* созо. 


Although the above integrals are not of a common 
type, the thermodynamic functions involving deriva- 
tives of these integrals can be expressed in terms of 
elliptic functions. The analysis of these integrals for 
arbitrary К and К” is given in Onsager's paper. This 
analysis is considerably simplified if we let K=K’ 
as we shall do in the following. y(w) is then given by 


coshy(w)=cosh2K ctnh2K — соѕо. 


Fic. 16. The Kagomé lattice. 


Nu. Ч 
2 , 2 
Fic. 17. А square lattice with four independent coupling constants 
denoted by Jı, Л», Jz, and Ла. 


The internal energy per particle is found from 

Ё = &T*0[ (nm) logZ]/9T (1.6) 
= —Jô[ (nm) 1082 /8K 
= — J coth2K[1--2z-!(2 tanh?2K — 1) Ki(4)], (4.54) 


where 
Ёу=2 sinh2K cosh-?2K 


and K,(;) is the complete elliptic integral of the first 
kind, 


z[2 
Kiko f (11-22 520) idg. 


0 


The critical point for this system has already been 
predicted in Sec. 3.1 as the point where |sinh2K,| — 1. 
For К=К., ki=1 and 2tanh?2K—1. Even though 
Ка(Ё1) has a logarithmic singularity at А, = 1, the coeffi- 
cient of Ki(k;) vanishes linearly with the result that E 
is continuous at T.. There is no latent heat. 

The specific heat is, however, given Бу 


С=әЁ/әТ. 


Since one of the terms of Ё is proportional to | T— T.| 
Xlog| T— T.| near T— Т., there is a term in C which is 
proportional to log| T— Т,|. The specific heat has a 
logarithmic singularity at T=T,. 

The more complicated analysis of the general case 
Ку K' shows that the specific heat still has a logarithmic 
singularity at a temperature given by 


sinh2K sinh2K’=1. (4.55) 


If we fix J+J’, the spin-spin internal energy at 0° 
Kelvin, and let J’ become small. The critical tempera- 
ture becomes smaller. If J’=0, the two-dimensional 
lattice degenerates into a system of independent one- 
dimensional chains which, as already seen, has no 
critical temperature. As J’—0, the critical point tends 
toward Т--0 and finally disappears for J’=0. (See 
Fig. 15.) 

5. OTHER LATTICES 


The detailed analysis in the previous sections has 
been primarily restricted to properties of the square 
lattice. Other lattice types have been considered by 
several authors.” However, when these types have 
been successfully treated, the results have not differed 
in any very interesting way from the properties of the 
square net. We shall therefore only briefly summarize 
the calculations that have been done. 
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(à) 


(b) 
Fic. 18. (a) is obtained from Fig. 17 by setting Jı=0, thus 
eliminating the bond so designated. (a) can then be deformed into 


the hexagonal lattice (b). The partition function depends only 
upon the J’s and the topology ої the lattice. 


The triangular and hexagonal lattices which have 
already been described in Sec. 3.1 can be solved ex- 
actly by essentially the same technique used for the 
square lattice. Another lattice that has been treated in 
the same way is the Kagomé lattice," a woven bamboo 
pattern as shown in Fig. 16. 

All these lattice types can be considered as special 
cases of a generalized square lattice." In this gen- 
eralized square lattice we introduce several interaction 
constants. For example, we may use four different 
constants, one for each of the four nearest neighbors as 
shown in Fig. 17. Each bond is labeled with its coupling 
constant. 

The techniques used for solving the usual square net, 
particularly the method of spinor analysis, can with 
minor modifications solve this more complex lattice. 
It is in fact possible to solve exactly a square net with 
even more complex arrangements of coupling constants. 
The details of such will however not be given here. 

We shall notice that from the solution of this lattice 
we obtain as special cases, the solution for both the 
triangular and hexagonal lattices. If we set J:=0 we 
eliminate the bonds so designated. The resulting lattice 
shown in Fig. 18 is then deformable into the hexagonal 
lattice. 

If, on the other hand, we take the limit J— o, the 
spin pairs so coupled must take the same values. They 
therefore act as а single particle. The lattice resulting 
from bringing the particles joined by J; into a single 
particle gives the triangular lattice. 

The Kagomé lattice is a special case of a more com- 
plex square lattice. The specialization is illustrated in 
Fig. 19 where we have designated Бу œ and 0 those 
bonds of the square lattice whose coupling constants 
are © and 0, respectively. : 

With but a few special exceptions mentioned below, 
the properties of these lattices are of the same general 
type as the regular square lattice discussed in Sec. 
4.3. They all exhibit a logarithmic singularity in the 
specific heat corresponding to a transition from an 
ordered to a disordered state. The critical temperature 
depends upon the values of the various coupling con- 


БА Vis МОУ 
stants, for example, the critical temperature of the 
triangular lattice is given by the solution of 


(cosh2K» cosh2K3 cosh2K, 
+-sinh2K» sinh2K 3 sinh2K 4)? 
= 2--sinh?2K s-4- sinh?2K 3-++sinh?2K 4 


K;=J;/kT. (5.1) 


The exceptions to this type of behavior are furnished 
by special antiferromagnetic lattices which have no 
“perfectly ordered" state. An example of such is the 
triangular lattice for which the three coupling constants 
are all exactly equal and negative Jy=J2=J;<0. 
Each particle tries to have its spin opposite to that of 
all its neighbors. One readily sees that it is not possible 
to arrange positive and negative spins so that each spin 
in the lattice is different than all its neighbors. There is 
no ordered state as for example in the rectangular and 
hexagonal lattices illustrated by Fig. 20. 

This triangular lattice fails to have a transition if and 
only if one or three J;s are negative and the two 
weakest |J;| are exactly equal. All these cases lack an 
ordered state. It is interesting that, if one or three J; 
are negative and we let the two weakest |J;| approach 
equal values, the value of Т, becomes smaller and 
smaller until it finally disappears at Г.=0 much as the 
singularity in the two-dimensional square lattice 
vanished as we let one of the couplings go to zero. 

Even in the general case Jı*J2= J3, it is possible 
to obtain both a dual transformation and a star- 
triangle transformation as in Sec. 2. These are obtained 
in the same manner as before but the algebra becomes 
more cumbersome. The fact that certain triangular 
lattices have no transition does not imply, however, 
that the hexagonal lattice has any such solutions of 
physical interest. By applying the star-triangle trans- 
formation to these special triangular lattices one finds 
that they correspond to hexagonal lattices with imagi- 
nary couplings. All hexagonal lattices with nonzero real 
coupling constants have phase transitions. 

The triangular lattice may be considered as a first 
step toward the solution of a nearest and next nearest 
neighbor square net problem. We can deform the tri- 
angular lattice as shown in Fig. 21. It is then apparent 


Fic. 19. By eliminating those bonds designated by 0 and joining 
points connected by the bonds со, one can deform the above Jattice 
into the Kagomé lattice of Fig. 16. 
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that the triangular net is a square net with an additional 
interaction along one of the diagonals. Unfortunately. it 
has not been possible to solve the case of interactions 
| along both diagonals. Indeed none of the cases con- 
| sidered involve interactions that “cross.” The difficulties 
| here are remindful of those in the three-dimensional 
lattice where the topology of closed paths involve knots. 
It would appear that this also may be a very difficult 
| problem. 

13 The partition function per particle Хи, of a hexagonal 

lattice is given by”? 


1 27 Qa 
юа) | | 1055 { соѕћ2 К, со5Н2К» 
167? Js 0 


; Xcosh2K ;4- 1 — sinh2K» sinh2K; cose; 
| —sinh2K; sinh2K; coswe 
—sinh2K;, sinh2K; cos(w1-+ оз) dedos. 


That of a triangular lattice Zr is given by 


1 22 2r 
log(żZr)=— Ї f log(cosh2K, cosh2K; 
8a? 0 0 


X cosh2K ;4- sinh2K , sinh2K» sinh2K; 
—sinh2K, cose; — sinh2K » cose» 
—sinh2K; cos(e4- ш») } бойо». 


6. SPECIAL PROPERTIES OF THE TWO-DIMENSIONAL 
ISING LATTICE 


6.1 Ferromagnetism 


Perhaps the most interesting feature of the Ising 
lattice is its spontaneous magnetization, a necessary 
feature of any ferromagnet. Peierls? was the first to 
show that the Ising model was ferromagnetic and series 
expansions for the spontaneous magnetization were 
long ago given for low temperatures by van der Waerden* 
and Ashkin and Lamb.! 

The magnetization per particle has already been 
defined as 


b N 
| M=N-p Y; в, =№-19 logZ/a. 


7-1 


(6.1) 


Fic. 20. For an antiferromagnetic square or hexagonal lattice, a 
state of perfect order" exists. This state is illustrated with circle 
describing up (or down) spins and describing down (or up) spins. 
| Such a state does not exist for the triangular lattice. 


Fic. 21. A triangular lattice can be deformed into the above form 
which can be interpreted as a square lattice with interactions 
along one of the diagonal directions. 


То be ferromagnetic, a system must have a discon- 
tinuity in M(H, T) as a function of H at H=0 and T 
less than some critical temperature Т,. If we take the 
limit M(H, T) as H—0 from positive values of И, then 
М(0., Т)>0. The ferromagnet retains its magnetiza- 
tion in the direction of H even after the magnetic field is 
turned ой. If, on the other hand, we let H—0 from the 
negative side, then W(0_, 7) «0. 
The energy levels of the Ising lattice are given by 


N 
—J У, сіс; иН 5; 9j. 


n.n. j=l 


If we change the direction of the magnetic field (H—— H) 
and all the spins (z;—— c;), the energy remains un- 
changed. Since Z involves the sum over all ¢;=-1 or 
-0)-1:51, 
Z(H)- Z(—H), 
M(H)— —M(— Н). 


For any finite lattice M(0)—0. This is apparent 
since, for a finite lattice Z is a sum of a finite number of 
functions each analytic in H. Z and M must therefore 
be analytic in H, and M(H)=—M(—H) implies 
M(0)=0. If, however, we allow the system to be in- 
finite, Z becomes the limit of a sequence of analytic 
functions which is not necessary analytic. To calculate a 
spontaneous magnetization, it is necessary to first let 
Х-»со, then let Н-50. If we put Н=0 first, we shall 
always obtain M (0) — 0. 

Although we do not have a solution of the Ising prob- 
lem for arbitrary H, the spontaneous magnetization 
depends only upon the behavior of Z(H, T) for small И 
to terms linear in Н. 

The existence of a spontaneous magnetization was 
first proved on the basis of the low temperature expan- 
sion of Z. Regarding Eq. (2.25), we note that because of 
the symmetry with respect to changing с to — c, 


gCN, NS Уу) =g(N, МЕ №, Ny»), 
where №! is the number of o’s that are +1 and N—N, 


the number that are —1. We combine the terms of 
(2.25) with М> У/2 and those with V=N//2 to obtain 


Z= E «NN. Мн) 


Хз N1€ №/2 


Xexp(—2K Vy) cosh| (N — 2N 1) u$ ]. 


(6.2) 


(6.3) 
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(The one term with М, = 07/2 for М even is incorrect by 
a factor of 2 but this error is negligible for large №.) 

For N is finite, (6.3) is a function only of ° and 
therefore gives M(0)=0. For low temperatures and 
positive K, the main contribution to Z comes from 
terms with Уус Үс/2. 

The existence or nonexistence of a spontaneous mag- 
netization hinges on the dependence of №; on №2. 
These two are certainly not independent quantities for 
example V 5-0 implies V, =0 ог. па one-dimensional 
lattice, there is, however, very little correlation between 
№, and Ns for Vi2>0 because each unfavorable bond 
(joining unlike spins) gives a boundary between regions 
of c—--1 and с= —1. One can shift these boundaries 
almost at will. Such a shift leaves V1» unchanged but 
№, depends upon the length of the regions with e= + 18 
One can make all regions with с--4-1 small to give a 
small №, or make them all large to give a large V ;. 

In two or three dimensions, the situation is quite 
different. The correlation between JV; and N2 is much 
stronger. The feature we will want to exploit is that 
small №» implies small №; (or small N — №); if there 
are few unlike pairs, then most particles must have the 
same spin. This difference between the one-dimensional 
lattice and those of higher dimension is the cause of 
most of the marked dissimilarity of the thermodynamic 
and magnetic properties of the one-dimensional lattice. 

The dependence of 7 оп Н is contained in the factor 
cosh[(V—2N;)u$] and the spontaneous magnetiza- 
tion comes from first allowing JV to become infinite and 
then letting 16-0. The behavior of Z for small H de- 
pends strongly on whether or not for most states 
N—2N,—« аз Ло. Such is the case in two or three 
dimensions at sufficiently low temperatures because a 
low temperature implies that Ni» is small for most 
states and therefore JV;/N is also small. (In one dimen- 
sion such is not true.) : 

If NV,/N<1 for most states as Vo, then for any 
nonzero u$, 


cosh[(N —2N3)4 15% ехр QY —2N1) | u$] ] 


for most states. Here lies the source of the spontaneous 
magnetization, for if we now let | u$9|—0. Z contains 
terms linear in || leading to a nonzero magnetiza- 
tion for $$—0 and a discontinuity. For very low tem- 
perature and small 9, 


Z(H)~Z(0) cosh( Nu$) 
и for H>0 
M(H)~p lim tanh(Nu$)— | (6.4) 
мэ -и for H«0 


(except in one dimension). 

A closed expression for М(0) as a function of T has 
not been derived by combinatorial methods although 
rather lengthy series expansions have been calculated 
(see Sec. 7). The spontaneous magnetization of the two- 
dimensional Ising lattice has been derived, however, 
using algebraic methods. This was done by Vang? (it 
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was reported but never published by Onsager at the 
Cornell Phase Transition Conference, 1948) using a 
first-order perturbation of the solution of the Ising 
problem in zero field. We shall only indicate here the 
preliminary steps to this calculation. Although the basis 
for the method is quite obvious, the detailed calculations 
are both tricky and tedious. 

In Eq. (2.14), the partition function is written as 


Z= (2 sinh2K)""^? trace (V;V2V1)" 
~ 2 sinh2K) n PP. аху 


where Алах is the largest eigenvalue of 
VV: V= У.У,-- „> (2, s;) VoVi-- 25 
7-1 


We write Amax=A°max F ШӘМ max With A°max the largest 
eigenvalue of V;V; and we determine Mx by the usual 
first-order perturbation theory. 

Perturbation theory is somewhat more elegant if the 
matrices are symmetric because then the eigenfunction 
are orthogonal. Instead of treating the matrix VVV, 
Yang considers matrix V,!V3V2Vi? which is similar to 
the above but also symmetric. This is not a generaliza- 
tion of the symmetric matrix P of Sec. 2. Such a matrix 
would be Үг! Ут Уг Уг. All three of these matrices are 
similar and therefore have the same eigenvalues. One 
should be able to carry through all the analysis irrespec- 
tive of representation but to avoid confusion we use 
here the same matrix as Yang. We therefore write 


ViiV3VoVi= VVV + uV » s;V» Vj. 
1-1 


Perturbation theory warns us that we must distin- 
guish between cases where \°max is degenerate and cases 
where it is nondegenerate. We therefore consider sepa- 
rately the cases Т> Г. and T « T.. 

We have seen (Sec. 3.2) that for T» Те, the largest 
eigenvalue of VVV is nondegenerate and its eigen- 
function 1; belongs to the space of even functions. 
Each of the matrices У» and V, commutes with U, 
thus they send even functions into even functions and 
odd functions into odd functions. s;, however, anti- 
commutes with U, it sends even functions into odd 
functions and vice versa. The perturbing term above 
therefore has no diagonal elements in the representation 
in which VVV; is diagonal and 


Мак (4+, Vii 25 sj;VoVii t+) =0. 
= 


For T7 Г. there is no correction to A linear in É, thus 
no spontaneous magnetization. 

For T<T., the situation is quite different. We have 
seen that \°nax is then twofold degenerate in the limit 
пэ. There is an eigenfunction y+ in the even space 
and an eigenfunction 4 in the odd space. The perturba- 
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tion “splits” the degeneracy, and we have а situation 
quite analogous to the anomalous Zeeman effect in the 
quantum theory of the hydrogen atom. 

The first step in a perturbation procedure is to con- 
sider separately those parts of the matrices correspond- 
ing to the space in which X^. is degenerate. In this case 
we consider the 2X 2 section of the matrices correspond- 
ing to the space ш and 4... We wish to choose a repre- 
sentation in which the 2Ж2 part of both the zero-order 
and first-order matrices Vj!V;V;! and 


Vid 8,У:У!, 


jl 


respectively, are diagonal. This portion of the matrix 
V43V,Vj! is simply А, ах times the 2X2 identity matrix 
and is invariant to any transformation of 4 and v. 
It will be diagonal in any representation including that in 
which this part of the first-order matrix is diagonal. 
The 2X2 portion of the first-order matrix is symmetric 
and has zero diagonal elements in the representation 
v4. and d... The first-order eigenfunctions are therefore 
23(0:4-14-) and 


Mna [273 QE 2-4), Vi* 25 8/У:Ул2:3(444-4-)1 
7-1 
Since VVV 0 (4:-- 4) == A maxbet v), 
Nune EN ах (y+ V), ME 5» ЗУ t_) ] 
1-1 


== (4, VE МЕ) 


1-1 


because s; has no matrix elements connecting i. to {+ 
ог 1 to 4 but s; is symmetric. 
Using (6.1), we see that to order ©, 


М=т!д logNusx/0$ — 1 MN max/A msx 


= w(t, Vii УЭ УГ). 


1-1 


Since each point in the row is equivalent to any other 
point, each of the 7 values of j give the same contribu- 
tion; therefore, 


M= (0, VilsiVr 394). 


'The magnetization is thus described by a single 
matrix element which formally looks quite simple. The 
evaluation of it is, however, rather complicated even 
though the answer is relatively simple. Yang? found 
for K— K' 


(MO | = (1-2) (1— 2)73(1— 62^ 2)! 


peg. 65) 


Near the critical point s=z.=V2—1, M(0) has a 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


7) $$$. 


05+ (3) 


0 
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otn 


Етс. 22. The spontaneous magnetization of the two-dimensional 
Ising lattice is plotted vs the temperature (curve 1) (see refer- 
ence 29). Curve (2) is an extrapolation of the low temperature 
series expansion in powers of z=¢*, including terms of order 
22 [deduced by van der Waerden (see reference 8) and Ashkin 
and Lamb (see reference 16) ]. Curve (3) is the expansion to terms 
of order 218 as given by Domb (see reference 34), the longest series 
known prior to Yang’s exact treatment. 


branch point 
M (0)eu[4(V24- 2) (2.— 2) 13. 
The magnetization M(0, T) is shown in Fig. 22.$ 


6.2 Correlations 


Aside from the usual thermodynamic quantities, one 
is also interested in the correlations between spins at 
different lattice sites. Such correlations are observed 
experimentally in x-ray diffraction effects. 

A great deal of literature exists on approximate 
theories of ferromagnetism and binary alloys based 
upon short-range and long-range correlations. A review 
of such work would carry us far away from our purpose 
here. This voluminous literature has been reviewed 
elsewhere. 

Exact expressions for correlations have been calcu- 
lated only for the two-dimensional square Ising lattice? 
The correlation of the ith spin to the jth spin is defined 
as the average of о; if c;—--1. We may re-express this 
іп many ways. It is also the average of о; if s;—-1- 1, or 
the negative of the average of с; if c;— —1. The most 
convenient expression is the average of cio; written 
below as (тут). The equivalence of these definitions is 
apparent since c;— 4-1 with equal a priori probabilities. 


(с:с;) is calculated from 


(c;c)— Z^ У --- X ei;exp(—E/kT). (6.6) 


esl су-1 


These averages are evaluated by again using matrix 
expressions. For a two-dimensional lattice, let бус be 
the spin of the particle in the jth row and kth column. 


$ Note added in proof: Formulas for the magnetization of the 
asymmetric square and trian lattices have been presented 
by R. B. Potts [Phys. Rev. 88, 352 (1952) |. The formulas of the 
DEN also given by C. H. Chang [Phys. Rev. 88, 1422 
5 
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Fic, 23. Correlation coefficients of the two-dimensional square 
Ising lattice as a function of temperature (see reference 30); 
(a) GUN (b) (&11622), (©) (опот), (d) (11023), (е) (ттт), and 
(f) М2 Since, as one observes from the figure, these averages are 
monotone functions of the distance between the points, the long- 
range correlations approach a limit M? independent of direction 
on the lattice. 


If их represents the state of the kth row as in Sec. 2.1, 
then (6.6) can be written in the form 


эп 2n 


(сиса) = Z7 У 35 Рәх 


У1=1 17 ни! 
Х.Рьуа»д(55) р) Рур" 
Х.Руа-ана(5ь)гагаР»агаг1 Ж Au X Pov, 


where P,» is the matrix defined in Sec. 2.1. The above is 
again expressible as the trace of a matrix product, 


(051041) = Z^! trace (PHs, Pis, P”) 
= Z^ trace (s,P*-/s,P»-«*7). (6.7) 


The right side depends upon a and 7 only through the 
combination of j—a as is to be expected physically as a 
result of the periodic boundary conditions. Also it 
depends upon А and a only through k— a because the 
matrix Р is invariant to a cyclic permutation of the 
particles in a row. One needs only consider (0110с5) 
Also the correlations are independent of reflections 
about vertical or horizontal lines, they depend only 
upon |a—1| and |b—1], thus we need only consider 
1<a<$m+1 and 1<b<in+1. 

Since the trace is invariant to a similarity transforma- 
tion, we apply the transformation which diagonalizes Р. 
Let W^ be this transformation matrix, 


эп on 
(ooa = (Do 21") тн PAs.) и. (6.8) 


1=1 1-1 


Since a—1<m/2, m—a+1 will be large for m large and 
we need only consider the values of / corresponding to 
the largest eigenvalue. For Т> 7., the largest eigen- 
value is nondegenerate and we neglect all / but one: 
(0310 ab)—Amax ^ (4, 81Р 18584)... (6.84) 


For T'« T, the largest eigenvalue is doubly degenerate, 
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in which case 


(б116а8 АА С, 51Р 185414) 


+ (4, Р“-13ь4)]. (6.85) 


The correlations between nearby point (а and b 
small) in an infinite lattice (m and »— 9) are used to 
describe “short-range order." Long-range order already 
discussed in Sec. 3.2 is described by the limit of (соса) 
as а and b— о (after m and пэ). 

'The correlations have been calculated by Kaufman 
and Onsager for several of the nearby pairs of points. 
The detailed evaluation of the matrix elements (6.8a,b) 
is again a rather tedious operation. The results of these 
calculations are plotted in Fig. 23. 

Long-range order and spontaneous magnetization 
describe essentially the same thing as we shall see below. 
One can very easily see from (6.8) and (6.8a) that no 
long-range order exists for Т> Те. If we let /= 1 corre- 
spond to the largest eigenvalue (it is nondegenerate), 
then 


(ei 1940) pH (uri S DUO Pontus АР) 11 


а5 Mo 


on 
= № У) APIs) ASI Is) j 


7=1 
(Ws W) (Fis Y) 11 
as а— 


= (с11)(71ь)= 0 


because both туу and ось are zero. Thus, we again 
prove that long-range order cannot exist unless the 
largest eigenvalue is degenerate. 

We might look at this from a slightly different point 
of view. Suppose | M | 2 M(0,, T) 2 — М(0_, T) is the 
spontaneous magnetization per particle, №, the number 
of “up” spins and № the number of “down” spins, then 


IM|2|N1—-Ns|/N 2 (X,—N3/N, =. 


The + is chosen accordingly as the magnetization is in 
the positive or negative direction (up or down). This 
gives 


NyN-iQü-|M]), NNi-i0-|M|). 


We now ask what is the average magnetization if one 

spin (call it сл) is positive? We use the symbol Pr(a } 

to denote the probability of the event а. We have just 

deduced that 

Pr{ou>0 if М--|М|)-41-1М(). 
However, 
Pr{on>0 and М=-+|М|} 
=Pr{ou>0 if М---|М|Р (М--1М|) 

=Prh{M=+|M| if on>0)}Pr{ou>9}- 


| 
| 


| 
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In the absence of a magnetic field Pr( M =+ 1М |) and 
Р’{ви=-Е1} are all 3. Thus, 


Pr{M=+|M| if 2117 0) 
=Pr{ou>0 if M--|M|)-102:|M|). 


We find that the average magnetization if би 20 
to be 


|M|Pr{M=|M| if oy>0) 
-|M|Pr(M-—|M| if oy>0) 
=3|M|(1+|M|)—3|M](1— |u|) = м. 


М? is the conditional average of all spins if «3,70. It 
can also be expressed in terms of the correlations above 


m n 


М?= lim (nm)? У У (опса). 


2 a=! b=1 


Ав п and m—~, no finite set of a, b contribute to this 
sum. We obtain a nonzero М? if and only if (oy,¢a0) is 
nonzero for arbitrarily large a and b. Thus, we see that 
the existence of long-range order is equivalent to the 
existence of a spontaneous magnetization. 


7. THREE-DIMENSIONAL LATTICES 


It has already been mentioned that the methods 
used in finding exact expressions for properties of two- 
dimensional lattices break down when they are applied 
to the investigation of three-dimensional lattices. How- 
ever, the first few terms have been calculated in certain 
power series expansions for the partition function of 
three-dimensional Ising lattices. Expansions exist which 
are valid in the high and low temperature ranges. These 
have been obtained by both the matrix and combina- 


5 


——- 
0 057 O 45 80 
кт/5Ј 


Fic. 24. Approximate specific heat curves for the three-dimen- 
sional cubic Ising lattice (see references 2, 31). In order of their 
apparent accuracy they are (1) Bragg-Williams approximation, (2) 
Bethe second approximation, (3) Kirkwood approximation, and 
(4) and extrapolation of high and low temperature expansions by 
Wakefield known‘'to be accurate everywhere except near the 
critical point. 
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Fic. 25. Approximate spontaneous magnetization curves for the 
cubic lattice corresponding to the curves of Fig. 24. 


torial methods. Although it is impossible to base a 
rigorous discussion of critical phenomenon on these 
series, they give accurate results at temperatures not 
too close to the critical point and are useful for the 
estimation of the range of validity of approximate ex- 
pressions for thermodynamic properties. 

Since Rushbrook?' recently published a detailed re- 
view of the status of these series, we shall merely state 
the best available results for the simple, body-centered 
and face-centered cubic lattices and present specific 
heat and spontaneous magnetization curves (see Figs. 
24 and 25) for the simple cubic lattice. These curves are 
compared with those computed on the basis of the 
Bragg-Williams and Bethe formulas. 

A large number of articles have been written about 


series expansions. Some of the more recent ones are | 


those of Rushbrook? and Wakefield ;? Domb ;^ Trefítz 25 
Somers; 5 Ter Haar;* Oguchi?? Tanaka, Katsumori, 
and Toshima 29 and Кікисћі.*° 

We shall consider only the case in which the inter- 
action parameters in all directions are equal. We let 


x=tanhKk. (7.1) 


Then the high temperature expansions for the Nth 
root of the partition function (in a lattice of № particles) 
are 

a. simple cubic lattice 


ИХ —2 cosh? K (1-2-3a*4- 22x54- 19225 


4-2070x192-24 943:524----): (7.2) 
b. body-centered cubic 
ZYN = 2 cosh*K (1-- 12х*-- 148 л5-- 1860:9-- ---); (7.3) 
c. face-centered cubic 
ZYN = 2 cosh®K (1-- 828-337 -- 168° 
+ 962x°+-5928x7+----). (7.4) 


The low temperature series for Vlog Z are expressed 
in powers of s=exp(—2J/kT), 


> TN 


n——————— 
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4 10 


6 
kT/J 


Fic. 26. Specific heat vs temperature for the spherical model in (a) 
one dimension, (b) two dimensions, and (c) three dimensions. 


a. simple cubic lattice 


7 313 
Xeon eH so gs 
2 3 
561 9847 
== 220-Н 840:2 2-2 с24 


b. body-centered cubic 
9 
ЗС Е55 
2 


145 
ын ве 204226— 786275-1- 1164230 


3691 
Шилийн СО: . 3! (7.6) 
с. face-centered cubic 


13 
e (ores ава 


217 
+4222 — к ее AN 123210 


-12628--1623254-2418:5----- ) (7.7) 


The formulas for spontaneous magnetization are 
a. simple cubic!! 


М/и=1— 226— 12210-1- 142? — 9074-- 192215 
—192218-1- 2148220 — 77162? 4-23 26255 
— 79 512225--252 054228--.... 
b. body-centered 
M/p=1—2z8— 162*4-18215— 16824-3847 — 31424 
—1184229-1-6248275— 9744730 — 10 1742? 4- - -- ; 


П Note added in proof: The coefficient of 225 is that given in 
reference 39, Wakefield (reference 33), however, gives 79530. 


AND 
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с. face-centered 


M/u= 1— 22?— 242?-1- 2624 — 48230 — 2522??-- 7207 
—438235— 192735— 984710— 1008242— . ... 


It has frequently been conjectured that the partition 
function Z for a three-dimensional lattice is the simple 
generalization of the Onsager formula 


eI 


Xlog(cosh2K ; cosh2K» cosh2K3—sinh2K, cose; | 


loghZUN = 


— ѕіпҺ2 Кз cosw2,—sinh2K; cosw;)dw dwodw3. | 


When the interaction constant in the z direction, K;, .| 
vanishes this expression reduces to the correct two- 
dimensional formula (4.53). Unfortunately, if one sets 
K,=K2=K;=K the high temperature power series in | 
x=tanhK is not the same as the exact series (7.2). 


8. SPHERICAL MODEL 


Р The partition function (1.3) of the Ising model (in 
the absence of a magnetic field, 5= 0) is a multiple sum 
whose summand is the exponential of a quadratic form 
іп the cs. The infinite integral over an exponential of | 
a quadratic form whose real part is negative definite can | 
be evaluated much easier than the sum by employing 
the formula 


N 
IE о | ехр(— »- 4:;0:0;)с1: Е -don 


i j=l 


= тћ!2 (ае о; |). (8.1) 
This suggests that if one could replace the summation 
operation in (1.3) by an integration, it might be possible 
to evaluate the resulting partition function rather 
easily. 

With this motivation Kac proposed the spherical Г 
model of cooperative phenomenon in which the spin 
variables {о;} are considered to be continuous rather | 
than. discrete. The o’s of the Ising model satisfy the | 
relations | 

j=1,2, ---, N (8.2) | 


ср=1, 


N 
35 GPN, (8.3) 


1-1 


The spherical model is characterized by the relaxation 
of the strong conditions (8.2) and the postulation that 
the o’s can simultaneously have any real values which 
lie on the hypersphere (8.3). 
"There are certain properties of the spherical model 
which are physically unrealistic. For example, the fact | 
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that the o’s are continuous suggests that the thermo- 
dynamic behavior should be classical at low tempera- 
tures (for example, the specific heat does not approach 
zero аз T—0). On the other hand, the magnetic proper- 
ties of the spherical model may resemble those of a real 
ferromagnetic more closely than does the Ising model. 
The two-dimensional spherical model has no transition 
while the corresponding Ising does. There is consider- 
able evidence“ that a real two-dimensional ferromagnet 
does not have a transition either; it has been suggested 
that the magnetic anisotropy of the Ising model in- 
duces the transition in two dimensions. 

The attractive feature of the spherical model is that 
all its thermodynamic and magnetic properties can be 
calculated exactly in one, two, and three dimensions 
for any common type of lattice. Also the interaction of a 
particle with other than nearest neighbors can be intro- 
duced into the spherical model without causing any 
significant mathematical difficulties. In three dimen- 
sions а phase transition exists with long-range order 
below the critical temperature. The thermodynamic 
properties have been calculated by Berlin and Kac? 
and one of the authors.? Since the recent paper of 
Berlin and Kac is quite complete in all the details, 
we shall merely outline the methods used and sum- 
marize the results. 

The partition function (normalized to unity as 7— œ) 
of the spherical model in the absence of a magnetic 
field is 


2= Арг! IE : | do,---don ехр(5 КУ `а;;о:о;), (8.4) 


N 
Z ej —-N 
3—1 


where 

Ayo f -+ f antem emma. (8.5) 
N 
Z сўй=№ 
ja 


All other symbols have the meaning given to them in 
Sec. 1. One way of evaluating the partition function is to 
introduce the 6-function, 


N 1 5 № 
қу ой) =— || ер me 69 
je 2T J 20 je 
Ёс 
into the integrands of (8.4) and (8.5). Since 6(W— X с) 
ј=1 


vanishes, unless the sphericalization condition (8.3) is 
satisfied, the integration over the c's can be allowed to 
extend over all real values, —co«g;«co for all 7. 
The integration over the o’s is then easily carried out by 
applying (8.1). The integration over the new variable y 
is performed by the method of steepest descents. 
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The final expression for the partition function of an 
5 dimensional-simple cubic lattice is 


1 
lim — logZ= —}—4 log2K—} f(z,)+Kz,, (8.7) 


N-» N 
and the specific heat per particle is 
k 
а) (8.8) 


when а геа] position solution 2, exists for the equation 


22-13 jJ: ,—C0S91— ms (8.9) 


The function f(z.) is defined by 


i fo ; 
soma [mee cosa; ]dei- - -de;. (8.10) 


When s—1 or 2, Eq. (8.9) has a solution z, for all 
0< К € ;that is for all temperatures. Indeed, in these 
two cases z, is an analytic function of K, as is the specific 
heat (8.8). No phase transitions occur. 

In the three-dimensional case Eq. (8.9) has a real 
positive root 2, (which is 73) only when 


Т> Г.=3.9568Л/Е. (8.11) 


For Т«Т,, it can be shown that the specific heat per 
particle is given by 


С-18, T«T. (8.12) 


The function C/k is not analytic in this case. It has a 
singularity at T'— T.. The specific heat is plotted in 
Fig. 26. Notice that as 7—0 it has a finite limit rather 
than zero, the corresponding limit in the Ising model. 
Berlin and Kac showed that the long-range correlation 
coefficient vanished at temperatures above Ге, while 


(es/os)w/ (c?)uMoi)3—1—(T/T), Т<Т, (8.13) 


as | уг-ты|-эсо. The spontaneous magnetization is pro- 
portional to (1— 7/T.)! for T « T... 

One might argue that the critical phenomenon dis- 
cussed above are caused by a small number of exces- 
sively large spins [such are possible according to (8.3) ]. 
However, the statistical weight of such spins is very 
small. It can be shown that 


3 T>T. 


(oA) n= 


(8.14) 
3—2(1—Т/Т.)* for TST.. 


(Of course, of=1 in the Ising model.) If on the aver- 
age only one spin was abnormally large, say ~}N}, 
and the rest small and equal, we would have (of) 
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^ N(14-9N—7)/16 which is in contradiction to (8.14). 
Hence, we can say that the existance of even one very 
large spin is such ап improbable event that it could 
hardly be responsible for the critical properties of the 
model. 

The magnetic susceptibility of the spherical model in 
the presence of a homogeneous magnetic field 0 is very 
similar to that given by the Curie-Weiss phenomeno- 
logical theory of ferromagnetism. In the Curie-Weiss 
theory the susceptibility per particle is 


xz T.*/a*L[T— T.*], 


where T,* is the transition temperature and a* an 
empirical parameter. The spherical model with a simple 
cubic lattice yields 


Ns T./o[ TA(T)— да; 


where Z—-4J/k rather than the Curie-Weiss value 
T. *—6J/k. The parameter а= б.// и? is to be identified 
with а*. The quantity /(T) is defined by 


(0) = Tos ($)/3T, 


where s;($) is a positive real root of 


1024623 


(2 T) 53() — cose1— 
2g 5° 


+ —. 
2ET? K[ss($) —3) 


COSW2— COSW3 


Berlin and Кас have shown that if one sets T.*= yT., 
= (Т,/о)/|Түй(7)-- ИЕ (8.15) 


The combination yA(T) is, in the entire temperature 
range Т„< T «оо, restricted by the inequality 


3/27 yk(T) 21. 


Hence, Eq. (8.15) differs very slightly from the phe- 
nomenological Curie-Weiss law. 

Interesting results have been obtained by Berlin 
and Thomsen“ and Гах by applying the sphericaliza- 
tion technique to the theory of electric dipole-dipole 
interaction in crystals. It can also be applied to a classi- 
cal vector spin model of a ferromagnet. 


APPENDIX 1 


We stated in Sec. 1 that a very satisfactory model of a 
binary substitution alloy or a binary mixture is mathe- 
matically equivalent to the Ising model of a ferro- 
magnet.: Also the Ising model is equivalent to а sim- 
plified model of a gas and liquid.“ We shall here describe 
these models in more detail and show their relation to 
the Ising problem. 

Let us first consider a binary system of N molecules 
of which on the average N, are of type 1 and JV; are of 


AND 
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type 2. These particles are distributed on lattice sights 
and the state of the system is described by giving the 
type of particle on each lattice sight. The energy of the 
system is chosen to be the sum of the energies of inter- 
acting pairs of nearest neighbors. The energy between 
pairs is written as Ё;; = Ел, if one member of the pairs 
is of the ith species and the other is of the jth species. 
Furthermore, we let the chemical potential of the jth 
species be и;. 

The grand partition function of our system is 


У DY exp[(umi- ustta— En) /kT ]. 


nitn2=N т 


Za= (A1.1) 


п; has the significance of being the number of 7 type 
particles; m numbers the states of the system for fixed 
ni; and En is the total energy of the system in the state 
m. The chemical potentials must be chosen in such a 
way that the system gives the preassigned composition. 


Ж, Des 


nprn22N т 


Xexp[ (uimit- usns— Es)/ KT ] 
— ЕТӘ logZ/Ou;. 


N;-(n)-Z43 


(A1.2) 


We again represent the “state” of the jth lattice 
point by о;==1. c;— 4-1 if the jth lattice point is oc- 
cupied by a particle of type 1, and ø= — 1 if it is occu- 
pied by a particle of type 2. (1--о,)/2 is 1 if the jth 
point has an atom of type 1 and zero if it has no atom 
of type 1. Thus, 


(A1.3) 


If i and j are a pair of nearest neighbors on the lattice, 
the expression 


(о 05) - 3Eu(1d- 0) (19-0) 

--1Ё2(1-62(1-6--18:(1-о04 (А14) 
is En, E», ог E accordingly as the i and j lattice 
points are occupied by two particles of type 1, two 
particles of type 2, or a mixed pair. 1 a(oi, с;) thus repre- 
sents the energy between the pairs гапа j. The total 
energy is given by 

N 


Em= У; $aifi(es, су), 


i j=l 


(A1.5) 


where а;; is as defined in 1.4. If we rewrite (A1.1) in the 
new notation of the ор, the sums over ;4-n3— № and m 
is equivalent to the multiple sum over all 05:::51, 


2л= 5» cere 55 exp[ (штит: Em)/kT J; 


сү=®1 ах-11 
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where in view of (A1.3) to (А1,5) 


шта што Es 


| =1 2, Гш(1--с64-н4(1--6) 1 


-3 Бод Бий ед0-0) 


i, j=l 
N^ +@ЕЁз(1— е;)(1— 6j) --LEi(1— 00) ] 
= (N/8)[4uid-4u2— c(Eyid- Ess-2£32) | 


N 
Я-112даг- 2и.—с(Еи-— Es») | »» 0) 
1-1 


N 
— (1/8) (End-En — 2E32) x 04:/0:0). (А1.6) 


i,7=1 


с designates the number of nearest neighbors for a given 


particle 


N 
(59 а:;=с). 
1-1 


То finally transcribe this into the notation of the 


Ising problem, we define 
иН= i[224— 2us— c(E£u— E2) ]= KÓRT 
J= -4(Ви-Бээ- 2Е!э) =КЁТ 
«= (1/8) [4u4- 4u»— c(Ex13- Е»»-Е2Ё|»)], 


so that 
Za=exp(Na/kT) >. --- У 
gj—cl осу=Е1 
N N 
Хехр(К У; заџ;о:сз А-и У; oj} (A1.8) 
i, j=l 1=1 
=exp(Na/kT)Zr. 


Zr denotes the partition function for the Ising problem. 
We have thus established a simple relation between the 


Ising problem and the binary alloy. 


e The important thermodynamic functions of each are 
also related. For example, in the alloy 
“| > : y Е 
Ху= би)һ=% У (414-03) (0/2) (1-(в)м). 
БН 
The constant « has no effect upon any average so that 


magnetization per particle is given by 


(с)һ is the same as іп the Ising problem, where the 


lattice with // —0 thus corresponds to a binary alloy 
with Уус Уу М2. 

If J is positive, the Ising model is a model of а ferro- 
magnet, if J is negative an antiferromagnet. In the 
binary alloy, J positive corresponds to a binary mixture 
which at low temperatures separates into two phases. 
J negative corresponds to a substitutional alloy, and a 
phase transition would be described as an order-dis- 
order transition with the ordered state having type 
1 and 2 particles on alternating lattice sites. 

It will be shown in Sec. 6 that the Ising ferromagnet 
in two dimensions has a spontaneous magnetization 
(also in three dimensions), 1.е., M asa function of И has 
a discontinuity at Н=0 from M = | M(0)| for H —0, to 
M--—|M(0)| at H=0_. Knowing the value of M(0) 
for Н=0, one deduces the critical composition from 
(A1.9). 

The mathematical formulation of the “lattice gas" 
modelis very similar to the above. Аз а starting point we 
choose the familiar expression for the grand partition 
function of a gas enclosed in a volume V, 


Z«V, в, Т)= У y" Qx/N S 
N= 
у--(2ттВТ/(2) exp(u/kT), (A1.10) 


Оу- 1 See | drid- - -dry exp(—Uy/kT). 
н 


у is known as the fugacity, и is the chemical potential 
and Ux is the potential energy of a system with V 
particles. The other symbols have their customary 
meaning. 

From the evaluation of Z, one deduces the pressure 
from 


p=kT lim V= logZa(V), (A1.11) 


and the density is given by 


аль lim d(V— logZa)/9 logy. (A1.12) 


Since either p or p in addition to V and T is usually 
known, one uses one of the above equations to select 
the value of р which appears as a parameter in Z. 

The lattice gas‘ is described by dividing V into cells 
of uniform size. For convenience we shall choose the 
units of V such that these cells are of unit size. Ux is 
expressed as a sum of the potential energies u between 
pairs of particles. и їп turn is described in this model by 


M =)», и=-- о if the two atoms occupy the same 
! йш; lattice sight, 
| N,=(N/2)(1+M/u), ХУ»=(ХУ/2)(1— Mg). u=—4J if the two atoms are nearest neigh- (А1.13) 
If H=0, the Boltzmann factor is invariant to the trans- bors, 
formation c;— — ту. Therefore, M — —M —0. The Ising и=0 otherwise. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar ^ 


Digitized Бу Arya Samaj Foundation Chennai and eGangotri 


384. С. F. 


Fic. 27. p—v diagram 
for the two-dimensional 
lattice gas (see reference 
47). The solid curve is the 
exact boundary of the two- 
phase region. The dotted 
curves are the isotherms. 


This interaction has the desirable feature of being 
.very repulsive (infinitely so) at very short distances, 
attractive at intermediate distances, and zero at larger 
distances. It qualitatively represents the true inter- 
action between gas molecules. 

The infinite repulsion between particles in the same 
cell prohibits the occupation of a cell by more than one 
particle. The energy of the system can be described by 
giving for each cell the value of a set of coordinates 
сз 1 € j €V. oj=+1 if the jth cell is occupied and — 1 
if unoccupied. In terms of the 05, Ux becomes 


ч 
Ux-—J Y, Задов). (А114) 


t,7=1 


Since the integrand of Ох is a constant over-all cell, 
we can replace it by a multiple sum. There will be a term 
corresponding to each possible allocation of the № 
particles among the cells. For any choice of the су there 
will be just №! equal terms of the sum corresponding to 
the N! permutation of the particles among each other 
which leave Uy invariant. 

Since 277 (с;4-1) is the number of particles in the 
lattice, we write 


2 12 ero 72D) > ао в1)(с 1), 


1,771 


where the multiple sum is over all c;— 2-1 with the 
restriction 2)1(0;-|-1)= N. When we substitute this 
into Z, the summation over № eliminates the restriction 
on the above sum, and we write 


Ze= Ss У | уе 


тү=-Е1 су 


Xexp[3K У aj(e;d-1)(c;-1)] 


1,741 


12 
= Хх --- Х exp[4K 3 m] 
с1=+1 су=+1 i,j=1 


Xexp[ (cK +4 logy) 2 о exp[4(cK+logy) V ], 
KzJ/kT, 


where с 15 again the number of nearest neighbors of a 
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particle and V is not only the volume but also the num- 
ber of cells. 

The formal similarity between Zg and the partition 
function for the Ising problem is quite apparent. If we 
write 

logyz 2(uH — Jc)/kT —-2(u$9 — cK), 
then 


Zg-exp[(u9—1cR)V] Уз. X 


o1=+1 сү=+1 


у V 
Хехр(3К 25 атту и У oj] 


i,j=1 1-1 


—exp[(u$—3cK)V ]Zr. (А1.15) 


From this, we can establish relationships between the 
thermodynamic properties of the Ising lattice and of 
the lattice gas. Since V is the number of lattice cells, 
the free energy per particle F of the Ising problem is 


2) 0.4 0.8 he 
pr 


Fic. 28. Magnetization of the one-dimensional Ising chain as a 
function of the magnetic field „Ф=иН/ЕТ for several values of 
K=J/kT. 


given by 
Zr exp(FV/ET), 
and we find 
$P-kTV-3logZe—-uH—3Jc--F. (А1.16) 
The density is given by 
14 
р=дУ-—\1ор7/д logy-1V- У (004-1) 2 3(14-M/)- 
jl 
The specific volume v is given by 
v= p1—2(12-M/ y). (A1.17) 


Аз was pointed out by Lee and Yang,! the p—? iso- 
therms of the lattice gas are closely related to the M, Н 
isotherms of the Ising lattice. Iri particular а discon- 
tinuity in M gives a. discontinuity in v. As has already 
been noted, the Ising lattice has a spontaneous mag- 
netization or a discontinuity in M at Н — 0 for tempera- 
tures below the ferromagnetic Curie temperature Te. 

Although the two-dimensional Ising problem for 
arbitrary fields has not been evaluated, it is indeed 


ye 


Ne 


Yy 
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fortunate that the interesting part of the diagram for 
the two-dimensional lattice gas, namely the condensa- 
tion curve, corresponds to H=0 for which we know 
all the necessary data. We know the magnetization has 
a jump from |M| to —|M| at H=0. We know both 
M and F as a function of T. The Curie temperature 
corresponds to the critical temperature above which no 
condensation occurs. The two-phase boundary is ob- 
tained by evaluating р and v for H=0 and is shown in 
Fig. 27. 

In conjunction with their study of the lattice gas 
Yang and Lee have also proved many interesting 
theorems regarding the general properties of gases. 
They also announce the solution of the Ising problem 
in a magnetic field $2 iz/2 or H=ixkT/2. 


APPENDIX 2 


Some of the properties of the one-dimensional Ising 
lattice were derived in Sec. 2. One must be an optimist 
to expect a one-dimensional system to behave like its 
two- or three-dimensional analog. If one is hopeful that 
techniques used to solve a one-dimensional problem 
will help solve a two- or three-dimensional problem, 
his optimism quickly subsides when he tries to apply 
them to the Ising lattice. 

Despite this, we shall summarize here a few other 
properties of the one-dimensional Ising lattice. Although 
they may be rather useless, they are at least simple. 

There is no difficulty in extending the analysis of 
Sec. 2 to include a magnetic field interaction. For such a 


system 
ekteS К 
P e MM 
eK еек 


M= ef coshu$-4- [e£ sinh*uH+e°* ]*.. (A2.2) 


Л, is analytic in T for 0< T< =, thus there is no transi- 
tion (see Sec. 3.2). It has no spontaneous magnetization 
since 


M — ЕТӘ 1ор№./9% 
= (и sinhu$)[sinb*u-- e] 
goes to zero as И goes to zero. M as a function of $ 
is shown in Fig. 28. 
We note that for $—0 


Л, =2 coshK, 


(A2.1) 


and 


(A2.3) 


and for K=0 
№=2 coshu$; 


thus, the usual thermodynamic properties (excluding of 
course the magnetization) for a system of noninteract- 
ing particles (J=0) in a magnetic field are similar to 
those of а system of interacting particles with H=0. 
(This is not true in higher dimensions.) 

Even though the system is well behaved, the proper- 
ties of the system are quite sensitive to small mag- 
netiz fields. If H is small compared with К, the term 
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ЕК sinh?*u$ in (42.2) may not be small compared with 
Е "К. We certainly anticipate even a small И to have a 
considerable effect at sufficiently low temperatures 
since it forces the spins to be all the same as 7—0, but 
it turns out that // has an appreciable effect up to 
temperatures of the order 


T~2J[k log(J/u$) 17, 


a temperature which is rather insensitive to И. Figure 29 
shows the specific heat vs temperature for some small 
values of H/J. In view of the spontaneous magnetiza- 
tion for two- or three-dimensional systems, they are also 
sensitive to small fields though in a quite different 
manner. 

As a final remark on this problem, we note that for 
H —0, the partition function can be evaluated quite 
simply without appeal to the matrix method of Sec. 2.1 
or without imposing the periodic boundary conditions. 


N—I 
Z(N)9 У У II ер(Коюну. 
91-21 ам=1 7-1 


Only one of the above factors involves бх, so we can 
first sum ey — +1. 


Х-2 
Z(N)9 32 --- X LII ехр(Коу ра) 12 coshK exi. 


сүг on-1=t1 j=l 


cx-1, however, has only values +1, and coshK ex. 
—coshK. 


Ж LII ехр(Ке уо 5.1) | 


on-1=t1 j=l 


Z(N)=2 coshK $3 poc 


сі=+1 


—2 (coshK)Z(N — 1). 
By iterating this and noting that Z(1)=2, we obtain 
ГО) М osha P Ke 


06 


с/к 


0.2 


о 0.5 1.5 


1.0, st pH) 


Fic. 29. Specific heat тз temperature for the one-dimensional 
Ising chain for several values of у= uH /(J-- uH). Temperature 
is measured in units (7--дН)/В so that all curves have the same 
normalization. 
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Fic. 30. Star-triangle transformation. The hexagonal lattice is 
shown by the solid line and its corresponding triangular lattice by 
the broken lines. 


APPENDIX 3 


We present here a brief review of the properties of 
direct product matrices used in Secs. 2.1 and 4.1. 
Consider two matrices 1 and В of dimension > and 
m, respectively, with matrix elements 4;; and Bx. The 
direct product АХ В of A and В is defined as a matrix 


of dimension mXn with matrix elements, 
(AX B) jx, jim A c Bia (A3.1) 


The first index of АХ В is the pair of first indices ? and 
k of А and B usually considered to be ordered in dic- 
tionary order. For example, let n апа m both be two 


Ay Ayo By Bio 
ээ...) 
Ay Аз Bo, В» 


then 
AnBn АВ АыВи. Ai2Bi2 
Ay Bs; Аз Взэ АВ АзгВээ 
“КОВ ЕКОО ШОУ ао ЗА à 
АлВи AaB Ам Ви АзәВу» 
AnBn АВ: АВ: А»Вә» 


Direct product matrices are used extensively (dis- 
guised perhaps) in physical problems particularly in 
quantum mechanics. If x; represent vector components 
in the v dimensional space in which A operates and y; 
components in an 2 dimensional space in which В 
operates, we can define an Xm dimensional vector 
with components хуу ordered according to the index 
pair (7, 0) upon which АХ В can operate. 

Since 


22 (AX B), пху 22 Ai Basy 
1,1 


4,2 


- OF, Aus) Bii), 


the direct product operating on a vector xy carries xy 
into the vector (4x) (By). АХВ is thus the matrix 


= representation of the product of an operation A which 
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affects only the x; components and an operation В 
which effects only the y; components. In quantum 


mechanics the direct matrix product could be used, 


for example, to represent the product of an operation 
that affects only particle one-wave functions and ап 
operator that affects only particle two-wave functions, 

The most important property of direct product 
matrices is the manner in which they multiply. Let 
АХВ; апа AX B» be two direct product matrices, 
'Then according to the usual rules of matrix multi- 
plication, 


[CA XGB3) (A? XB») Jas ji 
=} (AıXBı)irk, mn(A2X Ba) ma, п 


т, п 


= У; (41):„(В)„(45)„(Вә)һ 


т, п 


= (А iA 2): (В.В) ы= (А VAS BiB»)a, jl 
or 


(AX By) (A2X Bo) = A14 9X BB». (A3.2) 


This relation is the key to almost all the theorems 
regarding direct products. We can immediately con- 
clude that if T and 7" are transformations which di- 
agonalize A and В, respectively, then TX T* diagonal- 
izes AX B. 


(TX T*-)(AX B)(TXT*)— (T34T)X(T*3BT) 


is the direct product of two diagonal matrices which is 
also diagonal. If the eigenvalues of A are ^; and those 
of B, №*, then AX B has eigenvalues АА”. 


APPENDIX 4 


In Sec. 3.1, it was shown that one could locate the 
Curie point of a self-dual lattice by using the dual trans- 
formation (3.2). We stated that although the hexagonal 
lattice is not self-dual, one could find the Curie point 
by using the dual transformation in conjunction with 
the star-triangle transformation to be derived here.* 

To derive the star-triangle transformation, we first 
divide the lattice into two sublattices with equal num- 
bers of particles in the manner shown in Fig. 30. One 
sublattice is represented by dots, the other by circles. 
We shall represent the coordinates of the former by 
oz, 1X E X N/2 and the latter by сь. It is important 
to notice that a point of one lattice interacts only with 
points of the other lattice. 

We write Z in the form 


Zu-o (о 0х 


тү=Е1 cN|z—El cy—Ll o’N/2=+1 


Хехр(У, Киоюу)), (А41) 


where Ky=Jn/kT; Јн is the coupling constant for the 
hexagonal lattice. Ч 


| 


Г” 


Consider now only the quantity in braces, which we 
shall denote by Z'(e;, ---, оу). A в; does not inter- 
act with other ок’ and for any set of values of c1, 02, 55, 
сму, the с; behave as independent particles. The sum- 
mation over c; are easily performed. If we let ту, or, 
and о; be the three nearest neighbors of a point ох, 
then 


Z'(ay, ++, сур) = УЭ cos y 
2171 c'N[2—1 
№/2 
Xexp[ >, Ки(огоуЕос/оьн т; тї) | 
iml 
NJ2 


-11( > exp[Kn(e/o;3-0/044- 0/61) J} 


i=l 67-41 


N/2 
= [It 2, (Cub oso jsu)(cn-- oio j5su)(cu- т 055) } 
im) ecl 


N [2 


= [I (2cu?2-2sg?cn(o jort 0 014-0401) }, 


1=1 


where 
cj? coshK н, sy=sinhKy. 
Thus, 
N/2 
НЕ 2312 cosh? YK y 53 ... 28 II 
gj—tl ON/[2=+1 i=l 


X[1--tanb?K plo jort} 0 ,014- 0401) |. (A4.2) 


The manner in which the c; appear іп (34.2) sug- 
gests that we compare Zz with the partition function 
for the triangular lattice represented in Fig. 30 by the 
dashed lines. We again use the index 7 to number 
the circles in Fig. 30 or the centers of alternating 
triangles. The partition function for this lattice can be 
written in the form 


хү? 
Lr= У 2259 p» II exp[ Kz(e;ex4-0;014- 0601) ]- 


в1=-1 cN[r—1 4-1 


However, 


expLK z(o;ox4- зо скот) ] 
= (ert ojoxs7) (cr4A- 00:57) (Cr+ 060151) 
= ст? 5т%+-стѕт(ст--5т)(0;0+- sjort 0461) 
with 1 
cr=coshK7, sr=sinhKr. 

Thus, : 
{2 

Поа Ы X c Ж 10 


gr—tl oN/2=+1 i=l 


[1+ (еуск-Е 0;01-- ткт) 
Жстзт(ст-Е$т)/(ст*-Е5т°?) 1 (А4.3) 
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comparing (А4.2) and (A4.3), we see that Zr and Zr 
will differ only by a known factor if we choose 


CrSq(Cp- Sp) / (ст?- 5т?) =tanh?K и. 
A somewhat neater version of this relation is 


exp4K 7— 2 cosh2K и— 1. (А4.4) 


Under condition (A4.4), the partition function (А4.2) 
and (A4.3) are related by 


Ян ( Кн)[2 sinh2K g] “+” 


=Zr(Kr)[2sinh2K т] “т”, (А4.5) 


where Ун= У is the number of particles on the hex- 
agonal lattice and №т= №/2 is the number of particles 
on the triangular lattice. 

Equations (A4.4) and (A4.5) give the results of the 
star-triangle transformation. We see from (A4.4) that 
а small Кт gives a small Ky and a large Кта large Кн. 

To also apply the dual-transformation we write 
(3.2) in the more symmetric form 


йн(Кн)[2 sinh2K y ^н? 


= Ят(Ки*)[2 sinh2K ҥ* УТ. (A4.6) 
Equations (A4.6) and (A4.5) together give 
Zr (K r)[2 sinh2K т | Ут? 

= 7т(Ки*)[2 sinh2K и* | 72. (А4.7) 


If we use (2.65) to eliminate Ки from (A4.4), we obtain 
[exp (4Kz— 1 ]Lexp(4K 5*) — 1]= 4. (A4.8) 


Equations (A4.7) and (A4.8) describe a relation be- 
tween the high and low temperature behavior of the 
triangular lattice. If a Curie point exists, it must occur 
Кт=Ки* ог for 4Кт=1093. 

Similar relations for the hexagonal lattice give 


Ян(Кн)[2 sinh2K 5 | “нг 
= Zu(K 7*)[2 sinh2K 7 *]- ^9 
with 
sinh K y sinhK 7*— 3. 


The Curie point is at sinh*K н — 5. 

It is interesting to notice that in the triangular lattice 
4Кт--1083 has a solution only for K 70. The antiferro- 
magnetic triangular lattice (К<0) has no Curie point 
(see Sec. 5). The properties of the hexagonal lattice are 
however invariant to Кн-—— Ки. 


APPENDIX 5 


A Lie algebra is a set of elements ха, xs, 3, --- (non- 
denumerable, however) upon which the usual rules oí 
addition and multiplication by any complex number 
apply. The algebra includes ax--by if x and у are ele- 
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ments, and а and b are any complex numbers. There is 
also defined another operation | х, y] which satisfies the 
conditions 


(а) [sy] Dy, х]=0; 


(b) =, y] z]+ Цэ, z), whe (=, ai у]=0; 
(Lie-Jacobi equation) (А5.2) 


(А5.1) 


(c) if x and у are elements, then [х,у] is also an 
element. The Lie algebra is in every respect the same 
as the usual abstract algebra except that the multipli- 
cation operation is replaced by the operation [х,у] 
having the above properties. If x, y, and s are square 
matrices, a Lie algebra can be defined with the usual 
rules of addition of matrices and an operation х, у] 
=xy—yx the commutator of x and y. One readily 
checks that the commutator satisfies conditions (a) 
and (b). 

A set of elements ху, x», ---, ху are said to form a 
basis for a finite Lie algebra if there exists a set of 
numbers {сл} which have the property 


т 
[x5 2 ]7 са. 


t=1 


(A5.3) 


These constants are called the structure constants of 
the algebra. The abstract properties of the algebra are 
completely described by the structure constants. 

Ап important example of a Lie algebra is that asso- 
ciated with the three-dimensional rotations. According 
to Euler's theorem, any rotation in three dimensions 
can be decomposed into three successive rotations, one 
about the z axis, followed by one about the rotated 
x axis, and then one about the new z axis. A genera] 
rotation can also be considered as a vector (really a 
pseudovector) with components in the x, y, and z 
directions. 

Let us consider an infinitesimal rotation through an 
angle y about the z axis. The matrix for such a rotation is 


cosy —siny 0 
siny | cosy 0|~I;+yZ+0(7’), 


0 0 1 
where 
0 —1 0 
7-11 0 01. 
0 0 0 


I; is the identity matrix, and 0(52) indicates order y2. 
Note that 


100 
72"-110 1 0 5 VOLU. 
0 0 0 
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hence, the direct expansion of expyZ yields 


0.0 0 100 
ехруй= |0 0 01-10 1 0 
0 0 1 0.0 0 


cosy-- Z siny 


= | siny cosy 0 
0 0 1 


which is a rotation through a finite angle y about the 
8 axis. 

In a similar way, we can show that an infinitesimal 
rotation Бу an angle В about the y axis is given by 


cosy —siny 1 


[0 0 —1 
I;+6Y with Ү-10 0 0, 
ООО 


and a rotation through a finite angle В Бу exp(8Y). An 
infinitesimal rotation o about the x axis is given by 


ї 0-0 
L--oX with Х= |0 0 —1|, 
он @ 


and а finite rotation by ехр(аХ). 
Euler's theorem implies that any general rotation 
can be written as 


ехр(а2) ехр(8Ү) exp(yZ). 


It can also be written in the form 


ехр((«Х-- 8Y- 2) | 


which is a rotation through an angle (a?+6?+ y?)*. 
The operators X, Y, Z take vectors into new vectors 
which are normal to the original one. For example, 


=u 
0 


If we let ху=7, x:= Y, and 2;= X, the commutators 
of these operators generate a Lie algebra with the three 
base elements x;, хә, and x3. We obtain 


[zi x2 | =%3 
Газ, 1] 9 22 (A5.4) 
[2, 23 | =%1. 


This structure constants of the algebra are 
Cik =0 except Сі = 631° = C231 = 1. 


There is also another representation of the Lie algebra 
defined by (A5.4). Consider the Pauli spin matrices 


0 1 1 © Q fw 
с-( ) = ) апа sc-( : 
1 0 () =í =i 0 


It is easy to see that the three operators xi— is/ 2, 
ж= —1C/2, and x,=sC/2 have the same commutation 
rules as X, Y, and 7. 
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А theoretical interpretation of the energy level sequences of 
the light nuclei of the р shell is developed, in the spirit of an 
exploratory survey. Phenomenological assumptions concerning 
the nuclear forces are used and the secular problem of inter- 
mediate coupling (between the Russell-Saunders and (jj) ex- 
tremes) is in most cases treated by means of rough interpolations, 
30 no exact energy agreement can be expected, but the order of 
states of various quantum numbers in the /-shell configuration 
can be approximately established. This order and the general 
density of levels agree with the observations, so far as they have 
been made, in enough cases to give some evidence for the validity 
of the general method of approach, though further refinements 
are needed. 

The presentation is made with a number of introductory sec- 
tions, intended to orient an uninitiated reader in various relevant 
aspects of the theory of nuclear structure, preceding the discussion 
of the interpretation of the levels of the individual nuclei. 
Section 1, an introduction, discusses the meaning of nuclear 
models. Section 2 deals with the phenomenological approximations 
to the specific nuclear forces and suggests various possible sources 
of the spin-orbit coupling. Sections 3 and 4 are primarily peda- 
gogical, in that they explain and formulate well-established wave- 

mechanical fundamentals of two-body (as an example of many- 
body) systems. Section 3 treats the relation between symmetry 
and energy for two electrons or two neutrons, and Sec. 4 
presents in some detail the relation of the total isobaric spin 
quantum number Т to the more directly physical dynamical 
variables of a system of nucleons. Section 5 surveys the experi- 
mental data for the various polyads, or groups of isobars, arranged 


1. INTRODUCTION—NUCLEAR MODELS 


HE increasing wealth of new material on the 
identification of angular momenta and parities of 
the excited states of light nuclei brings ever nearer the 
prospect of a more complete understanding of nuclear 
structure in this region. The gratifying success of the 


(j7)-coupling shell model (M49, H49, K50)* in explain- ` 


ing many features of heavier nuclei encourages the hope 
of finding some understanding also of the light nuclei in 
terms of simple models, but one encounters numerous 
difficulties in trying to apply the (77) model alone to 
all the states of the light nuclei, especially to those of 
the p-shell nuclei Нед to O!5 and immediately beyond. 
One had no a priori right to expect any model to 
apply well to a nucleus consisting of many nucleons 
attracted by short-range interactions, even after the 
success of the Hartree model in the quite different case 
of an atom with many electrons. The motion of most 
of the electrons is largely dictated by the overwhelm- 
ingly strong field of a body fixed at the center. Lacking 
this, and with attractive rather than repulsive inter- 
actions, it is not clear, for example, that the nucleons 


* References are given at the end of this article. 


CC-0. In Public Domain. @QQkul Kangri Collection, Haridwar 


е 


in such а way аз to make apparent the matching in energy of the 
states of the same T but different neutron excess, after a correction 
has been applied for Coulomb energy differences. Section 6 is 
again pedagogical, reviewing the theory of intermediate coupling 
in atoms, and introducing the application to nuclei. Section 7 
discusses explicitly and in some detail the interpretation of the 
energy level sequences observed in the various polyads, from 
A=5 to A=17, as well as some of the methods that have been 
used for making the crucial experimental assignments of angular 
momentum and parity of the various states. The degree of partial 
success of the interpretation leaves the impression that the 
(jj)-coupling scheme of heavy nuclei gives way to intermediate 
coupling in the light nuclei, and that some of the higher order 
deviations from this scheme may usefully be described as a 
partial transition to the nucleon clustering of the alpha-model in 
a few nuclei whose atomic number 4 is especially favorable for 
this clustering. Section 8 presents some details of the Coulomb 
energy calculations. Section 9 explains the remarkable appearance 
of double levels (which look like atomic doublets but are explained 
differently) in some of the nuclei near 4 —30, beyond the formal 
scope of this paper, and shows that the explanation does not 
apply to the similar occurrence of apparently fortuitous double 
levels in some of the nuclei of the р shell. Section 10 discusses the 
possible role of the alpha-model in influencing the states of some 
of the light nuclei. Section 11 discusses beta-decay, particularly 
in the case of СН where there is an order-of-magnitude effect in 
need of explanation. One of the appendices treats the molecular 
problem of quadrupole coupling particularly in relation to the 
measurement of the quadrupole moment of Li? in polar molecules. 


would not have at least an appreciable tendency to 
cluster into small groups, such as alphas (W37). Even 
if this were only a weak trend it could greatly com- 
plicate their behavior. If it were а very strong trend, 
it might again simplify matters and make the alpha- 
model valid (W37, I41). It has long been empirically 
apparent from regularities among such phenomena as 
nuclear moments that nuclei behave more simply. than 
we had any a Priori right to expect (S37, 141). 

The somewhat surprisingly successful (jj) coupling 
shell model is of course a special case of the central 
(or Hartree) model of the nucleus. Its success indicates 
that the interaction of a single nucleon with all the 
others may be fairly well represented by an average 
central field, at least in heavy nuclei. But the success of 
this particular (jj) version of the central model indi- 
cates also that the spin-orbit coupling energy (136, B37) 
is surprisingly large in nuclei. The spin-orbit coupling 
energy attempts to orient the spin s of a nucleon rela- 
tive to the orbital angular momentum l of the same 
nucleon to form a total angular momentum quantum 
number j of the individual nucleon, to give the G3 
coupling scheme, while the “exchange integral" of the 


specific nuclear interactions competes with it in trying 
to bring about the (LS)-coupling scheme (H37, Wi37, 
Е37) or “‘Russell-Saunders Coupling" as it is known in 
the analogous atomic problem, in which the total spin 
angular momentum 5, summed over all the particles, 
is а constant of the motion and also the total orbital 
angular momentum Z. Thus the observed approxima- 
tion of heavy nuclei to (7j) coupling means in general 
terms that the spin-orbit coupling energy is large com- 
pared to the “exchange integral” in those nuclei. 

The failure, in the р shell, of the (77)-coupling version 
of the central model may be due either to a failure of 
the *(77)-coupling" aspect or of the “central model” 
aspect, or both, and we shall see some evidence of both. 
The central model includes as special cases not only 
the (j7)-coupling version and the (LS)-coupling version, 
each of which is an extreme case having specially simple 
features, but also the whole range between them known 
as intermediate coupling, as was once well known in 
the theory of complex atomic spectra. It applies to a 
wide range of possible ratios of the two parameters, 
giving a variation of the possible energy level scheme 
analogous to the Paschen-Back transitions which are 
still widely known because of their applicability to 
atomic-beam and microwave spectroscopy. Intermedi- 
ate coupling seems to be responsible for many features 
of the energy level schemes encountered in the latter 
half of the р shell, from В! to О", while the failure of 
the complexities of intermediate coupling to account for 
some of the features of the still lighter nuclei in the first 
half of the р shell seems to be associated with the 
tendency for alpha-clustering to become important in 
these rather loosely-bound nuclei (or to some other 
manifestation of higher order perturbation theory as 
will be discussed further below). 

An extreme case of the tendency for the formation 
of clusters of nucleons such as alphas within nuclear 
matter is of course represented by the alpha-model, and 
good reasons have been given for expecting the applica- 
bility of this model to light nuclei (W37, H38), especially 
to those within which the energy that may be ascribed 
to the mutual binding energy between alpha-clusters is 
small compared to the internal binding of these clusters. 
One can conceive of a transition between the central 
model and the alpha-model analogous to the inter- 
mediate-coupling transition within the central model, 
though it is more difficult to formulate explicitly. Thus 
one might think of setting up a sort of two-dimensional 
variation principle in which the wave functions of the 
various states are formed as a compromise between the 
three extremes, the (77)-coupling model, the (LS)- 
coupling model, and the alpha-model. Fortunately, some 
approximation to the behavior of most nuclei seems to 
be possible without making use of all this complexity. 


2. NUCLEON INTERACTIONS 


Nuclear spectroscopy aims on the one hand to help 
to develop, on the other hand to get along without, 
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a detailed knowledge of the nature of nuclear “forces.” 
This seeming contradiction arises from the great diffi- 
culty of uncovering the profound laws of nature, and 
the hope of doing so in a stepwise fashion. It is too much 
to hope in the near future to calculate the energy levels 
of B!!, say, on the basis of a completely satisfactory 
meson theory of nuclear structure. Instead, one hopes 
to divide the problem up into a phenomenological one 
in which the interactions between nucleons are assumed 
to have one of several possible simple forms, it being 
determined by trial which form seems to have the 
greatest empirical validity, and a second step in which 
the phenomenological interaction thus selected is to be 
understood on the basis of a theory of the structure of 
the nucleons themselves, akin to the present meson 
theories which as yet are not entirely free from diver- 
gences. This review of the energy spectra of the light 
nuclei is concerned entirely with the first or phenomeno- 
logical step, though we shall discuss briefly the relation 
of our assumed spin-orbit coupling energy to the second 
or “meson theory" step. 


Phenomenological Specific Nuclear Interactions 


Most practical attempts to formulate the sequence of 
nuclear states have been based on the assumption of 
central interactions between two nucleons written as a 
function of their distance apart, V(ri;), multiplied by 
an exchange operator O;;, which is variously written 
as a linear combination of operators such as Pi; or 
simply P, the space-exchange or Majorana operator 
which exchanges the space coordinates of the two 
nucleons in a wave function following it, the unit or 
“Wigner” operator 1 which does nothing, the space-spin 
exchange or Heisenberg operator РО, and the spin- 
exchange or Bartlett operator О. This usage and the 
saturation requirements of the coefficients with which 
the operators are combined is adequately reviewed in 
Rosenfeld's book (R48), where it is suggested (p. 234) 
that the most nearly satisfactory version of Oj; is 
perhaps 


О = zi 45(0.14-0.23o;-0;) 
= (0.93Р-0.13—0.26РО--0.460). 
А simplified version that is almost equivalent to this in 
many rough calculations, because it keeps the large 


terms and contains the same proportion of terms in- 
volving spin exchange to those which do not, is 


0;;— 0.8P4-0.2Q. (2) 


As a similar part of the phenomenological step one 
usually assumes also a simple form of spin-orbit coupling 
operator, which we may write as a perturbation term 
to the Hamiltonian thus: 


Н'= У); ай;-$:=>, al-s. (3) 


In most cases the parameter a will be the same for all 
nucleons under explicit consideration, they being all in 


(t) 
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the same shell. This quantity a is the parameter which, 
by being large, can make the magnitude of the single- 
nucleon angular momentum vector 7--1--5 a constant 
of the motion and thus account for the approximate 
physical existence of the (77)-coupling scheme in heavy 
nuclei. This approach is not sufficiently refined to 
account for the quadrupole moment of the deuteron. 

Still within the framework of the first or phenomeno- 
logical step, there is another approach involving the 
assumption of a tensor interaction, in which V(r;;) is 
multiplied by an operator 


Т)уу-53(0::1)(в):1)--0::45 (4) 


à term comparable in magnitude with the central inter- 
action. In the treatment of the deuteron by Rarita and 
Schwinger (R41), which gives the quadrupole moment 
50 nicely, neither term is given an exchange character 
and the lack of the saturation property has no dire 
consequences for this light nucleus or its immediate 
neighbors. The excitation energy, about 2.2 Mev, of 
the !S state of the deuteron 15 accounted for by the 
fact that (4) mixes some ?D into the *S to make the 
ground state, but of course not into the !S. This separa- 
Поп, which is one of the two primary functions of 
the tensor interaction in this theory, is accomplished 
with the cruder interaction assumption, Eq. (2), as a 
result of the term in Q. If the tensor interaction were 
calculated for many cases in heavy nuclei in which Q 
provides energy splittings between certain states, the 
tensor interaction would presumably give somewhat 
similar splittings. In this sense we may think of the 
term in Q as an oversimplified sketch which preserves 
the main feature, a sort of caricature, of one aspect of 
the tensor force (which in turn is a caricature of the dim 
machinations of the mesons reserved for the second 
step). It is currently suspected that there may be a 
very short-range repulsive core to the nucleon inter- 
actions (]50), which could perhaps rescue the tensor- 
type interaction from its nonsaturating difficulties. If 
so, the saturation mechanism of the term of Eq. (2) 
in P could be looked on as a caricature, and it is to 


be hoped a useful caricature, of this aspect of the tensor 
interaction. 


Spin-Orbit Interaction 


"There is still another aspect in which the phenomeno- 
logical procedures implied by Eqs. (2) and (3) may be 
considered to have a significant parallelism to those 
implied by the use of the tensor interaction, Eq. (4), 
and this concerns the spin-orbit interaction. The tensor 
interaction (4) does contain the possibility of coupling 
spins e; to orbits which involve 7;;, but in simple cases 
it does so only through the second-order and higher- 
order effects which involve excitation to other configura- 
tions. Feingold and Wigner (F50) have carried out 
extremely interesting calculations of this effect for Нез, 
and for Li’, and for the effect which is not exactly spin- 
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orbit coupling but closely analogous to the excitation 
of the deuteron plus effects arising from excitation of 
the core in Li*. For the spin-orbit coupling with one 
and with three nucleons outside of an alpha-core, they 
obtain preliminary results which are somewhat small 
but of the right order of magnitude to account for the 
observed data. Very many extremely highly excited 
states of the alpha-core contribute to these results. The 
authors of this work have a feeling that in heavy nuclei 
analogous calculations will have the simplifying feature, 
as a result of statistical cancellations, that each nucleon 
outside a closed shell will because of its interaction with 
the nucleons of the closed shell have a spin-orbit 
coupling similar to that in He* and be very little affected 
by the coupling of other extra-shellular nucleons to 
the closed shell. These second-order contributions are 
thought to arise independently for the several nucleons 
in a manner somewhat analogous to the way in which 
the van der Waals forces, also of second order, are 
shown by London to add linearly for various pairs of 
molecules. Thus Feingold and Wigner feel that for 
heavy nuclei, Eq. (3) need not be an independent 
ad hoc hypothesis, but may be a higher-order con- 
sequence of Eq. (4). 

It is desirable in exploratory work to use the simple 
assumptions implied by Eqs. (2) and (3) because of 
their easy tractability. We see that this may tentatively 
be justified by thinking of the term in Q in Eq. (2) asa 
caricature mainly of the first-order effects of the tensor 
interaction (4) (which has a greater claim to credibility 
because it accounts also for the quadruple moment of 
the deuteron), and by thinking of Eq. (3) as a manifesta- 
tion of the second and higher order effects of the tensor 
interaction. The suspicion of the possible equivalence 
of Eq. (3) and the second-order aspects of Eq. (4) in 
heavy nuclei is analytically at such an extremely pre- 
liminary stage that it 15 not really clear that it exists, 
and least of all is it clear whether or how far it can be 
extended down from the heavier nuclei toward or into 
the р shell. For this reason we would be on extremely 
hazardous grounds in using Eq. (3) in the р shell if 
we felt dependent on this possible explanation for the 
adequacy of Eq. (3). 

The most compelling reason for using Eq. (3) in the 
р shell is, of course, the empirical one: it is simple and 
has been successfully applied in heavy nuclei and also 
seems to correspond to the nuclear angular momentum 
values J for the ground states of the light nuclei. One 
wants to know how far down into the light nuclei it 
may be of use in accounting for all the available data. 
But there is also another possible source of spin-orbit 
coupling which may help to justify the exploratory use 
of Eq. (3), a direct manifestation of meson coupling to 
nucleon spin-orbit coupling without going through the 
intermediary of phenomenological nuclear forces. Both 
the Thomas-precession as a source of nuclear spin-orbit 
coupling (136, B37), and the Feingold-Wigner higher 
order tensor-interaction effect (F50), have in common 
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the assumption that the coupling of the nucleons to the 
meson field contributes certain specific and intrinsic 
properties to the nucleons (their phenomenological 
interaction energies, their intrinsic magnetic moments) 
which may subsequently be introduced into the Hamil- 
tonian for the quantum-mechanical calculation of spin- 
orbit coupling energies. In the case of the Thomas- 
precession, it is the acceleration of the nucleon as it 
circulates in its nebulous “orbit,” a classical acceleration 
(d?r/d?)— —vV/M ascribed to the specific nucleon 
interactions such as Eq. (2) and so only indirectly to 
meson theory, that provides the spin-orbit coupling: 


Il'(r) - hs- oy —hs- (dr/dt)X (dr/d2)/2c? 
= (h?/2M*c?)(r—'dV /dr)l-s. (5) 


Thus we have a coupling of the form, Eq. (3), with 
(1 (/))м-- H' and with the parameter 


а= (hÀ?/2M?c?) (raV /dr) x (6) 


proportional to 1/M?, M being of course the nucleon 
mass. One factor M arises from (427/41), that is, from 
an assumption concerning the interaction, and one 
from the expression for orbital angular momentum 
M |rX (dr/di)| =. Here V is an effective (approxi- 
mately central) potential energy V (r;) of one nucleon (i) 
in the field of all the others, an effective average of V (r;;) 
summed over j, with exchange effects, Eq. (2), included 
in the averaging. The energy of the Thomas precession, 
Eq. (5), is now known to be inadequate in magnitude 
to account for more than a small fraction of the “оЬ- 
served" nuclear spin-orbit coupling: in atoms it is half 
as big as the magnetic spin-orbit coupling, but in light 
nuclei almost an order of magnitude larger than the 
magnetic coupling, the magnetic single-nucleon doublet 
splitting being of the order of 30 kev (I51), the Thomas- 
precession doublet splitting of the order of 100 kev, 
whereas the splittings needed to account for the em- 
pirical trends appear to be 1 Mev or considerably more, 
as we shall see in detail. 

While Eq. (5) is thus inadequate in magnitude, its 
form still has considerable interest because this arises 
Írom requirements of relativistic and rotational in- 
variance (F26, Т26, D36, F36, B37) which are common 
to a larger class of assumptions than the particular 
phenomenological ones used in deriving Eq. (5), and 
in particular apply to the results of some meson theories. 
'Thus a meson theory may give in the energy of the 
system a term of the form, Eq. (5), but with a different 
meaning for the symbols M and V. Unfortunately, 
meson theories are not yet far enough advanced in their 
application to all the appropriate phenomena that one 
can yet expect to find any agreement on the probable 
form of the final result. However, the hope that they 
will contribute mainly two-body interactions, and then 
only contribute to the spin-orbit coupling indirectly 
through the two-step arrangement we have discussed, 
seems to be an optimistic hope. The success of shell 
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models as far as it goes does suggest that many-body 
interactions may, for a given three nucleons, say, be 
smaller than two-body forces for a given pair, to such 
an extent that the two-body forces predominate in 
determining the energy effects of orienting the vectors 
associated with the comparatively few nucleons in an 
unfilled shell. But when one counts among a large 
number of nucleons, there.are enormously more many- 
body interactions than pair interactions. Thus it may 
be that the many-body interactions make a more im- 
portant contribution to the total energy of the nucleus 
than to the energy separation of states within а con- 
figuration, which are determined by interactions within 
the unfilled shell. 

These many-body interactions may perhaps be more 
properly described in terms of the coupling of the 
various nucleons to a common pool of mesons. In either 
description, they may be expected to be very important 
in determining the binding energy of one nucleon in an 
unfilled shell to the rest of the nucleus, the energy that 
determines the existence of the "shell." In the course 
of this complicated process, there would seem to be 
ample opportunity for the coupling between the single 
nucleon and the common meson field to give rise to a 
term of the properly invariant form, Eq. (5), directly, 
and not just through a two-step process involving 
specific nucleon properties such as M. The fact that M 
came in once through the nucleon angular momentum 
justifies its remaining as one factor in Eq. (5). The 
second factor M entered through the two-step treat- 
ment of the energy, and in a direct treatment is probably 
to be replaced by the z-meson mass, и= 278mz М/Т. 
Such a replacement of one factor M by и has been 
suggested in early remarks of Teller and elsewhere (149), 
then in connection with the particular assumption that 
the mesons concerned are pseudovector mesons (now 
out of favor on the basis of other phenomena) by Gaus 
(С49), and in a number of lectures by Heisenberg, who 
favored more specifically replacing M by ш/2. With this 
replacement of M by д, the question arises what should 
be done with V, and it has been argued in connection 
with the brief treatment by Gaus that V, although 
primarily the potential of the mesons in the field of the 
nucleon, or vice versa, as essentially the same thing as 
the potential of the nucleon in the nuclear potential 
well. While this point remains rather vague because it 
depends so sensitively on assumptions concerning the 
unformulated saturation properties of the meson field, 
it suggests that the main effect of a thorough meson 
theory may be to replace one factor M in Eq. (5) Бун 
or 4/2, thus bringing the spin-orbit coupling parameter 
аш Eq. (3) up from the order of magnitude 100 kev to 
the order of 1 Mev or more. Such an effect could very 
well be additive both to the Thomas-precession coupling 
and to the second-order effect of tensor interactions, for 
which the Feingold-Wigner estimates have so far been 
somewhat smaller than needed, and might overwhelm 
them both. This possibility justifies proceeding in an 
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exploratory way on the basis of the attractively simple 
assumption, Eq. (3), with the parameter a quite large 
if need be. 

To estimate a plausible dependence of the parameter 
a on atomic weight А one may assume that dV/dr 
exists only on the surface of the nucleus, so that it 
may be replaced by AV/Ar in a surface layer Ar thick, 
or in a fraction 2mr?Ar/(4«r?/3) = (3/2)Ar/r of the 
nuclear volume. If this fraction be taken as the proba- 
bility that the nucleon is in this layer, we have 
(r318V/8r).— 3(AV/2rg)A-?, where the nuclear radius 
is taken to be ro4!*. For purposes of orientation con- 
cerning the magnitude of the spin-orbit coupling con- 
stant a in Eq. (3), we may replace one factor M by и/2, 
put ro— e?/2mc?, and evaluate (6) thus: 


a.c (h*/ M uc?) (6m?c*A V /e*) A= 
—(6x:137:/1840x 278)AVA-25—0.22AV А-В. (7) 


For a nucleon entering a nucleus, AV is larger than the 
nucleon binding energy by a factor of about two or 
more because the kinetic energy is involved in the com- 
parison. Jf we rather arbitrarily take AV —20 Mev, we 
have a—1.2 Mev for Li’, 0.125 Mev for Pb?5, The 
single-nucleon doublet splitting is (/3-3)a, which is 
1.8 Mev for a 2р splitting in Li’, 0.75 Mev for a 7 
splitting in РЬ?%. The latter is about a factor 3 smaller 
than needed to account for the energy jumps at the 
magic numbers in terms of the (jj)-coupling shell 
model. 

There is another simple manner of taking the average 
(136), which involves first the classical procedure of 
equating centripetal force to the mass times centripetal 
acceleration in a circular motion, and this yields an 
additional factor /(L4-1)r-?, leaving the doublet splitting 
approximately proportional to (24:45 rather than to 
14-38, as would correspond roughly to the refinement 
that the probability distributions of orbits of higher / 
crowd toward the outer edge of the nucleus. This is 
mentioned only to emphasize the roughness of the above 
estimate, with its assumed uniform probability distri- 
bution among many other simplifications. 


3. ENERGY CONTRIBUTIONS OF THE SPECIFIC 
NUCLEAR REACTIONS 


Presuming, then, that some basis may eventually be 
found in meson theory for the validity of this procedure, 
we shall try to analyze the spacings of the energy states 
of light nuclei on the basis of the specific nuclear inter- 
actions with their exchange nature given by Eq. (2) 
and on the basis of an ad hoc spin-orbit coupling given 
by Eq. (3). The contribution of the spin-orbit coupling 
to the energies of nuclear states is in simple cases quite 
direct because the nucleons are involved singly: when 
the spin of a nucleon is “parallel” to its orbital angular 
momentum, the energy is thereby low (this being the 
sign empirically assumed, opposite to that for electrons 
in an atom). The specific nuclear interactions, Eq. (2), 
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involve pairs of nucleons and for this reason we must 
invoke the distinction between direct integrals and 
exchange integrals, just as in the case of evaluating the 
effects of the Coulomb interaction between the electrons 
in an atom. Both types of integrals are altered by the 
exchange operators contained in them, but an important 
part of the separation between states is provided as in 
atoms by the fact that the sign with which the exchange 
integral enters depends on the symmetry of the wave 
function on interchange of the space coordinates of the 
particles. This effect puts triplets below singlets in an 
atom, an effect which may alternatively be described 
in the following well-known graphic way. The wave 
function of a two-electron system in a triplet state, 
being symmetric in spin, changes sign on interchange of 
the space coordinates of the two electrons, so is zero 
when they coincide and small if the two positions de- 
scribed by the space coordinates are near one another. 
Thus the probability of the electrons being close to- 
gether is relatively small in the triplet state, which 
makes the average of the positive (repulsive) Coulomb 
interaction e?/ri2 relatively small, and the triplet lower 
than the singlet. In nuclei the origin of multiplet 
splittings is closely related to this: it would be the same 
with ordinary (Wigner) interactions except for a re- 
versal in sign because we are dealing with attractive 
interactions (negative energy) between the nucleons, 
making singlets lie below triplets. This agrees with the 
observed tendency for the nuclear angular momenta J 
to be zero for the ground states of even-even nuclei, or 
for an even number of like nucleons in a shell. Because 
of the saturation property, nuclear forces are usually 
treated as exchange interactions, perhaps primarily 
space-exchange (Majorana) interactions as in Eq. (2). 
With a space-exchange interaction, the above explana- 
tion of a singlet-triplet separation is complicated by the 
fact that the quantity we are averaging is no longer 
just a function V but an operator VP which works on 
one pair of single-nucleon wave functions. The proba- 
bility density is made up of the product of a wave 
function multiplied by itself, once before and once after 
the operator P. If the wave function is symmetric in 
interchange of the two particles, in the singlet, the 
operator P does not change anything and the attractive 
potential still gives a low energy (of large absolute 
magnitude). In the triplet, the wave function is anti- 
symmetric and P has the effect of changing the sign 
of the average energy making the triplet energy small 
and positive rather than small and negative. Thus 
singlets continue to lie below triplets, but the separation 
is larger with a space-exchange interaction VP than 
with an ordinary interaction V. The same effect may 
be described more analytically in terms of the direct 
integral 


i= f Wol) V 0:00(:)90:)4рлг,. 88) 
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and the exchange integral 


к= | vroet АСЭГТСЭГДСЭГГТ123 (85) 


Here y may in the simplest example be taken as а 15 
wave function and $ a 2s. With ordinary interactions 
the singlet and triplet energies are given by L4K, 
respectively, with L larger in magnitude than K, as is 
discussed further in Sec. 4. With anex change inter- 
action the roles of L and К are interchanged, as may be 
seen from their definitions (8), making the energies 
K-EL. The singlet-triplet separation is thus larger with 
the exchange operator than without it. 

With several nucleons in the р shell, similar effects 
occur but, of course, with much more freedom of orienta- 
tion of vectors, orbital as well as spin. In this case, only 
the р wave functions of the same shell are involved. 
We denote them by ить, corresponding to the three 
projections mı=1, 0, — 1. In the definition, Eq. (8a), 
of Г, both y and ¢ are replaced by ис, with m,—0. 
In К, one is 4; and the other її so as to give some 
meaning to the exchange operation. In terms of Land К 
thus defined, the energy separations of the various 
multiplets in the Russell-Saunders or (LS)-coupling 
scheme are given by Feenberg and Phillips (F37a) and 
the separations within the lowest (77) configurations in 
the (77)-coupling scheme by Kurath (K52). The physi- 
cal basis for the separations in these cases is very much 
the same as in the simple case discussed above, though 
the computations are, of course, more involved. 

In the approximation in which the range of (у) is 
large compared to the nuclear radius, so that V may 
be considered constant throughout the region where the 
wave functions exist, К is zero because it reduces to 
this constant times the square of the integral expressing 
the orthogonality of y and $. In the opposite extreme in 
which the range of У (71) is short compared to the size 
of the nucleus, known as the ó-function approximation, 
one obtains К= 1/3. How much smaller А may be 
than L, within this range, depends on the details of 
the radial dependence of the wave functions and of the 
interaction. An evaluation based on oscillator wave 
functions and Gaussian radial dependence of V, with a 
reasonable estimate of their range parameters, yields a 
result (H51) near 

L=6K, (8c) 


and we shall take this as the basis for numerical 
evaluations of the ratios of level spacings in the em- 
pirical comparisons made below. 

Since the depth of the potential V (r12) is known to be 
of the order of magnitude 20 Mev from general stability 
and scattering considerations, and L is reduced below 
this only by the failure of the two distributions to 
come within the range of V of one another, thus by 
perhaps a factor $ or 3, it may be estimated that L is 
of the order of 6 to 10 Mev, and thus K of 1 Mev. 


4. ISOBARIC SPIN 


In the tabulations of multiplet spacings of Feenberg 
and Wigner and elsewhere (F37, F37a, K52) one finds 
the states listed according to the usual quantum 
numbers L and 5 of the (LS)-coupling scheme and also 
according to the isobaric spin quantum number 7 
(or isotopic spin as it has been less aptly called since it 
was named long ago by Wigner, who agrees to this 
renaming of his child). This dynamical variable T, 
which was introduced by  Wigner (Wi37) as a 
quantity which should be a constant of the motion or 
*good quantum number" with a charge-independent 
Hamiltonian, is attaining an increasing importance in 
experimental as well as theoretical physics with the 
discovery that it appears to help control reaction rates 
and provide valid selection rules in certain meson re- 
actions as well as nuclear reactions. The usefulness of 
isobaric spin may be explained elegantly by saying that 
the Hamiltonian is invariant under rotations in isobaric- 
spin space (just as it is in ordinary space when there is 
no external field) if the nucleon isobaric spin vectors =, 
appear only in the form of scalar products as in the 
first line of Eq. (1), and this invariance makes the total 
isobaric spin Т a good quantum number (just as is 5 
when о; appears no more than through о;:с;). A state- 
ment in this language is, however, apt to be too formal 
for those readers who want a more explicit and graphic 
description of how isobaric spin affects the energy of a 
nuclear state. А brief and completely nonmathematical 
statement of the usage of isobaric spin in these light 
nuclei is found in the introductory part of reference 
(Aj52). 


Discussion of Ordinary Spin Preparatory to an 
Explanation of Isobaric Spin in a Simple Case 


In preparation for a more complete explanation of the 
useful concept of isobaric spin in explicit analogy with 
the usual intrinsic spin of a system, we shall first 
formulate the dependence of the interaction energy on 
spin quantum number in an appropriate manner, more 
explicitly than was done in the more general remarks of 
Section 3. For the sake of clarifying the physical basis 
of the analogy, there are three aspects of the problem 
which we shall emphasize: (a) the formalism of single- 
particle “spin factors" of the wave function and the 
choice of the quantum numbers +4, (b) the Pauli 
principle in the case of “parallel spins,” and (c) the 
Pauli principle in the more general case in which it 
selects four of the eight solutions of the two-body wave 
equation. 

(a) A very essential feature of the discovery of elec- 
tron “spin” by Goudsmit and Uhlenbeck was the 
recognition that there are in nature twice as many 
states as there are solutions of a one-electron equation 
of motion in three dimensions (wave equation in present 
terminology), and one ascribes to the electron another 
“degree of freedom" or coordinate or dynamical variable 
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(variously called s,= $e. ог о or о) which can take on 
only two values rather than the continuous range of the 
three components of r. Just as the wave function y(r) 
is in spherically symmetrical cases factorable into 
Rha(r)Ytmi(0, ф) with factors specified by the three 
quantum numbers л, l, m there is now a new factor of 
the wave function associated with the quantum num- 
ber m,, which can take on only two values, one for each 
of the Pauli spin wave functions а and В. In place of 
one wave function (7,) we have two, V(ri)a(s.;) and 
V(r)8(s.). The fact that there are two functions is 
important, and is the part which is most obviously 
convenient to carry over to the later discussion of the 
two charge states of a nucleon. Rosenfeld (R48) 
emphasizes the two-valuedness by calling the new co- 
ordinate a “dichotomic variable." Perhaps the simplest 
manifestation of electron spin is the observation that 
the energy given to an electron by a magnetic field H 
has two values, Е изЯ, where ив is the Bohr magneton 
which in orbital motion is associated with the orbital 
angular momentum / of an electron in an atom, and 
' now with the new coordinate is by analogy associated 
with “spin”? angular momentum s. Because of this 
symmetry of the + sign and because the proper values 
of a projection of an angular momentum jump by unit 
steps (in the unit Л), we come to say the two values 
of m, and of 5. are 4-3. The “spin” factor of the wave 
function associated with 7:1, — we call a(s.) and the one 
with жт„=— we call 8(s.)). Their dependence on 
the two-valued coordinate s. is as follows: а(5)-41, 
a(—4)=0, 8(3)20, 8(—3)2 1, so that the wave func- 
tion Ya=(r)a(s.) has a value with “spin up” (s. 2), 
none with “spin down,” etc. as is familiar in one 
notation or another in most books on quantum me- 
chanics [for example, reference (C35), pages 55-56, and 
reference (P35) ]. 

(b) Consider now the problem of two particles in a 
potential well, one with а 1s wave function V and the 
other with a 2s wave function ф. Before introducing the 
interaction V(ri»?) between them, one has solutions of 
the wave equation composed of simple products of the 
one-particle wave functions, such as 


у(га)о (5а) ф(г») (5:2) = 0(1)Ф(2)а(1)8(2)=уфов. (9а) 


Here we define the convention that, in the product of а 
pair of similar functions such as y and 4, the first shall 
refer to particle 1 and the second to particle 2. The 
association of particle 1, rather than particle 2, with 
the function ya in that product is artificial and has no 
physical meaning. A wave function that avoids stating 
more than one knows about this is formed by taking a 
sum of such products which is symmetric or anti- 
symmetric in the exchange of the indices 1 and 2. The 
simplest wave-mechanical form of the Pauli principle 
is that, for two identical particles, such as two neutrons 
with а (ie., “spin up"), the wave function must be 
antisymmetric (not symmetric) in interchange of r; 
and го, so that it vanishes when y= ф, and there is thus 
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no wave function in which two identical particles have 
the same set of quantum numbers. With “both Spins 
up," the function similar to Eq. (9a) is Voca, but ша 
system in which electrons 1 and 2 interact it is not а 
satisfactory approximate solution of the wave equation 
corresponding to the fact that it erroneously associates 
electron 1 with the state y and 2 with $ whereas they 
may exchange. The function фуаа, with the electrons 
exchanged, is another possibility with the same energy 
before Г (712) is introduced, but only the sum and the 
difference of the two are (approximate) solutions of the 
wave equation with V(ri2), as we shall see in a more 
general case below. Of these two solutions, the difference 


(V— Фу)аа 


vanishes in the special case у= ф, and this is the one 
selected by the Pauli principle in keeping with the 
simple statement that “по two identical particles shall 
have the same set of quantum numbers." This two- 
electron wave function changes sign when we change the 
order of the factors y and ¢, which is equivalent to 
exchanging rı with го, so may be said to be antisym- 
metric in the exchange of the coordinates of the two 
electrons. 

(c) With “опе spin up and one down" there are four 
primitive products, corresponding to either the associa- 
tion of œ or В, and either electron 1 or 2, with the 
function y (the other with $). With “both spins up” we 
had two and with “both spins down” there are two 
more, or eight in all. Eight independent linear combina- 
tions may be made of them, and the combinations that 
are solutions of the wave equation with У (r12) may be 
expected to separate into space and spin factors, since 
V does not contain the spin coordinates. The salient 
experimental fact demanding the Pauli principle, the 
example in this simple case of the general workings of 
the vector model, is that there are only four physical 
states corresponding to these eight solutions, three (the 
3S separable by a magnetic field) with one value of the 
energy and one with another (the 15). Correspondingly, 
four of the eight [including the one selected in (b) 
above] are selected by the more general form of the 
Pauli principle, which states that the functions shall be 
antisymmetric in exchange of the particle-labeling in- 
dices, 1 and 2, or antisymmetric in “all the coordinates, 
including spin coordinates s.;." This leaves us with the 
following familiar functions: 


Spectro- Inter- 
scopic action 
Ms 5 notation energy 
= (0ф— Фу)аа 1 
Уз= (уфф) (ава) 0-1 35 1-К (gy 
T= (V6— $y) 68 —1 
Va—(Véd-éV)(a8—8o) 0 0 15 LK. 


We see that they change sign when we interchange the 
space functions у with ¢ and the spin functions, such 


lá 
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as а with В, which is equivalent to interchanging 1 
with 2. These combinations (as well as the four sym- 
metric ones that have been rejected) avoid stating more 
than we want to claim to know about the interacting 
particles; they do not specify which electron is in which 
state and they do not specify (in the second and fourth 
lines) whether о is associated with y and В with $, or 
vice versa. That these functions are the proper solutions 
of the wave equation with interaction and leave the 
energy matrix diagonal, we shall see in the following 
paragraph. 

The labels M s=m. tm, are convenient, and the 
further label S, which may be associated with the 
length of a “total spin” vector having projections M s, 
denotes whether the "spin factor" is symmetric (S= 1) 
or antisymmetric (S—0), in which cases the more im- 
portant space factors are antisymmetric or symmetric, 
respectively. Now we introduce an interaction energy 
V(riz), which is negative for two neutrons or positive, 
e*/ri2, for two electrons, and calculate the interaction 
energy 


1 
Е | (рф) рф) ло L3-K, (10) 


where the “direct integral" L and the “exchange 
integral" K are 


25 Ї 71:27 
5 || TOn Оо. a= 
K= | роуа 


2 f (Dos) V(ri)dudes, в(0)-440)8(1), 


as in Eq. (8). The exchange integral, being a self-energ 

of an “overlap density” po, which may have positive 
and negative regions, is smaller than the direct integral. 
For a reasonable function | V| having a maximum when 
the particles are close together, K has the sign of V, 
which is negative between nucleons, so the singlet 
state, 15, with S—0, lies below the triplet states, 533 


' with S— 1. The singlet-triplet separation is 2K. (With а 


space-exchange or “Majorana” interaction VP in place 
of V, the role of L and K would be interchanged, as has 
been already mentioned, and the singlet-triplet separa- 
tion would be larger, 2L.) с 

If Ноу, = Ewa, аз is true for any of the functions 
V. (1, 2) given by (9b), then with the interaction V in- 
cluded in the Hamiltonian, H= Ho(rs, 72)4- (т), хе 
still have Hya= (Ёв-+ еа) if Иа «а [with є given 
by Eq. (10)], without any added term in уь, that is, 
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if V, S Ya V Yadridrz=0 for ab. Thus the vanishing 
of the nondiagonal matrix elements Vas is essential for 
the W’s to be proper solutions of the wave equation 
(in the approximation in which we neglect other states 
remote in energy). That the И vanish can be seen 
from the orthogonality of the spin factors alone in 
Eq. (9b), since V does not operate on the spins s;. 
Between different values of M 5, this is a simple result 
of conservation of S,. Between the two states with 
M 5=0, the vanishing of Vz, expresses the conservation 
of S. In this case the spin orthogonality may be for- 
mulated 


X X [alses)B(se2)-+B(se1) a(se0)] 


8:1=} зээ 


ХГа(5:1)8(5:2)--8(58:1) (5:2) ]2 1— 12 0. 


Here we use the familiar generalization that with the 
spin factors in the wave function the integral over dr; 
means an integral over the space coordinates, dv;, and a 
sum over the two values of the spin coordinate 5,:. The 
same vanishing of V2, may be demonstrated also by the 
space factor, since the first member of Eq. (10) vanishes 
if modified to have one -+ and one — sign. These are 
some of the elements of familiar atomic spectroscopy 
which apply also to a pair of neutrons. 


Explanation of Isobaric Spin for Simplified 
Nucleons 


Let us now imagine that we might have spinless 
nucleons, both protons and neutrons (or nucleons with 
“spin up" will do as well, with less violence to nature, 
and let us, in this case, simply omit the common spin 
factor аа). Protons and neutrons differ so little in all 
properties but charge that we make the very important 
assumption (H32) that we can treat them as two states 
of a single type of particle, the nucleon, as is done in 
the theory of beta-decay. We can put either a proton 
into V in the potential well, or a neutron, two single- 
nucleon states which we can distinguish from one 
another by application of an electric potential, which 
adds an energy e or 0 multiplied by the potential. 

(a) This factor e or 0 does not have the symmetry of 
the factor --ив in the magnetic energy of an electron, 
but it does have the same two-valuedness. The two- 
valuedness leaves the naming of the two values arbi- 
trary, and it is this symmetry in the case of the electron 
spin that makes it convenient to take the two values : 
+4. This choice led incidentally to a formulation of the 
*V(rs) problem" in which the magnetic energy with 
its special symmetry played no direct role, and the 
formulation had a convenient elegance involving simpler 
quantum numbers than might have been encountered if 
we had not been guided by the magnetic symmetry in 
our choice, namely that the quantum numbers S=1 
and 0 are associated with the “triplet” and “singlet” 


А 
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energies of the two-electron system (the numbers of 
degenerate states being easy to remember in terms of a 
"vector model" concept). Because this formulation is 
both elegant and familiar, it is convenient in the dis- 
cussion of nucleon charge to exploit the arbitrariness by 
proceeding arbitrarily in close analogy to the discussion 
of spin. With any other choice of numbers such as 1 
and 0 to denote the two arbitrary values of the charge, 
it would be more difficult to remember what we had 
done, and would lead to the same physical results. 
Thus the closeness of the analogy of isobaric spin, as 
we shall formulate it, to intrinsic spin is somewhat 
artificial; it is a result of an easy, but arbitrary, choice. 
Isobaric spin has a very insistent physical meaning, 
nevertheless, in terms of states differing in energy and 
characterized by some sort of proper values T of a new 
dynamical variable that is conserved under appropriate 
circumstances. It is the codification of the quantum 
numbers that is arbitrary. 

'Thus with two charge states of a nucleon distinguish- 
able in an electric potential the situation is almost 
exactly similar to the previous one wherein we had 
states Ya and V8 distinguishable in a magnetic field 
(H32). With a neutron in the space-state y we shall 
call the wave function y», or with a proton, ут, and 
similarly for the next lowest state фу or фт. Here 
>= v(i;) is a function of the two-valued charge coordi- 
nate which we (arbitrarily) give the values 4-3, > being 
associated with the quantum number 7z:,— 2, etc., as for 
spin above. 

(b) For two neutrons without spin, the situation is 
the same as for two electrons or two neutrons with 
“spin up," as discussed in (b) above. The solution 
allowed by the simple form of the Pauli principle is 
(V — oy) rv. 

(c) If we have a proton and a neutron and try to 
find simple product solutions before introduction of 
V(ri2), and if we treat the proton and neutron as quite 
different particles, not states of the nucleon, or if we 
claim to know that nucleon 1 is a proton, etc., there are 
only two states, a proton in у and а neutron in ф, or 
vice versa. Not only from old ideas about beta-decay 
and about the saturation of nuclear forces, but also 
even more convincingly from newer observations of 
exchange scattering at high energies, there are insistent 
suggestions of the nucleon concept, and of the exchange 

of identity of protons and neutrons when they interact. 
The possible existence of nucleon number 1 as either а 
proton or neutron, and of number 2 then as neutron or 
proton, makes the number of states of the neutron- 
proton system twice as great, or four. Of these we can 
make four independent linear combinations, two sym- 
metric and two antisymmetric in the exchange of 1 
and 2, and each a solution of the wave equation in- 
cluding an interaction И (712) that does not depend on 
the charge of the nucleons (in the same way that we 
made linear combinations of the spin functions that we 
showed to be solutions when V did not depend on spin). 


INGLIS 


Because the simple statement of the Pauli principle 
applies to two neutrons in (b) just above, and because 
the simple generalization of the Pauli principle from 
(b) to (c), in the case of electrons, leads to the observed 
number of states, we here assume that the similar 
generalization from (b) to (c) may be made in the Case 
of nucleons. The Pauli principle then states that the 
wave function shall be antisymmetric in interchange 
again of the particle-labeling indices 1 and 2, that k 
of “all coordinates, including the charge coordinate бг 
isobaric spin coordinate." АП of this is independent of 
the choice of indices discussed in (a) above. Here the 
charge coordinate need only represent the two-valued- 
ness, with т and v vanishing or not depending on which 
of its two arbitrary values it takes, but from now on 
we shall let them be the convenient values /,— +. 

On the basis of this new assumption concerning the 
scope of the Pauli principle, we discard the two Sym- 
metric states of the neutron-proton system. The physi- 
cal necessity for the corresponding step for two elec- 
trons with spin in atoms could be verified by counting 
the number of states in multiplets. Unfortunately, the 
groupings of states in light nuclei are more complex and 
their identifications less complete, as we shall see, so 
this type of verification that states like the two dis- 
carded symmetric states (c) are really missing can come 
only with the success of a rather extensive interpretation 
of the various energy levels, but some fairly clear 
examples of it can be found in the cases discussed 
below. Another type of verification for the assumption 
that isobaric spin is a coordinate entering in the state- 
ment of the Pauli principle is found in the experimental 
evidence for conservation of isobaric spin T in reactions. 

On this basis we select the four antisymmetric states 
of the system of two spinless s nucleons: 


Interaction 


Mr ҮР energy 
(фф— oy) vv 1 
(2Ф-440)( т-4-тэ) 0 1 1--К (11) 
(2Ф-Фф)тт 21 
(¥o+ Ф) (vx т») 0 0 L+K. 


Again for convenience we use the labels Mr and T, 
analogous to M s and S, and may use a vector concept 
in remembering how many states Мт are associated 
with each value of the isobaric spin 7, as we shall call it, 
of the system. Мт may then be called isobaric spin 


projection. Мт= 1 means two 955, or the dineutron in 


this simplified potential-well model, Мт=0, the deu- 
teron, and Мт= —1 means He?, so Mr denotes which 
isobar we have. The state Т--1 has substates in the 
three isobars, all with the same energy L—K if we have 
just опе V (71), or more generally if we have a “charge- 
independent Hamiltonian,” independent of the dis- 
tinction т and и. With these peculiar spinless nucleons 
in this model, the ground state of the “deuteron” would 
have both nucleons in the lowest state y, and then in 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar p 
LJ 
B LI 


о Ирлан ИИС о 
omn 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


ENERGY LEVELS AND STRUCTURE OF LIGHT NUCLEI 399 


our first excited configuration with y and $ populated, 
there would in this isobar be two excited states, one 
with T=0 and one with T=1. The physically sig- 
nificant fact would be that this T=1 (Мг=0) state 
would coincide in energy with the ground state of the 
dineutron (Т-1, M 7—1) and of He? (T—1, Mr=—1), 
in this model. The reason for this fact is that the three 
T —1 states each have a minus sign іп the space part 
of the wave function (V$— фу). In the isobar Мт=0, 
the state with T=1 has a wave function of such sym- 
metry that the Pauli principle would permit the two 
nucleons to be the same (both neutrons, e.g.). This is, 
in the simplest terms, how the Т--1 state differs from 
the T—0 state in this isobar, and this symmetry 
difference affects the energy. 

So far, in this simple example, the only difference 
between spin and isobaric spin is that states differing in 
spin projection may be distinguished by a magnetic 
field and those differing in isobaric spin projection by 
an electric field. When we go to a case in which the 
single-particle wave functions depend on angle and 
introduce orbital angular momentum operators, the 
projection quantum numbers of these may also be 
distinguished by a magnetic field in а way with which 
the behavior of spin operators may be put in close 
analogy, and in a way to preserve the classical property 
of conservation of angular momentum if the spin 
operators are associated with an intrinsic angular mo- 
mentum of the particle. Thus the spin operators become 
associated with the Euclidian space of the laboratory, 
whereas the isobaric spin operators do not. One some- 
times makes this distinction by referring to an isobaric 
spin projection operator as Т; rather than Т.. For a 
single nucleon one would have f ог тр, analogous to sz 
or о, and т, analogous to ms. 


Spin and Isobaric Spin Combined in a Simple 
Example 


Now to get back to real, healthy nucleons, let us see 
how spin and isobaric spin are handled at the same 
time in this same simple example, at the same time 
introducing a more nearly realistic nuclear interaction, 
Eq. (2). It is convenient to list the states of the two- 
nucleon system by use of that form of the Pauli prin- 
ciple which states that no two nucleons may have the 
same set of quantum numbers, as is done in Table I. 
(States with negative M s or Мт are omitted since they 
introduce nothing new.) The first line has the wave 
function 


(V6— ФА) аа, vv (97 
which combines the properties S=1, T=1, of the first 


T The demonstration that 5-1 in this case, or that (51-Е 32)? 
—S(S--1)—2, is known from almost any textbook in quantum 
mechanics. It is simply that (31-82) = 32-2 --281-52= Sia sê 
+2mame=it+i+}=2. In the case Ms=0 of Eq. (10) the 
evaluation of $1: s; involves nondiagonal matrix elements, but the 
result is the same if the spin function is symmetric, or S=0 if 
antisymmetric. Exactly the same analysis applies to T in terms 
of the mes. 


TABLE I. States allowed for two nonequivalent s nucleons. 


Energy 
5 calculated 

7 ? with (2) 
ne mt т: me Ms Mr 5 id and (8с) 
+ 7 + EIS 1 1 1 1 -3К 
t +o = A O О(МцМ 
+ + E 1] 10 1 42K 

$ + + = 1 Ov fi 1 —3K 
dz = L + 1 OF э. 0 7К 
205 ae = = 0 0) [1 1 —3K 
= + + — 0 0) Ј0 1 4.2К 
+ = = ОИ 7К 
lo o оф БОРОО. 


lines of Eqs. (9b) and (11), an antisymmetric space func- 
tion of two neutrons with *spin up." The second and 
third lines are combined in the familiar way into the 
two antisymmetric combinations (one antisymmetric 
in space and the other in spin) 


(Wo oy) («ВЕ Ba) vv (97) 


which correspond to the second and fourth lines of 
Eq. (9b) for two neutrons, with T= M 7— 1, M s=0, and 
5-0 or 1, respectively. The fifth and sixth lines simi- 
larly have 

(уф by)aa(vrF т») аг) 


corresponding to the second and fourth lines of Eq. (11) 
for а neutron and a proton with "spin up," with 
5-М5-1, Мт=0 (deuteron), and Т--0 or 1, respec- 
tively. From Eq. (10) we see that for an ordinary inter- 
action V we have various states with S=1, T'— 1, all 
with energy L— К, whereas with (S, T) = (1, 0) or (0, 1) 
the energy is L+K, the difference again arising from 
the symmetry of the space factor. 

The degeneracy arising from the fact that (5, Т) 
= (1, 0) ог (0, 1) have the same energy with this simple 
interaction V is slightly confusing, so we list in Table I 
the energies derived from the assumed specific nuclear 
interaction, Eq. (2), specialized according to Eq. (8c). 
Through the spin-exchange operator, this differentiates 
between spin and isobaric spin, and thus lifts the de- 
generacy. These energies are calculated from the usual 
prescription /Y*HWdv, taking care of the normaliza- 
tion, and with W given by Eq. (11’) the interaction 
energy is 


08 | (94-40) (р-у) 42 


4-0.2 [ (0Ф--09)2/4:2 


=0.8(4+L+K)+0.2(L£K); (12) 


the + sign applying to T=0 and the — to T=1. In 
such a calculation one sees that the space-exchange 
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operator P operates to exchange y and ¢ in the second 
space factor only, and the summation (implied in the 
integral) over the other functions, being unaffected by 
any operators, comes in just as in the normalization 
and gives a factor unity. In the second term the spin- 
exchange operator Q in this case has no effect because 
of the symmetry of aa. Thus, we see that the two 
states differing in T have quite different energies. Let us 
see that one and only one of these energies corresponds 
to that of a state of another isobar, because of a simi- 
larity in space and spin symmetry. 

The states of the other isobar, the dineutron, say, are 
obtained similarly by use of Eq. (97): 


08 | Cee V eure? 


+02 Ї (Vet ey) V do (aB7F Ba) (ВазкаВ) /4 


-0.8(--1--К):Е0.2(7--К), (13) 


the upper sign applying to S=0, the lower to 5-1, 
both with 7— M 7—1. With the lower choice of signs 
the energies expressed by Eqs. (12) and (13) agree, but 
with the upper they do not, which means that the 
energy of the state S=1, T=1 calculated with the 
charge-independent interaction, Eq. (2) is the same for 
the isobaric spin projection M 7—1 or 0. That is, there 
is a state in the deuteron which should have the same 
energy as a state in the dineutron because the two 
states have the same dependence on space and spin 
coordinates.T 

Thus we may answer the question, “What is the 
physical property of a state with Г=1 to distinguish it 
from a state with T=0 in the same nucleus?” by saying 
that it has a type of symmetry that would still be 
allowed by the Pauli principle even if one of the protons 
of the nucleus were a neutron. We have seen an example 
in which the calculation of the energy depends just on 
this type of symmetry. More generally, if the Hamil- 
tonian is charge independent, that is, if it does not 
depend on the proportion of neutrons and protons 
among the nucleons involved, then the states of the 
same value of T' in different isobars (that is, different 
values of Мт) have the same energy for much the same 


I To make a similar comparison for the S=0, T=1 and 0 states 

it is necessary to complete the discussion of Table I by considering 
the four М5=0, Мт--0 states, in the last four lines. Note that 
lines six and seven match lines two and three in the m,’s and match 
line four in the ms, and similarly for the last two lines (matching 
line 5 in s). Thus the last four lines are antisymmetrized by 
taking the space-spin factor of Eq. (97) multiplied by the isobaric 
spin factor of Eq. (11^), with three independent + signs. Successive 
choice of one of the + signs as — gives the first three states (S, Т) 
listed, and the last, (0, 0) is given by the remaining antisymmetric 
possibility with all three negative. The energies for the four 
choices of signs, with interaction, Eq. (2) specialized as in (8c), 
are listed in the last column of Table T, three of them agreeing, 
of course, with those obtained earlier because they agree with 
choices of signs made earlier in the space and spin factors. 
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reason that makes the states of an atom with the same 5$ 
but different M s have the same energy when there is no 
external magnetic field and the Hamiltonian is thus 
orientation-independent. (In these cases, the operators 
S- and T., of which M s and M y are quantum numbers, 
commute with the Hamiltonian.) 

The main point of this explanation is that it shows in 
detail how the quantum number 7-41 or 0 determines 
the symmetry that the Pauli principle will allow for the 
space and spin factors and through them has an in- 
fluence on the energy of the system. That is why it is 
possible to write the physical operator in the first line 
of Eq. (1) in terms of the scalar product of the single- 
nucleon isobaric spin vectors т;= 2t;, which have their 
physical effect only indirectly through the effects of 
symmetry on the evaluation of the space function (as 
indeed do also the spin vectors o;=2s; in this formula- 
tion or in the atomic singlet-triplet problem). A more 
elegant evaluation of an exchange interaction is possible 
in this form, since «-« ого-о is 1 for T or S equal to il: 
—3 Юг Т or S equal to 0, but this form is no more 
useful because the convenient tabulations of refer- 
ences (F37) and (K52) are presented in terms of the 
exchange operators. 

With many particles, the symmetry is not as clear- 
cut as in the two-particle case. A function is in general 
neither completely symmetric in the exchange of the 
space coordinates of all pairs of particles, nor completely 
antisymmetric, but perhaps symmetric in interchange 
of some pairs, antisymmetric in others. The energy is 
still dependent on the degree of symmetry and the 
isobaric spin formalism provides more help to dis- 
tinguish between the various symmetries than in the 
two-particle case where it is easier to explain. 


Conservation of Spin and Isobaric Spin in Reactions 


One aspect of the conservation of isobaric spin is then 
seen in the existence of states of a symmetry denoted 
by Т=1 in isobars Мт=1,0, and perhaps —1 as 
demonstrated by the fact that their energy differences 
may be estimated by treating the charge dependence of 
the Hamiltonian as a first-order perturbation, as is 
discussed further, from an empirical point of view, in 
the following section. Another way in which a quantity 
such as an angular momentum may appear as conserved 
is by remaining with its initial value, or within a group 
of initial values through a scattering process, or through 
а reaction involving the intermediate formation of а 
compound nucleus. For example, when only one orbital 
angular momentum is involved in the incident beam and 
one in the emergent beam, conservation of parity is 
assumed, and of course conservation of total angular 
momentum. When spin-orbit coupling is so small as to 
be small compared to the natural width of a compound 
state, it would be expected that spin angular momentum 
S would be conserved, and this process could be ana- 
lyzed by expressing the various contributions s; Ш 
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terms of the spin operators, and analyzing the rate of 
change 5 in terms of these operators and the spin 
factors of the wave function. This S would be found to 
be small and 5 to be conserved to the extent that the 
dependence of the Hamiltonian on the s; is small. Our 
choice of the isobaric spin operators and factors in the 
wave function in close analogy with those for ordinary 
spin provides us with a convenient dictionary with 
which to translate this expectation to isobaric spin, and 
leads us to expect T to be conserved in certain reactions. 
We shall see examples where the corresponding isobaric 
spin selection rule (452a) forbids a transition that is 
indeed observed to be very weak. The conservation of 
the formal vector 7' is thus explained by comparing the 
formal operations with those associated with the physi- 
cally familiar vector 5 of which we have -physical 
reason to expect conservation, but here, just as with 
the energies, the physical meaning of the combination 
of formal vectors to make up T is to be understood in 
terms of the combination of space-spin symmetries of 
the parts of the system which is implied by the formal 
vectors and is difficult to calculate more directly. 


Charge Independence As a Special Case 
of Charge Symmetry 


We have seen that the conservation of isobaric spin 
follows from the assumption that the Hamiltonian is 
charge-independent, that is, that the specific nuclear in- 
teraction (neglecting the Coulomb interaction) between 
two nucleons is independent of their nature as neutrons 
or protons, the same for the three cases п— л, n— р, and 
$— р. Some of the consequences of charge independence 
also follow from the less restrictive assumption of 
charge symmetry, that is that the n—n and р-р 
interactions are identical, but not necessarily the same 
as the 1— р interaction, so that the Hamiltonian may 
be said to be symmetric in the interchange of all protons 
with all neutrons. Charge independence is a special 
case of charge symmetry. The great similarity of the 
energy separation in Li? and Be’, each of which has 
four nucleons of one charge and three of the other, 
follows from the more general assumption of charge 
symmetry. There are other less obvious cases, particu- 
larly among the nuclei with 4 =6, 10, and 14, where 
some of the consequences of charge independence may 
not be considered to verify this special assumption 
because they are also consequences of the more general 
hypothesis of charge symmetry (Kr52). Because evi- 
dence for charge independence as quite a good approxi- 
mation is found, as we shall see, particularly in the 
comparison of energies of states of the same T but 
different |M 7|, we shall not attempt to pursue the 
distinction further in the present survey. The Coulomb 
interaction between protons, which is considered to be 
the principal deviation from charge independence, con- 
stitutes just as large a deviation from charge symmetry, 
so the distinction does not appear to be very fruitful. 


5. SURVEY OF THE EXPERIMENTAL DATA FOR THE 
POLYADS OF THE p SHELL, WITH COULOMB 
ENERGY ELIMINATED 


Polyads 


'To bring into evidence the way in which the isobaric 
spin appears to be a fairly good quantum number, and 
to prepare for an interpretation in terms of isobaric 
spin, it is useful to present the data, not as associated 
with individual nuclei, but with the nuclei grouped into 
isobaric polyads after applying the “Coulomb correc- 
Поп,” as has been done in Fig. 1. Isobaric spin 7 is, 
as we have seen, a dynamical. variable not of a single 
nucleus, but of an isobaric set of nuclei, all with the 
same mass number A, and such a set of isobars we call 
а polyad, denoted by the symbol Ру“. Thus, Py‘ 
means ---He®+Li®-+Be'+---. (The name “triad” or 
“isobaric triad” has been used for such a set of three 
isobaric nuclei in a recent review article by Lauritsen 
(L52), but in principle there are not only the states 
with T=1 spread over the three isobars, but also still 
higher groups of states with T=2 and so on up to 
Т=А/2 spread over all А--1 isobars, so the name 
“роїуа4” seems more appropriate.) A polyad may alter- 
natively be defined as a mechanical system of A 
nucleons, of which isobaric spin is a dynamical variable. 

An extremely valuable compilation and digest of the 
far-flung experimental data on energy levels of light 
nuclei has been made by Lauritsen and his collaborators 
(H50, Aj52), and the level diagrams which they have 
tabulated form the starting point for any analysis such 
as this. Figure 1 is intended to give a survey of these 
data in a form to facilitate comparison and convey 
general impressions at a glance, and for this reason the 
proton-rich isobars are omitted except where their data 
contribute significantly to the identification of excited 
states. In Ру, for example, only Ве! and В! are 
shown, and the relative heights of their ground states 
are determined by making a "Coulomb correction,” 
including a correction for the neutron-hydrogen mass 
difference. 


Elimination of the Coulomb Energy and the 
Charge Independence of the Remaining 
Interaction 


The correction is made in а simple manner on the 
basis of the assumption that the change in Coulomb 
energy on changing from four to five protons is the 
same in the difference В!— Ве! as in the difference of 
the other isobaric pair of the same elements, B’— Be’. 
(This assumption neglects the small effects of symmetry 
differences, and approximates a more careful theoretical 
correction about as well as the two steep theoretical 
curves in Fig. 18 are approximated by straight lines.) If 
we write the total nuclide ground-state mass energy, Мс", 
as E(Z, A) - EZ, A)+ E.(Z, A)+ (ZM t+ N My)c’, the 
energy of binding (kinetic included) provided by the 
specific nuclear interactions being Е», and the Coulomb 
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energy Ёс, then the ground-state energy difference 
Be!0— B!? is 


A1o— E(4, 10)— E(5, 10) 2 E;(4, 10)— E,(5, 10) 
+£.(4, 10)— E.(5, 10)+ (М„— М н)? 
=Ao10tAciotAn н. (14) 


А similar equation holds with the 10 replaced by 9, 
with the differences A similarly defined. We assume 
that the specific nuclear interactions are symmetric 
(that is, the same between two protons as between two 
neutrons), which may be stated as А„ә= 0, since taking 
this difference implies interchanging neutron number 
N=5 or 4 with proton number Z=4 or 5, and we 
further assume as just mentioned that А. 10= Асе. We 
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Fic. 1. Energy levels 


then have the Be!9— B!? difference in binding energies 
provided by the specific nuclear Hamiltonian: 


Ao, 10= Ао As — Е,(4, 10) — Е,(5, 10). (15) 


If now we further assume that the specific nuclear inter- 
actions are charge-independent (that is, the same be- 
tween a neutron and proton as between two neutrons 
or two protons) so as to expect isobaric spin T' to bea 
good quantum number, we have this as an estimate of 
the excitation energy of the first state with T=1 above 
the ground state of the polyad, with the Coulomb energy 
differences of the charge projections Mr=1, 0 elimi- 
nated. Thus from the observed differences in the mass- 
energy of the ground states of the two isobars the 
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of the p-shell polyads. 


excitation energy of the state T=1, Мт= 1 is estimated 
to be 1.625 Mev in a hypothetical idealized polyad 
having no Coulomb term in its Hamiltonian. There is 
an observed level in B” at 1.74 Mev, and this is assumed 
to be the T=1, Мт= 0 state. A measure of the exactness 
of the assumption of a charge-independent Hamiltonian 
is provided by the near equality of these two numbers, 
together with the plausibility of this identification, as 
dependent on the fact that the nearest other level is at 
2.1 Мех and also in this case on the very spectacular 
failure of inelastic deuteron scattering (the deuteron 
has T=0) to excite the 1.74-Mev level (B53, A522). 


The data for the positron-emitting isobar С® are in this case 
not so reliable (the positron energy end point being given to 


388 [177 
3.1 Уг" 


+100 kev) but indicate that the Мт=—1 component of the 
T —1 state lies at about 1.9 Mev, as indicated by the lines with 6 
in place of A in Table II. The regular progression from 1.625 to 
1.74 to 1.9 Mev with added Coulomb energy may be a secondary 
effect of the Coulomb repulsion which, by expanding the nucleus, 
may slightly reduce the average of the specific nuclear inter- 
actions. A still more favorable indication of the charge indepen- 
dence of the interactions may then be obtained by comparing the 
average of 1.625 and 1.9 (or better 1.9 Mev, that is about 
1.78 Mev, with 1.74 Mev, the average for Мт=-Е1 with Мт=0. 


A similar treatment of other polyads of the р shell 
is given in Table II. The data there used are taken from 
reference (1,51) where possible, and otherwise from 
(L52) and (De52) and may in some cases involve an 
experimental uncertainty of the order of magnitude of 
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TABLE IT. Differences in energies of binding, in Mev. Coulomb correction (including neutron-H, mass difference), 3 
and matching of states of isobaric spin 7—1 in the even polyads. 


A 4 6 8 10 12 


14 

2 2 3 4 5 7 ү 
Aa=E(Z—1, A)—E(Z, A) 3.55 15.985 0.556 13.370 0.155 (10) 
—Aa4a--—E(Z—1,4—1)-- E(Z, A— 1) 0.0185 (1.32 0.863 1.069 1.98 2.221 2.705 
AXES (4.9) 16.848 1.625 15.35 2.38 (12.7) 
5л=Е(2--1, А)— E(Z, A) (4.9) (18.0) (3.9) 17.6 5.1 15.5 E 
84a E(Z--1, 44-1) — E(Z, A+1) (1.32) 0.863 1.069 1.98 2:221 2.705 2.749 
бА--баа (4.0) (17) 1.9 15.4 2.4 12.8 
Next higher level = 2.15 15.59 3.7 12.95 
Matched level in Z4 3.58 1.74 15.14 2.32 12.51 
Next lower level 2.17 0.72 (11.9) 0.0 12.44 Ч 


100 kev. They are mainly beta-decay differences. It is very high degree of charge independence (to the order 
seen that the only very good evidence of this sort for of 1 percent) since the interaction between the pair of 
the charge independence of the Hamiltonian is found nucleons which changes, e.g., from neutron-neutron to 
in Py! and Py. In Руб the fit is not very good (partly  neutron-proton contributes something like — 10 Mev to 
because of special uncertainties concerning the virtual the potential energy of the system. The details of the 


states of Ру’ with which it is compared) and in the 
others the first state with 7'— 1 is quite high, in a region 
where the density of states with M r=0 is so great that 


Coulomb energy as it varies through the р shell are 
discussed further in Sec. 8. 


Figure 1 is constructed for the purpose of convenience 


an approximate match is not very significant. It should of interpretation, not for the purpose of displaying the 
be remarked that a fit within about 100 kev indicates a comparisons which test the exactness of the conserva- 


0 


Ев /( Mev) 


-100 


Fic. 2. Energies of binding of the states of the polyads. 
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Fic. 3. Energies of binding relative to the binding per nucleon in an alpha. 


tion of isobaric spin. In constructing Fig. 1 exact 
equality has been assumed of the Мт=1 with the 
Мт=0 charge projection of the lowest T=1 state after 
identification on the basis of the approximate equality 
found in Table II. (The identifications were actually 
made first in reference (L52) on the basis of a slightly 
different estimate of the Coulomb energies.) This makes 
Fig. 1 convenient for use in discussions of the interpreta- 
tion of the energy spacings and sequence of levels, and 
facilitates the attempt to identify the higher T=1, 
Мт=0 states on the basis of the assumption that the 
Coulomb difference is the same for all T=1 states. In a 
similar way in the odd polyads, the ground states of the 
two isobars, with Мт=% and —3, are placed on the 
same level in those cases in which the proton-rich 
isobar is shown. Thus we may say that an attempt has 
been made to display the data in Fig. 1 in such a way 
as to make it apply as well as possible to hypothetical 
polyads having no Coulomb terms in their Hamil- 
tonians, although the spacings of levels within each 
isobar are obtained experimentally from a real nucleus 
in which it is assumed that the Coulomb terms con- 
tribute approximately equally to all states. 


Trends in the Data 


In Fig. 1 we see for each nucleus a number of hori- 
zontal lines representing observed energy levels, the 
excitation energy in the polyad being indicated, in 
Mev, by а number near the left side for many of the 
levels. In some cases а symbol appears near the right 
side indicating an experimental angular momentum 
and/or parity assignment. In cases in which this 
assignment is considered uncertain, it appears in paren- 


theses ( ). Uncertain energy levels are indicated with 
broken lines. Levels observed to be broad are cross- 
hatched. Most of the spectral regions which have not 
been experimentally explored for the existence of levels 
are indicated by a vertical strip of cross-hatching at the 
right side. Outside the “boxes” containing the energy 
spectra are short lines labeled р, л, or а, indicating the 
level above which the nucleus is unstable relative to 
emission of these particles. 

The ground-state angular momenta $, 3, 3, 2, for 
Li’, Be’, ВЮ, and B" are what one expects from the 
compounding of j—2 vectors, as expected in the (77)- 
coupling shell model in this first part of the р shell, and 
the values 2, 1, 1 for СВ, ММ, and № likewise may arise 
from the compounding of the j=} vectors in the last 
part of the р shell. These are also the angular momenta 
expected on the basis of (LS) coupling (F37, R37) with 
the exception of ВИ for which the low ?P should be 
inverted because it is past the middle of the р shell. 

Among the even polyads, there is a striking alterna- 
tion in the excitation of the first state with 7=1: in the 
A=4n polyads Руз, Ру!°, and Ру! these excitation 
energies have large values in the range 12.5 to 16.7 Mev, 
while in the A =4n+2 polyads Py5, Ру!°, and Ру“ they 
are much smaller, in the range 1.7 to 3.6 Mev. This 
appears to be an aspect of the “four structure” which 
seems to be associated with the symmetries available in 
(LS) coupling as clarified long ago by Wigner, Feenberg, 
and Phillips (W37, ЕЗ7, F37a) and most apparent in 
the familiar “four structure” of the stability curve 
shown in Fig. 2. In exciting the ground state of Be* to 
the ground state of Li’, for example, one has to break 
up а “four-group” of two neutrons and two protons 
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"TABLE IIT. Number of states in the atomic 
configuration р, (LS) coupling. 
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"TABLE IV. Number of states of two р electrons, (77) coupling. 
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whose spins cancel and whose interactions saturate in а 
particularly stable way, and make instead a group of 
three neutrons and one proton which cannot attain the 
same high symmetry relative to interchange of nucleons. 
(In the alpha-model, one has to excite an alpha, but 
much the same sort of effect prevails strongly in the 
central model in (LS) coupling, only weakly in (jj) 
coupling.) The odd polyads have relatively high excita- 
tion energies of the first T—$ states, presumably for 
this same reason in some cases and for reasons of shell 
structure in others. 

Figure 2 is plotted in such a way as to display not 
only the "four structure" in the curve showing the 
stability of the ground states, but also to show in the 
same perspective the relative heights and thus the 
energies of binding of the excited states of the various 
polyads. Thus the energy spectra in Fig. 2 are small- 
scale versions of the energy spectra displayed in Fig. 1, 
standing on the stability curve for the ground states. 
One sees that the same four-structure is not in evidence 
for the energies of binding of the low states of higher 
isobaric spin. The stability curve of Fig. 2 is inverted 
relative to that shown by Feenberg and Phillips 
(F37a, Fig. 1), because they plotted binding energy, 
which is a positive quantity, the absolute magnitude of 
the negative "energy of binding" plotted in Fig. 2. 

The straight line in Fig. 2 is drawn through the origin 
and the ground state of He‘. It thus represents the 
number of nucleons multiplied by the energy per 
nucleon in an alpha. In Fig. 3 the differences between 
the energy levels and this line are shown on a magnified 

scale, so as to exaggerate the four-structure and display 
the energy spectra on a larger scale. To see on this 
figure that Be? is stable, for example, one draws through 
the ground state of Ве? a line parallel to the line Eg— 0. 
The most abundantly known energy levels are, of 
course, those of the more stable isobars of the various 
polyads, those with M 7—0 or +}. Among these, there 
is a striking variation in the density of the low states. 
In Py? one finds a low “doublet” and then a gap about 


ten times as wide as the "doublet" before the second 
excited state at about 4.6 Mev. The excited states of 
Веб start off with a broad state at 3 Mev and bear по 
resemblance to any other spectrum. Be? has two or 
perhaps three states below 2.5 Mev, then no others 
until at least 5 Mev, above which only a couple of 
broad maxima have been observed with poor resolution, 
which might be broad states or groups of states. B!9 con- 
trasts with the other light nuclei in having а more 
dense spectrum of low states, starting with a group of 
four below 2.2 Mev, of which one has T— 1. Such a high 
density of low states in this odd-odd nucleus is somehow 
associated with the lack of exceptional symmetry in 
any one of them, to pull it down from the rest, or in (jj) 
coupling with the freedom to orient two j=% vectors 
(nucleon **holes") in several ways. The contrast is most 
striking between В! and the nearby even-even nucleus 
C®, which has only a few widely spaced excited states 
up to 15 Mev, the first at 4$ Mev. In this А — 4z case 
the wide spacing does appear to arise from an excep- 
tional symmetry of a few low states, which pulls them 
down below the rest and is associated with the dip in 
the stability curve of Fig. 2 at 4—12. The spectrum 
looks much more like (LS) coupling than (77) coupling. 
In (jj) coupling, one would expect the first excited 
states to occur in a group of four, two of them with 
T — 1, corresponding to the excitation of one p; nucleon 
to a р; state. (There are four states because there are 
two relative orientations of these two vectors ; and either 
а, proton or a neutron may be excited, which freedom of 
choice we may count in another way by saying that T 
may be 0 or 1.) The low states of Ру", which are fairly 
dense after about 3 Mev, appear on the other hand to 
agree very nicely with the expectations of the (77) 
model (K51). ММ has its first excited state at 2.3 Mev, 
and this has Т--1 as expected for the J=0 orientation 
of two р; nucleons in the (77) model, the other orienta- 
tion J—1 being the ground state. Beginning at about 
4 Mev there are numerous other states. The next nuclei 
№5 and O!8 are very remarkable for having no excited 
states at all below 5.3 Mev and 6 Mev, respectively, 
and for then starting off in each case with a remarkably 
closely spaced pair of states. The large gap before the 
first excited state is doubtless associated with the end 
of the р shell, but in the case of № also seems to indi- 
cate that spin-orbit coupling is large. Beyond the closing 
of the shell at А = 16, there are again many low states 
in ОМ. 
6. INTERMEDIATE COUPLING 


From this survey we see that there is no consistent 
conformity of the energy spectra to the expectation of 
either (LS) or (jj) coupling. Та (15) coupling the 
various multiplets are characterized by values of the 
quantum numbers L and S, and the spacing between 
them is measured by the exchange integral К, as we 
have seen. In a graphic but still legitimate sense, K may 
be said to be a measure of the stiffness with which the 
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vectors s; are coupled together to make a definite vector 
sum 5, and similarly the 1, to make L. The separation 
of the states of various values of J-L--S within the 
multiplet is provided by a spin-orbit coupling perturba- 
tion which may be expressed in the form 


H' — Xal.s—- AL. S (16) 


just as in Eqs. (3) and (5) so far as the individual 
nucleons are concerned, but now with a collective or 
average spin-orbit parameter 4 characteristic of the 
multiplet. For a given multiplet, А is a multiple of а, 
with а positive constant near the beginning of a shell, 
a negative constant (for “holes’”) near the end of a 
shell, as is well known in atomic spectra. The approxi- 
mation, Eq. (16) is a result of first-order perturbation 
theory, valid as long as the splittings within the 
multiplet, caused by а, are small compared to the 
separation of multiplets, caused by K. Thus we expect 
(LS) coupling to prevail И a«€K, and similarly (jj) 
coupling if a2» K, since a then measures the stiffness 
with which each s; is coupled to l; to make j;. In the 
central model, in which individual-nucleon wave func- 
tions are assumed to have an approximate meaning as a 
starting point, there is a broad region between the (LS) 
and (jj) extremes known as intermediate coupling, in 
which it may, in general, be said that a is of the same 
order of magnitude as K. 


Derivation of the Intermediate-Coupling 
Transition for a Simple Case 


Since the concept of intermediate coupling is taken 
over directly from the theory of complex atomic spectra 
(C35), it may be well to introduce our discussion of it 
by giving a simple example in an atomic case. It is, 
of course, just one of a number of effects in which a set 
of secular equations contains a parameter expressing a 
competition between two types of perturbing energy, 
such as the Paschen-Back effect in which external and 
internal fields compete in trying to orient the angular 
momentum vectors. 

Let us consider the intermediate-coupling transition 
of an atom having two electrons in the same р shell, 
outside of closed shells, the configuration 22. In (LS) 
coupling one counts the states allowed by the Pauli 
exclusion principle by constructing a little table starting 
as in Table III, which when completed gives the 
numbers of states for each M z, Ms shown at the right 
side of Table III, enough to account for the multi- 
plets !D, *P, 15. In atoms, triplets lie below singlets as 
we have seen, and the separations are given (S29) 
by 1S=5K, !D=2K, *P=0. By calculating Zamm, in 
line 2 one sees that the spin-orbit energy, Eq. (3), 
of the ЗР, is 2/2 [or А=а/2 in Eq. (16) | from which 
one has by the Landé interval rule or by the usual 
vector-coupling formulas (or by further lines of Table 
III) that for êP; itis —a/2 and for *Pp it is —a. At the 
risk of being redundant, one may count the states also 
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in (77) coupling, as in Table IV. The spin-orbit energies 
E listed for the configurations are calculated from 
Eq. (3), being а/2 for p; and —a for р}. In both ex- 
tremes one finds two states with J —2, two with J=0, 
and one with J=1, so the energies in intermediate 
coupling are solutions of two quadratic secular equa- 
tions, and one straight line E=—a/2 for J=1. For 
J=2 the quadratic equation which has as asymptotic 
values the (LS) and (jj) coupling energies we have 
listed is 


Е2— (2K--a/2) EJ-aK —a*/2— 0, (17) 
and for J —0 we likewise have 
E?—(5K — a) E— 5aK —2a?— 0. (18) 


In Fig. 4 we have plotted E/K as a function of a/K to 
show the solutions of these equations (after dividing 
through by K?). The asymptotes showing the linear 
variation near (LS) coupling are shown at the left side, 
where aK, and (jj) coupling is approached atthe 
right side, where aK. There are four energy dif- 
ferences between the five levels, and only two param- 
eters, so the system is overdetermined and a veri- 
fication of the adequacy of the theory by comparison 
with experiment is possible. Three of the levels may be 
used to determine a and K, after which the expected 
position of the two remaining levels may be calculated. 
Such comparisons in atomic spectra work out fairly 
well, but there are often discrepancies of the order of 
10 percent or more to be ascribed to second and higher- 
order perturbations involving states of excited con- 
figurations (known as "configuration interaction"). 
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Fic. 4. The intermediate-coupling transition for 
the atomic configuration p°. 
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Variation of the Parameters in Nuclei 


It has recently been suggested that at least one im- 
portant reason why the p-shell nuclei show no simple 
regularity of level spacing is the prevalence of inter- 
mediate coupling among such light nuclei (152, H51). 
The fact that (77) coupling seems to apply to the heavy 
nuclei does not necessarily imply that it should to the 
light nuclei, as the parameters a and К (or its more 
complicated equivalent) may vary, perhaps in a fairly 
regular manner, through the periodic table as suggested 
for a in Eq. (7). For K a similar variation may be 
estimated in the large-nucleus approximation by noting 
that K consists of summing the probability that an ele- 
ment of one *overlapping-density" function (r1) e(r1) 
fall within the range of V of an element of another such 
function, which would make 


K~R3~ А (19) 


А here being atomic number again. Here we have 
again assumed that nuclear density is approximately 
constant from one nucleus to another, and this is shown 
to be valid even within the р shell, not only in the com- 
parison of light with heavy nuclei, by the variation of 
Coulomb energies within the р shell, as discussed in 
Section 8. In the short-range approximation, Eq. (19), 
K thus varies more rapidly with atomic number than 
does the spin-orbit coupling parameter a in (7), which 
means that K might grow relative to a as one goes down 
from heavy nuclei, where K«&a as indicated by the 
success of (7j) coupling, to the lighter nuclei, and this 
would justify the existence of intermediate coupling in 
the latter. In the small-nucleus approximation (dis- 
cussed so extensively by Wigner in his original paper 
on supermultiplets, Wi37) the wave-function volume ele- 
ments are all within range of one another and К is 
independent of nuclear size (in fact, it is asymptotically 
zero), so that, in the actual case with range comparable 
with nuclear radius, K may vary among the light 
nuclei more slowly than indicated by Eq. (19). Accord- 
ing to Eq. (7), one might expect the change AV in the 
average potential energy of a nucleon on coming within 
range of the other nucleons to affect its spin-orbit 
coupling, as well as the factor 4-1. AV does not vary 
as drastically as does the binding energy, so its variation 
may not have much effect, but of course the theoretical 
basis for Eq. (7) is sufficiently tenuous that no definite 
statement may be made about this. Since a variation 
of К a little less rapid than A—! may be quite similar to 
that given to a by the factor 4-1, we shall for simplicity 
explore and discuss the validity of the assumption that 
the ratio a/K does not vary very much across the 
р shell. 


7. INTERPRETATION OF THE STATES OF THE 
INDIVIDUAL POLYADS IN TERMS OF THE 
CENTRAL MODEL IN INTERMEDIATE 
COUPLING 


In reference (152) it was shown that the general 
spacing and sequence of the low levels of Py!?, which 
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resembles (7.5) coupling to the extent we have discussed 
above, and Py", which shows a closer resemblance to 
(77) coupling, may both be understood in a rough sort 
of way as examples of intermediate coupling with 
approximately the same value of a/K, namely a/K ~5. 
The resemblance of one to one extreme and the other 
to the other extreme may be accounted for by refining 
the criterion for the validity of either extreme coupling. 
While (7.5) coupling is valid when Ка, a less stringent 
criterion is this: the spacings of the first few states show 
some resemblance to (LS) coupling when the multiplet 
separations calculated in terms of K in (LS) coupling 
are large compared to a, for then А of Eq. (16) (or a in 
second order) does not have a chance to make states 
from the different multiplets come close to one another 
and thus disturb the general grouping. There could be 
some semblance to the general grouping into multiplets 
even if the spacing and order within a multiplet were 
disturbed, but in Py?? even this does not occur among 
the low states because the first three multiplets are 
singlets. The large spacing of these singlets is, as we 
have suggested, the result of the exceptional symmetry 
attainable in singlets in А=4и nucleus, and this is 
what makes it look like (7.5) coupling. In the polyad Рм, 
the order of states, with only slightly larger a/K, is the 
order given by (77) coupling because in (LS) coupling K 
does not supply such large multiplet separations to 
compete so effectively with a. 


Levels Arising from Excitation to a Higher Shell 


One aspect of the energy spectra which was made 
clear by the examples just cited is the large extent of 
overlapping of the (jj) configurations (such as рз’; 
with рер?) on the one hand and of the (ZS) multiplets 
on the other. Another aspect of the complexity is the 
overlapping of configurations, such as р® with f?d, for 
evidence of such inter-shell excitation was found in Py? 
as low аз about 4 Mey. This compares in order of magni- 
tude with the evidence from the last two polyads of the 
p-shell, Ру? and Py!$, the high first excitation energy 
of which indicates, as we have seen above, that the 
inter-shell excitation there enters at about 5 or 6 Mev. 
It is apparent that the ground configuration spreads 
out over many Mev, and the configuration arising from 
inter-shell excitation is expected to do likewise, so we 
can expect no simple regularity in the excitation energy 
of the lowest state of the excited configuration, such as 
one might naively expect by postulating that the ex- 
citation energy of the lowest state obtained by exciting 
а p nucleon to the d shell is simply a definite amount of 
energy required to excite а р nucleon to the d shell, 
a single-nucleon or shell property that might carry over 
from one polyad to another in an oversimplified single- 
nucleon model. 

A general survey of the data is enough to dissuade 
one from seeking any very simple regularities among 
the energy spectra of the light nuclei. What has been 
said of Ру" and Ру“ suggests that at least the com- 
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plexity of intermediate coupling will have to be taken 
into account. Most polyads contain in their ground 
configurations so many f nucleons that it is not prac- 
ticable to solve secular equations and draw exact curves 
giving the manner in which the energies of the various 
states should vary with the ratio a/K in intermediate 
coupling, in the basis of any definite interaction assump- 
tion. Our knowledge of the interactions is so meager 
that this is just as well. As was done (152) for Py", it is 
perhaps sufficient to use a rather rough characterization 
of the specific nuclear interaction, Eq. (2), and spin- 
orbit coupling, Eq. (3), and then to treat the inter- 
mediate-coupling variation in a suitably rough manner 
by drawing smooth curves between the asymptotes 
which represent what is known in the relatively simple 
(LS) and (jj) extremes. We cannot of course hope to 
reproduce experimental data thus in any fine detail, 
but merely to understand general features, such as 
roughly the spacing of levels in different energy regions 
and perhaps their order, where identifications to dis- 
tinguish the states from one another have been made. 
Future identifications will provide verifications or dis- 
crepancies, on the basis of which refinements in the 
interaction assumptions or general procedure may be- 
come justified. 

We proceed now to discuss the individual polyads in 
that exploratory spirit. We discuss them in order of 
increasing mass as is customary Юг a review article, 
in spite of the fact that the first cases thus encountered 
are the most flagrant exceptions to the success of the 
intermediate coupling procedure, and will require a 
separate discussion later on. 


He®+Li* 


In this case both of the known low states, are not 
only virtual, being unstable with respect to single- 
nucleon emission, but are presumably very well de- 
scribed as single-particle states with all the excitation 
energy contained in a single nucleon, because of the 
exceptionally great stability of the alpha-particle which 
constitutes the s-shell core. We may say that one 
nucleon always has enough energy to escape, and under 
these circumstances we have no good approximation to 
a stationary state of the system, so that differences 
between different descriptions of what we mean by a 
"state" become especially severe. There seems to be 
general agreement that the low state is а *p; and that 
the state several Mev above it may be interpreted, so 
far as it seems to exist, as a ?pj, thus providing the 
fundamental instance of nuclear spin-orbit coupling, 
with the sign as anticipated (136, B37) from the com- 
parison with Li’, a in Eq. (3) being negative. But the 
reaction and scattering methods of observation do not 
seem to agree very well at present on the doublet 
splitting: the broad peaks observed (Le51a, Ti51) in the 
reactions Т(Т, n)He and Li*(y, n) Lis(2)He! seem to in- 
dicate a doublet splitting of 2.5 or 2.6 Mev. Analysis 


(Ни52) of the z--He! scattering data shows the Р, 
phase shift passing steeply up through 90° at 1.04 Mev 
(c.m.) and continuing to rise at higher energies, while 
the P, phase shift rises gently through 90° at 2.8 Mev, 
the ?P splitting being thus only 1.76 Mev Бу this 
criterion. (See also A51, A52.) It may be that this P; 
shift in Не? comes down again through 90° at a some- 
what higher energy and that the broad reaction peak 
represents an average over this region of phase shift 
near 90°, or the discrepancy between the apparent 1.76 
and 2.6 Mev doublet splittings may be an indication of 
the indefiniteness of the concept of a short-lived state 
in Нез which would be even worse in Li*. In Li? a Р; 
phase shift is observed (Kre52, C49) of only about 35° 
at about 4.65 Mev contrasting with 115° at 3.4 Mev, 
which is about the equivalent energy, in He*. It is 
enigmatic that the resonance peaks can be so similar 
(Le51, Ti51) in He? and 1.9 and the Р, phase shifts 
apparently so different. 

The methods of estimating a spin-orbit coupling 
parameter in terms of an assumption about AV, as in 
Eqs. (5) and (7), are not the same as in stable nuclei, 
and a special treatment is needed. There is, thus, no 
expectation of any semblance of continuity of a as it 
varies from He’ to 14°, even on the basis of this simple 
assumption. 

With only one nucleon beyond the tightly closed 
5 shell, intermediate coupling is, of course, meaningless. 
There seems to be no evidence of p-to-d shell excitation, 
even the states of the ground configuration being so 
broad as to be difficult to recognize. The single known 
state near 17 Mev probably arises from s-to-p excitation 
of the alpha-core, and should be one of several. Here the 
excitation energy is divided between nucleons, so the 
nucleus does not seem ready to come apart quite so 
quickly and the state is not so broad. 


Не!--145 


Here the ground configuration, р”, is simple enough 
and its states few enough that the secular equations 
can be written out explicitly and solved, with nothing 
more complicated than a cubic. The secular problem is 
only a slight extension of the atomic p? problem pre- 
sented above in Eqs. (17) and (18). With two р nucleons 
rather than two р electrons we have the added coordi- 
nate of isobaric spin, which is handled very much as 
for the configuration 1525 in Table I and Eqs. (9) above. 
Instead of the two-dimensional table at the right side 
of Table III, with Mz and M s as its two dimensions, 
one has a three-dimensional assemblage of blocks, with 
Мт as the new dimension, consisting of the figure at 
the right side of Table III as one layer, for Мт=1, 
since the problem for two neutrons is the same'as for 
two electrons, and another layer for Мт=0. With 
Мт=0 one obtains all integral vector sums that are 
possible with the vectors lı, l2, sı and s», not only the 
15, ?P, and !D which were obtained for Мт= 1, and 
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Fic. 5. Intermediate-coupling transition for the nuclear configuration р? and 972 applying to the polyads Руб and Ру". 


thus have T=1, but also 35, 1P, and ?D which exist 
only for Мт=0, and thus have T=0. Among these 
latter multiplets we find three states with J—1, and 
thus have a cubic secular equation for their energies, 
besides two more linear equations. With the specializa- 
tion of the specific nuclear interaction expressed by 
Eqs. (2) and (8c), the equations are to be found written 
explicitly in reference (152), and the solutions of interest 
in Py? are portrayed in the right half of Fig. 5. The left 
half of Fig. 5 is intended for the discussion found below 
of Py“, and is entered on the same graph because of 
the simple relationship between the states of two 
nucleons and the states of two “holes” in the р shell: 
the inversion of the spin-orbit coupling for holes means 
that the states in the configuration p~? arise from the 
same secular equations as those of ??, but with the 
opposite sign of the parameter a, so the energies for 
the two cases join continuously at a— 0. 
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We see that all the states with 7—1 on the right 
half of Fig. 5 correspond closely with those that are 
obtained by inverting Fig. 4, top for bottom. Figure 4 
applies to two electrons, for which K is positive because 
of the repulsive interaction and a is positive because of 
the predominance of the magnetic term over the 
Thomas term (136), and for a nuclear system with 
Т=1, such as two neutrons or two protons, it applies 
with the ordinate inverted because of the change of 
sign of K for attractive forces, but with the abscissa 
unchanged because a too is here negative so a/K is the 
same as for electrons. The slope of the lines has been 
altered in Fig. 5, relative to Fig. 4, for the sake of 
symmetry and compactness of the figure, by plotting 
(Еч-а/2)/К in place of E/K. The multiplet separations 
are taken from the paper of Feenberg and Phillips 
(F37a); the ratio between them for the T=1 multi- 
plets is of course different from the ratio in the electron 
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case because of the different shape of the interaction 
function V(ri2), but after inversion the order of the 
multiplets is the same. 

With the Т--0 levels also on the figure, one sees that 
the ground (77) configuration contains the four states 
that may be made by compounding two j=} vectors, 
and that in the extreme (7j) coupling represented by 
the asymptotes they come in the order (7, T) — (3, 0), 
(0, 1), (1, 0), and (2, 1), a result derived also by a very 
different method, along with similar results for the other 
p-shell polyads, by Kurath (K52). Even with the 
approximation to (77) coupling represented by the right 
side of the figure, where there is still a distinct division 
of the levels into groups according to their (jj) con- 
figurations, there has been a cross-over within the 
ground (jj) configuration making the lowest T=1 state 
the third excited state. This is indeed true experi- 
mentally (in contrast to the situation in Ру“), but still 
another cross-over is required, for the ground state is 
known to have J=1, whereas according to this theory 
J =3 is lowest near (jj) coupling and well into the region 
of intermediate coupling, down 10 a/K~4. To match 
the observed spectrum with this scheme one has, there- 
fore, to go down to rather low values of a/K, much 
lower than for the heavier polyads discussed below. 
Determining the parameters a and K requires using the 
two intervals between three levels, and the three lowest 
levels are used to determine the values а/К=1.3, 

=— 1.23 Mev, a=—1.6 Mev. The comparison be- 
tween theory and experiment implied by these values is 
shown in Fig. 6(a). Unfortunately, the spectrum of Li® 
has not been explored much beyond the third level at 
3.58 Mev, so there is only one further datum with 
which comparison may be made, the second T= 1 level 
which experimentally is at about 5.3 Mev, theoretically 
at —4.9 K=6 Mev. The search for a couple of other 
low states in Li® arising from the *D will provide a 
crucial test of this straightforward but perhaps over- 
simplified interpretation. 

Because smaller values of К and larger values of 0 
seem to prevail in the somewhat heavier polyads, an 
attempt is made in Fig. 5 to see what can be done in 
the way of interpretation of the Py® spectrum in the 
neighborhood of а/К=5, but here, of course, some 
other mechanism must be called upon in a rather ad hoc 
manner to explain the depression of the Л=1 state 
below the J=3 state. This /= 1 state is the only state 
that has a plausible stable counterpart in the alpha- 
model (alpha plus deuteron), so one might be tempted 
to ascribe the formation of this as the ground state to а 
variation theory in which some alpha-model wave func- 
tion is mixed with a central-model wave function. The 
possible influence of the alpha-model in several polyads 
is discussed separately below. It may not be necessary 
to go to such arbitrary complexity because this rather 
special behavior of Ру? (and perhaps а similar one in 
Py?) may arise from their special place in the tensor- 


interaction theory of spin-orbit coupling of Feingold and 
Wigner (F52). 


Li'--Be? 


In this polyad, Py’, the ground configuration is №, 
and the low states in (LS) coupling are provided by the 
multiplets ?P, ?F, “Р, etc., as shown on the left side of 
Fig. 7(a), the separations again being taken from refer- 
ence (F37), specialized for the interaction, Eq. (2), 
with (6). The multiplet splittings arising from spin- 
orbit coupling may, in this case, be calculated by the 
relatively simple method of trace invariance, without 
calculation of specific wave functions for the multiplet 
states, with the one exception that only the sum of the 
energies for the two doublets °P with 7 = 5 are thereby 
given. The doublet splitting energy for one of these 
doublets, the one which includes the ground state, has 
been worked out in detail by Breit and Stehn (B38), so 
no further (LS) wave functions need be constructed. 
The calculation by trace invariance is outlined in 
Appendix 1. The result is that A =а/3 for each multiplet 
having T=}, and 4-0 for the two doublets having 
T—3/2. This result is used to give the slopes of the 
(LS) asymptotes on the left side of Fig. 7(a). 

In (jj) coupling the ground *(jj) configuration" is 
рз, and the separation between the states of this (77) 
configuration have been calculated by Kurath (К52). 
The next (jj) configuration is p;7p;, and because it lies 
above the region of present experimental interest, no 
great care has been used in plotting its (jj) asymptotes. 
[ They are most of them drawn in broken lines because 
the energies expressible in K have not been used in 
plotting them, though these too have very recently 
been calculated (K522).] The single-nucleon spin-orbit 
energies a/2 for p; and —a for р; in this case give the 
total spin-orbit energy 3a/2 for the ground (7j) con- 
figuration p;? and zero for the next, рз*рз. Correspond- 
ingly, one set of (jj) asymptotes for E/K slopes sharply 
downward to the right (а being negative, as is К) in 
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Fic. 6. Alternative interpretations of the energy levels of Руб. 
(The energy 5.58 Mev is reduced to 5.3 Mev in the newer data as 
shown in Fig. 1.) 
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Fic. 7(a). Intermediate-coupling transition for the configura- 
tion р? applying to Py’, with the interaction assumption (2). The 
insert shows that, even if one goes near (LS) coupling, it is not 
possible to obtain agreement between the 2P and ?F splittings. 


Fig. 7(a), and the higher set is horizontal. Of the 
excited (77) configuration, only a few of the lower states 
are shown in the figure. 

Ап early discussion of intermediate coupling in nuclei 
(H51) was concerned with this configuration $?. It was 
shown there that neither with a non-exchange (Wigner) 
nor with a space-exchange (Majorana) interaction alone 
can one obtain a low isolated pair of states similar to 
those observed except in the near neighborhood of (LS) 
coupling. With this true for two such very different 
simple interactions, it was felt that it would remain 
true for other more complicated interactions of a 
plausible nature. [Because only two states had then 
been observed, and there was contradictory evidence as 
to the identification of the first excited state, which has 
since been shown (Ph51, C52, Bu52) to have J =}, 

special emphasis which is now obsolete was put on the 
possibility of explaining the scarcity of low states by 
exploiting a degeneracy between three of the p;? states 
with a non-exchange interaction (Т52). | Now that three 
much higher excited states are known (Aj52, Тһо52), 
it is of interest to explore this point in a little more 
detail. The interpolated intermediate-coupling pattern 
shown in Fig. 7(a) is that for the simple interaction, 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


INGLIS 


Eq. (2), which forms a basis for our discussion of other 
polyads. For the sake of indicating the sort of change 
that may be expected from a change in the interaction 
assumption, a similar intermediate-coupling scheme is 
shown in Fig. 7(b) for the somewhat different and 
perhaps more elegant interaction, Eq. (1), which also 
obeys the saturation requirements. Тї is seen that the 
main difference is that with Eq. (1) in place of Eq. (2) 
the first 7— 2 state is brought below the Л= state in 
the ground (77) configuration. The general pattern for 
the first four states in the intermediate-coupling region 
is altered very little. For this reason it seems satis- 
factory to proceed with the following rather preliminary 
discussion of other polyads on the basis of the inter- 
action, Eq. (2), alone, for the sake of simplicity, 
realizing that it may ultimately be possible to improve 
the fit with experiment by introducing another inter- 
action, and perhaps even to provide a selection of the 
most nearly adequate interaction law in this manner. 

The attempt at an (LS) coupling interpretation is 
shown in the insert in Fig. 7(a). For the first three states 
one finds a match between theory and experiment with 
a/ K z:0.7 but finds the ?F much too narrow to account 
for the separation between the two sharp states at 4.6 
and 7.5 Mev. The ratio of this separation to the low 
doublet splitting is 2.9 Mev/0.48 Меу= 6.0. The 2F 
splitting in the (LS) limit is only 7/3 times as great as 
the ?P splitting, since А —a/3 for each in the doublet 
splitting formula АЕ= (1-4-5) А, and the curvatures 
away from the (LS) limit increase this discrepancy. 
Since the wave functions are relatively simple so near 
(LS) coupling, this discrepancy is based mainly on the 
assumption of the form of spin-orbit coupling, Eq. (3). 
It would be interesting to know whether the Feingold- 
Wigner treatment (F50) of the tensor interaction, even 
though a bit vague on the magnitude of the ?P splitting 
itself, could give the ratio of the ?F to ?P splitting with 
sufficient accuracy for a significant comparison with 
these data. 

Quite aside from the discrepancy based on Eq. (3), 
so small a value of a/K (which incidentally implies 
а= —0.85 Mev, K— —1.2 Mev) when compared with 
the much larger values found in the heavier polyads of 
the p-shell, seems incompatible with any simple assump- 
tion leading to Eq. (3). One might naively think that it 
is also incompatible when compared with the larger 
value of the doublet splitting in Py®, which seems to 
be 2.6 Mev or more, since this might lead one to expect 
in Py’ a 2Р splitting of 2.6 Mev/3=0.9 Mev or more, 
rather than about 0.48 Mev. The naiveté here lies in 
forgetting that the states of Ру5 are virtual so that 
their separation must be treated in a rather special way, 
as is being investigated by H. Hummel. 

While the possible role of the alpha-model is to be 


‚ discussed separately at greater length below, it may be 


pointed out here that the discrepancy does not neces- 
sarily throw one into a dependence upon the particular 
type of complexity of the second-order effects of the 
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tensor interaction. The type of alpha-model complexity 
discussed for Py* in connection with Fig. 6(b) may be 
operative here also. In this case one might identify the 
4.6 and 7.5 Mev levels with 7/2 and 5/2 levels in inter- 
mediate coupling, perhaps in the neighborhood of 
а/ К ~4 or 5, which would leave the 3/2 and 1/2 levels 
far apart and not much below these in the central 
model, but we might assume that they are physically 
much modified and depressed by a transition most of 
the way to the alpha-model, that is, by a strong ad- 
mixture of alpha-model wave functions. The small 
separation of the two levels arising from the °P would 
then be a characteristic of the alpha-model, in which 
they are called in molecular terminology 22, states 
(“doublet sigma ungerade”). The smallness of their 
splitting in first order presumably has something to do 
with the slow rotation of the “molecular framework" 
because the orbital angular momentum is divided be- 
tween seven nucleons (139, R48). In second order it 
is described in molecular discussions as “‘rho-type 
doubling" which is concerned with an interplay be- 
tween conventional spin-orbit coupling as in Eq. (3) 
and the coriolis effects of the rotation in second-order 
perturbation theory. It has some reason to be small, 
although the separation of the rotational and other 
parts of the problem is not nearly as well justified in 
nuclei as in molecules where the electron mass is really 
very small compared to the mass factor in the moment 
of inertia. 

The other attractive aspect of the possible participa- 
tion of the alpha-model in Py’ is the existence of a broad 
state at 6.4 Mev, identified as either 27 or 37, for the 
alpha-model has just one further low state besides the 
25, doublet, before going to higher rotational states 
which are apt to be too short-lived to be recognized, 
and that is one known as a 25, in which the missing 
nucleon from two alphas is represented by a “hole” 
wave function which is even in the interchange of 
direction along the figure axis, rather than odd as in 
the ?Z,, and this lone excited state would indeed be a 
broad 1+ state. A state from the central model with this 
angular momentum and symmetry is found only among 
higher configurations such as pd, so would probably be 
intermixed only very weakly with this alpha-model 
state. 

The difference between the doublet splitting 0.48 Mev 
in Li? and 0.43 Mev in Be? has been discussed about 
equally successfully in the central model with (LS) 
coupling (151), in which case the classical magnetic 
term appears to play a somewhat larger role than the 
difference in size of the two nuclei, and in the alpha- 
model (F51). This discussion of the alpha-model is so 
general that it avoids any detailed specification of the 
source of the coupling and the difference in size of the 
nuclei arising from the Coulomb repulsion provides 
the entire spin-orbit coupling difference. 

Li? is a nucleus that has attracted an extraordinary 
amount of interest, partly because it is, with its mirror 


3e", the lightest and thus, in one sense perhaps, the 
simplest stable nucleus in which the ground state in 
(LS) coupling is complicated enough to involve the 
problem of coupling an orbital moment £ to a spin 5. 
Its properties have therefore been scrutinized relatively 
carefully, and there have been among others some rather 
unfruitful excursions into speculation. One of these 
(150a) arose from the fact that the Bn, o)Li* re- 
action with thermal neutrons goes to the 480 kev state 
about 17 times as strongly as to the ground state. 
Since ВЮ has a large J-value, /=3, this anomalous 
ratio could be explained by the false assumption that 
the 480 kev state also has a large J, but it appears 
instead to arise from a not very unlikely, fortuitous 
cancellation in a matrix element, since this state has 
more recently been shown to have J=}. Another 
excursion arose from an “experimental determination” 
of the quadrupole moment О of Li’ which recently 
turns out to have been false even as to sign. All the 
simple models give a negative theoretical Q for Li’, 
essentially because an orbit flattened in a plane normal 
to its angular momentum implies negative О, and this 
sign persists in the various coupling schemes of nucleons 
here encountered. Attempts to find a theory (Av50, P50) 
that would be compatible with a positive Q serve now 
only to illustrate the stability" and hence the reliability 
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Fic. 7(b). Intermediate-coupling transition for the con- 
figuration f*, with interaction assumption (1). 
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Fic. 8. Intermediate-coupling transition for the configuration р! 
applying to Py’. In the notation for the multiplets of (ZS) 
coupling, the asterisk (*) is used to denote 7— 1. 


of some theoretical results based on models, for one had 
to go to great lengths of artifice to obtain a positive Q. 
The weak link in the first “experimental determina- 
tion” of Q of Li* was the molecular-theory calculation 
of the molecular quadrupole coupling constant а, for 
only qQ is measured. There have been two independent 
recent demonstrations that the first calculation of q 
gave the wrong sign. First, the measurement in Kusch's 
laboratory of gQ for Li’ and other alkali nuclei in a 
number of polar as well as homopolar molecules (1.052 
and Table X below) showed that 40 had the same sign 
for Li’ in all molecules for which it was measured, and 
the opposite sign for Na? in each of a series of similar 
molecules, suggesting very strongly that 0 has the 
opposite sign for Li? and Na”, and further an atomic 
measurement in Bitter’s laboratory (communication 
from P. Kusch) of О for Na? shows it to be positive, 
from which we may infer that О for Li? is negative. 
(The sign of the atomic coupling constant may be calcu- 
lated much more easily and reliably because it has 
contributions from electrons only, and mainly one 
electron, with no competition from a positive charge.) 
It is also possible to understand the molecular origin 
of the sign of g more easily in polar molecules than in 
homopolar molecules, because of a predominant term 
at a given nucleus arising from the charge on the other 
ion, and this shows that the experimental results are all 
compatible with each other and with a negative Q for 
Li’, as is explained in Appendix II. Second, there has 
very recently become available (Har52) the result of a 
new calculation of q for the homopolar molecule Li; 
nvolving better wave functions, and this time the sign 
ered from the earlier calculation, g being negative 
ult of a more accurate representation of the 
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nuclei because of the antisymmetry, as is discussed 
further in Appendix II. Thus Qr; is now found to be 
negative, in agreement with the oblate charge distribu- 
tion expected from the models. 


Be?--Li* 


A similar treatment of Py? is displayed in Fig. 8. The 
interaction, Eq. (2), is assumed, and the multiplet 
splittings are taken arbitrarily to be given by A=a/5, 
This represents interpolation between 4 =a/3 for Py? 
and А =0 for Py", at the middle of the p-shell where a 
“hole” is the same аз a nucleon and the spin-orbit 
coupling constant А must according to the results of 
“hole theory" be the negative of itself, that is, zero, 
Note added in proof.—Recent calculation (C53) shows 
that the values of A/a should be 3/8, 3/8, and 1/12 for 
the *P*, *P, and ?D in Fig. 8, respectively, rather than 
1/5. The order of the first four levels is the same in (LS) 
coupling as in (jj) coupling, and remains the same in 
intermediate coupling. There is thus a great deal of 
latitude in the choice of the parameter a/K to obtaiu 
a rough comparison with the experimental spectrum, 
and the value a/K — 5 has been chosen for this purpose, 
largely because about this value will be found to apply 
elsewhere, in the region Ру! to Руб. In Py, а small 
value a/K «2 could not be used because the density of 
states just beyond the first state with T—1 would be 
much greater than observed. Since Ру? is thus not very 


near (LS) coupling, it is not very plausible to attribute - 


the isolation of the low doublet in Li? to (LS) coupling 
in that adjacent nucleus. 

At a/ K —5 the energy scale has been chosen to fit the 
first T=1 state, (J, T) = (2, 1), as indicated by the 
position of the ground state of 1.8, and we see in the 
overlaid insert in Fig. 8 that the broad states at 3 and 
7.5 Mev lie considerably below the (2,0) and (4, 0) 
theoretical levels. The 3-Mev state has been tentatively 
identified experimentally (T50, T51 ; see, however, W41) 
as (2, 0), and the fact that it is broad makes this assign- 
ment very likely because this is also the first excited 
state of the alpha-model, analogous to a molecular 
rotation state with Bose statistics of the constituent 
alphas. Such a state of the alpha-model is above the 
Coulomb-plus-centrifugal barrier (see Section 10), so it 
would be expected to be extremely short-lived and 
probably too broad to be recognized as a level at all. 
It is reasonable to assume that the 3-Mev level is а 
mixture of central-model wave functions, as given by 
the (2, 0) curve of Fig. 8, and alpha-model wave func- 
tions, the latter component accounting for the level 
width. The next rotational state of the alpha-model 15 
а (4,0) state, and it is reasonable to assume that the 
state corresponding to the (4,0) curve in Fig. 8 25 
depressed and broadened by a similar admixture, giving 
rise to the 7.5-Mev state. 

The prediction (of (LS), (jj), or intermediate coup- 
ling) is that the ground state of Li? is (2, 1), which 1s 1n 
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keeping with the fact that the beta-transition goes to 
the 3-Mev state of Be*, but not to the ground state 
(or 7.5-Mev state). A further prediction of (jj) or 
intermediate coupling is that the first excited state of 
Li? is (3, 1), which corresponds to the identification 3+ 
of a state at about 19 Mev in Py*. There is a possibility 
that this is the second excited state of Li*. The possible 
intervening state is shown by a broken line, and, if it 
exists, is high enough that it might have odd parity, 
arising from an excited configuration not shown on this 
graph. The experimental (3,1) state lies above the 
theoretical, and this discrepancy would be more pro- 
nounced for larger values of a/K, nearer (jj) coupling. 
This is not to be considered a serious discrepancy, how- 
ever, because this is the sort of separation which, in (77) 
coupling for instance, is very sensitive to the choice of 
exchange operators, as we have seen in the comparison 
of Figs. 7(a) and 7(b). Thus it cannot be excluded that 
a/K is considerably larger than 5 in Py. 

The existence of a state at 4.9 Mev (and perhaps one 
at 4.05 Mev) is rather surprising in this interpretation, 
because it does not correspond to any central-model 
state of the configuration 25, and if it were purely а 
state of the alpha-model, in addition to those already 
mentioned, such as the vibration state discussed in 
Section 10 below (see Table V), it would be expected to 
be extremely broad (and probably for this reason un- 
observable). It lies at about the excitation energy at 
which the first state arising from the (77) model excita- 
tion р; >45» appears in the nuclei С' to O", but in Be* 
the corresponding excitation p;—4ds;2 would be expected 
to involve an excitation energy higher by something 
like the single-nucleon p-doublet splitting —3a/2. Ву 
tentatively taking a/K —5 we imply that К= — 1.38 
Mev, а= — 6.9 Mey, —3a/2-— 10.4 Mey, so оп an over- 
simplified single-nucleon picture we might expect the 
first level from the excited configuration jj'dg» to 
appear about 10 Mev higher than it seems to. However, 
there are also involved very great energies of inter- 
action of the nucleons, of the sort indicated by the fact 
that the spread within the (77) configuration ру, after 
passing into intermediate coupling, is about 20 Mev, or 
even more if we include the (0, 2) state of higher isobaric 
spin, so that such predictions neglecting the variations 
in these interactions from one configuration to another 
cannot perhaps be expected to be accurate to much 
better than 10 Mev. It thus seems not entirely unreason- 
able to attribute the level at 4.9 Mev, and others such 
as those at 9.8 and 11.1 Mev, to the odd-parity con- 
figuration руды». The 4.9-Mev state does indeed appear§ 
(Th51) to be odd, (1-), and an experimental determina- 
tion of the parities of the others will also be of interest. 


$ The (п, ү) angular correlation following а (d, л) reaction 
(in the plane normal to the deuteron beam) is about of the form 
(1—3 сог20), with rather poor statistics. 
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A similar situation is found іп В, where the first odd 
state occurs at about 5 Mev. 

The states of two alphas have J even, even parity, 
and T=0, and such states in Ру? may be expected in 
general to be broad because of the rapidity of a possible 
break-up into alphas, others sharp even above the high 
thresholds for neutron and proton emission because the 
excitation energy is in this interpretation divided be- 
tween many particles, and no admixture of alpha-model 
states is possible. The fact that there are, as far as 
known, just two broad excited states in the region 
below 15 Mev to correspond to the two theoretical 
excited states of the ground configuration, (2,0) and 
(4, 0), is thus very satisfactory. The most recent com- 
pilation (Aj52) shows a third at 10 Mev, but it is not 
apparent that it is reliably established as a broad level. 

The ground state of Li? is estimated to lie at 16.7 Mev 
in Py5, and very recent evidence (T53, see also Ra52) of 
the preferential formation of the broad 16.9-Mev state 
of Be? resulting from conservation of T in the high- 
energy photodisintegration of С! indicates that this 
lone nearby Т„=0 state is indeed the lowest one with 
T=1. This match in energy is an example of the im- 
portance of isobaric spin Т аз a fairly good quantum 
number as discussed in Section 4, above. The selection 
of the high state in competition with the lower states 
shows that it (or, at least, the more general charge 
symmetry) provides a significant selection rule, but the 
breadth of the state (presumably 2*) caused by break- 
up into two alphas (competing only with gammas) 
indicates that the conservation is not perfect. 

Note added in proof —Very recent observations of the 
reaction В! (ү,4)Вез (26) and B!(-+, )Вед (2а) in 
photographic emulsions in Zuerich (553) have shown 
that the Be? level previously observed only as a broad 
level at about 3 Mev may be resolved into three levels 
at 2.2 Mev, 2.9 Mev, and 3.4 Mev, and that these and 
the 4.0-Mev, 4.9-Mev, 6.9-(our 7.5) Mev, 9-(our 10) 
Mev, and 14.7-Меу levels have even J and even parity. 
(The statistics leave the resolution of the 3.4-Меу level 
quite doubtful.) The 2.2-Mev level has also been ob- 
served with doubtful statistics in the Li” (d, n) reaction 
(Tru52). A recent magnetic analysis (G53) of the reac- 
tion Be®(d, )Be® shows the 2.9-Mev level as broad 
[definitely broader than the central peak in (S53)], 
with a sharp peak attributed to an impurity that might 
hide the 3.4-Mev level, but the complete lack of a peak 
corresponding to the 2.2-Mev level may suggest that 
this state, if it exists, has too high J to be observed at 
the low energies involved, E421 Mev, E,—2.2 Mev. 
Some apparent confirmation of the suggestion that the 
alpha-model plays an important role in the Li and Be 
nuclei is found in the rather surprising fit (S53) of 
all but two of these levels to the alpha-model vibration- 
rotation scheme 


E; x= (0.36 (J4-1)2-2.8K) Mev, 
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Fic. 9. Intermediate-coupling transition for the configuration р 
applying to Py*. The isobaric spin is T=} except where indicated 
as T=}. 


as in "Alpha-Model I": 


Experimental energy Alpha-Model I Alpha-Model II 


Mev Mev J K Me J K 
14.7 147 6 0 
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9.7 (10) og а il 
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34 за 32 9 
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This scheme leaves the interpretation of the first excited 
state and the 7.5-Mev level about as'above but with 
more complete participation of the alpha-model, and 
adds 14.7 Mev to the sequence. There are two un- 
explained states in the scheme ‘“‘Alpha-Model I” and 
three in the central model with these new data. In the 
central model their even parity means that they would 
have to belong to doubly-excited configurations, analo- 
gous to the first excited state of O!5 but involving greater 
spin-orbit energy. In the alpha-model, the presence of 
the lowest T=1 state at 17 Mev requires some explain- 
ing, for which the existence of the suspected excited 
state of the alpha at about 22 Mev would be helpful. 
The evidence for the latter is, however, conflicting 
and its existence is on the whole very doubtful (Ar50, 
А151, Be51). In Section 10, there is a discussion of 
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“The Low Barrier in the Alpha-Model of Веб,” in which 
it is estimated that the barrier for J=0 is less than 
about 0.9 Mev, on the assumption that the interaction 
between alphas provided by the specific nuclear forces is 
a simple well, attractive at large distances with a repu]. 
sive core. *Alpha-Model I" requires that these forces 
themselves provide a barrier at least about 2 Mev high, 
a nuclear repulsion between alphas beyond the attrac- 
tive region. The large number and fairly regular Spacing 
of the states from 2.1 to 4.9 Mev suggests the interpreta- 
tion “Alpha-Model II," with a very small curvature at 
the bottom of the potential well and no need for a high 
barrier, but the lack of states (Л, К) = (0, 1), (0, 2), 
(4, 1), etc., is unexplained. There is still another possi- 
bility, involving К = 2 and requiring a very high barrier, 
which accounts roughly for all but the doubtful 3.4-Меу 
level. Experimental assignments for the new states are 
needed to clarify the puzzle. 


Li?--Be? 


On the (j7)-coupling side of Py? we have first the 
configuration фз, which is the same as р; or three p; 
holes, and the order and separation of the states of this 
configuration are the same as in the low (77) configura- 
tion p; of Py’, as given Бу Kurath (K52). On the (LS) 
side there is no such similarity, since we are not yet 
quite halfway across the entire р shell, and the low 2р 
is here followed by a ?D before the ?F. Because this is 
just one nucleon short of the middle of the shell (where 
multiplet splittings vanish), the multiplet splittings are 
expected to be very small, and we arbitrarily assume 
А=а/10 for all multiplets, and thus plot the (LS) 
asymptotes as very narrow doublets and quartets. 'The 
intermediate coupling transition is again drawn entirely 
by interpolation, Fig. 9, with smooth curves that 
approach the asymptotes in a reasonable fashion. 

The observations on Be? are more incomplete than 
on most of the other light nuclei (it is much used as a 
target because of its availability in thin foils but in- 
frequently attained as a final nucleus!). It is usually 
considered to have three low states, below 2.5 Mev, and 
no further states have been found (V51) in careful 
exploration up to 5 Mev with B"(d, a)Be®. Beyond 
this, inelastic scattering of protons observed by Nal 
pulse-height analysis (Br51) shows broad maxima т а 
curve that does not dip down near zero between them, 
and indicates prominent excited states in Be? at 6.8 
and 11.6 Mev, or groups of states clustering about these 
energies. 

Of the states below 5 Mev, only two have been ob- 
served directly in the B'(d, a) and Be%(, р’) data. 
The third, though absent in these investigations, 15 
inferred from an analysis (Gu49) of the photo-excitation 
of Be? on the basis of a very crude model. The same 
analysis also infers that the 2.42-Mev level is а Super 
position of two states, an unresolved *D, though it 
appears experimentally to be very sharp. The mode 
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used for Ве? is a core of two alphas with a single neutron 
circulating in their field, and is subsequently treated 
for mathematical convenience as though the two alphas 
were coincident. Now that we seem to be forced in other 
light nuclei to the complexity of an intermediate- 
coupling interpretation, this model seems so crude that 
we may consider the photodisintegration not to have 
been adequately investigated, and we may, thus, be 
reasonably skeptical of the inference of a state at 1.56 
Mev and of an associated preliminary assignment of a J 
to the state at 2.43 Mev. 

One sees in Fig. 9 that there seems to be no possibility 
of obtaining in the intermediate-coupling scheme for the 
configuration f? just three low states, followed by a 
wide gap. For this reason, we must assume either that 
the inferred, unobserved state at 1.56 Mev does not 
exist or, as seems improbable but might be possible 
with such a large spread within each configuration, that 
one of the first two excited states belongs to an excited 
configuration such as fd. With this in mind, we have 
drawn the 1.56-Mev state with broken lines and ignore 
it in the comparison with experiment. 

Because the slightly heavier nuclei suggest a ratio 
a/ K 75, we may attempt to match the 2.43-Mev state 
and the lowest states with T=0 and T=1 in this region. 
We thus find a/K 224.5 (a value which is rough, inter 
alia, because it depends on the interpolation curves). 
In one of the inserts of Fig. 9 we see that this very 
satisfactorily implies first a wide gap extending from 
2.43 Mev up beyond 5 Mev, and then several states 
which might cluster about the observed broad maxima 
(or some of them be lost in the background) in the 
higher region which has been explored only with poor 
resolution. If it should subsequently be found that there 
are only single states corresponding to these broad 
maxima, one might have to go to (7j) coupling to find 
so few widely spaced levels, as indicated in the second 
insert of Fig. 9, drawn for a/K —12, but this seems 
unlikely. 

Bel®+ Вю 


Неге we come to a polyad in which there are а соп- 
siderable number of identifications of J's and parities, 
especially among the rather numerous low states 
(Aj52a, R52). The separations of the states, with the 
interaction given by Eqs. (2) and (6), are in (LS) 
coupling again taken from (F37), and in the ground (77) 
configuration, р, they are the same as plotted in 
Fig. 5 for Руб and for the high states of Ру“ in (77) 
coupling. The separations of the (77) asymptotes of 
many of the fairly low states in the excited configuration 
pp, have very recently been calculated and kindly 
made available by Kurath (K52a), and make it possible 
to interpolate a fairly complete set of intermediate 
coupling curves between known asymptotes. This is 
done in Fig. 10, which is plotted with (jj) coupling on 
the left side (as for N™ in Fig. 5), and with the ordinate 
ГЕ- (3/2) /К, in such a way that the (77) asymptotes 


of the numerous states in the first excited (jj) con- 
figuration are horizontal. 

The first excited configuration фрр; may be con- 
sidered to be compounded by coupling the р; nucleon 
to the various levels of the р’ partial configuration. 
This is, of course, artificial from a strict point of view, 
for the coupling between all nucleons is apt to be about 
equally strong, but the energy of the partial configura- 
tion does constitute a large contribution to the energy 
of the complete state, and there is a strong correlation 
between the lowest states of the excited configuration 
and those of the partial configuration. The calculated 
energies of the partial configurations (not including 
spin-orbit energy) are the same as already used in Py? 
and Py? above and are indicated by the horizontal lines 
in the upper left part of Fig. 10. Each of the states with 
J=1, 2, or 3 is associated with two partial configura- 
tions, as is indicated by broken lines in the figure, and 
the quantum numbers of the partial configuration, of 
course, do not remain constants of the motion after 
coupling on the ; nucleon. They do help in counting 
the number of states expected, and one sees that not 
all the states of the excited configuration have been 
plotted (the indication from the “Majorana” term alone 
being that the states omitted are too high to be of much 
interest). 

This polyad is at the very middle of the р shell; its 
ground configuration may as well be called ? as p~*. 
From the theory of holes, one knows that the spin-orbit 
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Fic. 10. Intermediate-coupling transition for the configuration 
95 applying to Py”. The asterisk again denotes T = 1. The ordinate 
is (E— 30)/K. 
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Fic. 11. Intermediate-coupling transition for the configura- 
tion #5 applying to Ру". The asterisk here denotes T=}, Т being $ 
for the states not so marked. 


coupling in any multiplet must be the negative of 
itself, and, therefore, the spin-orbit coupling parameter 
А may here be put equal to zero, аз has been pointed 
out above. Thus the triplets are drawn, like the singlets, 
each with a single (LS) asymptote. Going from this 
side over into intermediate coupling, as shown in 
Fig. 10, the splittings within the multiplets are caused 
by what in (LS) coupling may be considered second- 
order effects, by the differences in curvature of the 
interpolation lines as they start to deflect toward the 
(77) asymptotes. 

The value a/K —4.6 is chosen for the comparison 
with experiment, because it makes the first T=1 state 
the third state of the polyad and places the second state 
at about the right level below it, as shown in the insert 
of Fig. 10. The energy scale is determined by the 
interval between the lowest T=0 and T=1 states. This 
then places the second T=1 state at the observed 
energy and makes it the sixth even state of the polyad 
as seems to be observed, a result strongly influenced 
by (LS) coupling, while leaving the ground state the 
one with J=3, which is а (77)-coupling result, empha- 
sizing the importance of the intermediate-coupling in- 
terpretation to this polyad. There is agreement with 
the isolated experimental observations that the second 
T=1 state (Co52, Th52) probably has Л=2+ and that 

the fourth 7--1 state has J —3, though its estimated 
energy 15 too high. The first five states are observed to 
have even parity so should belong to this configuration, 
and of these the fourth and fifth together have the 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


theoretical J's 1 and 2 as observed but in the Wrong 
order, the experimental J=1 state being much lower 
than the theoretical level and the only sharp dis. 
crepancy encountered in this interpretaion. It does not 
seem possible to remove this discrepancy by reasonable 
use of the arbitrariness in drawing the interpolated 
energy curves. Tt is still a valuable accomplishment of 
the greater complexity of the intermediate-coupling 
interpretation that it may be made to fit the genera] 
features of level density and more special features of 
most of the assignments, including especially the ex- 
istence of just one Г=1 state among the first five, but 
the discrepancy shows its limitations and detracts from 
its persuasiveness. Whether it indicates inadequacy of 
the interaction assumption (2) or capricious interven- 
tion of configuration interaction, the discrepancy shows 
that we can claim no more than an incomplete under- 
standing of general features in terms of a rather com- 
plicated scheme. 

It is consistent with our treatment of the lighter 
polyads if we introduce here the further complexity of 
partial participation of alpha-model states to try to 
account for the discrepancy, for the state that appears 
to have been depressed by this or some other sort of 
configuration interaction does indeed have the J and 
parity of the ground state of the alpha-model, 1*, 
corresponding to a nonrotating structure of two alphas 
and a deuteron or of three alphas and a deuteron hole. 
'The use of this explanation is complicated by the fact 
that only the second 1* state appears to be strongly 
depressed by such an admixture of an alpha-model state. 
It is possible that further investigation would show that 
the second 1+ state consists mostly of 35 and thus 
resonates most strongly with the deuteron state (the 
pure deuteron having only about 4 percent of #2, though 
in the alpha-model of B! this proportion might be 
altered). It is pointed out in the discussion of Ру“ 
below that the ground state energy of № over most of 
the range of a/K plotted in Fig. 5 is near the extension 
of the (LS)-coupling asymptote of the 3D; state, and 
correspondingly that the wave function of this state 
consists mostly of *D;, as shown іп Fig. 20. One may 
note that the second 1* state at a/K —4.6 in Fig. 10 is 
fairly near the extension of the (LS)-coupling asymptote 
of the 35, and there might correspondingly be the re- 
quired preponderance of 35$ in the wave function, 
though it would require а more difficult calculation 
than in Py to show it. ! 

There is а rather high density of В! states at energies 
near 5 Mev and higher. This high density presumably 
corresponds to the contribution of excited configura- 
tions at these energies, and most of the lowest of the 
states so contributed would be expected to have od 
parity, from the configurations p*d and p's. The i 
three of this group of states, those at 4.79, 5.11, an 
5.17 Mev, have indeed been tentatively identified 48 
odd. If these identifications are all correct, we have the 
difficulty that the T.=1 state observed at 5.11 Mev 
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would be expected to correspond to one of these, which 
would mean that the = 1 state in this region would be 
odd and would not correspond to the theoretical even 
(2, 1) state at 4.25K. It would be surprising to have the 
first T—1 state of the odd configuration lie so low in 
the configuration. It is possible that the 5.11-Mev state 
in the Be!? column and the next higher state of B!^ 
which is at 5.58 Mev (or possibly the uncertain state 
at 5.37 Mev) together form the components of the 
Т=1 state, but the difference between 5.58 and 5.11 
Mev would constitute a slightly larger deviation of 
apparent conservation of isobaric spin than is usual. 
It seems more likely either that one of the states at 
5.11 or 5.17 Mev has even parity and Т=1 or that 
there is another such state unobserved because of 
being practically coincident with one of them, or that 
the uncertain state indicated by the broken line at 
5.37 Mev is the one in question. The possibility that 
the closely spaced pair at 5.11 and 5.17 Mev should 
arise from the coupling of an 5 nucleon to the р shell is 
discussed in Sec. 9. 

In a shell with many nucleons in intermediate coup- 
ling, no single pair of states gives any indication of the 
magnitude of the spin-orbit parameter a, as may be 
obtained from a doublet splitting in а single-nucleon 
case such as OV. By finding a rough fit in intermediate 
coupling with a/K —4.6, K — —1.2 Mev, we thus have 
a less direct estimate that а= —5% Mev. The corre- 
sponding single-nucleon 2p splitting in this part of the 
periodic table, or at least in this polyad, would be 
about 8 Mev. 


Bu--cu 


In this case and in Ру? and Py? the ground (77) 
configuration contains only one state so the published 
calculations (K52) on the energies of the states of the 
ground (jj) configuration in (77) coupling give no in- 
formation concerning the separations of the (77) asym- 
ptotes and left quite a lot of latitude in the drawing of 
the intermediate-coupling curves from known (LS) 
asymptotes to (77) asymptotes of which only the slope 
was known. For the sake of filling in the information 
in the (jj) extreme, Dr. Kurath has very recently calcu- 
lated the energies of the states in the first excited (77) 
configuration for these polyads (К52а). This enables us 
to interpolate the intermediate-coupling curves between 
definite asymptotes, determined here again for the 
interaction assumptions, Eqs. (2) and (6), as in Fig. 11. 
This is an example of the sort of improvement in the 
theoretical basis of the intermediate-coupling inter- 
pretation that was anticipated in the introduction, and 
it enables us to present in Fig. 11 a second stage 
in the development of the interpretation. [Tt differs 
from the earlier, more imaginative, stage mainly in 
having the J=7/2 level considerably depressed, and 
in a similar evolution of Fig. 10 for Py”, the state 


‘with the high value J=4, and T=0, also lies lower 


than was at first imagined, this depression of the 


high J's apparently being a characteristic of (jj) 
coupling. | At the same time a further step in the experi- 
mental clarification of the situation has become avail- 
able in the J and parity determinations of Jones and 
Wilkinson (J52) for ВИ, which are shown in Fig. 1 and 
in the insert of Fig. 11. Their assignment of even parity 
to the 4.46-Меу state means that there is, at most, 
one state of the odd ground configuration р? in the 
neighborhood of 5 Mev and forces us to go to a rather 
small value of a/K (and large value of K) in comparing 
theory with experiment. The comparison shown in the 
insert of Fig. 11 is for a/K=4.2 (K— —1.65 Mev, 
а= —6.9 Mev). The energy scale is determined to 
match the 2.14-Mev state in addition to the ground 
state. The experimental assignments at 4.46, 6.81, 8.93, 
9.19, and 9.28 Mev are reported (]52) to have been 
made “with fair certainty," but those at 2.14 and 
5.03 Mey involve further “reasonable assumptions,” so 
we have indicated them in parentheses. In particular, 
the assignment J=% at 5.03 Mev rather than, say, 
J —5/2 apparently leans very heavily on the failure to 
observe a gamma-transition from 9.19 to the 5.03 level 
with Nal: pulse-height analysis. If the 5.03-Mev level 
should on further investigation be found to have 
J —5/2, there would be close agreement in the insert 
of Fig. 11. It seems more likely, however, that the state 
at 5.03 Mev is 5+ belonging to an excited configuration 
along with the 4.46-Mev state, and that the third and 
higher р” states are to be found at 6.76 Mev and above, 
in which case one might go to somewhat smaller а/К to 
obtain a closer fit. 


(E-0)/K 


Е 37 
up ? a/K 5 us) ° 


Fic. 12. Intermediate-coupling transition for the configuration 5^ 
applying to Py”. 
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The “parentage” of the рёр; states in terms of the 
partial quantum numbers Jp, Гр of the рб “соге” is 
shown in the upper left corner of Fig. 11. The spacings 
between the “соге” states are the same as in Ру". 
Cases of dual parentage are indicated by dotted lines 
(in these cases Kurath's results were obtained by solving 
secular equations, the low J, T=}, $ state having been 
“repelled” downward by the higher one, e.g.). In refer- 
ence (152) a frankly exploratory attempt was made to 
interpret the excited even levels in terms of a single- 
particle model, as though the (Jp, 7,) = (0, 1) state 
were the only state of the “соге,” but because В! has 
so many low states, the lowest with J=3, such a 
simplified explanation is not tenable. The more complex 
situation in the configuration ру», for example, is 
suggested by the broken lines in Fig. 11, where an 
intermediate-coupling deviation from one of several 
(3j) asymptotes is schematically indicated at a position 
to account for the 4.46-Mev state. 

The appearance (V51a) of two pairs of closely-spaced 
levels in B!!, one with a separation of 50 kev at 6.8 Mev 
and one with a separation of 90 kev at 9.2 Mev, does 
not very pressingly call for causal explanation, both 
because they are in fairly dense parts of the spectrum 
and because the lower one is not reproduced as a narrow 
double-level in the energy-level spectrum of the mirror 
nucleus СИ. (An explanation in terms of the configura- 
tion 365}, such as is discussed in Sec. 10 below, does 
not apply to the upper pair if the determination is 
correct that these two closely spaced levels have 
opposite parity, and if applied to the lower one would 
require special consideration of the complexities of this 
configuration.) 


В!?-ЕС!? 


In this case the high degree of symmetry available 
in (LS) coupling (because of the 4r structure, with the 
periodicity 2X2 arising from multiplicities of spin and 
isobaric spin orientation) separates the three low states 
in (LS) coupling from one another and from the rest 
of the spectrum by such large energy intervals that the 
introduction of a spin-orbit coupling similar to that 
found in the adjacent nuclei has only a minor effect on 
their relative spacing. Thus we have a semblance of 
(LS) coupling even though the ratio а/К is appropriate 
for intermediate coupling in the other nuclei (152), as 
remarked above. 

The recent calculation (K52a) of the separations in 
the first excited configuration ;7p; [for the interaction 
assumptions (2) and (6)] make it possible to draw the 
intermediate-coupling curves with more assurance than 
was possible in our earlier discussion of this polyad 
(152), by interpolation between calculated asymptotes 
on both sides (except for the uncertainty in A on the LS 
side), as in Fig. 12. The most significant changes are 
that the state (J, Г)= (2, 1) is now depressed below 


- (1, 1), and that it is necessary to go to a lower value 


of (a/K) to fit the first two T=0 states and the first 
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Il state. This is done in Fig. 12 at (a/K)=3.7 
although this value is of course dependent on the du 
definite drawing of the curves as well as on the inter- 
action assumption. 

An unsatisfactory feature of this set of curves as thus 
fitted is that this would make the ground state of B1? 
have J=2, whereas J=1 seems to be required by the 
existence of an allowed beta-transition to the ground 
state (and apparently also to the J=2 first excited 
state) of C'?. There is also very recent evidence, in- 
cluding some from photo-excitation and the АТ----1 
selection rule for dipole radiation (Ra52, T53), that the 
15.09-Mev level of C? has (J, T) = (1*, 1). (This energy 
level was called 15.14 Mev on an earlier energy scale 
which survives in Fig. 1.) With the ground state of B!? 
assumed to have J=1* and matched with this level, 
there is also a good match between the first excited 
state of В! at 16.05 Mev and a 2* state of СТ at 16.10 
Mev. Thus the first two T'—1 states have J=1 and 2 
both experimentally and theoretically, but they are 
close together theoretically in Fig. 12, and experi- 
mentally they are about 1 Mev apart in the reverse 
order. It would be possible to obtain the reverse order 
(and thus J—1 for the ground state of В!) but not 
the observed separation by reasonable modifications in 
the drawing of the curves between the asymptotes 
shown in Fig. 12. This is high enough in the energy 
spectrum of the polyad that reasonable changes in the 
interaction assumption, Eq. (2) may make enough 
difference to invert the order of the (2,1) and (1, 1) 
states also in the (77) limit [ compare Figs. 7 and 7(a) ], 
and this would perhaps be an appropriate place for an 
investigation of such changes to start. 

The experimental data now include several states at 
about 10 Mev and immediately above, and it is not yet 
clear which are the (4, 0) and (1, 0) states of the ground 
configuration 08. The negative-parity states of the ex- 
cited configurations 974 and 075 apparently start in this 
region of quite high energy (unless the doubtful state 
at 7.3 Mev exists), in contrast with the finding of the 
first even state of ВИ as low аз 4.46 Mev. Here again 
the exceptional symmetry attainable in the ground 
configuration of C? seems to have pulled the low states 
down. 

On the (LS) side, it has been assumed that the 
multiplets are regular (with the lowest J lowest) corre- 
sponding to having a more than half-filled shell, al- 
though it is not necessarily the case for multiplets of 
such complex parentage as these. The great density of 
multiplets above the first triplet indicate that there 
should be many states just above the first Г =1 state, 
but no attempt has been made to draw in the curves 
beyond the first triplet [except one for which the (70) 
asymptote is known ]. Further experimental identifica- 
tions of these high states will be required before their 
order can begin to make sense. It is apparent at i 
that the five available j identifications of high states 0 
ВЕ are present among the 7=1 multiplets. 
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The striking lack of resemblance to any simple result 
of (jj) coupling is epitomized by the fact that the first 
three states arise from three different (jj) configura- 
tions, the J=0 state of course from pj, the J=2 state 
from pyp, and the J=4 state from фур. They 
accordingly approach asymptotes of three different 
slopes. 

The experimental assignment 2* for the 4.44-Mev 
state (Ha51, Th52, H52, Le52) is based on recent 
observations of the angular correlation in the reaction 
B'(5;yi y2) CV. Any other assignment would have 
seemed anomalous, for this agrees with all the models. 


C+ NY 


This is another case in which the ground (7j) con- 
figuration contains only one state and the recent un- 
published energies (K52a) for the five states of the first 
excited (jj) configuration have been used to provide 
definite (77) asymptotes for the drawing of the curves 
in Fig. 13. These go over into states in as high as the 
sixth multiplet in (7.5) coupling. All the states for which 
curves are not drawn in these multiplets would curve 
up to states of higher (7j) configurations, and so would 
contribute only very high states to the energy spectrum. 

Experimentally, this polyad has been explored only 
for fairly low states in the two low mirror nuclei. The 
fact that it is not very stable relative to single-nucleon 
emission seems to induce an unusually large displace- 
ment (Th50, Th52a) between the mirror levels which 
lie between the proton threshold for N” and the neutron 
threshold for СВ (see Fig. 1), so the comparison is made 
with the actual energies of C? for which these levels are 
stable in this respect. There are some fine new possi- 
bilities for making unique or almost unique assignments 
of angular momentum írom angular distribution of 
(4, р) or (4, п) stripping reactions near the forward 
direction (B51, Bh52, R51) and from elastic scattering 
resonances when the target nucleus, in this case С!°, 
has J=0, as is explained further a few paragraphs 
below, and quite a lot of information is available con- 
cerning the identification of the states. 

By comparing the unique assignments of the reso- 
nant-scattering method т № with the not quite unique 
assignments of the stripping-reaction method in С, one 
may on the basis of the expected correspondence of 
mirror levels reasonably select the assignments in C 
as follows: 2- at 3.69 Mev (3.50 Mev in №) and 5/2* 
at 3.89 Mev (3.55 in N¥), in addition to the unique 
assignment $* at 3.09 Mev (2.36 in №), as has already 
been assumed above. The close juxtaposition of the 3- 
and 5/2* levels in №3 is here seen to be accidental. 

Only one of the first three excited states of СВ, the 
one at 3.69 Mev, has the parity characteristic of the 
ground configuration. The energy scale in the insert of 
Fig. 13 is determined by matching the interval between 
this and the ground state, after arbitrarily selecting 
а/К=5 on the basis of experience with other, more 


7, 
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Fic. 13. Intermediate-coupling transition for the configuration p7 
applying to Py”. The asterisk denotes T=}. 


revealing, polyads. The theoretical values /= and $ 
for the first two states of this configuration then agree 
with the experimental assignments, the two states 
arising from the ?P of (LS) coupling, inverted in the 
nuclear sense because of being in the last half of the 
р shell, but much distorted by the transition to inter- 
mediate coupling and too far apart to look like a 
doublet. 

From the (77)-coupling point of view, the mistake is 
sometimes made of thinking that, since the ground 
state consists of a single nucleon outside of a closed (77) 
shell, the interval from the ground J=} state to the 
first J=% state is a measure of the single-nucleon 
doublet splitting, 34. This excitation is actually from 
the (jj) configuration p;°p; to рр”, and thinking in a 
very simple (and still unjustifiably simple) way, one 
must at least consider that he is breaking up a pair of р; 
nucleons and forming a pair of р; nucleons (in keeping 
with the Mayer ó-function treatment (M50) which is 
valid only for large nuclei), and that the two pairing 
energies are different so that the observed interval is no 
measure of the single-nucleon p;—; excitation energy. 
More properly, one notes that either a neutron or a 
proton may be excited, and in either case one can make 
a state with (J, T) 2 ($, 3), as may be described also 
by coupling the р; hole to the (Jp, T,) = (1, 0) or (0, 1) 
states of the partial configuration 942. Thus even in 
extreme (jj) coupling the mixing of these two states as- 
solutions of the same secular equation tends to push 
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the lower one down toward the ground state and com- 
plicates the interpretation of the J=} to } excitation, 
so that it 15 not a simple measure of single-nucleon 
spin-orbit coupling. 
The additional complexity encountered in intermedi- 
ate coupling is more pronounced for these odd-parity 
states of the configuration p° than for the even-parity 
states р^ and р^. The ground state is derived from the 
(jj)-coupling state p;p; and other (7j)-coupling states 
formed by simple excitation of the least bound nucleon 
аге pj°dsj2 and pfs}, each with а full р; subshell so that 
the states have the characteristics of single-nucleon 
states in (jj) coupling. The single-nucleon state of the 
"extra nucleon" is distinguishable from the other 
nucleon states, only by its spin-orbit energy if it is p; 
but also by its radial wave function if it is Фу» or sj. 
In (LS) coupling one may think of forming C? by 
adding a nucleon to a С! core. When a р nucleon is 
added, there is no energetic or other distinction of the 
added-nucleon state from the others, and we have the 
formation of a ?P characterized by a communal L=1 
and S=}, the added nucleon amalgamated with the 
rest and the spin-orbit parameter A being calculable by 
the appropriate vector-model composition of all the 1, 
with each other, etc. In intermediate coupling, most of 
this thorough mixing of the roles of the р nucleons per- 
sists, and these states of the system do not begin to 
resemble single-nucleon states until one gets to (7j) 
coupling, where the integrals L and K are too small 
compared to a to mix the (77) configurations. 

When instead a d nucleon (or an s nucleon) 15 added 
io the “С!? core," there remains a distinction between 
the added-nucleon state and the others in terms of the 
number of nodes of the radial wave function, for ex- 
ample, and in the problem of coupling the added 
nucleon to the “соге,” there appear integrals which we 
might call La and Ка, analogous to L and К except 
that they contain p and d wave functions where L and К 
contain only р functions, and which are expected to be 
considerably smaller than L and K because of the more 
complete cancellation of the positive and negative 
contributions to the integrals arising from the rapidly 
oscillating products of the different wave functions. It is 
this fact that in intermediate coupling tends to pre- 
serve the single-nucleon nature of the wave functions 
of the system. In (77) coupling we have the single- 
nucleon semblance, as before, because in this case Ла 
and Ка are much too small to mix in the excited-core 
(77) configurations, but as we pass to intermediate 

coupling, the J,=0 to J,=2 excitation of the core 
remains large, as we see in Fig. 12, of a magnitude 
determined both by К and by the spin-orbit param- 
eter а (which make contributions of comparable magni- 
tude in intermediate coupling) and the contributions of 


the Ка (and La) are presumably small in comparison, 
2550 
кй 


the low 5/2* state is composed almost entirely of 
һе core state Jp=0 plus the dj», with fairly little 
dmixture of the core state J,=2 plus the dy», for 


n 
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example. Thus in this approximation the state of the 
system Is expected to resemble a single-nucleon state 
and the complexities of intermediate coupling m 
udden within the core where they have no outside 
influence because J,—0. In (LS) coupling the core 
again makes no contribution to the external properties 
of the low D and S states, because the соге is in a 15 
state, and the parameter à is too small to mix in any- 
thing else. 

In the course of making assignments to the states of 
№3 by examination of scattering resonances, the 3- 
state, doubtless the mirror of the C? state at 3.69 Mev, 
is found to have a “reduced width" only about a tenth 
as great as that of the 2+ and 5/2* states which are 
presumably the mirror states of the 3.09- and 3.89-Mev 
states, respectively (J51). This small reduced width in 
single-nucleon scattering indicates that this 37 state 
cannot be so well approximated as the others by a 
single-nucleon wave function, and this seems to be in 
accord with our intermediate-coupling interpretation. 
The same thing is indicated by the observation (R51) 
that the C!2(d, p)C™ stripping reaction, in which a 
single neutron is added to the “соге,” gives the 27 state 
with only a few percent of the yield of the 5/2* state. 

The order of the states associated with the ds/2 and s; 
orbits in Py? and in Е", with $* below 5/2*, is opposite 
to that in Ру! in which the ground state 5/2* is more 
than 4 Mev below the 37, and this seems like an 
anomaly if one tries to push the single-nucleon inter- 
pretation too far. The states of the system are probably 
most nearly like single-particle states in Py”, in which 
the О% *core" is in its ground state а filed р shell, 
not just a filled p; shell of (7j) coupling. As is discussed 
further below, the excited states of O% not only begin 
at the high level 6 Mev, but the first of them is a O* 
state which would not change some properties if it 
were admixed and probably involves two-nucleon ex- 
citation which would greatly inhibit its being admixed, 
and the second excited state of the core has opposite 
parity which would probably inhibit its being admixed. 
'Thus we may judge that the single-electron state ШЙ 
lies below the з, at least in the potential well en- 
countered in Рум. It is possible that the potential well 
of the others would differ enough from this to change 
the order of the single-nucleon states, but it does not 
seem necessary to conclude that this is so, for the 
deviations from resemblance to single-particle states 
encountered in intermediate coupling, even if not very 
pronounced, could cause such an inversion of order. 
In Py, the resemblance of the 5/2* and 3+ states to 
single-nucleon states in intermediate coupling depends 
on the integrals La and Ка being small. While no calcu- 
lations have yet been made on the subject, it seems 
plausible that they could be of such a magnitude as to 
make enough admixture of excited states of the core to 
invert the order, and yet leave enough appearance o 
single-particle states to contrast strongly in the scatter- 


ing and stripping results with the j- state in which 
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there is no distinction between core and added particle 
in the very thoroughly amalgamated situation of inter- 
mediate coupling. 

If the single-nucleon state d;; lies а little below 5} 
(Бу an amount considerably less than the spin-orbit 
contribution to 45/2) at the actual strength of spin-orbit 
coupling parameter a, as we may judge it does from 077 
(neglecting any difference between shapes of potential 
wells), then it lies much lower than s; in extreme ( jj) 
coupling attained by making a large and higher 
than s; in (LS) coupling with a small. Since also in С!з 
in both extremes the even nuclear states resemble 
single-nucleon states, the nuclear 5/2* state would thus 
likewise lie above the 2+ state of C? in (LS) coupling 
and below it in (77) coupling. There 15 thus a cross-over 
of the intermediate-coupling curves somewhere between 
the two extremes, and it appears from the observed 
order of the levels in C? that the cross-over occurs at a 
value of a/K higher than the actual one, as suggested 
by the broken lines in the lower part of Fig. 13 (where 
only the slopes of the (77) asymptotes have been calcu- 
lated). These sketched intermediate-coupling transi- 
tions for the 5/2* and 3+ states are purely schematic. 
They are not properly functions of a/K but of a with К 
fixed, since otherwise the relation between K and the 
single-nucleon s, р, d energy differences would come 
into play. 

The 3~ state of N” has been interpreted elsewhere in 
papers which place too much emphasis on the closed- 
shell nature of the “р; core" (K51, 151), as arising from 
an anomalous depression of the next higher single- 
nucleon р; state, the 25; which in the oscillator model 
belongs to the same degenerate group as the first ?f. 
The intermediate-coupling interpretation seems far 
preferable to pushing the single-nucleon model so far 
as to tolerate such a glaring exception to the usual 
order, especially in view of the small natural width of 
the $- level. 

In this polyad there are only two known states in 
the ground configuration, so there are no verifiable re- 
lations between energy intervals to confirm the inter- 
mediate coupling scheme and one can make few 
predictions beyond the value Л= for the first Т-4 
state, but the assignment data available do fit nicely 
into the intermediate-coupling scheme. 


Two Methods of Assigning J's and Parities in 
C8, NB, and Other Nuclei 


There are two new methods, one of which is con- 
ceptually new and the other of which has been only 
recently applied, to obtain angular momentum and 
parity assignments especially effectively in nuclei formed 
by adding one nucleon to a nucleus having J=0. The 
first is the analysis of the forward portion of the angular 
distribution of a (d, р) or (d, n) reaction, first made by 
Butler (B51). Attempts made earlier to obtain informa- 
tion concerning nuclear states from the angular distri- 


bution of (d, р) reactions failed to achieve unique 
assignments because ihe solidly backed targets used 
(H48) did not permit observation near the forward 
direction, and the analysis of the data (Di50) was too 
greatly complicated by the necessity of simultaneously 
making assignments to the rather numerous states of 
the compound nucleus contributing to the reaction. 

It was found in this connection by Rotblat and his co- 
workers (R51) that at fairly high bombarding energies 
the (d, p) and (d, n) reactions have a strong forward or 
near forward peak in their angular distribution which 
may plausibly be attributed to a stripping process 
similar to that discussed earlier by Oppenheimer and 
Phillips in the case of heavy nuclei where barrier 
penetrability is more important. The process is pictured 
as the entry of one of the nucleons of the deuteron into 
the target nucleus while the other nucleon of the 
deuteron flies on its way, influenced in its direction and 
energy of flight both by the center-of-mass motion and 
the internal motion of the deuteron which it formerly 
shared. The way in which the internal motion is shared 
is determined by the fact that the final nucleus has 
very strong preferences for the energy and angular 
momentum of the nucleon with which it may be formed, 
and these preferences reflect the properties of the states 
which one wishes to ascertain. The beauty of this 
process is that it does not involve formation of a com- 
pound nucleus and the attendant complexity of trying 
to determine its properties at the same time. 

The peak observed for a given reaction near the 
forward direction is so sharp that its analysis in spherical 
harmonics involves partial waves of several units of 
angular momentum, so high as to represent passage of 
the incident deuteron with quite a large collision param- 
eter (or extrapolated distance of closest approach). This 
is possible only because of the large size of the deuteron 
and permits entry of only one of the nucleons into the 
target nucleus. Close enough collision for formation of 
a compound nucleus involves only about two or less 
units of angular momentum and consequently displays 
rather broad angular maxima spread out over all angles 
with rather low intensity. 

The powerful analysis of Butler treats the various 
angular partial waves of the incoming beam, and de- 
termines the fate of each by joining incoming and out- 
going wave functions in an annular region just outside 
the nucleus, before superposing the effects of the various 
outgoing waves. The results are fairly insensitive to the 
choice of the radius at which the joining is carried out, 
corresponding to the expectation that there is a region 
where the nucleon about to enter the nucleus is outside 
the influence of the deuteron potential, in the wings of 
the deuteron wave function, and not yet strongly 
attracted by the nuclear potential. The result of the 
analysis is to relate the shape and position of the near 
forward or forward peak to the angular momentum 1, 
with which the incoming nucleon is captured by the- 
target nucleus. If the target nucleus is in a 0* state, as 
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11.43 Mev 


Fic. 14. (77) configuration assignments to the states of Py!*. 
The “partial configurations" from which they arise are indicated 
in the left-hand columns, Jp and Tp being “partial quantum 
numbers" (of the two p, nucleons) which do not remain good 
quantum numbers in the complete system. 


in the case of C'*(d, р)С3, then the parity of the final 
nucleus, in the state being observed by selection of 
proton energy, is odd or even as /, is odd or even, and 
the angular momentum of the final state is /,2-3. Thus 
in this most favorable case, J is not assigned uniquely 
but merely limited to a choice of two values, as one 
sees them listed in Fig. 1 and elsewhere. 

А similar analysis based on the Born approximation, 
and thus differing radically from Butler's in the nature 
of its simplifying assumptions, has recently become 
available (Bh52, D52). It agrees completely with 
Butler’s in providing assignments based on the position 
of the near forward peak, and seems to agree better 
with experimental results concerning the amplitude of 
the secondary maximum further from the forward 
direction. 

There is a very similar phenomenon of pick-up of a 
nucleon from a nucleus by an incident particle in such 
reactions as Ве?(@, ¢)Be®, characterized by a similar 
near forward peak, to which a similar analysis applies 
(B51, B52). 

"The second method which has only recently been 
extensively used to make assignments to the states of 
such nuclei as N is the detailed observation and 
analysis of the shape of elastic scattering resonances, 
as is possible now with the very nearly monoenergetic 

_ proton beams of а modern, well-controlled statitron. 
- Most of the low states of light nuclei are far enough 
— apart that the scattering may be analyzed in terms of 
E. the single-level scattering formula. The phase shift of 
the effective angular partial wave depends, in its 
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Coulomb part on the orbital angular momentum Z of 
the partial wave, in its resonant part on the “width” of 
the resonance, and the amplitude associated with this 
phase shift depends also оп 7. These properties of the 
scattered proton determine the parity and angular 
momentum of the state of the compound nucleus 
causing the resonance, in the simple case in which the 
target nucleus is 0*. Probably because in a real **close- 
shell-plus-one-nucleon" nucleus such as ОМ this also 
determines the value of the total orbital angular mo- 
mentum vector Z for the nucleus, these resonances have 
customarily been designated with symbols for nuclear 
multiplet levels, such as P;, with a capital “Р” which 
in atomic spectra implies that L— 1, but these symbols 
are meant strictly merely to indicate parity and angular 
momentum. Thus we use, for example, $- in place of 
the ?P; of the experimental papers. 


Cu+Nu 


For this polyad we return to the left side of Fig. 5, 
since the configuration p~°, or two nucleon “holes” in 
the р shell, has some similarity to the configuration p? 
discussed for Руб. The order of the two low states of 
Рун is that given by (77) coupling, and the ratio of 
this interval to the interval up to the second state with. 
T=1 is given by the transition curves at a/K=—5.6. 
Here а is the spin-orbit coupling parameter for a 
“hole,” everywhere else in this paper it is for a single 
nucleon, since only here have we plotted the results 
for nucleons and holes on the same graph and used the 
“hole” nomenclature in labeling the (77) configurations. 

The prediction concerning energy levels is that there 
should be two even levels from this configuration in №“ 
somewhere in the region near 5 or 6 Mev, having J=1 
and 2 in that order. Since odd parity has tentatively 
been assigned to most of the newly observed levels in 
that region and above (Be52), it appears that these two 
even levels may be the ones at 3.96 and 5.1 Mev, each 
about 1 Mev lower than given by the theoretical treat- 
ment. It would not be at all surprising if there should 
be another even level in the neighborhood of 6 Mev 
corresponding to the 6.05-Mev state in O% as discussed 
below, arising from the doubly-excited configuration 
9343, and this might be the one at 5.7 Mev. Otherwise 
the levels in this region and immediately above are 
expected to arise from the singly-excited configurations 
p°d and рэ. The fact that they start at 4.8 Mev, so far 
as is well established, is consistent with the energies at 
which they begin to appear in the neighboring nuclei, 
with which no close agreement can be expected because 
of the complexities of intermediate coupling. There 15 no 
obvious reason that there should not be an odd T=1 
level as low as or lower than the one we have assumed 
to be even at 8.42 Mev, and indeed recent observations 
(privately communicated by T. Lauritsen) suggest me 
there may be a T=1 level, which may be 07 or 0* an 
is not shown in Fig. 1, at about 7 Mev. 
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One of the most puzzling facts known in light nuclei 
is the archeologically useful but apparently anomalous 
long life of СМ. Until recently the hope was entertained 
by those most interested in the theory of beta-decay 
that the puzzle could be relegated to those interested in 
nuclear structure by assuming (G51) that the СИ and 
N" ground states have opposite parity, or else (F49) 
that the C™ state is a pure 15 and the ХИ ground state 
a pure *D. Both assumptions have been disproved by 
recent observations. The former possibility has vanished 
with the experimental proof, by means of the stripping- 
reaction technique, that the T=0 and 1 states have the 
same parity (Вг52), and the latter possibility would 
require an isolated case of extreme (LS) coupling, with 
the order of the two low multiplets reversed from that 
in Fig. 5, and would lead one to expect two very low 
excited *D states of МИ that have escaped careful obser- 
vation (Va52). The lifetime is about 10* times longer 
than expected. Either one must expect to find here 
some new principle of nuclear structure or of beta- 
theory to explain this, or one must accept it as chance 
cancellation in a matrix element to an accuracy of 
perhaps one part in 10°. A calculation of the nuclear 
matrix element in intermediate coupling is discussed in 
detail in Sec. 11. It is there shown that a factor of 
about 10-5 in the matrix element, or 10 in the lifetime, 
appears naturally from the magnitude of the inter- 
mediate-coupling coefficients in the №“ wave function, 
but that the fortuitous cancellation required to give 
the remaining factor 10-5? in the matrix element does 
not occur in the ground configuration and must in this 
interpretation arise from a moderate amount of con- 
figuration mixing. 


09-49 


Here the ground (77) configuration р; has only one 
state (J, Г) = (5, 5) and the only excited (77) configura- 
tion within the general configuration 977, namely, pyt, 
has only one state, these two states being identical with 
the (LS) description of the two states ?P; and ?Р; of a 
nucleus with a single ?-nucleon “Кое.” Thus for this 
polyad the intermediate-coupling transition of the 
ground configuration consists merely of two straight 
lines. Experimental assignments of parity and not quite 
unique assignments of J have been made (B51) but 
they should be considered to some extent tentative 
because the observation of the near forward peaks did 
not cover the angles 0-15°. The (unresolved) pair of 
states at 5.3 Mev is exceptional in showing an approxi- 
mately isotropic distribution with no forward peak, 
presumably indicating large angular momentum making 
possible a very large cross section for compound-nucleus 
formation. 

A set of assignments of excited (77) configurations 
consistent with these tentative experimental assign- 
ments, is shown in Fig. 14, and a very schematic repre- 


sentation of the intermediate-coupling transition of 
these states is shown in Fig. 15. The curvature of the 
lines suggests the direction of energy repulsion as the 
pairs of states with the same (J, T) are intermixed. 
The excited configurations are divided up into partial 
configurations mainly for the sake of convenience in 
counting the states by vector addition. For example, 
bi *(0)s) in Fig. 14 indicates the J — 0 state of the partial 
configuration f; ^, compounded with an s; nucleon. 
Since for ћу, J —0 is associated with T=1 (as in the 
first excited state of Py"), the addition of an s; nucleon 
with its /— 2 gives states of the system with 7— 3 and 
Т= +, each of course with J=4, as indicated in the 
upper left part of Fig. 15. The right column of Fig. 15 
lists these assignments of angular momentum and 
parity, which have been arranged to agree with the 
experimental possibilities indicated in parentheses above 
the levels in Fig. 1. The only excited state observed to 
have negative parity, at 6.33 Mev, is, of course, assigned 
to the py. This state does not mix in higher order with 
the states of opposite parity listed in the figure, but 
only with higher states obtained by double excitation. 
This 6.33-Mev excitation is thus the most direct meas- 
ure we have of the doublet splitting of a р nucleon in a 
stable nucleus. Of the T= % states, it is not clear from 
the available configuration assignments whether J — 5/2 
or J=} should lie lower. The С? beta-transition to the 
ground state is probably to be considered first forbidden 
(log ft— 5.3) (Fe51) and there is evidence (Hu50) for a 
transition to the 5.3-Mev or 6.33-Mev level, which to 
compete with the ground-state transition must be 
allowed. This would favor J — 5/2 for the lowest T—$ 
state, as drawn in Fig. 14. 


10.9 Mev, 92 (т: 33 


ю 5 (в/к) o 


Fic. 15. Schematic intermediate-coupling transition for Ру; 
including the first excited configurations. The numbers in paren- 
thesis, (0) or (1), denote Jp. 
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The Closely Spaced Pairs in № and Other Nuclei 


The grouping of the first two excited states into a 
very closely-spaced pair, with a separation of only 30 
kev after a gap of 5.3 Mev and followed by a gap of 
1 Mey, is very striking. It is particularly striking in 
combination with a similar close pairing of the first 

two excited states in the neighboring nucleus, О". 
Similar close pairing, though not of first excited states, 
has been noted in В! and in ВИ, where it was con- 
sidered to be fortuitous and not very unlikely because 
of the density of nearby levels, and in N”, where the 
accidental nature of the pairing is attested by the wider 
spacing of the levels in the mirror nucleus (С. Ша wine 
interpretation of Fig. 15 the close pairing in № is 
fortuitous. The chance that the first two levels should 
be only 30 kev apart in a spectrum starting off with 
averaging spacings of 5 Mev is about 1 /15. The chance 
in O!5, where the spacing is 80 kev, is about Go ne 
chance that this should happen in two specified suc- 
cessive nuclei of which we have high resolution data is 
about 10. The chance that it should happen in any 
two successive light nuclei out of about eight for which 
we have high resolution data is about 107°. But it is 
strange that it happens in the two with the highest first 
excitation energy—the probability of this happening 
fortuitously is about 10-3. The unpleasantness of this is 
not mitigated by evidence to be cited below, concerning 
observed parities, that the close pairing in О? is indeed 
fortuitous. Under these circumstances, one grasps at 
straws. 

The most obvious assumption (150) would be that 

the close pairs are caused by the coupling of an excited 
s-nucleon to the angular momentum vector of an almost 
filled ?-shell, and that this coupling is very weak for 
some reason associated with the inadequacy of the 
phenomenological Hamiltonian (2). But in this case the 
two paired levels would have the same parity, so it 
does not apply to О%. In №5, this would mean modify- 
ing Fig. 15 to make the two states with J=3 and 5 of 
the partial configuration фр; °(1)5} lie lowest and, in 
spite of their curvature which indicates their impurity, 
very close together. These J’s do not agree with the 
tentative experimental assignment, J > 5/2. An artificial 
way to satisfy this assignment and explain the pairing 
is to assume weak intershell coupling in the configura- 
tion dsj2*(5)p3 arising from two-nucleon excitation, in 
spite of the fact the partial configuration 45/2 (5) does 
not contribute to the low excited states of either O!$ 
or O”, as indicated in Figs. 16 and 17. The experimental 
situation is too uncertain to justify pursuing such 
conjecture. 

While nature seems to be trying to teach us some- 
thing by the frequency of closely spaced pairs, we have 
ot yet learned it and tentatively ascribe the pairs in 
15 and 079 to chance. The relation between these close 
irs for which we have no causal explanation within 
framework of the present analysis, and the close 
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pairs observed in the odd-odd nuclei Маг, A13, and p32 
for which an explanation is available involving an 
expected weak coupling of an s-nucleon spin to another j 
is discussed further in Sec. 9. 


N!54-O!5 


-2 22 
в/2|Р1/2| P172 d572 (+) 


Ес. 16. (77) configuration assignments to the states of Py'®. 


Both here and in Py”, the exceptionally high first 
excitation energy attests the influence of shell structure 
at the closing of the р shell Another remarkable 
feature of the spectrum is the clustering of the first four 
excited states into two closely spaced pairs, the first 
pair separated by 80 kev (only a little more than 1 per- 
cent of the excitation energy) and the second pair by 
200 kev (the same as between two states at the same 
excitation in №5!) after a gap of about 800 kev. 

As a result of recent careful studies of angular corre- 
lations we are fortunate in having experimental assign- 
ments of these first four excited states. The first has 
long been known to be 0+ because of the fact that it 
does not emit gammas (0+—0+ forbidden, the ground 
state of course being 0*), and thus has time to emit 
electron-positron pairs. The second excited state has 
been shown by independent work in two laboratories 
(A50, B50) to be 3-. Recent work at Cambridge (552), 
mainly on alpha-gamma correlations, has identified the 
third and fourth excited levels as 2* and 17, respec 
tively [although an earlier report (Fr51) on this work 
had given the preliminary result 2* and 27 for these 
states]. It is possible that experimental clarification of 
further details will show that there is here very strong 
evidence for the validity of the alpha-model in this 
particular nucleus, which is particularly suited to this 
because it can be built as а compact cluster of four 
alphas (D40). This possibility is discussed further 17 
Sec. 10. Pending further evidence, we wish, however; 
to view this nucleus here as a consistent part of а 
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sequence of nuclei to which the central model seems 
to apply. 

Despairing of the hope of finding in the central model 
any simple cause for the close juxtaposition of states of 
opposite parity, as mentioned above, we regard the 
pairing as accidental and make the configuration assign- 
ments indicated in Fig. 16. The great complexity of the 
situation is typified by the fact that the first four 
excited states are ascribed to three different (jj) con- 
figurations, either with а р; nucleon excited to a d; 
state or to an s, state or with two р; nucleons excited 
to ds states. The perhaps rather surprising suggestion 
that the first excited state should result from two- 
nucleon excitation was first made by M. G. Mayer, 
who based it on the result of the short-range or ó-func- 
tion approximation (M50) which states that two equiva- 
lent nucleons with large 7 have a large “pairing energy" 
when their 75 add up to J=0. While the 6-function is 
not a good approximation (K50) in so small a nucleus 
as 019, this result reflects the fact that this state has a 
high symmetry (upon nucleon exchange), and a high 
symmetry is doubtless one of the reasons why the /=0 
and J=2 states of the two-nucleon excitation con- 
figuration have such low energy as to appear among the 
first four excited states. Another reason is that there is 
for each of these J’s more than one state with the same 
(J, T), as indicated in Fig. 16, and the intermixing of 
these states pushes the lowest one down. It is a charac- 
teristic of our intermediate-coupling interpretation of 
the spectra of other light nuclei that a configuration is 
spread out over a wide energy region, and this doubly- 
excited configuration is so complicated, including very 
many states, that it is spread out over a very wide 
region and some of its states are low, one of them even 
lower than any of the states of the simpler singly ex- 
cited configurations. 

Note added in proof—One would hope for some sim- 
plicity in the excited configuration p;d;, arising from 
the expectation that the p-d exchange integrals are 
smaller than the р-р or d-dj integrals. In this ap- 
proximation one would expectito be able to estimate 
which states have the lowest energy from the energies 
of the two-nucleon partial configurations p} and dg 
separately, as is indeed implied in the above remarks 
of pairing energy in the ó-function approximation. 
Recent calculations of the energies of these partial 
configurations separately, by Flowers and Edmonds 
(F152), show that for reasonable ranges instead of the 
6-function approximation, the next-to-lowest line of the 
two-nucleon excited configuration in Fig. 16 should lie 
lowest, that is, the first states of this configuration 
should be a group of three with J=4, 5, 6, T=0. We 
are left with no central-model explanation of the O* 
first excited state of O!5, which enhances the attractive- 
ness of the alpha-model as an alternative. The possi- 
bility needs further investigation that the p-d exchange 
integrals might be responsible. The calculated result 
just quoted is dependent on the phenomenological 
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representation (2) of the nuclear interactions. [t is 
closely related to the explanation of the low state J=3 
of pj? in B'^, and it is not apparent how to alter the 
interaction assumption to keep that experimentally 
satisfactory result and still obtain J=0 (rather than 
J=5) lowest in 42. The intervention of the (J, T) 
— (5,0) state as the lowest state is due to the inter- 
play of an excited proton and neutron along with a 
pair of either. If we were concerned with excitation only 
of a pair of neutrons or a pair oí protons, it would have 
been (0,1), as was assumed above. There are other 
phenomena which would be clearer if neutron and 
proton excitation should be understood to act more 
nearly separately than we here expect them to. These 
phenomena are mentioned at the end of the discussion 
of the (77) double levels of Na”, about four pages below 
[see also (SG53)]. Some of these difficulties suggest 
that consideration of the deformability of the potential 
well which shapes the single-nucleon orbits (053, 
W53) may provide a fruitful extension of this discussion 
of light nuclei. 

The beta-decay to each of the (unresolved) pairs of 
excited levels is allowed, while that to the ground state 
is forbidden. (The log fi values appear on the transition 
lines in Fig. 16.) This suggests 2~ for the ground state 
of №6, and such a state is available from one of the 
singly excited configurations, as indicated in the figure. 
It is satisfactory that the configuration py ‘45/2 should 
appear below р; '5; among the T'— 1 states (as well as 
the T=0 states), both because one expects it to cover 
a wider energy spread and because the single-nucleon 
state dsj. appears according to the evidence of 077 to 
lie below s;. It is further satisfactory that the (J, T) 
= (2, 1) state should lie below the (3, 1) state of рг” уг, 
because it agrees with a general rule (K52b) that, when 
a neutron hole, for instance, is coupled to a proton, the 
lowest state formed has J = 7;-- j;— 1, that is, a total 
angular momentum quantum number one less than the 
maximum possible. Most examples are found with 
neutrons and protons in the same shell (for which the 
result follows for both the long-range and short-range 
extreme theoretical calculations, and presumably be- 
tween), but the case of А“ is very similar to the 
present case, configuration dss из», with two differ- 
ent shells involved. That the lowest state should be 
J= ji- j3— 1-4, in agreement with observation, in this 
case with reasonable assumptions has been shown by 
Kurath (K52b), and similarly J —2 for №. There are 
only two states of this configuration in №, so the 
(jj)-coupling statement of which should be the lower 
should probably have significance also in intermediate 
coupling. 

As we have suggested in connection with Be* above, 
the existence of states of the same symmetry in the 
alpha-model may influence the spacings and properties 
of the states encountered in the intermediate-coupling 
scheme, and О" is a favorable place for this to happert 
because the first four excited states just discussed have 
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their counterparts among the low excited states of the 
alpha-model (Sec. 10). 


NU-OU-.-FU 


11.6 Mev 


(+) ds, fy, Pye. 


/ 
2 2, 
(-3 ds, Py. ХА 


C) de, Sy, Pre 5 


8.28 (1/27) 
—7.72 (32) 
7.28 (52%) 
6.30 (12+) 
5.94 (1727) 
5.87 
-1—5.39 (3/27) 
5.25 


Fic. 17. (jj) configuration assignments to the states of Ру!". 


In most of the low states of this polyad we have 
essentially а single nucleon outside of a closed р shell, 
and the existence of several states for this relatively 
loosely bound nucleon contributes several levels of 
moderate excitation energy, as shown in Fig. 17, in 
strong contrast to the closed-shell appearance of the 075 
spectrum. The second excited state at about 3 Mev, 
however, does not fit into this single-nucleon scheme, 
and must be ascribed to an extra excitation from one 
shell to another, р; to ds», similar to that responsible 
for the first excited state of O'*, the resultant low energy 
again resulting from “pairing” in the partial configura- 
tion dso? (as was also suggested by Mrs. Mayer). In this 
case the excitation energy is lower because excitation of 
only one nucleon is necessary, to pair with a 45/2 nucleon 
that is already there in the ground state. It is not so 
_ remarkable here as in О that this state lies low be- 
cause here it arises from single-nucleon excitation, as do 
the other low excited states. It is more complicated than 
the others because the possibilities of vector addition 
give two 47 states in this configuration and they are 
— mixed to give the 3.09-Mev state as indicated in 
‘Fig. 17. 
Note added in proof.—This interpretation, too, is cast 
їп doubt by the calculated result (F152) that (Jp, T;;) 
5,0) lies lowest. Sufficient repulsion of the two 
4) states again requires large p-d exchange 
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Partly by comparison with a state in F" identifieq 
by a proton scattering resonance, the ОМ state at 
3.85 Mev is identified as the 7/2- state corresponding to 
the single-nucleon state луз, which it is very satisfactory 
to find here because it is expected to be the next single- 
nucleon state after the dy» ground state and the s, just 
above it. Above this, the identifications are made by 
observation of the scattering resonances of neutrons 
on О. In the case of the 5.08-Mev state, there is some 
question whether it should be interpreted as an excep- 
tionally strong $* resonance [with y? about 1 of the 
theoretical limit, according to Table 1(17) of reference 
(Aj52) | or a $- resonance about as strong as the next 
few states above it (about 0.03 of the limit). The former 
possibility, $*, is favored, partly because there js 
another level identified as $~ only 50 kev below it and 
it does not seem likely that two such levels from the 
first excited configuration would occur so close to- 
gether, but mainly because an exceptionally strong level 
$* is expected somewhere, namely, the single-nucleon- 
like d; state which is needed to join the ground state, 
essentially a 0, to complete a °D. The single-nucleon- 
like level is expected to correspond to a much stronger 
resonance than the levels involving excitation of the 
“core,” and this is the only level with the appropriate 
characteristics in the region up to above 8 Mev that 
has been properly explored. 

Several levels next above this one have moderately 
weak resonances, apparently because they arise from 
excited configurations, and possible configuration assign- 
ments for them are suggested in Fig. 17. Above the ?f72 
single-nucleon state one expects to find the *р levels 
(with radial quantum number 2 corresponding to one 
radial node), first the 2р; and above it the ?р;, and if one 
were to ignore the weakness of the resonances one 
might think to find the corresponding О! states at 
5.39 and 8.38 Mev, which would make a ? splitting of 
about 3 Mev related to the 5 Mev 24 splitting roughly 
in the ratio of their (21--1). Because the single-nucleon- 
like levels corresponding to the 2p are expected to be 
exceptionally strong, it seems preferable to recognize 
that these single-nucleon levels may be spread quite 
far apart in this nucleus, and to identify the strong 
level at 7.72 Mev with the 23, аз is done in the figure. 

The beta-decay of N” is observed under conditions 
of high energy bombardment and consequent strong 
contamination of other beta-decays, through the un- 
usual circumstance that it gives rise to simultaneous 
neutron emission (*delayed" because it follows the 
beta) from excited states of O17, the betas and neutrons 
being observed in coincidence (A49). The neutron 
energy measurements (H49) seem to indicate an intense 
transition to an О! level at about 5.26 Mev (Esc 1.05 
Mev) and a weaker transition to a level at about 
5.89 Mev (Z,~1.65 Mev), which we take to be the 
levels at 5.25 and 5.87 Mev for which no identifications 
have been given because they have not been resolve 
in the neutron scattering experiments. It is not clear 
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to what extent they may have contributed to the 
neutron scattering and whether they may have falsified 
the identifications of the adjacent states from which 
they were not resolved, but it is possible that these 
states may have high J’s and their contributions to the 
scattering may have been suppressed thereby. There 
are many other states of both parities and low J's in 
this region through which the (81-57) process does not 
seem to go (though the neutron energy resolution is not 
good enough to make this certain). Therefore, it seems 
likely that these two states differ from the others in 
having high J's, and that the ground state of №!" also 
has high J. Either the (J, Г)= (7/2,3) or (9/2, 2) 
state of the configuration дуу рг, assigned as the 
ground state of ММ, could accomplish this selection, 
and one could distinguish between these possibilities if 
it could be observed whether or not the beta-transition 
also goes to the 5/2* ground state of ОМ. The latter 
has been indicated among the tentative configuration 
assignments suggested in Fig. 17, along with similar 
suggested assignments from the same configuration for 
the presumed delayed-neutron states at 5.25 and 5.87 
Mev. The favored beta-transition indicated by the 
value log f(—3.8 is valid only if there is no transition 
to lower states, and is consistent with this assignment 
of initial and final states of the beta-decay to the same 
configuration. 


8. COULOMB ENERGY IN THE CENTRAL MODEL 


The central model, of which the (77) model is a special 
case, is a model in which states of the system are formed 
of individual-nucleon wave functions which are solu- 
tions of a wave equation with a spherically symmetrical 
potential. The state of the system does not necessarily 
possess central symmetry. (With a statistical distri- 
bution of the direction of J, the over-all state has 
central symmetry, but not the magnetic substate.) This 
lack of central symmetry, which implies а, correlation 
between the angular coordinates of two nucleons, is in 
part responsible for the multiplet separations in (LS) 
coupling and the separations within а (77) multiplet in 
(jj) coupling. The Pauli asymmetry, which also implies 
a correlation of a different sort between the positions 
of the nucleons, is also and usually even more heavily 
responsible for these separations. 

'The lack of central symmetry may be described in 
terms of a flattening of the orbits of two nucleons almost 
into one plane when their orbital angular momenta / are 
nearly parallel or antiparallel (such as when L=1, +h is 
as large or small as possible), as compared to a closer 
approximation to spherical symmetry in states with 
intermediate values of L [ог of J in (77) coupling]. For 
example, the 15 lies below the ‘D in the middle of Fig. 5, 
although they both have the Pauli antisymmetry in the 
spin factor, and this energy difference may be associ- 
ated with the picture that the antiparallelism in the 15 
is exact, the vector sum [Z(Z+1)]} is exactly zero, 
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Fic. 18. The Coulomb energy differences of the mirror isobars, 
The curves are drawn between the points for the odd isobars only. 
The Coulomb energies differences per unit charge difference for 
the even isobars are indicated by open circles. The theoretical 
curves for (LS) and (jj) coupling assume a constant Coulomb 
exchange integral Ke. 


whereas the corresponding parallelism in the 'D is not 
exact, the two vectors of “length” [/(/+1) ] adding up 
vectorially to less than their arithmetic sum. 

'The Coulomb energy differences between the mirror 
nuclei are also affected by these considerations of 
nuclear “shape” and other correlations between the 
positions of the nucleons, and for this reason it is only 
an approximation to consider simply the electrostatic 
energy of a spherically symmetric charge cloud. The 
effect of the correlation considerations is, however, quite 
small. The Coulomb energy differences of the neigh- 
boring mirror pairs of isobars have been calculated both 
in (LS) coupling (F37) and in (77) coupling (K52), and 
they are plotted in Fig. 18. (There the scale is quite 
arbitrary, the differences taken from Kurath's Table III 
(K52) being plotted with 17К.=1 Mev, К, being the 
Coulomb exchange integral.) The experimental curve 
for the Coulomb difference C has a meaning for the 
p-shell only for А = 7 and up, since А =5 is an anomalous 
case in which the ground states of both isobars are 
virtual. This portion of the experimental curve shows a 
rather pronounced four-structure, an alternation in 
slope with the points for A =4n-+1 lying relatively low. 
The calculated (LS)-coupling curve is plotted in the 
same figure and shows a much weaker four-structure of , 
the same sort. The (7j)-coupling curve is even more 
nearly a straight line. The fact that the theoretical 
curves are much too steep to follow the trend of the 
experimental curve indicates that К. should not be 
taken constant across the р shell, as is done in Fig. 18. 
Instead it should decrease with increasing 4, and a very 
good fit to the general trend (but with inadequate four- 
structure) may be obtained by assuming K.~A™. 
'This is exactly the variation one expects on the usual 
simple assumption of constant nuclear density, and 
range of interactions small compared to nuclear size; 
but it is perhaps somewhat surprising that it should 
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apply so well in the p shell. It indicates that the p shell 
is to be thought of as a collection of angular wave 
functions, but that the radial wave functions going 
with them are determined separately for each nucleus 
(or even each state), and that for the ground states 
they are determined in such a way as to keep nuclear 
density nearly constant, so far as the general trend is 
concemed. 

Thus the four-structure is not explained by the corre- 

lations, but may be attributed to small deviations from 
the constancy of nuclear density, as dependent on the 
four-structure of the binding energy. The four structure 
of the Coulomb energy, Fig. 18, consists in the fact 
that C is abnormally low for the three polyads 4 — 9, 13, 
and 17. Of these, 4 — 17 is beyond the ? shell, and may 
be low because a d orbit is larger than a р orbit. That 
and much more questionably the ground state of А — 13 
are cases where it 15 perhaps a better approximation 
than elsewhere to think of a “соге” plus one nucleon, 
and this corresponds to the simple spherically sym- 
metric model used by Bethe in discussing this effect 
(Be38, E41). The Coulomb difference C is a property 
of the last nucleon in its interaction with the “соге,” 
and its unusually small binding energy in Py? leads one 
to expect it to have an abnormally diffuse probability 
distribution and thus an abnormally small value of C. 
In A=9 the experimental “binding energy of the last 
nucleon” is particularly low, being positive for the 
neutron in Ве? but negative (—0.2 Mev) for the proton 
in B®. Here it is probably not a good approximation to 
think of this low binding energy as belonging to any 
one nucleon, but even when shared among several it 
may have quite an effect on the nuclear size (con- 
tributing to a cooperative phenomenon). The virtual 
nature of B° makes this polyad an atypical case some- 
thing like Py5 though the influence of the virtual 
nature is probably much reduced by the sharing of 
energy between nucleons in B® (and indeed it seems in 
Fig. 18 that the sign of the influence is the opposite 
of that in Руз). 


9. THE NEUTRON-PROTON (jj)-COUPLING DOUBLE 
LEVELS 


(77) Double Levels in Atoms 


In atomic spectra the only examples of real (77) 
coupling are found in the configurations f?s and 4% 
involving the coupling of an s-electron spin to the ј of 
an almost closed shell. Examples of (LS) coupling and 
quite frequently of intermediate coupling are found 
among the cases of coupling of two equivalent electrons. 
For example, the configuration р? shows a nice inter- 
mediate-coupling transition in Fig. 4!' of reference 
(C35), going from Gel 4” with a moderately low 
— principle quantum number and displaying a clear 
separation into the triplet and two singlets of (LS) 
— "coupling, and SnI 5p? in which the multiplets may still 
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quantum number, which is well out into intermediate 
coupling and even begins to show a grouping into the 
double-levels characteristic of (jj) coupling. But ех- 
treme (77) coupling occurs only when one of the 78 is 
an s-electron spin, and when the s electron has a high 
radial quantum number so that its charge distribution 
overlaps little with the almost closed shell. In the 
spectrum of un-ionized neon, for example, the four 
levels of the configuration 24535 are arranged in а 
singlet and triplet, with some deviation from the 
“interval rule” of (ZS) coupling, and the 2p*4s and 
successively higher excitations progress across the region 
of intermediate coupling to (77) coupling, until finally 
205118 has two narrow (77) double levels whose splitting 
is less than one percent of their separation. | 


(Jj) Double Levels in Na, Al, and Р 


The reason that a high principle quantum number is 
required in atoms is that the exchange integral, arising 
from the Pauli antisymmetry of the two electrons, tends 
to separate the two levels J= 7-5 $. For a neutron anda 
proton in a similar situation this is not so if the 
interaction between them does not involve the spin. 
Beautiful examples of (77) double levels are for this 
reason found in the odd-odd nuclei in the region of 
filling of the second s orbit, in Ха, АГ, and Р? 
(as was recently pointed out by Maria G. Mayer at a 
conference in Pittsburgh). In the two latter nuclei 
(E51, E52, V52a), the ground states belong to double 
levels, the ground configuration of 13А1?8 being 455 15} 
while in 35P?? we have 5:34, since the 45/2 orbit is filled 
at 14 nucleons and the s orbit at 16. The point is that 
the nuclear interactions as we treat them phenomeno- 
logically are only about one-fifth spin-exchange forces, 
and the rest does not involve the spin. This factor 0.2 
from (2), say, is enough when combined with the fact 
that the two nucleons do not have the same radial 
wave function, to explain the small splitting of the 
double levels. Let us show that the large term not in- 
volving the spin gives no splitting. This is most easily 
done (as was suggested by Mrs. Mayer) by considering 
the problem of constructing the wave functions for the 
two values of J in the magnetic sublevel М=0, since 
the two simple product functions with which we start 
then have the same diagonal matrix element and the 
splitting is made only by the nondiagonal element 
between them. For the configuration s*d;, for example, 
let us define d;;=a, d;-,;=6 (where the subscripts 
mean j,7:; and write the two M=0 product wave 
functions for three neutrons and one proton of Р°: 


(atat 8*8), н (20) 
(Б+о+В+от). 
The superscripts indicate isobaric spin projection, + for 


a neutron and — for a proton, а and В imply ae 
functions including these spin functions for spin up ал 
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of the four nucleons, respectively, and the pointed 
brackets mean “antisymmetrized sum." The matrix 
element between them is 


His—(atB-|V|b*o-)—(a*8-|V|ao-b*). (21) 


The first term is zero because of spin orthogonality for 
the last nucleon if V does not operate on о, and the 
second term is zero because of isobaric spin orthogo- 
nality (or another way of saying it is that “уе don't 
have to antisymmetrize between a neutron and a 
proton"). Thus the levels J= 1 and J=2 are degenerate 
so far as the main term 0.8P of (2) is concerned, and are 
split only by the small term in the spin-exchange 
operator Q which spoils the spin orthogonality. (Pre- 
sumably it hereby represents what a tensor force would 
do, but this should be calculated.) 

The same argument applies with the 4; excess neutron 
replaced in excited states Бу fz2, fs», p; and ру, each 
giving an excited double level in P??. In AI? an excited 
double level may arise similarly from d;s—d; excitation 
of the odd proton, leaving the spin of the s neutron the 
only neutron vector free to be oriented. In Ма” the 
ground configuration does not contain an s nucleon 
[and the observations (Sp52) show the ground state to 
be single ], and in the excited states of this nucleus the 
formation of the double levels is not quite so simple 
because there is the possibility of exciting either a 
proton or a neutron. Here the neutron excess comes into 
play in a somewhat different way from the way it does 
in Р?? to avoid interaction between the states formed 
by these different types of excitation and leave intact 
any pairing into double levels that might be caused in 
some way similar to the same simple mechanism ex- 
plained above. If we excite а 45/› neutron to the s orbit, 
we have a partially filled d shell (d5/2) prot?(d5/2) пеш 
which possesses a low state of partial isobaric spin 
T p=%, whereas proton excitation leaves the d shell 
(45/2) prot"(d5/2)neut?, With its lowest Гр=3 and hence 
considerably higher energy that cannot be brought 
down by the weak coupling with an s nucleon. Hence 
the two excitations may be expected to act fairly inde- 
pendently, and each might give rise to a double level. 
In such a case we have, however, the couplmg of an 
s-nucleon to a complex partial wave function of a 
d shell formed by the orientation of the vectors of both 
protons and neutrons, and it is not at all clear from 
simple considerations that an exchange integral of the 
Majorana term should be absent from the splitting 
J=J pz. If the excited nucleon is a neutron, to take 
the example just discussed, the d shell has an odd 
number of protons and an even number of neutrons. 
The fact that double levels appear in Na* suggests 
that the s neutron is coupled only to the protons, as 
though the even number of neutrons were somehow 
suppressed from sharing in the complexity of the wave 
function of the d shell. This would be analogous in a 
simpler case to having the two р; neutrons of the con- 
figuration ру in the ground state of Li’ form a partial 
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resultant Jp=0 and ascribe all of the angular mo- 
mentum to the ру proton, which is not in keeping with 
the way the energy of the ground state on the (jj) 
side of Fig. 6 was calculated. (It would give a Schmidt- 
line magnetic moment, whereas the magnetic moment 
calculated with proper neutron participation is close to 
that observed.) 

Thus it is not clear why the even numbers of like 
nucleons should pair up to make their total angular 
momentum zero in such cases of only partly filled 
shells, but the double levels of Ма” suggests that 
they do. There are other indications that this happens 
in the intermediate and heavy nuclei, a set of probably 
related but enigmatic “queer facts.” There are several 
cases in which the addition of two neutrons to go from 
one odd-even isotope to another changes the magnetic 
moment of а nucleus by only a small fraction of a 
percent. There are also several cases where the addition 
of two protons to an even-even nucleus changes the 
first excitation energy of a nucleus almost none at all. 

А (jj) double level in a heavy nucleus. The grcund state 
of the nucleus з; 11 үе is a member of a double-level 
with a splitting of only 40 kev. This nucleus, though 
very heavy, is simple enough to discuss because of 
differing from a double closed shell by only one nucleon 
and one hole, and Pryce (Pr52) attributes the double- 
level to the configuration (51); !(go/2),. Its reason for 
being only 40 kev wide, as compared with about 300 
kev for the quadruple-level attributed to (dj).-1(gs2), 
is the same as for the double-levels in the much lighter 
nuclei here discussed. 


(jj) Triple Levels іп Si” and AI?* 


In 1151 there is a triple level consisting of states at 
4.840, 4.897, and 4.934 Mev, separated from the nearest 
neighbor by 4 Mev (V52a). This may be ascribed to the 
excited configuration ds;2~'s*, which is obtained from 
the ground configuration d;/2!*s by excitation of one 052 
nucleon into an s orbit. It is consistent with other 
examples that this excitation should “cost?” about 
5 Mev. The partial configuration s? can have a spin 
S571 which couples to the 4» ' “hole” to give three 
states with Л=3, 5/2, and 7/2 (a prediction of which 


verification would be of interest). Since the partial 


configuration 05:7! has only one state, it is consistent 
with this interpretation that there should be only one 
such triple level in Si”. In 1:412 two triple levels (or 
more—the density of states is too high to be sure) have 
been observed at about this elevation, corresponding 
apparently to the excited configuration d5;2~*s?, which 
also requires single-nucleon фуг-э excitation, and 
which could give rise to as many as four triple levels. 
Above the three fairly low double levels in Ма” there 
is a region of high level density near 4 Mev which may 
be considered to contain as many as three triple levels, 
the narrowest with a total splitting of only 35 kev: 
In this case two-nucleon excitation to the configuration 


ЕК, 


“4,/255 is required to obtain a partial spin S,=1 which 
might give a triple level. 

The reason for the small splitting of these triple 
levels is not as clear as in the case of the double levels, 
because the excited configurations required may be 
attamed by either proton or neutron excitation, and 
the Sp= 1 state of the partial configuration s? has T=0. 
"Thus it necessarily involves both protons and neutrons, 


the d shell. Lacking a more elegant suggestion, it is 
perhaps to be inferred that the different arrangement 
of nodes of the s and d orbits makes the coupling 
between them (an integral like K) quite small, sup- 
pressing the contribution of the leading term of Eq. (2) 
to the splitting. 


. The Possibility of (jj) Double Levels in 14%, Во, 
and М“ 


The situation for the excited configuration p;°s; in В 
has a slight similarity to that in Ма“, but differs from 
it drastically in the fact that this is a “self-mirrored” 
nucleus with no neutron excess. There is, thus, no 


where 


B= (a8| V | ab) = (2/3)(zs| V | sz) 
=2(a8|V|Ba)=2A (25) 


since, because of the vanishing of integrals. of odd 
powers and the equivalence of the three Cartesian co- 
ordinates, 


L@+iy)*s|V|s(e+iy) 1/2 
=[Gs| V|sx)+ 05| V|sy)/2— (25| V| sz). (26) 


The diagonal elements have been omitted because they 
differ only in orientation or in the proton-neutron 
difference and are all equal. The factorization of the 
determinant into the product of two quadratics, as in 
the second member of Eq. (24), is accomplished by 
adding rows and subtracting columns, the third with 
the second and the fourth with the first. Thus we have 
the four distinct roots e= +4, +34, a ladder with three 
equal steps. (One might speculate as to whether the 
equal spacing between the first, second, and third T=0 
_ excited states of B!? may indicate that they come from 
$5 excitation, were it not that they are observed to 
уе even parity, and that?the four odd theoretical 
15 have alternately T=0 and 1.) Thus the four 
do not fall into double levels. The same analysis 

to the configuration р;5 of Ру“ except for an 
hange of the factors (2/3) with (1/3), and a sign 
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energetic tendency to separate the states formed by 
neutron excitation from those formed by proton excita- 
tion. Even if we should invoke a not understood ten- 
dency for even numbers of nucleons to pair their j's to 
а zero resultant, as is suggested by the Na?! double 
levels, we should, because of the interference between 
neutron and proton excitation, still not expect double 
levels in B? any more than in Li*. 

The lack of double levels caused by s excitation in 
Li$--He? is a matter of easy calculation. We now use 
the notation a and 6 for the m;= 4 projections of р: 


а= (2/3)вач-1/ЗУГ (х4-09)/218, 
b= Q/3)s8-- (1/3) (еб) 21e, C2 


where х-ЕТу and z indicate the angular part of the 
p orbital. Then the four M =0 states are 


ate, бог, Bra m 


the superscripts again indicating the sign of the isobaric 
spin projection m. The secular determinant made from 
the matrix between these states, for an interaction not 
involving spin, is 


a*b- (23) 


0 А вв 
0 (B— E) A 

GIE) -E Oma” (24) 
A Onan 


In B” the two levels at 5.11 and 5.17 Mev appear to 


form a double level, the splitting between them being. 


only 60 kev and the separation from the nearest other 
level being 220 kev. The ratio between these is not in 
itself very convincing. In such a densely populated part 
of the energy spectrum it is not very unlikely that 
levels will fall close together by chance. These two 
levels are both observed, and with comparable in- 
tensity, in the forward yield of low energy neutrons 
from the Be?(d, n) reaction as the deuteron energy is 
raised past their respective thresholds (Bo51). Since 
these are so strong.that the first of them constitutes 
practically the threshold for the reaction, somewhat 
below 1 Mev, they are thought to involve capture of an 
s-proton, /,—0, which would give them odd parity and 
require that their wave functions contain at least a 
major portion from the configuration p's. Thus it is 
very tempting to suppose that they correspond to the 
two orientations of an s-proton spin relative to another 7 
or Jp. The fact that the states are prepared in such а 
way that the odd nucleon is a proton is not reason 
enough to expect that it remains so, without inter- 
ference from the state formed by neutron excitation. 
As long as the interaction with the excited neutron 
state is represented by an exchange integral capable of 
making a splitting of the order of $ Mev or more, 45 
would seem to be the most likely result of a complicated 
calculation on the basis of what we have said, the 
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prepared "excited proton state" could not remain un- 
disturbed long enough to define an energy as sharply 
as 60 kev. Their juxtaposition may be accidental, or it 
may be related to the smaller than expected coupling 
suggested by the triple levels. f 


The Enigmatic Closely Spaced Pair in № 


The double levels here discussed have been in odd- 
odd nuclei. Their occurrence and explanation does not 
seem to throw any light on the occurrence of closely 
spaced pairs in the odd-even nucleus № (even if we 
ignore the uncertain identification J > 5/2 for the lower 
pair). Here one may excite a neutron to the s state and 
leave the rest of the nucleus in the /р- 1, Tp=0 state 
corresponding to the ground state of №“, and this is 
not matched by proton excitation, but then Jp is made 
of a neutron as well as a proton and one would expect 
exchange splittings from the Pauli antisymmetry be- 
tween the neutrons. Alternatively, one may form the 
Jp=0, T p—1 state by either proton or neutron excita- 
tion to the s state, but then there is only one resultant 
angular momentum J=%, and the two isobaric spin 
states T'— 5 and 3 resulting from the interference of the 
two excitations cannot form а T=% double level such 
as observed at 5.3 Mev in № (far below the ground 
state of С? at 10.9 Mev). 


10. THE ALPHA-MODEL AS AN ALTERNATE 
POSSIBILITY AND AS AN OCCASIONAL 
ADMIXTURE 


The intermediate-coupling interpretation presented 
above is a complex answer to a complicated experi- 
mental situation, in which there is no simple grouping 
of energy levels into consistent patterns of suggestive 
multiplets, but rather a variety of types of spacings as 
one compares the various polyads. This does not satisfy 
а physicist’s natural desire for simplicity and elegance. 
It is probably true but disappointing. In accepting it 
with hesitance, one wishes to examine any alternative 
which might present the possibility of a simpler inter- 
pretation of the same data. Partly for this reason we 
discuss here the alpha-model, for which some rather 
persuasive arguments have been given in the past, 
before so many excited energy levels of the light nuclei 
were known, and before the success of the (j7)-coupling 
version of the central model became apparent in heavy 


. nuclei. We discuss it also because it may actually con- 


tribute to the physical properties of some of the states 
of a few favorable nuclei and modify the properties 
that they would have in a pure central model, in the 
sense that the wave functions of the two models may in 
nature be, as we have already mentioned, intermixed. 
As an introduction to discussing the alpha-model as an 
admixture, we discuss it as an alternative, and show that 
it does not provide a simple and adequate source of the 
observed energy-level patterns. 
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Taste V. Vibrational constants and excitation energies in 
the alpha-model, on the assumption of a standard harmonic 
“bond.” 


Be* cit ow 
2 2 (3)+ 2(2/3)* 
b 1 3 6 
n 2 3 4 
(51238 2 1/3 1/9 
coi (bet n) 2i 3i 2 
or~ (3/2)! 1 
2752 2 
(14-20230) /23 1 2.96 5.83 
0+ 4.38 5.24 6.05 Меу 
3m 7.66 6.13 
23 6.13 6.13 6.09 
28 6.09 
Ta 5.24 6.45 


The Alpha-Model of О! 


The simplest and most hopeful application of the 
alpha-model is to nuclei which could consist solely of 
alphas, the even-even 4-4 nuclei, with no extra 
nucleons or "holes." Among the light nuclei these are 
the “dumbbell” or “diatomic molecule" Веб, the equi- 
lateral triangle C?, and the regular tetrahedron O!^, 
and we consider them in reverse order. 

Dennison (D40) has shown that the first two excited 
states of О! in the alpha-model should be the 0* state 
of uniform dilational vibration (which he identified 
with the well-known 6.05 Mev pair-emitting state) and 
the 3- state corresponding to the rotation of an equi- 
lateral triangle, which is the base of the tetrahedron, 
about its threefold axis. This agrees with the experi- 
mental identification of the first two excited states. The 
difference in parity of the first two excited states is a 
natural consequence of the alpha-model, arising from 
the difference between dilational vibration and rotation 
of a body with threefold symmetry. In the central model 
we were forced instead to the interpretation, which 
might at first seem somewhat artificial but is probably 
correct, that the first excited state arises from two- 
nucleon excitation. Dennison estimated that the 3- 
state of the alpha-model should come at about 4 or 
5 Mev, dependent of course on an estimated moment of 
inertia to which the energy is inversely proportional. 
'The mean distance of the alphas from the center was 
taken to be the same as that of the extra nucleon in 
О! and Е", as indicated by their Coulomb energy 
difference. It seems very reasonable to assume instead 
that this loosely bound extra nucleon has a consider- 
ably larger mean radial displacement than do the 
alphas, which revises the estimate of the rotational 
energy upward, in a direction to agree with the energy 
6.13 Mev of the observed 3- state. 

The next two states in 0: also fall close together, 
though the 200-kev separation is great enough that 
theirs might more easily be a chance juxtaposition. It is 
a curious fact that the alpha-model predicts that the 
third and fourth excited states should indeed fall close 
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together. They arise from a mode of vibration in which 
the pairs of corners, like two dumbbells, both stretch 
and move so their centers of mass approach one another, 
or vice versa. There are two such modes corresponding 
to the possibility of reflecting one corner through the 
opposite face of the tetrahedron, and the levels are 
split by only the energy corresponding to the frequency 
of this inversion, which should be small. They have 
angular momentum and parity 2* and 2-. The recent 
experimental result of French ef al. (Fr52) is that they 
are actually 2* at 6.91 Mev and 1- at 7.11 Mev. This 
experimental assignment, if final as it seems to be, 
precludes the possibility that the 200 kev splitting of 
the levels near 7 Mev is to be explained as the energy 
of the 2*—2- inversion frequency. It is to be noted, 
however, that this energy is expected by Dennison to 
be very much smaller than the other separations among 
the first five excited states, and might easily be too 
small to have been resolved. There is a third mode of 
vibration, in which one of the “dumbbells” shortens 
while the other lengthens, whose first excitation energy 
is expected to fall rather close to the 2* and 27, and 
indeed, is expected according to Dennison's analysis to 
fall quite near 7.1 Mev if the 2* and 2- both fall very 
close to 6.9 Mev, as we shall show in more detail. Tt is, 
therefore, important for the question of the validity of 
the alpha-model to determine experimentally whether 
it might not be possible that the 2+ and 2- are very 
nearly degenerate at 6.91 Mev. Although the angular 
correlation experiments indicate that this level is 2*, 
it must be considered whether it may not merely be 
predominantly 2* in a set of reactions, in which there 
may be some selection. 
Dennison (D40) analyzed the frequencies of vibration 
in terms of the elastic constants a, for stretching, and b 
and c for types of bending. In making a comparison with 
the preliminary data available a dozen years ago, he 
pointed out that b and c must be much smaller than a 
and set с=0. In fitting the modern data, we determine 
the moment-of-inertia parameter A by putting 6/2/А 
—6.13 Mev and the first vibration frequency from 
wit=6.05 Mev. From the estimate eo~ «,/25, we put 
є0— 0, which means assuming the 2* and 2- degenerate, 
and have wot= 6.91 Mev—3h?/A = 3.85 Mev. If we here 
too put с=0, we find from Dennison’s relations Mw,? 
=4a+16b and Mws’=a—2b that b is indeed small, 


After using the estimate «:~0.04w3h we evaluate the 
energy of the 1- state as 2.125h?/A+0.96w3h=7.07 
Mev. Thus the assumption c—0 leads one to expect 
the separation between the 1- and 2* (degenerate 
with 25) to be 160 kev, which compares very favorably 
with the observed 200 kev. (The value of c required to 
- givean exact fit is about — 6/3, the other numbers being 
t much changed.) From the estimate ¢9~0.003w;h one 
cts the nearly degenerate pair to be separated by 
t 13 kev, which should be capable of being re- 
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solved by a high resolution magnetic analyzer (and we 
intend to have a try at it). 

Beyond 7.11 Mev, there appears to be a gap without 
levels for at least 1.5 Mev, with the next dependably 
observed level at 10.5 Mev. The next level listed by 
Dennison is а 4* at (10/6) 6.13 Меу=10.2 Mev. Thus 
again, if one can find a fifth level hiding in the observed 
group of four near 6 or 7 Mev, the grouping of these 
followed by a gap seems strongly indicative of some 
validity of the alpha-model, since no counterpart is 
found in merely taking note of the wide spread within 
excited configurations in the central model. Further 
experimental investigation of the possibility of states 
at 8.6 and 9.5 Mev will help clear up this point. 


Comparison of С!? and Be? with О! 


One of the strongest empirical arguments for the 
applicability of the alpha-model to the even-even 4л 
nuclei is the one given by Hafstad and Teller when they 
showed that the mutual binding energy of the alphas 
per “inter-alpha bond” is quite nearly constant for a 
series of these nuclei. Their Fig. 2 shows that the linear 
relation holds for 1— 3, 4, 6, 7, and 8 while Ne? (п= 5) 
lies about ten percent low and Be? is the more serious 
exception, with about 2 Mev less binding energy than 
required. Among the light nuclei of special interest to 
this review, the significant part of this is that the energy 
of binding “relative to alphas” shown in Fig. 3 above 
lies twice as low for O!5 (at — 14.42--0.06 Mev) as it is 
for C? (at — 7.28--0.05 Mev), corresponding to the 
fact that a tetrahedron has twice as many edges as , 
does a triangle, or that there are six bonds in the alpha- 
model of O!5, three in CP". 

This and the considerable degree of success of the 
alpha-model in accounting for assignments among the 
first few excited states of О! make it tempting to apply 
the alpha-model at least to C!? on the assumption that 
the bonds between alphas have an individual reality 
such that they are simply additive and that their 
strength is not affected by whether or not the alphas 
are subject to the forces of other bonds at the same 
time. For simplicity we, of course, also represent the 
bonds in terms of the parabolic potential of a harmonic 
oscillator. In treating only the simple dilational mode 
of vibration, we may consider a system of ч alphas 
equidistant, at a distance т, from the center of mass ina 
geometry such that there are b bonds between alphas at 
а distance а= су from each other. Then the potential 
energy of the system in dilational vibration is à 


V = (b/2) K(8a)?— (bc?/2) (8r)? (27) 
and the kinetic energy 
T= (n/2) Mi? (nh?/2M) 0?/ dr’, (28) 


so that the normal frequency is (bc?/n)*(K/M)}, the 
vibrational energy (0-4-5) times that, and the mean 
square amplitude of the zero-point vibration 


(ба?) м= (ct/nb)X(h/2) (M k) 3. 


(29) 
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These quantities are listed in Table V. There are other 
modes of vibration (W37, D40), the two we have dis- 
cussed above for О' and a similar one for С! and in 
the simple approximation, Eq. (27), which amounts to 
putting Dennisons constants b=c=0, o» and оз are 
related to the dilational frequency w; as shown in 
Table V. 

The fact that the mutual binding energy of the alphas 
is closely proportional to the number of bonds т С!? 
and О! becomes an impressive argument for the use of 
the alpha-model with the same potential for each bond 
only after one notes that the vibrational zero-point 
energy in these structures is also closely proportional to 
the number of bonds, as was pointed out by Hafstad 
and Teller (H38) and is shown in the eighth line of 
Table V. In that line is given a number proportional 
to the sum of the vibrational frequencies multiplied by 
the number of modes of each frequency, and these 
numbers are almost equal to b in line 2. This indicates 
that Be* should also have this same binding energy per 
bond if the bonds were so simple. Actually, the bond 
potential is expected to be anharmonic, and the simplest 
deviation from our assumptions which could account 
for the low binding energy of Ве’ might be that the 
anharmonicity is more important in determining the 
ground state energy of Be? than in the other nuclei 
because the mean-square amplitude of the zero-point 
bond vibrations in the dilational mode is considerably 
greater in Be, as indicated in the fourth line of Table V. 
In C" and O!, the zero-point energy is divided between 
several bonds. 

The rotations that go with these vibrations were dis- 
cussed for 075, and for С!° there is the similar symmetry 
requirement that the vibration c» is accompanied by 
one unit of angular momentum about an axis normal 
to the figure axis (W37). If the alpha-model of C?? is 
considered to be a plane figure, the moment of inertia 
about this axis is half of that about the figure axis, which 
is the same as that in O!5, if a is the same as we here 
assume. Thus the rotation energy (H38) is proportional 
to [J(J4- 1) — K?/2 ]. The consequent excitation energies 
are also listed in Table V, in units Mev, with the elastic 
constant of the bond determined by matching the 6.05- 
Mev state and the moment of inertia by matching the 
6.13-Mev state of О! Some of the refinement of our 
earlier discussion of the states of O!* is here lost by 
having put Dennison's constant b=0, but this suffices 
to give a rough indication of where the levels in the 
other nuclei would be expected to lie if the bonds were 
similar in all of these nuclei. We run into the same 
difficulty that is encountered in trying to apply the 
central model in (77) coupling to СЁ: there are simply 
too many theoretical states accompanying the first 
excited state. There is one experimental level at 4.44 
Mev and the possibility of another (that does not show 
up in all reactions (M51)) at 7.3 Mev, at most two in 
this general region. This is a qualitative discrepancy of 
a sort that is not apt to be removed by a more refined 


assumption concerning the nature of the bonds. It there- 
fore does not seem possible to apply the alpha-model in 
any simple way to СИ. 

The alpha-model might, however, be used to get us out of a 
possible difficulty with the intermediate-coupling interpretation 
of Сї, The possible level at 7.3 Mev has recently been shown to 
be probably a pair-emitting 0* level if it exists (На52, G52) Тһе 
evidence is confusing and is based on very meagre observations 
because in the (a, п) reaction in which it is questionably observed 
polonium alphas оп Ве? seem to excite the level very weakly if 
at all. If the 0* level exists, it does not seem to arise in any simple 
way from the central model (double excitation from the ру shell 
in C? being much more expensive than that Їгога the ру shell 
giving rise to the 6.05-Mev state in O'*), It might possibly be 
that the other states are mostly central model (in intermediate 
coupling) with rather little tendency to cluster into alphas, but 
that the 7.3-Mev state is mostly the dilational-vibration 0% state 
of the alpha-model. The excitation energy 5.24 Mev listed for 
this state in Table V is what would be expected above a pure- 
alpha-model ground state and might instead be 7.3 Mev above 
the actual (more complicated) ground state. This happens to be 
just below the energy required for break-up into alphas. The other 
excited alpha-model states listed in Table V might be absent 
because of falling above this energy. 


In Bé? it is not clear, as it is in С!?, that there are too 
many fairly low excited states to be ascribed to the 
alpha-model if one simply assumes a harmonic bond. 
'The number of states in the region 4 to 5 Mev is not 
experimentally certain—different experiments each give 
one state at a different energy, so there may be one, 
two, or perhaps three states in this region (where one 
solid and one broken line are shown in Fig. 1). If there 
were only one, this would be qualitatively compatible 
with the number of states in the alpha-model, the two 
states in Table V being at about 4.9 and 3 Mev, re- 
spectively, and the 4* state being at 7.5 Mev. One 
trouble with this supposition is that the harmonic 
assumption is expected to fail on the outside in the form 
of too low a potential barrier. 


The Low Barrier in the Alpha-Model of Be* 


In making a simple estimate of the barrier height we 
consider the *rotational potential," or the term which 
enters the radial wave equation of the 2* state in the 
way a potential does in a one-dimensional equation, 


Vo= L(L-+ 1)h2/4Ma2=(15.3/x2)me?, — (30) 
the Coulomb potential 
V.=4e?/a=(4/x)me?, (31) 


and the vibrational potential (harmonic term of the 
bond) 
V vin = (Ё/2)(Аа)?= 6.8(Ax)?c?. (32) 


Here we have put the distance between the alphas 
—a-x(e*/mc?), L=2, and, by assuming the stiffness of 
the bonds the same as indicated by the 6.05-Mev state 
of O!5, (А/М) = (11.8mc?/h)?, M being the nucleon mass. 
If we equate the kinetic energy of rotation at a fixed 
separation to the excitation energy of the 2.9-Mev state; 
we have Vro:(%o)=5.7mc?, or х0= 1.61, some sort of 
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average separation which we may take as an approxi- 
mate equilibrium distance. From this the effective 
potential is assumed to rise according to Eq. (32) until 
it joins on to Vott Ve; which gives the potential out- 
side the cut-off point. As the width of the potential 
hole У ль we take the value where it is equal to the 
zero-point energy, which is at Ax— 0.66, and take the 
cutoff roughly at «p= 1.644-0.66 — 2.3. This gives У(хв) 
=0.89 Mev, Vo= 1.48 Mev, or a total barrier height 
of 2.37 Mev. 


A slightly more refined estimate is made by taking into account 
the centrifugal stretching of the bond, which is one aspect of 
vibration-rotation interaction. Inside the top of the barrier, the 
bond energy is given Vod-Vyis, which includes Ve and applies 
to both nonrotating and rotating states. By equating the energy 
of the ground state, 0.17mc?, to Vo plus the zero-point energy, 
(11.3/2\) mc, we have Voz —4mc. In the 2+ state the effective 
potential is Vot-Vvin+ Vrot, and it has a minimum at a separation 
х2 greater than has the minimum without rotation by an amount 
Axı=2.25/x3. Thus at the equilibrium separation in the rotating 
state the contribution of the bond energy to the total energy is 
greater than in the ground state by V. vib(Axs) =34.4/х5. The two 
states also differ by the rotational energy (Vrot)av of Ше 2* state, 
and by the difference of the zero-point energies of the radial 
motion, both of which depend on wave functions in a detailed 
way. To avoid the use of wave functions, we assume that 
(Viota = Vroi(x2), since it is not clear whether this gives too large 
or too small an estimate, and that the radial zero-point contribu- 
tions of Vv» plus kinetic energy are about the same in the two 
states. We then equate the energy difference to the excitation 
energy 5.7т@: 

15.3/х24-34.4/х 8--5.7, (33) 


which determines х: = 1.81. This includes only the simplest terms 
whose sign is clear without recourse to wave functions, and is 
obviously only a rough estimate. From this we have A22—0.38 
and thus the minimum of the potential energy curve representing 
the bond at х=1.81—0.38 = 1.43. If now we equate the ex- 
pression for the effective potential inside, Vot Vvib+ Vros to that 
outside, Vott Ve we find that they are equal at Ахв=0.92, or 
хв=2.35, the position of the top of the barrier. The barrier 
height is 2.29 Mev, composed of V.(xg) —0.87 Mev and Уг (хв) 
=1.42 Mev. 


- Fic. 19. Schematic potential and nucleon wave 
— functions of an alpha-model of Веб... 
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‚= Though this estimate is rough, it makes it unlikely 
that the effective barrier in the 2* state is as high as 
3 Mev. There are two phenomena that might make it 
possible to have a broad virtual state approximated by 
an alpha-model but slightly above the barrier: (1) the 
partial reflection of a particle just above a barrier 
(C29); (2) a possible division of the energy associated 
with vibration into effective energy of vibration in the 
one-dimensional problem and some other form such as 
"internal" energy of the "fluid" that makes up and 
binds the clusters. The partial reflection (1) is very 
weak at energies more than a very few percent above 
the barrier. It thus appears quite unlikely that a 
reasonable alpha-model would, without quite drastic 
and complicated modification, contain a 2* state near 
3 Mev, and even less likely that it would have an 
excited vibration state 0+ at this energy or above. 

In the most recent previous treatment of these 
problems in this journal, Haefner (Ha51) has discussed 
the alpha-model both for Be? and С!°, as well as some 
other light nuclei. He does not make the questionable 
assumption of a standard harmonic bond, for which the 
principal support is the constancy of binding energy 
per bond, and thus does not try to compare diflerent 
nuclei. In C? he considers only rotational states and 
thus, by neglecting vibration, fails to find too many 
fairly low excited states. He also does not try to relate 
the spacing of states to the excitation of the first state 
of higher isobaric spin. When so few demands are made 
on the alpha-model, it looks more hopeful, even in C". 
In Веб, he gives a new treatment of the radial motion, 
based on a bond potential which has no similarity to an 
harmonic approximation, but instead includes a short- 
range repulsion and a sudden cutoff to a Coulomb 
potential, which emphasizes the artificiality of the har- 
monic form in a problem with so much uncertainty of 
position. The reader is also referred to his discussion of 
the experimental situation. More recent experimental 
results (151) on the photodisintegration of С! show 
evidence for a long-range and a short-range peak in the 
alphas from the secondary break-up of Ве* from the 
3-Mev state, corresponding to forward and backward 
motion relative to the recoil direction, and this implies 
an angular correlation such that the 3-Mev state cannot 
be 0* (as it seems to be on the basis of alpha-alpha- 
scattering), thus providing further evidence that it must 
be 2*. This is, however, not evidence for the alpha- 
model, since this assignment is expected in the (LS) 
model and in the (77) model, so also in intermediate 
coupling as in the interpretation of Fig. 8. As was 
remarked above, a partial admixture of the alpha- 
model may account for the width of the state. 

The Nucleon Coordinates in the Alpha-Model 

of Be? 


In those simple applications of the alpha-model to 
the vibration and rotation energies of the 4 nuclei, 
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we treat the alpha-model in terms of the coordinates of 
the alphas only. The coordinates of the individual 
nucleons are there ignored except in so far as they cause 
the alphas to obey Bose statistics. When we now turn 
to the discussion of the possible intermixture of alpha- 
model wave functions and central-model wave func- 
tions, it is necessary to look in more detail into the 
alpha-model, and to formulate it in terms of the same 
nucleon coordinates which appear also in the central 
model. Ве provides an appropriate example. 

In the alpha-model we make assumptions similar to 
those made in the quantum treatment of molecular 
mechanics, in spite of the lack in the nucleus of a 
physical analog of the nuclei in a molecule. It is assumed 
that the angular correlations of the positions of the 
nucleons assemble them in clusters to a sufficient extent 
that there is a preferred “‘hody-fixed” coordinate system 
whose motion may be treated as “adiabatic” in the 
sense that it is much slower than the motions of the 
nucleons within this coordinate system. The “self- 
consistent" field of the other nucleons is assumed to 
provide an effective (“Hartree”) potential defined in 
this coordinate system, and such a potential V for Ве 
with two minima is indicated in Fig. 19. The distance 
between the two minima is assumed to vary so slowly 
as to be “adiabatic,” corresponding to the vibration of 
the simple alpha-model discussed above, as is familiar 
in discussions of molecules. 

The alpha-model wave functions in Ве? are similar to 
“molecular orbitals.” They may be assumed to have 
local maxima or minima near the potential minima, 
and may be either symmetric or antisymmetric in the 
change of direction of the figure axis, or z axis. The 
symmetric one, Z,, may be assumed to have lower 
energy because its smaller slope near the center of mass 
contributes less kinetic energy than does the greater 
slope in this part of the antisymmetric function Хи. 
'These two functions, each with two spin and two 
isobaric spin projections, may accommodate eight 
nucleons, and are thus filled in Be*. 

Instead of starting a calculation with “molecular 
orbitals,” one may start with “atomic orbitals” such as 


vi~expl—(8/2)(x*+-y*) ] ехр[-— (а/2) (= а)* ], 
VacvexpL— (8/2) (*4-?) ] ехр[- (2/2) (—2)* ]- 


Gaussian functions each having a maximum at the 
center of an alpha on the z axis at a distance a from 
the center of mass. Then the “molecular orbitals" may 
be made as the sum and difference of these in the 
familiar Heitler-London fashion: 


Хүүе, 
Z~ piz Vs. 
An Elliptical Model of Be® 


In discussing the possibility that the central-model 
wave functions may be mixed with alpha-model wave 


(34) 


(35) 
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Taste VI. Schematic wave functions for Be’, indicated by 
occupation numbers of single-nucleon states. 
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functions to form a good approximation to the actual 
wave function of a system, it is desirable at least to 
point out some of the difficulties of formulating the 
calculation of such an admixture. In doing so we shall 
first describe a very interesting calculation which has 
been carried out by Wergeland (We41) and has some 
slight similarity to the sort of calculation that would be 
necessary. 

Wergeland discusses the problem of the interaction 
of two alphas by means of an application of the varia- 
tion principle in which the alpha-model wave function 
is modified by an admixture of another wave function 
which we may call an elliptical-model wave function. 
Thus he takes 

W=W y+ ХУ, (36) 


where Ya is an antisymmetric sum of products of eight 
“molecular orbitals," Eq. (35), that is, an alpha-model 
wave function which may be written as a “Slater 
determinant," and Yy is a similar wave function for the 
elliptical model, an antisymmetric sum of products of 
the anisotropic Gaussian functions 


Vas exp[ — (8/2) (*4- y?) | ехрГ--(а/2)251, 
(272223 


These functions have an ellipsoidal anisotropy, having 
two extension parameters х and В where one would 
suffice in a central model. Aside from this they are 
identical in form with the wave functions for the s shell 
and the particular и = 0 one of the three wave functions 
for the р shell. The actual identity does not go so far, 
however, because they are written in terms of the 
coordinates of the body-fixed coordinate system of the 
alpha-model. The elliptical model thus is a special type 
of “Hartree model," but bears very little resemblance 
to the central model as discussed in the rest of this 
paper, since in the latter all three of the p-shell wave 
functions are populated, and in such a way as to provide 
special correlations between spin and orbital orienta- 
tions. The elliptical model is sufficiently similar to the 
alpha-model [compare Eqs. (34) with (37) | to make 
the calculation of the mixing straightforward, and yet 


(37) 
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contains enough of the concentration about the center 
of mass characteristic of the central model to exploit 
the feeling that an improvement of the energy may be 
obtained by mixing because an actual Ве nucleus may 
be intermediate between an alpha-model and something 
more concentrated at the center. It may be noted that 
V; and y, have the same symmetries as Уу and Xu, 
respectively, of the alpha-model. The main difference 
is that уз has a maximum at the center of mass where 
X, has been assumed to have a minimum (Fig. 19). 
The variation calculation is carried out (We41) by 
varying simultaneously А, о, and В, with a fixed space- 
exchange (Majorana) interaction capable of providing 
enough binding for two separated alphas, and with 
various fixed values of the inter-alpha spacing 2a. The 
resultant minimum energy as a function 2a then gives 
an interaction potential of the two alphas, which indeed 
has а nice dip inside of the Coulomb barrier, but a dip 
with a minimum a little above zero energy (the energy 
of two separated alphas), and thus not deep enough to 
give, after addition of the zero-point energy, a barely 
unstable ground state of Be*. This still constitutes a 
very interesting treatment of the alpha-interaction 
problem. Its failure to provide a strong enough inter- 
action with a simple one-term nucleon interaction is 
hardly surprising in the light of the failure of more 
elaborate second-order calculations (with more general 
nucleon interactions adjusted to the scattering and 
saturation demands) to provide enough binding in the 
central model of nuclei like Li$, e.g., (137). The value of 
^ found by Wergeland is \~1.3, suggesting that the 
- nucleus prefers to remain somewhat closer to the alpha- 
model than to the elliptical model. The admixture is 
substantial, but the elliptical model resembles the alpha- 
model so much more than the central model that this 
result in itself may not be considered to show that the 
alpha-model approach is invalid. 


The Ground-State Wave Function of Be? in the 
(JJ) Version of the Central Model 


In order to emphasize how small a part of the problem 
of the mixture of the central model and the alpha-model 
was carried out by Wergeland, we wish to compare his 
elliptical-model wave function with the central-model 
wave function of the ground state of Be? in the relatively 
simple case of pure (jj) coupling (not intermediate 
coupling). On the left side of Table VI, the complete 
occupancy of the single-nucleon functions уз and y4 in 
the elliptical model wave function Фи, for instance, is 
indicated by the occupation numbers *1" for both 

proton and neutron, for both ұз and у; orbitals, and 
for both -- and — spin orientations. The alpha-model 


- is similar with У, and Z,. Partial wave functions for 
— the (77) model are similarly indicated in Table VI. In 
terms of them, with a prime (^) indicating interchange 

‘of proton and neutron occupation numbers, the com- 
- plete wave function of the ground state of Ве? in the 
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(77) model (in the configuration S'p;*) is 


W 5 = (3a--30— 2c— 2c'--d-4-d' — e— е7) /(30)'. (38) 


With this more complicated wave function in place 
of Wy, one could conceivably pursue a calculation 
similar to Wergeland's in order to calculate the ex. 
pected degree of mixing of the central model and the 
alpha-model of the ground state of Be*, as а simple 
example of a typical nuclear state. One might again 
allow an ellipsoidal distortion of the single-nucleon 
orbitals, but there might be more energetic tendency to 
resist this distortion, at least when one is near the 
central-model side, both because the m==1 states 
are occupied аз much as the m,=0 state [within the 
yj! states given by Eq. (22), etc. | and because the spin- 
orbit term (3) in the Hamiltonian is an important 
contributor to the energy. This is the general sort of 
procedure that we imagine when we think of a partial 
admixture of alpha-model wave functions to modify 
the properties of specific nuclear states. It may be 
expected to be energetically advantageous only when a 
fairly low state of the alpha-model is available with the 
same symmetry (that is, Л, T, and parity) as has 
the state of the central model under consideration. 

In so complicated a calculation, it is not entirely 
clear that there would be only one local minimum as 
one varies А. It might, for example, be possible to find 
a local minimum near the central model with little 
ellipsoidal distortion, and one near the alpha-model 
with much more, though this would seem a strange 
result of a variation procedure. The rise between them 
would then perhaps act as a potential barrier to isolate 
these as two essentially separate almost stationary 
states of the system, one resembling the central model 
and another at a different energy resembling more 
closely a state of the same symmetry of the alpha-model. 
The possibility of such a two-model interpretation of a 
nuclear energy spectrum has been discussed (151) for 
Li” as a result of the preliminary identification (P52) of 
the 7.4 Mev state as having J=$, the same as that of 
the ground state. (It seemed that the only place one 
can find another J=% state is from the other model.) 
While the relevant experimental measurements have 
not been completed, it appears on the basis of the 
available data that this excited state may instead have 
7= 5/2, so that such an unorthodox interpretation may 
not be required. 

If, as seems more likely, there is effectively only one 
minimum for each such problem, then it may turn out 
that some states of a given nucleus resemble the central 
model rather closely, and others of other symmetries 
resemble the alpha-model, depending largely on which 
model provides the lower state of a given symmetry- 
In this case, each variation problem provides either а 
central model state (approximately) or an alpha-mode 
state, but not both; or it might provide a state ak 
midway between the models, as we presume to be Ше 
case among the low even-J states of Ве. 
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The Alpha-Model States of Li? 


The alpha-model of a nucleus not containing 4n 
nucleons is described (H38) in terms of incomplete 
occupancy of molecular orbitals such as those shown in 
Fig. 19. The lowest state is described by saying that X, 
is occupied by four nucleons and Z, by three, or alter- 
natively that there is a Z, “hole.” The wave function 
changes sign by interchanging the positive and negative 
z axis, which is physically the same as rotating the body- 
fixed coordinate system by 180? in space, so single 
valuedness requires that the rotational function be odd, 
with rotational quantum number 1, having a projec- 
tion 0 along the body-fixed з axis, а ?Z, as it is called in 
molecular spectroscopy. Such a doublet has two com- 
ponents depending on the relative orientation of spin 
and orbital moments, analogous to a ?P in atomic 
spectra. In the interpretation given above these are 
supposed to account for the ground state and 0.48-Mev 
state, the “isolated low doublet," whose splitting is 
then largely an alpha-model characteristic. The other 
fairly low state in this model is the one described 
similarly as a X, “hole,” called a ?Z;, but like a 25 it isa 
“doublet” having only one state. If this is at about 
6.5 Mev as is supposed above, it has enough energy 
(and appropriate symmetry) to break up quickly into 
an alpha and a triton, so is expected to have short life 
and be broad, as is the state observed at that energy. 

An alternative alpha-model of Li’ would consist 
simply of an alpha and a triton, if they would attract 
each other. Its ground state would be a ?S, and higher 
states similar to ?P, etc., would arise from rotation. In 
view of the instability of Не and Be? and the large 
size of the triton, it seems unlikely that the alpha and 
triton would attract each other enough for this model 
to stick together. The model discussed above, con- 
sisting of Be? with a “hole,” is favored by the impor- 
tance of the exchange process, with resonance between 
the two positions of the “ое.” 


11. BETA-DECAY AND THE SURPRISING 
LONGEVITY ОЕ С“ 


General Situation of Beta-Decay in the р Shell 


The squared matrix elements encountered in beta- 
decays of the various elements, or their reciprocals the 
fl values, vary so widely in order of magnitude that 
one might at first sight expect to find little meaning to 
a refined factor, such as 3!, by which a calculated 
matrix element might differ between two models, or 
between (LS) and (77) coupling. Yet there is a similar 
variation of gamma-lifetimes, and once these transi- 
tions are sorted out according to their magnetic or 
electric multipole order, there is, at least among the 
very numerous magnetic 2*pole transitions, а very 
surprising exactitude with which they may be plotted 
on a straight line on the usual logarithmic plot (Go51). 
This phenomenon among the moderately heavy nuclei 
encourages the hope that matrix elements may have a 


fairly exact meaning in beta-decay, if ever we can calcu- 
late them. Attempts to compare the experimental 
matrix elements in the p-shell nuclei with those calcu- 
lated with (7.5) coupling on the one hand and with (77) 
coupling on the other, always using the wave functions 
appropriate to a symmetric Hamiltonian, have indi- 
cated no uniform preference for either coupling scheme, 
which fact, in itself, is suggestive of the prevalence of 
intermediate coupling or other such complexity among 
these light nuclei (Fe50). Yet certain facts do appear 
particularly clearly in these light nuclei. The occurrence 
of several pairs of self-mirrored nuclei in this region 
gives rise to the highly favored or “super-allowed” 
transitions in which the nuclear matrix elements are 
expected to be unity because of the great similarity of 
the ground-state matrix elements of two mirror nuclei. 
Among the polyads centered about odd-odd nuclei, the 
allowed transition Нех, with J changing from 0 
to 1, shows that there must be a strong component of 
the Gamow-Teller operator, 


WE Ж к (39) 
nucleons 

effective in the transition, and the two examples of 
0—0 transitions, С!— В! (O* state at 1.74 Mev) and 
Q''—N (0* state at 2.32 Mev), show that the Fermi 
operator, which is similar to Eq. (39) but lacks the 
factor т, must also appear. Comparison of these cases 
and others shows that the two operators must be 
present with at least very roughly equal coefficients 
(Мо51, В152). [Those discussions are based on the 
assumption that in Li the contribution of the spin- 
orbit term, Eq. (3), is not large enough to cause a 
strong deviation from (LS) coupling, which does not 
seem to be quite assured in the light of the above 
review of the energy levels, so the equality of the соећ- 
cients may be only very rough.] The existence of a 
strong Gamow-Teller term demonstrated by the Не° 
decay brings about what has probably been the most 
persistent puzzle in the study of beta-decay, the long 
life of CH, which also involves а 0—1 transition. While 
this long life has made С“ a very useful radiological 
tool for archeology because of its cosmic-ray origin in 
the atmosphere (L49), it has been considered so 
anomalous that some rather farfetched ad Лос assump- 
tions have at times been reluctantly introduced in an 
attempt to account for it, but have been disproved by 
subsequent experimental results, as has been mentioned 
in Sec. 7. 


The Lifetime of C!! as Calculated in 
Intermediate Coupling 


It has been recognized that the alternative to those 
unsuccessful ad hoc assumptions would be to admit a 
chance cancellation within a complicated matrix ele- 
ment, but the factor 109 by which the transition rate 
appears to be suppressed is so large as to make this“ 
explanation seem very unlikely, a priori. It happens 
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— that СИ is a part of the one polyad, Ру", for which we 
- — have been able to present an analytic solution to the 
“| intermediate-coupling problem in the ground configura- 
tion. This makes it possible at least to calculate whether 
— ог not complete cancellation is possible with'a reason- 
- able value of the parameter a/K. We shall show that 
t is not possible within the ground configuration, but 
the amount of configuration mixing required to 
ly the cancellation is not exorbitant. 
e energies of the three (7, 7) = (1, 0) states plotted 
Fig. 5 are derived from a cubic equation (4) of refer- 
ce (152), and from the energy matrix there given we 
) write the corresponding secular equations 


(Hu— &«)Ci4- HiC5— 0, 

HaCı+ (H— 6)Cs3- H3- 0, 

Нәбә (Ha— а) -0, 

На= Но (2/3)3а [note misprint in (152) on this 

oint], Hs:— g1-2/2, etc. Similarly for the two (0, 1) 

tates we have the secular equations 

(Ha— е)С-ЕНь=0, 
НыС--Нь— е=0), 


(40) 


(41) 


when we specialized for L=6K, they be- 
= —8K, g=3K. The C's are coefficients 


GPs 
1 Ед. (39), we 


s 
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Fic. 20. The broken curve gives the nuclear matrix element for the beta-decay of С“ on the left and of Не 
on the right. The solid curves give the fractional constitution of the ground state of №“ (and Li‘), that is, 
the squares of the coefficients in the wave function, in terms of 35, 1Р, and ?D. 


have the matrix element for the beta-transition 


f y*(1, 0) V4(0, 1)dv= (1, 01910, 1) 


=N N [CCCP] V|SP9)H- G51| V| 559) ] 
= ММ Из5{ (Has/ H2) [ (H3— &)/ (H44— e) | 
x (V24/Va5)+ 1}. (43) 


This sum has only two terms because of L orthogonality, 
since the interaction operates on the spin and isobaric 
spin only, not on the space coordinates of the nucleons. 
'There 15 а similar reduction of the number of terms, 
because of orthogonality in M r, when we evaluate the 
two terms of the matrix of V in Eq. (43) using the 
expansions: 


Ja V(1P1) = P(a8— Bo) (vr — 7v)/2, 
з= (351) = S" (ao) (vx — ть) /2?, 


у= (Po) = LP188— P*(a-4- Ва) /2% 
+ Pace ]»»/3!, 


(44) 


Ws=W(4S0) = S°(aB— Bo) vv/2}. 


Here we write two-nucleon wave functions to represent 
two holes in the р shell, on the assumption, to be 
justified in Appendix III, that holes behave as do 
nucleons in beta-decay as well as in energy matrices. 
We use a spectroscopic notation such as Р! for I Lor 
УрМь, the a and В are the usual Pauli spin functions, 
у and т are analogous functions for isobaric spin, ап. 

within each product of two of these the first factor 15 
associated with the first nucleon and the second with 
the second. There are three equal matrix elements Of 
the form, Eq. (43) corresponding to the three states 


1) 
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M s=1, 0, or —1 associated with J=1. It suffices to 
calculate with any one of them, and we select M ;— iin 
writing and working with Eq. (44). 

The wave functions, Eq. (44), are used to calculate 
both the matrix elements Н; and V;;, and the arbitrary 
choice of phase thus does not, of course, affect the final 
result. The same is true of the sign convention in the 
well-known operator 


Ві)" [Go m) (jt 1am) Ју", 


which is used with Z-!/4/"— my". Examples of this 
operator as we use it are Їс-21, I*b—2a, їс+В 
=stB=a, Ип=и, etc., with positive square roots. We 
abbreviate J,-iJ,=J*, itij=i+, and the combina- 
tions of them with which we operate on the wave 
functions are 


(l-s)=3('s-+Fs*) +L. (45) 
from Eq. (3), and from Eq. (39) 
720 = (++i) (sti sit 2sk). (46) 


The relevant beta-decay matrix elements are then 
Va= (РИ V| 3P) =3-КЕ/8) 
X [(a8— Во) (ит ть) | Dorrit | BB wv] 
— 3 (8/8) [(аВ— Bo) (ут— ть) | aBxv— Baye ji- 
-—3-gi-, (47) 
and similarly 
Vas= GS;| V| 15) = gi-. (48) 


In verifying the spin-orbit elements Hj. and И» as 
given above, one further specifies 5°= 3-1(ac--ca— bb), 
Pi-2-i(ab—ba), etc., in Eq. (44). Thus in the first 
term of the last number of Eq. (43) we find 


(Н5/ Нз) ( Vi/ V5) = X (49) 


the sign being definitely positive. This is multiplied in 
the first term by the ratio of two expressions, each of 
the form (e;— H;), and they both have the same sign 
because in solving secular equations of this sort one 
always obtains a lowest root lower than the lowest 
diagonal matrix element used, and we are here dealing 
with two lowest roots (ground states), e;. Thus there 
is no opportunity for the two terms in Eq. (43) to 


cancel one another, so it appears from this calculation 


that the long life of СЧ may not be attributed to acci- 
dental cancellation within the matrix element here con- 
sidered. Since there appears to be no other possibility 
within the framework of our present interpretation of 
nuclear structure and beta-decay (in the approximation 
in which we neglect configuration interaction), it is 
important to examine carefully all the assumptions in- 
volved in the determination of the relative sign of the 
two terms in Eq. (43). This is done in Appendix III. 
One must be careful because questions of phase some- 
times arise when transferring from wave functions of 
particles to those of holes, and it is shown there 
explicitly that there is no change of relative sign in 
transferring the beta-decay matrix elements from par- 
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ticles to holes if the wave functions are those which give 
the usual change of sign in the more familiar transfer of 
the matrix of l-s from particles to holes. 

Although there is no cancellation between the two 
terms in ground-con^guration matrix element, the de- 
tailed nature of the coefficients in the wave functions do 
provide a little tendency to make the lifetime of СЁ at 
least slightly longer than would without calculation be 
expected, by a factor of about 10 which is only a very 
small part of the factor 10° needed. This comes about 
because the ground state of МИ, well out in intermediate 
coupling to the left of the value a/K~—3, contains 
almost 90 percent of *D, only a little more than 10 per- 
cent of 5 and !P combined. The behavior of the squares 
of the coefficients in the wave function is shown by the 
three full lines in Fig. 20. The interesting sudden cross- 
over in the vicinity of a/K — —2 is to be compared 
with the close approach of the two low (1,0) energy 
curves in Fig. 5. 

The cross-over of the 25 and *D contributions is to 
be understood this way: without the influence of non- 
diagonal matrix elements, the 5S and 20) energy curves 
in Fig. 5 would follow their sloping (LS)-coupling 
asymptotes as straight lines which cross each other 
near а/ K = — 2, and further to the left the lowest (1, 0) 
state would be a pure *D following this straight line а 
little above the actual line drawn in Fig. 5 and a little 
above the (77) asymptote, while to the right of o/K = —2 
the lowest (1, 0) state would be a pure 25. The influence 
of the nondiagonal terms is to mix the two'(LS)- 
coupling states quite completely where they came quite 
close together, in the region of the cross-over, and to 
mix the states only to a limited extent elsewhere, almost 
none at all in the vicinity of a/K —0 where the non- 
diagonal elements vanish. 

The effect that this suppression of the beta-decaying 
3S and !P components has on the matrix element is 
indicated by the broken line in Fig. 20, which gives 
(1, 0| V|0, 1)/ Уз from Eq. (43) with Eq. (49), that is, 
the nuclear matrix element relative to the 15—25 transi- 
tion. For most of the region of a/K that is expected to 
apply to Py" it has about one-third of the value that 
it has in the region appropriate to Py5, and the square 
of this nuclear matrix element gives a factor 10 in the 
lifetime of C relative to Не. 


Other Possible Sources of the Cancellation 


Since the required cancellation does not occur in the 
ground-configuration matrix element with charge-inde- 
pendent central interactions, and there remains a factor 
10 in the lifetime of С“ to be explained, the question 
arises what modification of our assumptions could 
permit sufficient cancellation to occur, and whether the 
modification would invalidate our intermediate-coupling 
interpretation of the ground-configuration states as a. 
plausible or useful approximation for other nuclear - 
properties. 


vy c. ваљњ 
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"TABLE VIII. Spin-orbit energies of the electron con 


figuration р? in the Mz, M s representation. 


Ms 
mi ms mi та nmi с ms . Mr Ms Enim. =Z(I-s) у AMLMs A/a Mr i 1/2 3/2 
1 + 1 - 0 + 2 i 0 2р,0 0 2 1 0 
1 + 1 - -1 + 1 i 0 *D,0 0 1 2 0 
1 + 0 - 0 + 1 1 Ga 0 0 3 1 
1 3b 0 18 —1 + 0 3 0 45,0 


If we depart from the charge-independent Hamil- 
tonian by introducing the Coulomb interaction we do 
not introduce any new contribution to this matrix 
element, for this still leaves J, Z, and 5 conserved. The 
only state with the same J that could be admixed is 
the (J, Т)= (1, 1) state from the *P, but this is not 
admixed because it has а different (7,5) from any of 
the (LS)-coupling states contained in the ground state. 
'The introduction of a tensor interaction also fails to 
admix any effective states of the ground configuration. 
Because a two-nucleon or two-hole wave function is 
purely symmetric or antisymmetric in space and the 
tensor interaction is symmetric, there is no mixture 
of the P multiplets with S or D, so the only non- 
diagonal matrix element of a tensor interaction is 
between the $$, and the 3D. This would appear in the 
first equation of (40) but we used only the third in 
showing there is no cancellation, that is, it is only the 
ratio of the terms in the wave function 55 to !P and not 
of these to *D that matters, so this tensor matrix ele- 
ment does not affect this result. (The influence of that 
nondiagonal tensor matrix element on є affects the 
detailed curves of Fig. 20, but not the lack of cancella- 
tion in the ground configuration 97.) 

"Thus we are forced to look to configuration mixing as 
a source of the apparently fortuitous cancellation that 
makes the lifetime of СН so long. We may conveniently 
formulate the configuration mixing thus: 


V(1, 0)= a [ска CS)-- eps (IP) - eos (D) ], 
V0, =. | вафс(5)--4ра @Р)], 


where the summation index a indicates successively 
each of the configurations 9725, p 3f, 97:43, 97555, etc., 
including many higher configurations. The beta-decay 
matrix element that must so nearly vanish is then 


(1, 0| V|0, 1) 2 [esad s« CS] V | S). 
-cepadps(VP|V|*P).]. (50) 


We have seen from Fig. 20 that cs; and cp; are each 
roughly equal to cpi/4, and that their signs do not 
permit the two leading terms of Eq. (50) to cancel one 
another. If, for example, only one other configuration, 
a= 2, should contribute, it would be possible for Eq. (50) 
vanish with |cs2|~¢s:/2~cp:/8|ds2|~dsi/2, and 
ilarly for the subscripts P, or, as a second possibility, 
[eso] &6517 01/4, ds2~dsi/4, if the matrix ele- 
like (2517 |15). do not depend strongly on the 


(49) 
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subscript. In the second possibility the mixture from 
the excited configuration appears with an amplitude 1 
or a probability 7с relative to the leading term of each 
wave function. It is the probability rather than the 
amplitude that measures the modification of some 
properties of the state, such as magnetic moments. 

'Thus we see that it is possible for configuration 
mixing to provide the fortuitous cancellation without 
destroying the validity of the ground-configuration 
representation of the state as a valid approximation. 
Whether the fortuitous cancellation is not a priori so 
unlikely as to make it seem to be an unacceptable way 
to account for the long lifetime is another question. 
А factor 1/300 is needed in the matrix element. If the 
configuration mixing is just of the order of magnitude 
required, the probability that the cancellation should be 
so exact is somewhat more than 1/300. There are of the 
order of perhaps several dozen beta-transitions with 
J-values well enough known that an accident of this 
sort would have been recognized as troublesome. The 
probability that such an exact cancellation should have 
happened in any one of them is of course much greater 
than 1/300, and, indeed, not so improbable as to make 
implausible ап otherwise acceptable interpretation of 
nuclei which requires this to have happened. 


CONCLUSION 


From the foregoing review we see that the situation in 
the р shell is more complicated than we might have 
hoped. An attempt has been made to outline the nature 
of the complexities as far as this can, at present, be 
done, with the expectation that this beginning may 
serve as a useful guide to further investigation, both 
experimental and theoretical. The type of agreement 
found between theory and experiment is such as to 
provide some indication but not very convincing proof 
that the intermediate-coupling interpretation is correct. 
The fact that the intermediate-coupling parameter 0 
has been freely varied to fit the empirical needs of the 
various polyads, and that the range of variation about 


the rough mean value |2/К|--5 has become rather 
wide (from 3.7 in Py” to 5.6 in Рун) as slight ine 
he uncomfortable 
ight have been 
tially correct. 
and К шаг 
t be 


ments have become possible, leaves t 
feeling that such an array of rough fits m 
arranged even if the theory were not essen 
The variation of the energy parameters @ 
vidually is also disturbing. Surely the theory mus 
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TABLE IX. Further spin-orbit energies in the nucleon configuration Р. 
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looked upon as exploratory and subject to verification or 
disproof by the accumulating evidence of further experi- 
mental assignments of quantum numbers as they in- 
crease in number and certainty. A propitious beginning 
of such verification has been made. The best that can 
be hoped is that the theory will merely have to be 
modified, and that the necessary modifications will be 
indicative of the more detailed nature of nuclear inter- 
actions, both specific and spin-orbit. 

The reason for the peculiar behavior of the lightest 
p-shell nuclei, and the nature of the transition from 
these to the heavy nuclei, is here left in urgent need of 
further study and more detailed understanding. The 
intermediate-coupling interpretation is the most natural 
extension down toward light nuclei from the successful 
(j7)-coupling interpretation of the heavier nuclei, but 
its lack of spectacular and detailed success, even if that 
could hardly be expected, leaves one with some feeling 
of reservation concerning the general approach. Just as 
is sometimes said of other unfinished endeavors (such as 
the “majority plan" in the United Nations for the 
international control of atomic energy), we should 
perhaps stick by the approach we have already de- 
veloped until something better is presented; but may its 
existence and its shortcomings stimulate the search both 
for improvements and for something better and more 
clearly acceptable. 

In conclusion, there comes the opportunity to thank 
many colleagues for the help provided by their remarks 
on these varied subjects. They include Maria С. Mayer, 
Dieter Kurath, and Eugene P. Wigner for discussions 
and for communication of theoretical results before 
publication, Louis A. Turner for suggestions concerning 
parts of the presentation, Thomas Lauritsen and Fay 
Ajzenberg for sending preliminary sheets of the latest 
edition of their very valuable review of the experi- 
mental data, and William W. Buechner, Anthony P. 
French, Harry W. Fulbright, and Denys H. Wilkinson 
for communication and discussion of recent experi- 
mental findings. 

APPENDIX I 


Multiplet Splittings in Ру’ 


Without the slight complication of isobaric spin, the 
calculation of multiplet splitting energies by trace in- 


variance is familiar. In the three-electron configura- 
tion £^, by way of example, the permitted multiplets 
are first found to be ?D, 2Р, and 55 by counting the 
numbers of sets of electron quantum numbers for each 
Мь, Ms, as listed in Table VIII, and the spin-orbit 
coupling parameter А for each multiplet is then calcu- 
lated by trace invariance as in the right-hand columns 
of this table. It is remarkable that in this particular 
configuration all multiplet splittings vanish in first 
order. For three nucleons, when they each have the 
same charge with, say, m,— 42, the same calculation 
applies. Thus for the nucleon configuration f? there are, 
among others, three 7—2 multiplets (which we denote 
by an asterisk), ?D*, *Р*, and 555, each with zero 
multiplet splitting. 

In Table IX a start is made of listing the allowed 
states having Мт= >. Aside from the T=} multiplets 
already mentioned, these also require the T=} mul- 
tiplets °F, *D, ?D, *P, *P, *P, and 55. In Table IX it is 
calculated by trace invariance that each of the first four 
of these have A=a/3, which suffices to show the 
method, and the table carried one step further shows 
that the sum of the A’s for the two 2Р5 is (2/3)a, 
which is all that this method of trace invariance can 
show. A detailed calculation of the ground-state wave 
functions (838) shows that for the ground 2Р we have 
A=a/3, so this must be true for the remaining ?P аз 
well. Of course, А has no meaning for the 55 and 25 for 
which L-S- 0. 

APPENDIX П 


Nuclear Quadrupole Coupling in Polar Molecules 


The sign and magnitude of a nuclear quadrupole 
moment Q are in most instances measured only in- 
directly through the effect on molecular energy levels 
which depend on the product of 04, where 4 is the 
quadrupole coupling constant determined by the dis- 
tribution of electric charge in the molecule. The calcu- 
lation of 4 is difficult and in many cases unreliable 
because it depends on taking a difference, and sometimes 
a relatively small difference, between positive and nega- 
tive contributions representing the competing effects of 
electronic charge and the charge of the other nucleus. 

Although molecular binding forces are expressed in - 
terms of "exchange forces,” it must be remembered 
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Fic. 21. Schematic charge redistribution in one of the ions of a 
polar molecule, and the terms of the potential which contribute 
to the calculation of the quadrupole coupling constant 4 at its 
nucleus. 


that these are nothing but the result of making a 
quantum-mechanical average .of the Coulomb inter- 
actions of the electrons and nuclei which constitute a 
molecule, and that the forces acting on a nucleus within 
the molecule are entirely electrical forces (aside from 
very small magnetic forces). It is important not to 
confuse the question of stability of а molecule at а 
given internuclear distance R with the question of the 
force acting on a nucleus, or the potential effective on 
the parts of the nucleus as it alters its orientation. In 
making this distinction, let us neglect zero-point vibra- 
tion and consider a nonrotational state, so the molecule 
may be assumed to be at rest and in equilibrium at a 
constant internuclear distance. The equilibrium depends 
‘on the fact that, if А should be altered, the energy of 
the molecule would be higher after the electrons had 


readjusted their rapid motions to fit this adiabatic 
change. The total energy of the calculated ground 
state of the molecule, plotted against R, has a minimum 
at the equilibrium value of К. This statement says 


nothing about the electric potential in the vicinity of 


eus is sitting at the top of a potential hill, but never 
ff because the hill changes its height every time 
eus moves a little. The electrons which de- 
e height of the hill are governed in their 
position of the nucleus. In a first-order 
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treatment of hyperfine structure, which is a relatively 
small effect, we assume that the electrons are not 
appreciably affected in their motions by the orientation 
of the nonspherical nucleus, and thus use a potentia] 
function in this calculation. The “hill” is level on top 
or the valley is level at the bottom, as the case may bd 
(that is, there is no electric field acting on the nucleus 
so that it may remain unaccelerated in its equilibrium 
position) but the sign of the quadrupole coupling con- 
stant 4 is negative or positive depending on whether 
the potential function is a hill or a valley, in the profile 
made by cutting along the internuclear axis z. 

The charge distribution of a diatomic molecule has 
rotational symmetry about the z axis, and the potential 
in the neighborhood of a given nucleus resulting from 
all charges outside of (an arbitrarily small sphere sur- 
rounding) that nucleus may be described, in the light 
of the Laplace equation, by the derivatives 


83V /дд?= 02V /0y? — — 49? V /ð2?, 


2 


that is, essentially by 9?V/0z?, the first derivatives 
being zero because of the equilibrium. The nonspherical 
nature of the nucleus is defined by its quadrupole 


moment 
0- я (=): 


protons 


where zp and rp are proton coordinates in the nucleus, 
with the z, axis the preferred one along the nuclear 
angular momentum, which in this section we tradition- 
ally call Г (elsewhere J). With Г oriented along the 
z axis of the molecule, the two coordinate systems 
coincide and the orientation energy is 


є=2е У) (4202ү/9:24-у 02 / ду’ z20* V /02)u 


protons 

=te >> (222— 02— у?) мд? /92° 

=1е09°//922=1е00, 
€ being proton charge. In the orientation normal to this, 
with z, along x, one obtains e= — (9/8 (after using the 
symmetry of the nucleus about zp). The quadrupole 
coupling constant g as here defined, q= 0?V /0z^, agrees 
with the definition usually used in the experimental 
analysis (F45), 


eg — f dej(32—r5)/ri^ 
which is equal to 


f de;0?r ;1/ 02;7. 


In the case of a diatomic polar molecule, such as LiCl 


and the other alkali halides, the molecule may be 
5, апа ап 


tial at the 


assumed to consist essentialy of two ion 
important contribution to the electric poten 
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Li nucleus, say, is the Coulomb term = — e/r arising TABLE X. Observed sign of 00 for various nuclei in various 


from the charge of the negative Cl ion. We shall show 
that one may plausibly conclude that this is the pre- 
ponderant term in determining the sign of q. 

If the ions remained unpolarized (spherically sym- 
metrical), V; would be the only potential acting on the 
nucleus and the nucleus would be accelerated by an 
electric field Ел. The field to annul this must be supplied 
by polarization, and, since polarization forces are com- 
paratively short-ranged, this must come primarily from 
the ion in which the nucleus is located. The simplest 
model for polarization would be to consider that the 
nucleus moves away from the center of a uniformly 
filled sphere of electron charge, but this is too simple. 
In the Thomas-Fermi approximation to atomic theory, 
for example, it is known that the electron density in- 
creases toward the center, and correspondingly, there 
is a tendency for the nucleus, if displaced, to carry the 
electron density in its immediate vicinity along with it. 
As a simple model intended to describe this effect, 
with a discontinuity replacing a gradual change, let us 
consider that the polarization of the positive ion (for 
example) is accomplished by moving the nucleus and 
all the electron charge within a sphere of radius а about 
it bodily to the right, as sketched in Fig. 21, by appli- 
cation of an imaginary constraint. In this step we have 
introduced no new electric force acting on the nucleus: 
the total force of all the electrons in the positive ion on 
its nucleus remains zero, because the nucleus is at the 
center of a spherical distribution of charge and, at 
the same time, inside of a spherical shell, each of which 
makes zero field. In this step, we have, however, piled 
up the charge in the region of overlap and thus made it 
necessary to occupy high energy parts of momentum 
space in one crescent-shaped segment, and have left 
another empty. If we relax the constraint, the most 
marked readjustment to this inequitable situation is 
expected to be that some of the charge from the over- 
lapped segment will settle in the empty segment. 
Electrically, this readjustment is roughly equivalent to 
placing a positive charge, let us say e’, at about a 
distance a to the right of the nucleus, and a negative 
charge —e’ at about the same distance to the left. The 
corresponding equivalent charges and potentials are 
shown in the lower part of Fig. 21. 

The electric potential caused by all other charges 
(the electron cloud and the other nucleus) at and near 
the nucleus of the positive ion is the sum of three terms, 
which along the 5 axis are 


Vi(z)- —e/(R—2), 
V«(z) - e/(a—), 
V3(s) = —e/(a4-z). 
The z components of: the corresponding electric fields 


are E;— —dV ;/dz, and from the vanishing of the total 
electric field at the nucleus we have = E;— —E2, 
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in the approximation in which the similar polarization 
of the other ion is here neglected. Thus the two polar- 
ization terms in the electric field have the same sign 
and combine to annul the ionic term. 

Among the corresponding contributions qi= 0? V ;/877 
to the quadrupole coupling constant q, the two polariza- 
tion terms annul one another in this approximation, for 
q2= — qs, corresponding to the fact that the curve result- 
ing from e' is concave upward and the curve resulting 
from — e' is concave downward in Fig. 21. This leaves 
the quadrupole coupling q= 4: with the sign determined 
simply by the sign of the charge on the other ion, 
corresponding to the downward curvature of the curve 
due to —e in Fig. 21. Thus q is in this approximation 
expected to be negative at the Li nucleus and a similar 
treatment of the polarization of the other ion makes it 
positive at the С! nucleus in the molecule LiCl, for 
example. 

This oversimplified approximation is of course only a 
beginning of a calculation, intended to give some initial 
insight into the quadrupole coupling process, and it is 
gratifying that it does seem to have a simple corre- 
spondence with the observed results. The next higher 
terms in such a calculation may be of two types. First, 
there are those involving a difference in the curvatures 
gz and дз, which might be troublesome, being indi- 
vidually larger in magnitude than the presumably 
dominant term qı Бу a factor R/2a, because of the 
shorter range а in the equations q»— E»/a, etc. These 
are essentially higher approximations in the treatment 
of the polarization of the ion caused by the application 
of the constant field E. Second, there are the effects of 
the ionic distortion caused by the derivatives of Ey, 
that is, Бу qı applied to the electrons, and their sub- 
sequent effect on the nuclear orientation. Since Ei 
curves downward in Fig. 21, the corresponding potential 
energy for electrons curves upward and the electrons 
tend to shun the z axis, concentrating slightly near the 
xy plane. This makes the electric potential acting on 
the bulges of the nucleus lower in the xy plane, opposing 
the direct effect of the downward curvature of E, to 
make it lower along the z axis. The electrons thus tend 
to shield the nucleus from 41. 

Note added in proof.—The extent of this shielding is 
being investigated by Foley and Sessler (according to- 
a private communication). By a spherical-harmonic 


TUM д 
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expansion of the potential applied to an atom and a 
perturbation-theory expansion of the statistical atom, 
they estimate that the shielding can be as high as 90 
percent. | 
The consistency of the experimental results seems to 
indicate that these higher order effects still leave 41 
dominant in determining the sign of 4. The measured 
signs (1,052) of the products qQ are shown in Table X. 
The sign of О, deduced from the rule that the sign of д is 
the sign of the charge on the other ion in the case of the 
alkali halides, is also listed. The (77) configurations are 
listed. In the case of 117, where the (77) model appar- 
ently does not apply, Q is expected to be negative on 
any reasonably simple model (essentially because the 
configuration p° is near the beginning of the р shell), 
and it is very gratifying to have the experimental 
evidence in favor of this expectation, since this was not 
clear earlier when the evidence depended on an un- 
certain calculation of q in Li». 

Recent results (F52) show that 4 at the С! nucleus 
in KCl is very sensitive to vibrational quantum num- 
bers, so presumably to internuclear distance. This 
suggests (Du52) that the molecule is not quite com- 
pletely ionic, and that a small admixture of a non- 
spherical 2р-! shell in Cl contributes very significantly 
to q, so that the variation of the admixture with inter- 
nuclear distance may account for the variation of q. 
The р electrons in Cl tend to overlap with the other 
atom to contribute some valence binding, and the 
corresponding sign of the quadrupole polarization of 
the atom makes a negative contribution to 0, opposite 
to the contribution of the charge of the positive K ion. 
The small atomic admixture to the К ion (or the Li 
lon in LiCl, etc.) involves an s electron so does not 
appreciably affect q at its nucleus, so our conclusions 
concerning Qr; are unaffected. | 

'Тһе signs of Q listed for К, Rb, and С! ате also in 
keeping with expectations based on the theory of 
nuclear structure, negative at the beginning of a sub- 
shell corresponding to an orbit spread out ‘in a flat 
distribution near a plane normal to J, and positive for 
proton “Во]ез” near the end of a subshell. In the cases 
of Na? and Cs!9 we do not have such a simple possi- 
bility with just one proton or “hole” in addition to 
closed: subshells, so the shell-model expectation is not 
so clear. The Na? configuration is complex enough that 
anything could happen, but in this case Q has been 
measured (by F. Bitter ef al., private communication 
from P. Kusch) to be positive by an atomic method not 
involving the uncertainty of a molecular 4. This gives 

us our only direct verification of the signs here deduced. 
The Cs! configuration listed should have positive 0, 
being nearer the end of a subshell, but the higher pairing 
energy (M50) of the competing nucleon level Jj; 
— would favor the configuration /11/24g7/2, which woulp 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


INGLIS 


For the polar molecules, a more physical argument 


may be given leading to the same picture of polariza- 
tion of the ions, and not involving the temporary 
application of imaginary constraints. When an ion 
containing only closed electron shells begins to overlap 
with another ion, one may expect the angular factor of 
the electron distribution, originally isotropic, to begin 
to be affected by admixture of higher configurations 
(electrons being partially excited to higher shells) in 
such a way as to move electrons away from the region 
of overlap and over to the far side of the ion. This sug- 
gests that in case of modest overlap, the angular re- 
distribution is most important near the outside of the 
ion and the parameter a in Fig. 21 should be approxi- 
mately equal to R/2. In this case the curvature of the 
individual curves involving e’ is about equal to that of 
the ionic term and higher approximations (such as the 
existence of radial as well as angular redistribution) are 
not apt to be more important than the terms already 
discussed. 

Purely classically, one may describe the same effect 
by thinking of the balance of electric forces. The two 
ions must attract one another electrically, either in the 
unpolarized or polarized approximation. Thus some of 
the matter in each ion is accelerated toward the other 
ion, while the average charge distribution remains 
fixed. There is a reciprocal flux of electrons between the 
ions, which in their effective z motion come to rest on 
the far side of the ion and start back. It is their rela- 
tively low probability density in the region between the 
nuclei, where their z motion is rapid, and high density 
in the region where they come to rest that provides the 
polarization of the ion which we have described. 

The signs of 40 for the homopolar molecules Гл», etc., 
are also listed in Table X. Here the calculation of the 
sign of q appears to be more difficult because q is zero 
in the approximation corresponding to the one we have 
discussed, there being no simple Coulomb term from 
the charge on the “other ion." The deviation from 
spherical symmetry of the separate atoms is influenced 
by the symmetry of the electron wave function in the 
space coordinates and the consequent tendency for the 
electrons to concentrate in the region of atomic over- 
lapping between the two nuclei. This effect appears to 
predominate, for it gives the negative sign observed 
for q in the alkali molecules, but it has to compete with 
the effect of the penetration of one nucleus into the 
initially spherical screening charge distribution of the 
other atom. It is perhaps gratifying that the effect 
predominates which sets in first as the atoms begin EO 
overlap, but in an actual molecule the result might be 
expected to be a fairly delicate balance between Ён 
positive and megative contributions of electron an 
nuclear charge. That the balance is not extreme y 
delicate is suggested by the consistency with which E 
homopolar value of q agrees with the value at the 
nucleus of the positive ion in Table X. 
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APPENDIX III 
Transfer from Particles to Holes in the Theory of Beta-Decay 


A convenient notation for calculations of beta-decay and other matrix elements is to list terms in a wave 
function according to entries of nucleons as 1, rather than 0, in a little table with rows and columns labeled with 
the quantum numbers of the substates of the р shell as follows: 


D E | 0 | 201 4 | 5. edly: 
3 m=] 3 -a [a -a | a «вав | ав 

р. 1 0 0 © 0 772 a 0 0 

-4 0, 0502 10810 С т | об G 


Of course one need not bother to write the labels of the rows and columns in calculating. A “term” indicated thus 


| 15 understood to be antisymmetric in exchange of the nucleons, and normalized. In our previous notation, the 
| "term" given in this example is 


(abe Bvz — baBamv)/2i— 


This is a two-nucleon “term” applying to Li*, and the ten-nucleon “term” of № associated with this one according 
10 a generalization for nucleons of the systematization used by Condon and Shortley (C35, p. 284) in their treat- 
ment of the matrix of 7-5, is 


which has the same value of Mz, M s, and Mr. The nucleons are numbered in standard order consecutively from 


left to right across the upper row and then across the lower row, in the first term of the antisymmetric sum of 
products implied by this symbol. 
The first line of Eq. (44) can be written 


Va V(LP3)) =8-Каб— ba) (aB— Bo) (vx — т») 


uO O (07-10 @ Oo Oo O tl @ @ 010000 [001000] 


Il 
NS 


000100 и (000000 001009. (01700001 


and for ten nucleons we have for this !P; state and correspondingly for the 251, the *P, and the 15, states, respec- 
tively, the wave functions 


1 d E d 
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Here the sign has been changed (C35, р. 285) of each ten-nucleon “term” having odd M z, from the sign of its 
- two-nucleon counterpart, for reasons which we shall see presently. 


A .. "Thus we have, for example, 


with only one term because the operator s* on the spin function а of the first nucleon gives zero. The corresponding 
examples for ten nucleons are 


ПП ke ea А! 


УУ 
it de 1 


Here the number of effective operations in the sum is limited because the antisymmetry gives zero if more than 
one nucleon is recorded in the same space, and the only effective operation is one that changes the seventh nucleon 
from af to ba, with no change from the standard order of nucleon numbers. Thus the relation between the corre- 
sponding terms is the same in the two-nucleon and ten-nucleon cases in these examples and continues similarly 
(C35) for ай the operations involving lts- and /^s*, which change M z by one unit. The change of sign introduced 
into the wave functions for “terms” of odd M z, as mentioned above, makes the contribution to the matrix element 
have opposite sign in the two cases, in keeping with the familiar fact that the spin-orbit coupling energy for two 
holes is the opposite of that for two particles. In the operations involving ? 1.5, the summation gives the opposite 
sign in the ten-nucleon case from the two-nucleon case, a familiar fact which constitutes the most elementary 
part of the theory of holes. Thus the matrix of У1-$ has opposite sign for particles and holes. 
_ The beta-decay operator works somewhat differently. We have, for example, 


100000 ( 4) Ot OO () ab qq 1 9 00 
its- =0; Их p , 
0 (0-0) tt @ © fio o 0 (0 0 0080100100 


ts =— 


the two-nucleon case which has а nonvanishing result, а neghtive sign appears because the second nucleon has 
en moved by the operation into a position where the first nucleon should appear in the standard order, and a 
rmutation introducing a negative sign must be affected before the symbol implying standard order may be used. 
imilarly in the ten-nucleon case, the effective operation moves a nucleon, in this case the ninth, upward toward 
eright to put it ahead of an odd number of other nucleons, in this case three, placing it where nucleon number 
{ x should be, and an odd permutation is required to get it back where it belongs in the standard order (so as to 
match a term in the other wave function appearing in the calculation of the matrix element). The two two-nucleon 
terms operated upon in this example differ from one another only in an interchange of neutrons and protons, and 
ys appear together in the wave functions we consider, the same being true of the two ten-nucleon terms, 50 the 
tor acting on the sum of the two terms has just the corresponding effect, including the same negative sign, 
е two cases. The generalization of the theorem here illustrated involves showing that the permutation to 
compensate the operator always has the same “parity” in the two cases, essentially because one fills in places 1n 
table in adjacent pairs when filling up the shell from the particle case to the hole case. 

this theorem is sufficient, we may complete the explicit demonstration of a lack of cancellati 
L ts of the operations involved in calculating the four crucial matrix elements: 


о [ric dC uds 0 ae D 
+ + 
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11111147 ЇГ Л НЫ | rus fd M 
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О о 101101, {i ПСО 


Here the dots indicate that terms have been omitted having the wrong Мт. The matrix elements are 
(5,| Н' | P)/a (уз, EL- so) = — (2/3), 
Ро] H' | 150) /а= (JA, Ууз) = 23, 
ӨР |У| P3)/g— (Ws, > т„ту»)= = 3-515, 
QS, V[*8)/g- (Vs, 227405) =. 
The ratio of the first two divided by the ratio of the last two is +1, just as it appeared in Eq. (47) as calculated 
for the two-nucleon case, and this is the sign which gives no cancellation in the ground-configuration beta-decay 


matrix element to the ground state of Рун. With the arbitrary phases of the 78 chosen so that the nondiagonal as 
well as the diagonal matrix elements of H’ have the opposite sign, those of V have the same sign, for holes as for 


particles. 
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1. INTRODUCTION 


MONG classical field theories, the theory of gravi- 
tation, also called general relativity theory, oc- 
cupies a somewhat peculiar place. Unlike most other 
field theories, the field equations of relativity theory are 
nonlinear. This implies that many facts, well known in 
linear theories, have no analogs in general relativity 
theory, and conversely. The equations of motion of the 
gravitational field are contained in the field equations, a 
fact which does not apply for the motion of an electron 
in the electromagnetic field. Conversely, it is difficult 
to define the notion of a “wave” in relativity theory, 
for the linear principle of superposition is crucial for 
the existence of waves, at least in the sense that the 
notion of a “wave” is normally used. 

Since the gravitational field manifests itself in the 
motion of its sources, the problem of finding the equa- 
tions of motion is of fundamental importance. This 
problem has been puzzling theoretical physicists for a 
long time, and more or less convincing solutions have 
been given on several occasions. Today, the problem 
can be considered as solved, but the attempts and partial 
solutions are scattered over a variety of journals and 
over a long period of time. Thus, it is the object of this 
review article to summarize the methods that lead from 
the gravitational field equations to the equations of 
motion and to outline the physical implications of those 
methods. In addition, we shall discuss here some ampli- 
fied aspects of the general methods which have grown 


mainly out of the personal association of the author . 


with Dr. Infeld and the correspondence of the latter 
with Dr. Einstein. Although this article does not aim 
to consist entirely of original research, it will be found 
that many parts are presented in a way not published 
heretofore. In addition, the contents of Sec. 5 and of 
parts of Sec. 6 are believed to be original. 

The plan for this review is as follows. After a brief 
introductory section on the notation and the principal 
contents of general relativity theory, the reader will 
find an exposition of the Einstein-Infeld-Hoffmann 
method. The aim was to give enough material of the 
calculations so that a reference to the unpublished notes 
deposited at the Institute of Advanced Studies! is no 
longer necessary. This is especially the case for the 
discussion of the two-body problem in the following 
section. Then the methods of integration of the differen- 
tial equations of motion are studied and a new way is 
presented by which this aim can be achieved. The 
influence of the coordinate conditions and of general 

1 Einstein, Infeld, and Hoffmann, appendix to Ann. Math. 39, 


66 (1938), unpublished notes deposited at the Institute for Ad- 
vanced Studies, Princeton, New Jersey. 
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coordinate transformations upon the equations of mo- 
tion are also investigated. Subsequently, the possibility 
of gravitational radiation of moving bodies in their own 
field and the possible reaction of such radiation upon 
their motion is discussed. Finally, a review of the at- 
tempts 15 given of generalizing the Einstein-Infeld- 
Hoffmann method to other field theories than that of 
gravitation. 

It is hoped that this review will be found to be a 
useful summary of the work done on the question of 
gravitational motion during the last twenty years, and 
а suitable basis for carrying research into the yet 
unknown. 


2. NOTATION 


This paper will use extensively well-known facts of 
tensor calculus and general relativity. Unfortunately, no 
over-all accepted notation has been established so that 
it is necessary to list the notations and abbreviations 
which will be used. 

We shall represent the four-dimensional time-space 
continuum by the coordinates 


011412 3 
XU a 


where x? denotes time, the others the three space- 
coordinates. Since time often plays a different role in 
physics than the other three coordinates, we shall use a 
specific notation as follows. Wherever x^ is written with 
a Greek index, it is understood to represent either time 
or one of the space coordinates. On the other hand, if 
we write x" with a Lalin index, we mean by this that 
x" is one of the space coordinates only. This convention 
is extended to all indices such that a Greek index as- 
sumes the values 0-3, a Latin index 1-3. 

We denote differentiation with respect to a world 
coordinate by a stroke. Thus, for any entity T we have 


Tia 9Т/дх=. (2.1) 


We shall further denote the metric in the continuum 
of the x*'s by the ten functions 


&ав(Х®)= gaal”). (2.2) 


Then the length of the world-line x^— £^(/) is given by 
2 dé d£? 1 
s= f |> варе | а. (23) 
: 1 а8 dt dt 


Furthermore, we shall use the summation conven- 
tion. In an expression containing entities with indices 
(any kind) or power exponents, it is understood that 
one has to sum over the whole range of any such symbol 
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that appears twice. In cases where we want to consider 
one single term only, although a symbol of the above 
kind appears twice, we shall use brackets in order to 
indicate that the summation convention does not apply. 

"There is no unique way for assigning to a particular 
world point a set of coordinates a?. We could equally 
well take another set of numbers x?* (with the same 
properties as described above) for describing our world. 
The passing from one set of coordinates to another one 
is called а coordinate transformation and may be ex- 
pressed mathematically in the following way: 


oP = /8(х9), (2.4) 
The starred and the unstarred "systems" of coordinates 
represent the same four-dimensional universe and in 
both the length of a line must be expressible according 
to (2.3). 

Tensors are entities satisfying the following trans- 
formation law under a coordinate transformation (2.4): 


9х“ ðr” 


Fin 


907 (2.5) 
дхи дх8 


The quantities gag form a tensor, the metric tensor of 
the world. We may define the contravariant metric 
tensor g^? by the equation 


1 for «зу 


Lange? = E (2.6) 


0 for «жү. 


With the help of the metric tensor we can rise or lower 
indices of any tensor: 


Bag] *— Та; em Т“. (2.7) 


A set of functions y4(x^) defined in all points of the 
world is called a “field.” A is an index running from 1 
to JV, N being the total number of algebraically inde- 
pendent "components" of the field at one world point. 
The components of the field (also called field variables) 
are subject to a set of functional relationships 


L3(y4)=0; B=1---N (2.8) 


which are termed field equations. They can be expressed 
as the Euler Lagrangian equations of a variational 


principle 
6 |] Ld‘x=0 
y 


taken in the domain V, where the field equations are to 
be satisfied. 
The field variables of general relativity theory are 
the components gag of the metric tensor of the world. 
nstead of gag one could equally well use any linear 
binations of them or also the components of the 
1с tensor density 


(2.9) 


Gap=(—g) ав. (2.10) 
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One also could use the contravariant entities instead of 
the covariant ones. 
The field variables in relativity theory are Subject 


to the following nonlinear field equations (see references 
2, 3, 4) 
(88-40, (2.11) 


The notation is chosen as follows: 
(a) Christoffel symbols 


М 
| |ва tam" с]. (2.12) 
UK 


(b) Covariant derivatives 


l : l 
ИЕ: + MEN 
po 
(2.13) 
p 
DENT ea =] pones 
no 
(2.14) 
(c) Curvature tensor 
5 12 р р g 12 g | 
«Ч АДАЛ ев 
м), dAk)n (oU LAK exl х! 
Каву? = Кау К=& Ков; (2.16) 
Gag Rygg —ZRg. (2.17) 
The field equations (2.11) are equivalent to 
Rapa. (2.18) 
The field variables satisfy the Bianchi identities 
Кеву. 80-Е Rgoy 3; |- Кө«ү.*,в= 0. (2.19) 


The latter are а geometrical property of the metric 
tensor and thus are closely connected with the postulate 
of the general covariance of our theory. y 

A trivial rigorous solution of the field equations 
(2.18) is the flat Minkowski metric тав. If we choose the 
units of space and time so that the velocity of light 1s 
equal to 1, the Minkowski metric may be represented by 
the following matrix: 


li: ооо 
72205 ^ ES E Al (2.20) 
| @ © @ =й 


The Minkowski metric represents the empty space 
2P. С. Bergmann, Introduction the Theory of Relativity 
(Prentice-Hall Inc., New York, 1942). t 
ЗА. S. Eddington, The Mathematical Theory of Relativity 
(Cambridge University Press, Cambridge, 1923). Cosmology 
4R. C. Tolman, Relativity, Thermodynamics and Со 
(Oxford University Press, London, 1934). 


vily. 
vily 


logy 
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3. THE DIFFERENTIAL EQUATIONS OF MOTION 


It has been recognized some twenty years ago by 
Einstein and Grommer’ that in general relativity theory 
the equations of motion follow from the field equations. 
Earlier, it was assumed that a “geodesic principle” 
governs the relativistic motion of bodies. By this one 
understood some generalization of the fact that a small 
body in the gravitational field of a big one moves along a 
geodesic line of the “external” field. This is a similar con- 
cept as in Newtonian mechanics where the field equa- 
tions are completed by the equations of motion, that 
is by putting the acceleration of each particle equal to 
the negative gradient of the field due to the other 
particles present. Thus, the geodesic principle would 
play in general theory the role of the equations of 
motion. 

When it became known that the relativistic equations 
of motion are contained in the field equations, it had 
to be questioned how the geodesic principle, whose 
validity for sufficiently small particles in a large field 
was all but established, could be fitted into the new 
scheme. This problem has been investigated by Infeld 
and Schild. These authors were able to show that the 
geodesic principle (for sufficiently small particles) can 
be deduced from the field equations, and that it is not 
necessary to postulate it separately. 

In order to obtain the relativistic equations of motion 
from the field equations, one has to recur to an approxi- 
mation procedure. This is due to the fact that the mo- 
tion of the sources cannot completely be determined 
unless such effects as spontaneous emission of radiation 
are specifically excluded. This exclusion is accomplished 
by assuming that all the motions are "slow" in the 
sense that differentiation with respect to x? reduces the 
order of magnitude of the term concerned at every 
stage of the approximation procedure. 

An outline ef this procedure was given for the first 
time by Einstein, Infeld, and Hoffmann in 1938.17 
Shortly thereafter there appeared an improved treat- 
ment by Einstein and Infeld. In these first attempts 
there remained some ambiguities and logical difficulties 
unsolved. Later, however, the theory was developed 
further and a completely new treatment was given by 
Einstein and Infeld in 1949.? The method of Einstein 
and co-workers has been modified by Ни and Papa- 
petrou! so as to treat the masses present in the field as 
extended sources instead of as poles. Whereas this 
treatment saves some labor when it comes to the actual 
calculations of the equation of motion, it seems that 
the Einstein-Infeld-Hoffmann method is simpler from 


5 A. Einstein and J. Grommer, Sitz. Berl. Akad. Wiss. 1927, 1 
( 5L. Infeld and A. E. Schild, Revs. Modern Phys. 21, 408 
1949). 

у sem Infeld, and Hoffman, Ann. Math. 39, 66 (1938). 

5 А. Einstein and L. Infeld, Ann. Math. 41, 455 (1940). 

? A. Einstein and L. Infeld, Can. J. Math. 1, 209 (1949). 

1? N. Hu, Proc. Roy. Irish Acad. 51A, 87 (1947). 

WAS Papapetrou, Proc. Phys. Soc. (London) A64 57 (1951). 
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a logical standpoint, especially if the later amendments 
to that method are used. 

In order to perform the approximation procedure, 
the field variables are split into a part representing the 
vacuum and another representing the deviation from it. 
Accordingly, they are written as follows: 


бай, ав Ла, (3.1) 
бш nt fas, (3.2) 


where Лез is not assumed to be small. It turns out to be 
convenient to replace the Ws by the following linear 


combinations: 
naan да. (3.3) 
The original field equations are as given in (2.11), 
but one may take any linear combination? hereof. 


According to the choice (3.3) of field variables, it will 
be convenient to choose the following field equations: 


inen’ Ras) — 0. (3.4) 


Yag = Йав— 


—2(R4,4— 


Introducing everywhere the y’s instead of the h’s, one 
can write Eq. (3.4) in the following way: 


Фоо --2Ао = | 


Фал -Е2Ав„һ =0 >, (3.5) 
pne 
where 
Poo = — 06] ss J 
фот = — Yom es + 0108 


(3.6) 
фљһ= — Жк н жа Ynsims— ni 


and 

2 oo — Ysrjsr + 2300 

2Aom = Yms|s0— Yoojmo T 2A 05 р 
43.7) 

2Amn= — Yomion— "Yonj0m-1- 2ômnYosjos t Ymn!00 


— Ónn'Yo0001- 2À mn 


In these formulas, all the linear terms are written 
out explicitly, while A’,, stands for all the nonlinear 
terms in the y's. 

With any function F.: one can form the integral 


1122: 
5 


over an arbitrary closed surface S that does not pass 
through any singularities of F. In Eq. (3.8) 


(3.8) 


(3.9) 


71,7 cos(x, n) 


are the components of the normal unit vector to the 
surface. The words “normal” and “unit” are used in the ^ 
conventional sense to designate the corresponding 


454 : Aw Er 


functions of the coordinates which are implied by these 
terms in Euclidian geometry. 

Tf one takes as F the left-hand sides of the field 
equations (3.5), one ends up with (since the surface 
integrals of ф vanish) 


$ Apnd S= 0, 
5 


Aea A: 


(3.10) 


which imples 

Panin =Q; (3.11) 
The aim is to develop every function /(х®) into a 
power series in 1/c=): 


f(x) = Хо f+" fred Ataf. (3.12) 


The left-lower indices indicate the order of the term. 
Tf the function f varies quickly in space, but slowly in 
х0, then one is justified in not treating all its derivatives 
in the same fashion. The derivatives with respect to x° 
will be of a higher order than space derivatives. One 
can formalize this procedure by introducing an auxiliary 
time 

(3.13) 


meme 


so that derivatives with respect to / can be treated on 
the same footing as the space derivatives 


}в=д]/дз%=д]/дт X Mf M. 


In other words, the “stroke” differentiation of a quan- 
’ — tity with respect to x° can be replaced by the “сотта” 
i differentiation with respect to т if the power of A= 1/c 
with which this quantity is associated is simultaneously 
raised by one. 

With this notation, the y’s may be developed into a 
power series as follows: 


Yoo= X zYyos- M Yot A’ eyoot--- (a) 
Yom= M зу Ah Yont -- - (b) $.(3.15) 
Ymn = M Yma HA? Yan 17 (c) 


The start with different powers of ХА is an assumption 
which can be justified heuristically. It will be seen that 
Eq. (3.15) leads to a possible solution of the field equa- 
" — tions. It is, however, possible to retain all the terms in 

“| Eq. (3.15), instead of only alternating powers of А. 
- This would lead to solutions analogous to those in 

= electromagnetic theory representing radiation. It is for 


(3.14) 


—— — this reason that one calls the omitted terms in Eq. (3.15) 
= “radiation” terms. 
Going back to the field equations (3.5)-(3.7), one can 
ntroduce the y’s into the latter in their power series 
levelopment. Spontaneous radiation is excluded by the 
sumption that all the y’s vary slowly in time and 
ickly in space; in other words, by assuming that all 
” f such а type that Eq. (3.14) applies. Thus, 
o. Eq. (3.5)-(3.7), the field equations are 
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split into the following equations for each approxima- 
tion step 
2x—2900-- 221—299 = 0 (a) 


21—190n-l- 221—105 = 0 (b) +.(3.16) 
2kÓ mnl 22k mn =0 (с) 


Letusnow assume that 2y00* * * »1 4005 3Y0m" * * 3k-3 Yom: 
and 4Y¥mn***2k—4Y¥mn are all known. Then Eq. (3.16), if 
solved will yield әх _>үоо, sx-iYom, 2ŁYmn; and if such а 
procedure converges, one can determine the field to 
any approximation desired. The structure of the equa- 
tions indicate that one really can set all the odd terms 
in Yoo, Ymn and the even ones in Yom equal to zero. This 
amounts to taking "zero" as solutions of Eq. (3.16) for 
half-interger 855. 

There are, however, at every stage of the approxima- 
tion procedure the conditions (3.10) and (3.11) to be 
satisfied. It can be shown that the divergence condition 
for ф (3.11) is automatically satisfied in each approxi- 
mation step. On the other hand, the surface conditions 
(3.10) are not generally satisfied; they are the condi- 
tions which lead to the equations of motion. 

'To start the approximation procedure one has to 
solve the following equations: 

27/00, ss — 0, (a) 
(3.17) 
— 3 Y em, ss + 3'Y0s, ms = 2760, 0m- (b) 


The character of the entire solution will depend on the 
choice of the harmonic function one takes as a solution 
of (3.17a). The term yo, is the gravitational potential 
as one would find it if one were to use Newtonian theory 
instead of general relativity theory. Since one is in- 
terested in a solution representing р particles in the 
Newtonian approximation, one has to write 


p 
2Yo—2€; e-—95,(—24m*y); (3.182) 
А=1 


Ay= {(х®— АХ®у(х®— 4X9))-1— (4r)3. (3.18b) 


Here, ^r is the “distance” in space of a point from the 
Ath singularity. Now, introducing 2700 into (3.17b) and 
again obtaining three equations for the three functions 
sYon, one observes that the latter is only soluble if the 
Ams are constant in time. Only then the conditions 
(3.10) are satisfied for that stage of the approximation 
procedure. 

Going on, one observes that at every step of the 
approximation one has to solve equations of the type 
of Eqs. (3.16). Since one has the surface condition (3.10), 
Eqs. (3.16) are consistent only if one has 


4 2100,7. dS — к 1 Со= 0, 
SA 


$ РА: = 2 С» = 0. 
54 


(3.19) 


(3.20) 


L- 


he 


| Digitized by Агуа Samaj Foundation Chennai and eGangotri E: 


GRAVITATIONAL MOTION 455 


| 
| 


Herein, $4 is representing a surface around the Ath 
singularity. If S4 would not enclose а singularity, then 
the surface integrals in (3.19/20) would be trivially 
zero. The A's in Eqs. (3.19/20) are already known. Thus 
it is likely to happen that the C's in (3.19) and (3.20) 
are not zero, so that Eqs. (3.16) cannot be integrated. 
However, by adding single poles to the previous y’s 
one can insure the integrability of Eq. (3.16b), and by 
adding dipoles the integrability of Eq. (3.16c). It is 
easily seen that adding poles to the original solution 
24—2^Y 00 


2k—2^Y 00 2k—92^Y 00 — 4 2k—2^ m Ay (3.21) 
changes »; 14Со into 
21 11 Cg 2114 Co— 43, уйт. (3.22) 


Similarly, if one replaces 5; гүр (containing the addi- 
tional poles) by 


2k—2,00— 21—2700— 22245, AW, r (3.23) 

(i.e. adding dipoles), ;;4C,, is changed into 
АС a C зА. (3.24) 

Therefore, it can be made zero by choosing 
о. (3.25) 


Ву proceeding in this way, one accumulates single 
poles and dipoles; the additional expressions in yoo are 


>> NE (Ao. 5471 Ay4- 5.04.5, Ay, :) 5 (3.26) 


However, since negative masses are not known, gravita- 
tional dipoles have no physical meaning. Thus, one has, 
at the end of the approximation procedure, to annihilate 
all these additional dipoles by taking 


es Sc (3.27) 
Differentiating this twice yields 
У, S48, = Y XC, 0. (3.28) 


"These are the 35 differential equations of motion of the 
kth approximation. 

One may impose at every step of the approximation 
procedure four coordinate conditions in the form of four 
nontensorial equations involving the field variables. 
The fact that this is possible is due to the existence of 
four (Bianchi) identities between the field variables. 
The coordinate conditions if properly chosen, may be of 
considerable help if one is going to actually carry out 
the calculations of the approximation procedure. 

One may notice that the field equations (3.16) would 
permit that arbitrary multipoles be added to the у’ 
at every step of the approximation. The integrability 
conditions for the subsequent step, however, fix what 
multiples have to be chosen and make, for given co- 
ordinate conditions, the solution unique at every step 
of the procedure. 
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4. THE TWO-BODY PROBLEM 


Let us now apply the procedure outlined in Sec. 3 
to the task of finding the differential equations of mo- 
tion of the two-body problem. For the actual calcula- 
tions it will turn out to be convenient to assume the 
following coordinate conditions 


2k-17 08, 5— 2x—1 60,07 0, (a) | 


(4.1 
(b) 


2k^f mn, в = 0. 


The solution of the first approximation corresponding 
to Eq. (3.18) becomes for the two-body problem 


пи=2; е= —20m^j—m*y), (а) 


1 
y [(*— Y*)(x*— У ]i2 —, 
УГ | у’ (b) (82) 


1 | 
Геи =, | 
22 (c)! 

Y*, Z* being the coordinates of the two bodies. This 
solution determines the character of the entire solution 
for the field equations. 

For going on, one needs the explicit forms of all the 
occurring A's, g's, etc. It follows from Eqs. (3.1) and 
(3.2) that 

goo= 1-Н А? shoot Лео", (a) 
Вот — № somt NS semt- 7, (b) (4.3) 
Етп = ЛА” ahma M inn у (с) 
and similarly 
goo= 1+)? AHA / 9 ----», (a) 
gin M OMEN gam 91.44) 
gnn— — бы А" EM hn -- =, (с) 

Therefore, from Eq. (4.2) 

Hoo= Ф, (4.5) 
2/ тал Фбял- (4.6) 

The general property (2.6) of the metric tensor 

allows one to express all the contravariant //s by the 


covariant ones. 
Thus, one obtains 


200= — фу = —shot ve, (4.7) 
hm = mo; "= 50, (4.8) 
pen —Ómna9; ms — hima себп. (4.9) 


Moreover, one observes that generally 4°" contains 
zħom only linearly, so that one may write 


2°" = hom terms not containing shom. (4.10) 


The next step is to write down the field equations 
explicitly in terms of the h’s. They are already split 
into terms denoted by А and $. The ó's are already“ 
found explicitly, and the A's may be represented in the 
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following way 
Aoo= 51004-51, (a) " 
Аот= Lom, (b) + (4.11) 


Ann Lmn— „е0 Гос (c) 
with 


21,0 = 2 ово, — Nssjoo 


-2(168Г00, 87) «+ 20r? [0o, 81) о 


Ее 


2Lon = — 20° л, В) 20 то, В] о 


о (4.13) 


2Lmn= — ltonjom— homjon + P m n|oo 


— 2 (hie? Emn, B ])i«- 2019 то, В)!" 


E |... 


"The next step is to insert the power series for all the 
ls into the above equations. Then one can split the 
latter into corresponding equations for every power of A. 

The result is, if one uses the coordinate conditions, 


SCHEIDEGGER 


Starting now the calculations of the field varia} 


А les 
one has to solve the following equations: i 


2700, ss = 0, (а) 
3'Y mn, вв 0), (5) (4.19) 
AYmn, s3 = 211722 (с) 


It is convenient to introduce here a slightly new 
notation by putting 


e-ftg f-—2' mW, go—2*m"y. (4.20) 


Equation (4.192) has been solved already to yield (4.2), 
Using the coordinate condition (4.1) one obtains there- 
fore 

зҮйл”-4(т Y 74-?m 27). (4.21) 


The surface integral (3.19) vanishes; thus the next 
step is to determine 
1 
же === 
4т Jı 


1 
АС = $ 24 А.П 103. 
4m Se 


If one wishes to finish the approximation procedure 
here, the differential equations of motion of the 4th 
approximation are 


2,Л,,,,45, 
(4.22) 


23Aom=0, (4.15) 
2 ICm=0; #Cm=0. 4.23 
24А "= — 3Y0m,0n— 3Y0n, omt 20mn €, со 5 ў ( 
ааа Р | (4.16) Therefore, all one has to do is to calculate those sur- 
: : “a e -~ face integrals. The result of this calculation is 
24А0 = —36,5 €,» (4.17) 2 : 
1C (7) 2 4 un(Y--1g m) — 0, 
25Nom = Q,s 3'Y0s, т €, sm Yo 3 9, 0 Ф, m (4.18а) Ї ( ) _ ) (4.24) 
2¢Amn= — s'Yom,0n— 5/0, 0m-l- Ómn 4Ү00,00 £Cs (7) - 4*m(Z" F3 f, и) —0, 
A where 
Ym mn 38,mm = 77 
TEES CCS Pay р. со № 2-0 ep pO EE E 
— Q9, mn 4'100— ©, mn AY set P, ms 4 па а : < 
ў d y These are the equations of the Newtonian approxi- 
FG, из 4¥ms— Onn, sr 4Ysr— 20, s 4Ymn, s mation of general relativity theory. 1 
i Newtonian approximation, 
оооу За, In order to go beyond the New 
оу оаа Mare one has to calculate уум». It is to be found from the 
—10 п «Үзэл”-30, n 4Y00,m— ZE, m 4700, n equation (4 25) 
тт, з8— 24А тп: л 
136550, s AY rr, i 30550, s 47700,5 ics 5 К 
is 5% 'These equations are integrable only if one assumes 
Ou Pa . (4.185) Newtonian motion in the lower approximation. Other- 
-]-2sY0s 3Ycs, mn |- 30mn aY0s, г 3'Y0r, з wise one would have to add dipoles. Yet if one wishes to 
211) proceed only to the sixth approximation, one may EA © 
mn 8007 Yos, Ев т ЗҮ», п these additional dipoles since they do not influence i 
+ sYom, ЗҮйн, з — P, 0n ЗҮйт”- Ф, 0m 3Y0n surface integrals. Thus, the solution for 4Ymn 13 in 
neighborhood of the first singularity, 
+26mn 37089, 08 — 9,0 3'Y0m, n m! 7mYVn 
Kp LES OE угу 
— €,0 3'Y0n, m Ф, п 3'Y0m,0— €, m 3Y0n, 0 Oen у) ло (eEo7— 272" 
+20 s'Y0m,0n-l-2 93'Y0n, 0m — 2Ó mn ФФ, 00 Ч” Z")Zn— 84. (x*— 25)8 1), 
+2099, "з— Фф,т €. n ял ФФ. €. (7/4), mf n+ (7/4)?778, в, n 20) 
E T $Ónae, о $, 0- 3F Omnf Bmng: (4. 
EC à СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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2) 
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4) 


26) 
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The last two expressions are determined by the co- 
ordinate conditions and are found to be 


Omn=2Y"Y "+ бб Вл", 
2 (4.27) 
7-10)) g=g(r); r-(Y:—z92)(Y:—z»). 


Moreover, sy; can be calculated rigorously. The result is 


4Yss= — 2 m 17, ду 2?m?r oo (7/4) c-ref4-Bg (4.28) 
with 


«=2Ў*ў+--1; 8-2ZZ:5f. (4.29) 


Now, the next field equations are 


4700, rr = 24Ào97— — ЗФ 5€, s (a) 


b'Y0m, sa = 25Аот= Q, 5 


37704, m 
(b) (4.30) 


— Ф, sm 30:—ЗФ‚ 09, m 


УҮтл, ss = 26А mn. (с) 
The solution of (4.30a) is simply 
a'Yco— —$ p — 4am W— 44? gy. (4.31) 


One knows from the general theory that the arbitrary 
harmonic functions have to be determined in such a 
way as to make (4.30b) self-consistent, that is, the cor- 
responding surface integral must vanish: 


1 


— Ф (25A'— os. 4700, om) 1,,d. — 0. 


= (4.32) 


The next step is to calculate the зуо.. Including only 
relevant terms that can enter into the equations of 
motion of the sixth approximation, one obtains near the 
first singularity 


Yom= — (7/4) "rf. mf „УЗ Үе 
(0:9) (7—25) fg m 
— (gn— Yv)(Y*—29)fg., 
+43(@*—V) f 24 g+  (7—Y7)] 
+(@'— Y9) fg Zn4- f. E") + aon f. (4.33) 


Again ао» is determined from the coordinate condition. 
The result is 


Оп — Y Y SY n--gY »— gZ. (4.34) 


One has to insert all these values for the field variables 
into the expressions for cA, and to calculate the surface 
integrals 


1 
6Съ= ми (4.35) 
dr. 
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The result of this calculation is 


JC, =—4'm wl (22:22 | 


хө 2т тү д(1/7) 
—4ў'7'—4- 2-1 - 
7 rj ӘҮ" . (4.36) 


СА (Zn — Y")--3Y "Z:—4ZZ"] 
ду" 20Y'0Y7o0y^" 


Thus, the differential equations of motion of this stage 
of the approximation procedure are 

МС. А Cm O (4.37) 
It is possible to absorb the parameter А by changing the 
units of mass and time. The final result of the 6th ap- 
proximation is, then, 


гийг T ү т mw d(1/r) 
= (2 4ҮЗ2"-4---5 ) 


r iJ дү" 
"y xs зай! 22290) 
-F[4Y *(Zn— Y ")4-3Y "Z:--3Z:Z7] 2 
д 5 


1 or 


-——7'7 Ч (4.38) 
2 9ҮгдУлдүл 

The equations of motion for the other body are obtained 
from that one above by an obvious substitution. These 
differential equations can be integrated as will be shown 
in the next section of this paper. 


5. INTEGRATION OF THE DIFFERENTIAL 
EQUATIONS OF MOTION 


If one is to integrate the differential equations of 
motion as found in Sec. 4, one has to keep in mind that 
the latter were found by an approximation procedure. 
Thus an exact integration of the differential Eq. (4.38) 
does not yield exact equations of motion. It is, therefore, 
reasonable to assume a similar power series develop- 
ment with respect to the parameter А for the Y, Z as 
this was done for the y’s. Then, in order to solve the 
differential equations of the sixth approximation, one 
needs to take into account in Y, Z only terms up to the 
power A5, for the higher order terms are not contained 
in the differential equations anyway. 

Robertson? has integrated the differential equations 
of motion for the two-body problem (4.38). He ас-. 


2 H. P. Robertson, Ann. Math. 39, 101 (1938). 
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counted for the fact that the solution can be accurate 
only up to the 6th order by simply omitting in the left- 
hand side of (4.38) all terms of any order higher than 
Newtonian. The result is that up to the sixth order in Х 
the orbit of a double star in general relativity theory 
differs in its secular behavior from the classical orbit 
only in an advance of perihelion equal to that which an 
infinitesimal planet, describing the same relative orbit, 
would undergo in the field of a star whose mass is the 
sum of those of the two components of the double star. 
The fact that the differential equations of motion are 
solved by an expansion of the coordinates of the par- 
ticles into a power series of the parameter Х (1.е., the 
same parameter with respect to which Einstein, Infeld, 
and Hoffmann's approximation procedure is per- 
formed) suggests that it might be possible to tie together 
the two approximation procedures. The notion of 
accuracy "up to” a certain order, intuitively conceived 
above, can be formulated mathematically by a specific 
notation. Let us take any field expression 


aS (5.1) 


(e.g., <= Ф, C) where the dots stand for indices. The 
left subscript indicates that one considers the 2kth 
approximation of S. 5 may depend on terms containing 
У, 7 (both together denoted by X), i.e., the coordinates 
of the two sources in the two-body problem. If one 
introduces into such a field quantity motion up to some 
approximation, 2,5 will not be of the 2&th order; for 
one observes 


зы 5 (0X +2X) = sS (0X) - 


9 


(5-5):Х4--.-, (5.2) 


OoX 


which shows that 2.5(oX-+-2X) is really an expression 
containing terms of the 2kth and higher orders. 

However, if one wants to keep all the terms of the 
2kth order in a certain equation involving S’s, then 
these do not only originate from 2,5, since the lower 
orders of S combine with the higher order of X to yield 
terms of the order 2k. Therefore, it is impossible to 
split an equation containing such S’s depending on 
the X’s into \-terms before the development for the X’s 
is inserted. Thus, if one desires to have an accuracy up 
to all terms of order 2, one has to write the expression 
for S as follows: 


tS oa X), 


the square brakets having the meaning that one has to 
take the sum of all the terms up to the denoted order. 
It is possible to reformulate the approximation 
procedure by use of this notation. The field equations 
are up to the 2kth order 


— вы офи tok 2t Ap 0X) —0, Ч) 
b qi11dom (12—X) + 2t Aon (ra X) = 0, (b) (5.4) 
гы m 1-4 X) +221 Amn (i-a X) —0. (c) 


(5.3) 
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For k=2 those equations are identical with those f 
k=2 in Sec. 3, since there is no difference between the 
equations “up to” and “of” the second order. Thus the 
beginning of the procedure is identical with that in 
эеси: 5 

Let us now assume that one has solved the Eqs. (5.4) 
up to the order 2k—1. The next equations to be solved 
are then Eqs. (5.4) as they stand. These equations are 
solvable only if one assumes that the surface conditiong 
(3.19) and (3.20) are satisfied. Thus, the integrabilit 
condition for (5.4b) leads to the adding of poles in Tn 
previous y, whereas the integrability condition for 
Eq. (5.4c) determines the new corrective terms in the 
serles expansion for the motion; for, these integrability 
conditions are 


$ нада 045 = вы (вы. (5.5) 
5 


Written out more explicitly this is 
aSCm(eX + + + ea X) 
+ 6SCm(oX +--+ on6X)+- С, (9X) —0. (5.6) 


Since the corrective functions 2,-;X appear only in 4C, 
Eqs. (5.6) are of the second order. One has thus a pro- 
cedure whereby the motion is determined step by step 
to а higher accuracy. 

The version of Einstein, Infeld, and Hoffmann’s 
approximation procedure presented here has been 
suggested by Dr. Infeld. It is from a technical stand- 
point considerably simpler than that of Sec. 3 involving 
the dipoles. However, it should be noted that theoreti- 
cally this new version tells one less than that of Sec. 3. 
The method of Sec. 3 uses physical notions such as 
dipoles whose annihilation, again a physical procedure, 
yields the equations of motion. The present method 
exemplified by Eq. (5.6), however, adjusts the correc- 
tive terms in the motion so as to make the equations 
consistent. Thus, it is seen that one is completely tied 
up with the representation of the motion in a particular 
coordinate system, which is not so satisfactory. 


6. COORDINATE CONDITIONS 


We have mentioned on several previous occasions 
that one can change the gravitational equations of 
motion in form by changing the coordinate conditions. 
Tt must be expected that the different solutions of the 
field equations thus obtained can be transformed into 
each other by simple coordinate transformations. Ths 
question has been studied by Infeld and Scheidegger- 
Earlier it had been shown by Einstein and Infeld? цн 
the most general solutions of the field equations D 
can be obtained by rejecting the coordinate cond! 


—— 1). 
зт, Infeld and А. E. Scheidegger, Can. J. Math. 3, 195 (1951) 
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Lions are 
» — 
k~2Y00 = *—>'үоо (a) 
* 
ь-ГҮ0т = к—1Үот^Г 16, т (b) (6.1) 
KY mn = KY mnt kûm, nt kd п, т 


— бал йг! Ômn в 1400 (©) 


апа 
КҮтп = kV mat kbm, п ram ge be: (a) 
KY00 = KYo0+ kbr, r (5) (6.2) 
ььГҮст = к-тҮст-Е kjiUo, mF kbm. 05 (с) 


where the functions ae, а» and bo, bm are arbitrary. 
We shall prove here that it is possible to obtain the 
solutions у? from the y’s by a suitable coordinate 
transformation. 

А general coordinate transformation is given as 
follows: 


xP = а(х") = T(x). (6.3) 


Thus, the task is to calculate the transformed y’s which 
can be done straightforwardly starting from the trans- 
formation law of the metric tensor 


Eus = Tp Py Epo: (6.4) 


When applying Eqs. (6.4) one has to be careful that 
one takes the same world point as argument in all the 
functions which occur. Thus, in addition to the tensorial 
transformation (6.4) one has to perform inside the g’s 
a substitution of the variables x? by x?' according to 
Eq. (6.3). 

In conformity with the general methods of the ap- 
proximation procedure one has to expand the metric 
tensor gag into a power series with respect to the 
parameter A. However, now all the terms instead of 
only alternating ones have to be kept. 

Furthermore, it was assumed in the original solution 
that the motion of the particles is “slow” which made it 
necessary to introduce the “‘comma-differentiation” for 
Eu. It is natural to require that the motion remains 
“slow” in the starred coordinate system. Thus one has 
to assume that the derivatives of Т^, too, are subject 
to the “comma-differentiation.” Therefore, the trans- 
formation of the metric tensor represents itself as 
follows: ; 


fias = df ihe aei о gie ngos 
== ite, ofl ngro t Ao) IN) 1800) 


1 
тш = ЛУ 2179, ors IN 2179, 0805 


HT” „Т с.о Т „Т coc, (6.5) 


1 
хааг - Ba Ts o£rs1- 219, oT *, ogos + IN 01°, 0800- 
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Equations (6.5) apply quite independently from 
whether for T an expansion in Х is used or not. 

Furthermore, one observes that in the usual solution 
the lowest terms different from zero are of the order M, 
apart from constant ones og457 743. It will be convenient 
to confine oneself to coordinate systems where this same 
property holds. This means that in every coordinate 
system which is admitted for consideration, one has the 
flat Miskowskian metric as a first approximation of the 
gravitational field. This restriction of the coordinate 
transformations is justified by a remark of Papapetrou!* 
who has proved that a change of the coordinate condi- 
tions will never affect the Newtonian approximation of 
general relativity. Thus, one is justified to assume that 
the coordinate transformation T^ differs from the 
identity transformation only by terms proportional 
to №: 

Tea ati fe; 822. (6.6) 

As the indices 0 and £ have to be treated differently, 
one has to distinguish between two cases. 

(a) Only the space coordinates are transformed by a 
single transormation of the order А, 


w= Т'= х" +N T(x), (а) 
(6.7) 
ee (b) 
If this is inserted into Eqs. (6.5) and everything ex- 
pressed іп y’s, one obtains | 
КҮтл = kYmn t Ôm, И Е (а) 
(b) (6.8) 


kplYOm = kpiYOm— kI" С. (c) 


Ы 
КҮов — кҮсо— k1” s, 


One observes that only the kth and higher approxima- 
tions are influenced. 

(b) Only the time coordinates are changed by a single 
transformation of the order №, 


P= То x EMT (x5), (a) 


(6.9) 
25022 (5) 
In а similar way the following occurs: 
ынта" = ау тя na Го (а) 
Kon. = Yont LT”, л, (b) (6.10) 


роо = kpiYco-t- Tc. (с) 


By combining the cases (а) and (b) arbitrarily one 
obtains the most general coordinate transformation 
within the restrictions imposed here. Thus one may, for 
instance, consider the following combination: 


ата" EAT, (а) 
P= Te. (b) 
м А. Papapetrou, Proc. Phys. Soc. (London) А64, 302 (1951). 


(6.11) 


(рэг СА tib. sim 
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This yields the following transformation of the Y's: 
k-1Yom = k-iYon-l- T, m (a) 
КҮтп Күн бин rL" a — kI" n 
— pT” mH бин к—11°,с› (b) (6.12) 
күш = кҮсо— kT" stro (с) 


which produces the formulas of Finstein and Infeld 
quoted in Eqs. (6.1) if one sets 


pm — klm, (a) 
А 3 (6.13) 
xaT? =ь 16. (b) 


Similarly, one can obtain the other set of Einstein 
and Infeld's formulas, quoted as Eqs. (6.2), by choosing 
а somewhat different combination of the coordinate 
transformations, (6.7) and (6.9), namely 

gia АТ, (а) 
М (6.14) 
= хо) TI, (b) 
This yields the following transformation of the y’s 


KYmn = KY mat Ümn кГ* d pipa n ill я (a) 


вает = уот kL, oF rT", m (b) (6.15) 
k Yoo = кү rI", s; (с) 
which is identical with (6.2) if one puts 
Т*=— Ds, (a) 
EC (6.16) 
ва = лро. (5) 


"The results contained in Eqs. (6.13) and (6.16) show 
that coordinate transformations produce all the changes 
‘in the y’s which Einstein and Infeld? found possible by 
rejecting the coordinate conditions in the kth step of 
the approximation procedure. Thus, having the usual 
solution, all the different solutions which result from 
the arbitrariness in the approximation procedure can 
be obtained simply by an appropriate coordinate trans- 
formation, and conversely. 


7. COORDINATE TRANSFORMATIONS 


The next question to be investigated is the possible 
influence of the coordinate transformations which were 
under consideration in Sec. 6, upon the equations of 
motion. This question has been studied previously up 
to the Newtonian approximation by Papapetrou, and 
generally by Infeld and Scheidegger.? However, a new 
approach will be used here, which appears somewhat 
simpler. 

Assume that the field equation be solved up to the 
order MF. Thus, one knows the following quantities: 


200° * * 2kYo00, . (a) 
(b (74) 


4Ymn' * * 2k'Y mn- (с) 


3'Y0m^ * *2К+1Ү0т› 
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Furthermore, the equations of motion of the corre 
sponding order are 


MACY, 2)--- Ен СУ, Z)=0, (а) 


М2С(Ү, 7)--.---4-М552С(Ү, 2)=0. (b) 2) 

One has to consider now two cases where in the first 
one leaves all the Eqs. (7.1-2) unaltered, but in {һе 
second, one performs a coordinate transformation. The 
aim is to compare the equations of motion of higher 
approximation in those two cases. 

То simplify the calculations involved, it turns out to 
be convenient to make some special assumptions. 
Firstly, the transformation 7' be of the form 


Т8--58"--32 Т8 (7.3) 


as before. Secondly, noting that one needs the behavior 
of the expressions for 2,78 only in the neighborhood of 
the world lines of the particles, and thus, that they can 
be developed near the world lines into a Taylor series 
one assumes that the occurring space derivatives nom 
those lines shall vanish up to a 4th order. One may call 
such a coordinate transformation an infinitesimal one; 
because of all the group property all others can be 
obtained by repetitions of such infinitesimal trans- 
formations.*Thirdly, one assumes that only Т" is 
different from zero, whereas »,7? vanishes. These as- 
sumptions restrict, of course, the transformations 
considered to a large extent; it will be seen, however, 
that the admitted ones are still general enough for all 
purposes. 

Thus, one has near the first world line the following 
coordinate transformation : 


х= x”*+ ХОЛУ (589). (7.4) 


An example for a choice of ИТ" satisfying all the 
above requirements would be near the world line У 


ot P= Е"(т)-Е[(х*— Р) (s*— Уз) 82 |" (т). (7.5) 


Then, the only y which is influenced in form up to the 
order 224-1 is эк: 10%. It becomes near the first world 
line, according to Eqs. (6.8), 


(7.6) 


* 
2EplYOE = оьр Yom — 2111 о. 


When calculating the higher approximations, one is 
interested only in terms which contain 7”; the other 
ones are the terms which one would have got without 
the coordinate transformation. Thus, keeping only 
terms containing T’s, one obtains the formal difference 
betweeen the equations of motion in the old and in the 
new coordinate systems. We may note that one can use 
the standard coordinate conditions (4.1) through- 
out; for, (7.6) satisfies these conditions and for the 
later steps one is free to choose any coordinate condi- 
tions one likes. 

To proceed with the approximation, one has to 
calculate the quantities denoted Бу 2+2 тп and зна 
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in Eqs. (4.12)-(4.14). An inspection of the terms shows 
that a contribution containing 7"s could only come from 
the linear terms. Those, however, vanish because they 
all contain space-derivatives of ;,T. From these state- 
ments we conclude that the additional terms in Amn 
are just zero, so that we find 


214 2Amn = ops A mn (27). (7.7) 


The corresponding suríace integrals, therefore, re- 
main unchanged ; a fact which shows that an alteration 
of terms at the 2kth step within the prescriptions of the 
approximation procedure never affects the differential 
equations of motion of the 2&--2nd step. This is in 
conformity with the cited statement of Papapetrou" 
who observed that an infinitesimal coordinate trans- 
formation will not change the Newtonian approxima- 
tion. 

Thus, an infinitesimal coordinate transformation of 
the order A?* will affect only terms from өг, С onward 
in the equations of motion. The object is to calculate 
the first term which is affected. In the old coordinate 
system the equations of motion are 


M iCal Ka Z)+ № e CY, Z) 
+ Ж; TAM 32 -4С,,- 0, (а) 
(7.8) 
M Om ( Ve Z) is № eC ml Үй 2) 
АН 204-0. (b) 


Transforming the coordinate system at the 2kth 
step by an infinitesimal transformation (7.4) will 
change somehow Eqs. (7.8). If one performs the substi- 
tution (7.4) in Eqs. (7.8) one obtains that same old 
condition for the motion of the particles concerned, but 
now expressed in the mew coordinate system. The sub- 
stitution (7.4) is equivalent to saying that one has to 
replace in (7.8) 


Y^ by 
2" by 


Y"-EX*epT"(Y, (а) 


(7.9) 
2”--М on T*(Z*). (b) 


It will be seen that the substitution (7.4) does not 
only yield the old equations of motion in the new co- 
ordinate system, but the new equations of motion 
altogether. For, one observes that generally the new 
equations of motion will contain terms with №? where 
j>2k+4. However, one has made the assumption 
that ә„Т` is of the order № in the total domain where it 
is defined so that one can be sure that all the terms 
involving T in the transformed equations of motion are 
actually of the order indicated by the power of А by 
which they are multiplied. If one keeps in mind that 
the method for solving the differential equations is by 
making a similar development for the solution, namely 


ум... 


and that in the latter in any case only terms up to the 
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order A*** are reliable, then one can discard all the 
terms of higher order than 2k+4th arising from the 
coordinate substitution,—which proves the sufficiency 
of the substitution. The argument may not seem quite 
legitimate, but it would certainly be legitimate if the 
old C's are of such a type that in performing the sub- 
stitution terms of higher order than 2k+4 just do not 
occur. This is actually the case in one significant ap- 
plication which will be given below as follows: 
Consider the equations of motion of the 6th order; 

i.e., in the old coordinate system 

MIC, Z) EM CS, Z)=0, (а) _ 10) 

7. 
Х2С,(Ү,2)--М2С,(Ү, Z)=0. (b) 


АП the occurring C's have been calculated by Ein- 
stein, Infeld, and Hoffmann? and are listed in the earlier 
sections of this paper as Eqs. (4.24) and (4.36). Perform 
now the coordinate transformation (7.4) which alters 
(7.10) by the corresponding substitution 


M IC (УР (Y), ZEN 4T(Z*)) 

TM gCQ(Y' Z)-0, (a) 
M iCal FERT’), Z NTI) 

+28 2C,(¥*, Z)=0. (b) 


(7.11) 


For the calculations it is very convenient to have 
assumed that 
T(Y7) S 3TQZ) = oT ку) S 2T, (2) 
=T, «(Ү?) =T, o(Z^) =0, (7.12) 


as this effects that one has Т” equal to zero on the first 
world line. Thus, one finds near the first world line 


ЭТ" = (х*— У)" Y) f(z), (а) 


(7.13) 
Т", ,— 2(x*— Y) fr(1), (b) 


and 
aT” o= —2(х*— Y+) Ý t+ (x*— У) (х*— У) f(r), (7.14) 
which are all zero on the line; but 

Т" oo= 2Y *Y * f(7)-- terms zero on the line. (7.15) 


Thus, the last term can be put equal to any arbitrary 
function of time. 
Under these assumptions 4C" changes into 
Сы into 4Сь,- 4! Т” да ҮЭ)М, (a) 
4 4 03 (7.16) 
(Rec into £Cs-4 mT 28 «(2)ХМ. (b) 


Hence, one obtains the following equations of motion of 
the 6th order: 


M IC(Y*, Z)H-N (A4 m 4T о (Е) Cn} =0, (а) Z0 
M 2C(Y", Z)H-M(4* m4T^ (27) + ес} =0. (6) - 3 


- лэг 


AY В: 


It is readily seen that it is possible to choose the 
transformation 7 in such a way that the coefficient of 
Xin the equations of motion of the 6th order vanishes. 
Considering the expression (7.13) for 7 near the first 
world line, one observes that one can annihilate the 6th 
order terms in Eq. (7.17a) simply by putting 


f(r)& — eC, (1/(4Y *Y* 1n), (7.18) 
which, at the same time, insures one that ¿T is actually 
of the order X? as required (except for Y *— 0, a singular 
case which can easily be avoided by a translation of the 
origin). A similar procedure leads to the annihilation of 
the 6th order term in (7.17b). 

Thus, we obtain equations of motion of the 6th order 
which do not contain any 6th order terms at all. This 
argument can be generalized for transformations of 
the 2jth order 


anon HA eT”). (7.19) 


All the calculations are identical to those above; 
one has simply to apply them everywhere to the corre- 
sponding order of the equations. Thus, it is again 
possible to construct a coordinate transformation such 
that the equations of the order 7 are transformed so as 
to contain no terms of the order 27 Xi. One can do that 
a sufficient number of times and thus finally end up 
with Newtonian equations of motion. 

Thus we may shortly summarize the results of this 
section as follows. 

It is always possible to construct such a coordinate 
transformation that the differential equations of mo- 
tion have Newtonian form. In other words, the New- 
tonian form is a standard form to which the differential 
equations of motion can be reduced. Аз to the physical 
significance of this formalism, one has to observe, first 
of all, that it does not mean that the motion is just the 
sameas it would be nonrelativistically in such a specially 
'chosen coordinate system. Only the form of the differ- 
ential equations is Newtonian; one must keep in mind, 
however, that the metric is by no means Galilean. Thus, 
the relativistic corrections of the motion are only trans- 
ferred into the metric of the universe. Infeld!5 has 
demonstrated this recently explicitly for the case of 
the two-body problem. 

So far, this does not yield any new conceptions. One 
may note, however, that the above statement about the 
possible Newtonian form of the equations of motion can 
be formulated in a slightly different way. For, one ob- 

‘serves that it is the same as saying that, at every step 
of the approximation procedure, one can reach the 
vanishing of the surface integrals concerned by choosing 
‘the coordinate system in an appropriate way. This 
ows that one really has a new version of Einstein, 
eld, and Hoffmann's method for solving Einstein's 
field equations, which is equivalent to that introducing 
nd annihilating dipoles. 


Can. J. Math. 5, 17 (1953). 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


SCHEIDEGGER 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


8. THE PROBLEM OF GRAVITATIONAL RADIATION 


In every field theory the problem of radiation is ver 
closely connected with the problem of motion of : 
particle in that field. This is best seen in the RRN 
magnetic case where the motion of a particle may be 
slowed down on account of a radiation damping effect Бү, 
the field. : 

The gravitational field in space and time is in many 
respects very analogous to the electromagnetic field. 
From this analogy one might expect that moving bodies 
radiate gravitational waves and undergo a damping of 
their motion in а manner similar to moving charged 
particles. However, one will have to be very careful in 
defining what one means by “radiation of gravitational 
waves." In the usual way of speaking about “waves” 
the linear superposition principle is crucial for their 
existence. Since this superposition principle does not 
hold in nonlinear relativity theory one will have to 
study the analogy between electrodynamics and rela- 
tivity in great detail so as to see whether the notion of 
a "wave" makes sense in the latter. To do this, one 
needs a formulation of electrodynamics which resembles 
the approximation procedure leading to the relativistic 
equations of motion of masses. This formulation was 
given by Infeld!® as follows. 

One can write down the field equations of electro- 
dynamics in the following form 


Yo|ss— Yo]oo = — р, (a) 
Ym|ss— Ут гв = pX”, (b) (8.1) 
"Ym|ss = Yolo- (c) 


Here yo is the electric, Ym the magnetic potential, p the 
charge density and Х” the velocity vector of the 
charges. If the velocity of all the charged particles is 
small compared with the velocity of light, one may 
assume yo as of the order X and Ym as of the order №. 
Under these circumstances, the field variables y vary 
slowly in time but quickly in space. This compels one 
to introduce the *comma-differentiation" as before. 
If one assumes that all the charges are concentrated in 
particles and the latter described by singularities of the 
field, then Eq. (8.1) takes the following form outside of 
the singularities: 


Yo, з= № Yo, 00; (а) 
Ym, ss — X ^Y m, 00» (b) (8.2) 
^Y m, n= №0, 0- (c) 


If one expands the y’s in power series of Х, b 
the lowest powers of expansion to be of the order шаг 
cated by the assumptions about the +75, the Eqs. (8. 
split into 
KYO, зз = k—2Y0, 0C; (a) 
k41Ym, за = k—1Y m, 00) (b) (8.3) 
kplYm,m- О, 0- (с) 


15 T. Infeld, Phys. Rev. 53, 836 (1938). 
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The fact that (8.3) connects only zy; with кү» and 
кп With 41m permits one to set all the odd „у and 
all the even уут equal to zero. 

Consider now the case of one point-singularity with 
its motion represented by X”. (It is obvious how to 
generalize the ensuing statements for many particles.) 
The Eqs. (8.3) in the lowest order lead to the solution 
(choosing the particle at the origin and at rest for /= 0) 


zYYo7 €/r, (a) 
3Ym= — eX /r, (b) (8.4) 
r= (x*— X*) (x*— X>). (c) 


The nature of the whole solution is determined by this 
initial choice of the harmonic functions for 2yo and Ym; 
if one agrees not to introduce any arbitrary harmonic 
functions in the further approximation steps. One 
obtains then 


2 dec 
"Aes УЬ (a) 
(2k— 2)! dr” 
| (8.5) 
—е Pr? 


em = — — — (3X). (b) 
(2—2)! dz 


This corresponds to a standing wave, that is to 5 ad- 
vanced -+4 retarded potential, as discussed long ago 
by Nordstrøm” and Page.!5 

If one wants to retain in the expressions for у all the 
powers of А, then one has to make an arbitrary choice 
for 370, «Үл. The odd and even powers of А do not mix 
since the electrodynamic field Eqs. (8.1) are linear and of 
the second order. Take for syo and зу„ the following 
simple harmonic functions satisfying (8.3) for Ё=3: 


Үо= 0, (a) 
201 (8.6) 

«== ed? X /d7?. (b) 

This leads to 
e а 

2kplYo— би! nude 2) (a) 

(8.7) 
€ 425-1 б 
ою Үт = (PX). (b) 


(8-1) dr 


The general power series for the уг, if (8.5) and (8.7) 
are inserted, represent a retarded potential. Therefore 
one is justified to call the terms of Eqs. (8.7) “radiation 
terms.” They change the standing potential, if added, 
into a solution with radiation. 

Now, one observes that the electromagnetic equations 
(8.3) as discussed here are analogous to a corresponding 
set in general relativity theory, namely (3.16) and (4.1). 
The two sets of equations differ only by the additional 
index “0” in the gravitational case. In both cases the 
right-hand sides are known and determined by the 


11 С. Nordstrøm, Proc. Acad. Amsterdam 22, 145 (1920). 
18 L, Page, Phys. Rev. 24, 296 (1924). 
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previous approximation steps, for the A’s in the gravita- 
tional case are known functions of the y’s. 

This analogy with electrodynamics induces one to 
seck in the gravitational case a solution which corre- 
sponds to the retarded potential in electrodynamics. 
Such a solution might properly be expected to represent 
gravitational radiation. The analogy suggests to choose 
for зудо and 4Yom the following expressions in the case 
of two particles: 


x¥c0= 0, (a) 
T 2 (8.8) 
sYom= — 4m" Y — 4?mZ7. (b) 


One should note, however, that in electrodynamics 
the “radiation terms" initiated by the choice (8.7) can 
be calculated by themselves and simply inserted into 
the power series for the y’s. In relativity theory the 
assumption of (8.8) will not only initiate “radiation 
terms," but will also alter all the y’s as calculated with- 
out the radiation. 


The introduction of radiation in relativity theory by — 


analogy with electrodynamics as given above, may seem 
somewhat artificial. However, it is also possible to 
arrive at gravitational radiation terms by a more 
physical argument. True enough, one cannot speak of 
radiation or waves in relativity theory in the usual 
way, due to its nonlinear field equations, but one can 
set up a linear approximation of the theory as shown for 
instance by Eddington? where the notion of waves is 
sensible. Setting as usual 


Вав = Nag t Mag (8.9) 


and assuming Žas to be small, one can neglect all terms 
involving the %’s more than linearly. Then one has cor- 
rect to the first order, outside of the singularities of the 
field (reference 3, p. 128 ft), 


(8.10) 
(8.11) 


where O denotes the d'Alembertian operator. Intro- 
ducing the y’s instead of the Xs yields 


ne (Ig, — Ingen’ hep)ja =0, 
Onf (1g, — insan’ ho) = 0, 


^f a010— Yasls 7 0, (a) 
010 І (8.12) 
п Yag = 0. (5) 
Setting «=0 yields 
^fo010 — о, (a) (8.13) 
Оусг= 0. (b) 


These equations are precisely identical with (8.1), if 
one omits in (8.13) the additional index 0 and sets p— 0 
which means that the particles are represented as 
singularities of the field. Hence, it follows that one may 
deduce from (8.13) exactly the same solutions as one 
did from (8.1) (see for instance Infeld and Wallace”). 


? L. Infeld and P. К. Wallace, Phys. Rev. 57, 797 (1940). 
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One can take over all the formulas from (8.4) to (8.7). 
Thus one obtains the result that the standing as well 
as the retarded potential is an exact solution of the 
linearized field equations. Gravitational radiation exists 
in the linearized theory in the conventional sense. 

It is customary to regard the linearized theory as a 
first approximation to exact general relativity theory. 
Therefore, if one wants to retain radiation terms in the 
development for the field variables, then it is reasonable 
to request that the first term starting the radiation 
terms is equal to that which one had found starting 
radiation terms in the linear approximation. Thus, one 
is again led to the assumption that this term must be of 
the form given in Eqs. (8.8). Taking this term and 
inserting it into Einstein, Infeld and Hoffmann's ap- 
proximation procedure should yield a physical effect 
which represents ordinary radiation in the limiting case 
of à weak field represented by linearized equations. 

Generalizing the argument above, one is not forced to 
start the "radiation terms" with the cholce of «уол 

` аз this was done in (8.8). One can ask whether it would 
be possible to start the omitted terms in the original 
development for the y’s at any stage of the approxima- 
tion procedure, say in the 2kth. 

The prescriptions of Einstein, Infeld, and Hoffmann 
imply that one never must add arbitrarily to a field 
variable any additional poles or higher harmonic func- 
tions. On the other hand, the first equation starting the 
radiation terms is (keeping the usual coordinate condi- 
tions) one of the following: 


2k+1Y00, ss = 0 (a) 
or 
2kY0m, зз 0 (b) (8.14) 
or 
2k41Y mn, зв 0. (c) 


If one wishes to take for one of these y’s a solution 
~0 which is nowhere singular in space (including in- 
finity), one observes that the only possibility is у equal 
to a function of т. Thus, one can start “radiation terms” 
only with one of the following possibilities: 


2k+1'Y00= foo(7) (a) 
or 
2kYom= fom(7) (b) (8.15) 
or 
2k41Y mn= 25560) (с) 


Tt is readily seen that the particular choice (8.8) sug- 
gested by the electromagnetic analogy is indeed of the 
form (8.15) since Y, Z are functions of only. 
Concluding, we may summarize the contents of this 
section by stating that gravitational radiation in con- 
nection with gravitational motion can formally be 


formal definition of radiation will represent any 
ical effects (as which one would expect radiation 
of the moving bodies) remains to be seen. 
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9. RADIATION DAMPING OF GRAVITATIONAL 
MOTION 


All early attempts to obtain radiation dampin 
effects in general relativity theory started from do 
electromagnetic analogy as expressed by Eq. (8.8). In 
particular, starting with the assumption (8.8), Infelqis 
has calculated the equation of motion up to the order Х7 

It is readily seen that with this assumption one ob. 
tains 

pA mn = 0. (9. 1) 
"Therefore, the equations of motion are not changed 
up to the fifth order by assuming a radiation term. 

If one desires to go on in the approximation schedule 
the next equations that one is faced with are ; 


5Y00, ss = 0, (a) 
6Y0m, ss = 0, (b) (9.2) 
TY mn, ss = 5Y 00, 0- (c) 


As solutions of these equations, one can conveniently 
take 


2 di 
sYoo= — — {mrm ?r?), 
3dr? 


(9.3) 


d р : 
&Yon = — 4—(mY "--?mZ") 
ат 


2 d P : 
=...” 12 Ут--? 272 д"), (9.4) 
Е; 


which is in analogy with the corresponding electro- 
dynamic equations. Then, one can calculate 7Amn in a 
similar way as this has been done before. The result is 


27h тт = — 6Y0m, 0n — 60”, GAP bmn 5700, 00 


1 
—  5Y00, mn— BY00Y, mn— B5Y00.m P, n 


БУ, 2500, п Ф, "153027 5700, s $, 5; (9.5) 


which leads to 
iC фі — (4/3)m(mY "--mZ"). (9.6) 


But again, because of the Newtonian equations of 
motion, the right-hand side is not of the 7th, but at 
least of the 9th order; 1.е., if one considers the equations 
of motion up to the 7th or 8th order, one obtains 70 
contribution from inserting the radiation terms (8.8) 
into the usual approximation schedule. | 

Taking this result, Ниш! went on in the approxima- 
tion procedure and calculated the equations of ur 
up to the 9th order. This involves a tremendous d 
of calculations which will not be reproduced here. The 


—————À 


——— 


3) 


4) 


5) 


| Digitized by Arya Samaj Foundation Chennai and eGangotri 


| 
| 
| 


GRAVITATIONAL MOTION 465 


result is (!yi —*m — m) 


7 W nE 8 di 
3C, — ——Y*—(m'Y*Y")---Y*—(m^y*Y"y (9.7) 
60 djs дү; ied S 


Carrying out the differentiation with respect to time, 
and eliminating after each stage of differentiation the 
second derivatives by the Newtonian equations of 
motion, one obtains finally 


IC,= mÝ "r (9.8) 
ә 


and a similar equation for the second particle. From 
this position Hu calculated the *loss" of energy per 
unit time as given by 


3 84 
= E= – и ri — (42/5) m5/r5 (9.9) 
ә 


with 


S—Y:Ys—m/2r (9.10) 


for а circular orbit. The sign in Eq. (9.9) means that the 
total energy defined in Newtonian mechanics as 


E-m?-—2m*r (9.11) 
is increased by the radiation “damping” force. This 
result is rather strange from the point of view of 
Newtonian mechanics, according to which the energy 
can only be radiated out at the loss of the total energy. 
Physically, this result, if correct, has the meaning that 
the radiation damping force makes the particles move 
spirally away from each other, which is rather un- 
believable. 

Such are the results obtained by direct calculations. 
The most natural thing of taking the term 4Yom= (8.8) 
for starting the radiation expansion, as suggested by 
electrodynamic analogy, leads obviously to an un- 
believable result when physically interpreted in the 
conventional way, as shown above. 

'Thus, one is strongly induced to look for another 
approach to the problem of gravitational radiation 
damping. In this instance, it. has been observed by 
Scheidegger? that a clue for the proper interpretation 
of the "radiation terms" might be provided by the 
remarks of Sec. 6 on coordinate conditions. There it was 
shown that one can create additional terms in the usual 
solutions of Einstein, Infeld, and Hoffmann's approxi- 
mation procedure according to Eqs. (6.1) and (6.2) by a 
mere infinitesimal coordinate transformation. This 
statement gives us the clue for the proper interpretation 
of the radiation terms. It is easily seen that the terms 
which were chosen to start the radiation expansion can 
be obtained from the usual solution by putting in (6.7), 


3D ™=4 1mY"--4?mZ. (9.12) 


SA. Е. Scheidegger, Proc. Second Can. Math. Congr. 218 
(1949). 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Thus, the starting term (8.8) is just of such a form 
that it can be created by an infinitesimal coordinate 
transformation. Therefore, it can also be wiped out by 
the concerning inverse transformation. But after this 
inverse transformation, one has no radiation terms, the 
metric tensor is that which one had before radiation 
terms were inserted, the equations of motion are the 
original ones (without the radiation), and thus the old 
solutions of the relativistic field equations without the 
radiation terms are regained. 

It may be noted that the coordinate system contain- 
ing the radiation terms with the particular assumption 
(9.12) does not even require a departure from the usual 
coordinate conditions, since 47/05, o= 3Yo0,0=0.- 

One may ask now whether there are other possibili- 
ties for inserting radiation terms. It was seen generally 
that a term starting the radiation expansion is of the 
form (8.15). Let us take first the following possibility: 


2kYom= fm(T)- (9.13) 


This yields formally an even Yom which is different 
from zero. However, we note again that (9.13) can be 
created by a coordinate transformation of the usual 
solution by putting in Eq. (6.7), 


т f Jem 


Hence, it also may be destroyed by the corresponding 
inverse coordinate transformation. 

The second possibility to start a radiation expansion 
is with 241Ymn- Thus, one assumes 


(9.14) 


(9.15) 


2Е+17т» = elo. 


where again fmn is an arbitrary function of time. How- 
ever, this term, too, can be obtained from the usual 
solution by a coordinate transformation. It is of the 
form (6.1) if one sets 


= @) (9.16) 


пла [ла O) 


It has been shown in Sec. 6 that all such terms сап 
be obtained or annihilated by an infinitesimal coordi- 
nate transformation. 

Finally, it remains to investigate what happens if a 
radiation term is inserted for yo at a certain stage of the 
approximation procedure 


(9.17) 


In order to annihilate it, one may construct the fol- 
lowing coordinate transformation: 


aTom f fed, @ 


211007 Л (т). 


9.18) 
ги “= —$ (т). (b) аа 


| 
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According to Eq. (6.12) one finds indeed that the old 
e100 15 changed into (9.17), whereas all the other 
field variables are unaffected up to the considered ap- 
proximation. Therefore, the corresponding inverse co- 
ordinate transformation again effects the annihilation 
of (9.17). 
These results provide now an easy explanation of the 
radiation terms obtained by direct calculations. 
First, one observes that all the additional terms of 
the form (6.1) or (6.2) added to the usual solutions do 
not affect the equations of motion in the next stage of 
the approximation. All the radiation terms can be 
brought into a linear combination of (6.1)and (6.2). 
Hence, one obtains the result that adding a radiation 
term at a certain stage of the approximation procedure 
leaves unaltered the equations of motion in the next one. 
Second, having explicitly shown that all the radia- 
tion terms whatsoever can be destroyed by coordinate 
transformations, one observes that the terms that had 
been found by straightforward calculations must be 
entirely due to the particular choice of the coordinate 
system. Thus, there is no radiation damping of gravita- 
tional motion. 
Actually, part of the results of this section could have 
been deduced directly from the structure of the gravita- 
tional field equations as observed by Scheidegger,” for 
it is well known (see Bergmann, reference 2, p. 188) that 
in the linearized theory only the waves where y.:~0 
(so-called transverse-transverse waves) have a physical 
meaning, as the others can be annihilated by coordinate 
transformations. Now, it should be noted that the 
linearized theory should be identical to the first ap- 
proximation of the exact theory, thus implying that 
radiation terms of the type 700720 or Yon~0 can be 
wiped out by a suitable coordinate transformation in 
the lowest approximation of Einstein, Infeld, and Hoff- 
mann's method. Hence, it follows that such terms can- 
not represent any physical effects. Thus, the only 
gravitational waves for which the possibility of an- 
nihilation by coordinate transformation is not obvious 
beforehand are the transverse-transverse waves. They 
have to be treated in the manner demonstrated earlier 
in this section. 
In conclusion, it should be remarked that some 
theoretical physicists do not entirely agree with all the 
— conclusions given in this and the last sections. Whereas 
= jt is undisputed that there is no physical reality to 
gravitational radiation as defimed im Section 8, it has 
been questioned whether this is the only possible way 
to define gravitational radiation. The difficulty is that 
‘so far по satisfactory definition of “real” (as against 
b. apparent) radiation is to be found in literature. Until 
ES ch a definition can be given, one will have to contend 
h giving (by analogies) reasonable definitions of 
gravitational radiation and to test whether those defi- 
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approach used by Infeld and Scheidegger. It is the 

opinion of these authors that this is also the only wa | 

to obtain the radiation of a two-body system if tied 

any. The argument for this is largely one of principle 

namely, if the gravitational motion of a system of two 

bodies in otherwise empty space is to be determined by 

the initial conditions implying position and velocities of | 

the bodies only, then there is no room for additiona] i 

boundary conditions that would determine in which of | 

several choices of “stages” (“with” or “without” radia- | 

tion) the system would be at a later instant. It seems to Р 

the writer logically impossible that а system whose Ъе- 

havior is thought to be completely determined by the 

initial conditions (according to the causalistic rela- | 

tivity theory) should have the freedom of several 

“behaviors.” Since a solution fitting the initial condi- | 

tions has been found, this is not only а solution, but the | 

only solution of the problem. Nothing, of course, is 

being said of the possibility of gravitational radiation if 

the system is subjected to additional forces and not only 

to the gravitational ones originating from itself. 
Nevertheless, the argument givenin the last paragraph 

has been and still is being questioned by noted experts 

in relativity? who maintain that a different approach 

from that of Einstein, Infeld, and Hoffmann to the two- 

body problem and a different definition of “radiation” 

might lead to a different behavior of the system from 

that presented in the previous sections of this paper. 

To this date, however, nothing of such a different ap- 

proach is to be found in the literature. 


10. THE EINSTEIN-INFELD-HOFFMANN FORMALISM; 
IN GENERAL COVARIANT NONLINEAR 
FIELD THEORIES 


| 
| 

In the last section the deduction of the equations of 
motion in general relativity theory was studied. It 
would be interesting to know whether the procedure out- 
lined there is restricted to relativity theory or whether . 
it might be possible to generalize it in such a way that 
it provides one with a scheme allowing to find equations 
of motion in any given nonlinear field theory. 

Recently Bergmann? has made an attempt to set up 
a general covariant scheme for many types of field 
theories. Then, relativity theory would appear as 2 
special case in this formalism. The principal aim In 
Bergmann's? investigations was to bring all these 
feld theories into а Hamiltonian form so that thelr 
quantization would be possible (see Bergmann an | 
Brunings?). In the classical part of his work, hone | 
he points out some features which are connected p 
the equations of motion. One of his statements is tha 
it should be possible to deduce in а covariant non 
theory the equations of motion of the sources from aa 
field equations. If this is true, then it must be poss! 


2 Private communications, notably from Dr. P. G. Bergmann, 
Syracuse University, Syracuse, New York. 

з p. С. Bergmann, Phys. Rev. 75, 680 (1949). 

2 P. С. Bergmann and J. Brunings, Revs. Modern 
(1949). 
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to find Lorentz's equations of motion of an electron in 
a generalized nonlinear theory of the electromagnetic 
field, (see the attempts of Born, Born and Infeld, 
Infeld,” Infeld and Wallace”) in the same way as the 
equations of motion of stars are found in general 
relativity theory. Up to now it has not yet been possible 
to deduce the equations of motion of an electron from 
an electrodynamic field theory. 

We denote the field variables by уд, (4-41---Х), 
where № is the number of algebraically independent 
components. It will be assumed that the field equations 
can be deduced from a variational principle of the form 


UR | L(ya, Улуз)йїх= 0, (10.1) 
i: 


satisfied in the four-dimensional domain V. L is an 
algebraic function of ул and y4;5 only. The field equa- 
tions which result from the (infinitesimal) variation of 
the field variables in the interior of V are 


91, oL 
[A= = ( ) =0. 
дул дуд 184 18 


With respect to an infinitesimal coordinate trans- 
formation, 


(10.2) 


хв yt eh, (10.3) 
the field variables are assumed to transform according 
to a law having the form 


бул=ул"—Ул= Є(Ёла БЧР-улти )-ЕО(Ф). (10.4) 


The 4.88 are numbers characteristic for the type 
of field variables used. It should be noted that буд are 
the changes of the ул as functions of their arguments 
(and not as functions of the world point only); hence, 
the second term in (10.4). 

The field Eqs. (10.2) must be covariant. If the Lagran- 
gian, in the face of an infinitesimal coordinate trans- 
formation, adds a divergence, then that condition is 
sufficient (though possibly not necessary) to assure 
covariant field equations. For, in this case, the infini- 
tesimal change in the integral / can be expressed by 
means of a surface integral, and it must be assumed 
that the coordinate transformation is the identity on 
the boundary of our volume of integration. Thus, one 
has 


L= «Q^, -0(€), 


where the Q? are functions of the £? and their deriva- 
tives. Then, the transformation laws of the field equa- 
tions can be computed straightforwardly to be 


BLE =f FA PE^pLA— (L929),,) +0(€). 


?5 M. Born, Proc. Roy. Soc. (London) A143, 410 (1934). Е 

55 M. Born and L. Infeld, Proc. Roy. Soc. (London) A144, 485 
(1934). 

21 L. Infeld, Proc. Cambridge Phil. Soc. 32, 127 (1936). 

28 L, Infeld, Proc. Cambridge Phil. Soc. 33, 70 (1937). 


(10.5) 


(10.6) 
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A further remarkable property of this scheme is that 
the field variables must fulfill 4 identities, namely, 


(F A P yg L^) v-- y aiu LA20 (10.7) 


(generalized Bianchi identities). 

The expressions L^ contain the field variables and 
their first and second derivatives. The second deriva- 
tives occur only linearly, and their coefficients can be 
represented in the form 


ГА = [ABary, +. 23 


(10.8) 


Thus, the third derivatives occur only linearly in the 
identities (10.7) and those must cancel each other. It 
follows that the coefficients L^?** must satisfy the 
identities 


{F ígPYLACo5-1- паза F 594 ACTA) yy), (10.9) 


То deduce the equations of motion from the above 
scheme, one has to apply an approximation procedure. 
The solutions of the field equations are to be obtained 
as а power series in a certain parameter Х 


ya сул А Wat oy A =. (10.10) 


The time differentiation is thought to raise the order of 
the differentiated term; thus, the “сотта” differentia- 
tion is used in the same sense as before. 

The zeroth approximation of the approximation 
procedure shall be a “trivial” solution, a rigorous solu- 
tion of the field equations in which all field variables are 
constants. The first approximation will yield 


oLABr*yy p, „= 0. 


(10.11) 


The solutions тув will generally not be defined through- 
out space. At each instant of time there will be certain 
three-dimensional domains in which the field equations 
have no bounded solutions. However, only such solu- 
tions will be considered in which each one of these 
singular regions can be surrounded by a closed surface 
5 on which the field equations are satisfied. Proceeding 
to the next approximation, the equations have the form 


oLAPr*sy в, унь —2LA(oy-EA уу). (10.12) 


The right-hand sides will be the L^ of the second 
order formed from the first-order solutions. The left- 
hand sides satisfy identically the four relationships 


Еда оус(оГАВ"*зув, ra), ,— 0 (10.13) 


irrespective of the choice of the second-order field vari- 
ables. On a surface S surrounding a singularity, on 
which (10.12) are to be satisfied, one has then 


0-5 ШЕ oLAPr*syg, „145 


== $ Fan'e sL^(y--Xiy)ndS, (10.145 
5 


тту, К = E 
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which represent for that singularity inside S the three 
equations of motion and the law of conservation of 
“mass.” 

To investigate the possibility of the existence of 
equations of motion in different nonlinear field theories, 
one has to apply Eq. (10.14) systematically to certain 
types of possible field variables. The results quoted here 
have been deduced by Scheidegger.” 

Starting with field theories using one scalar field 
variable only, one sets 


ya-9. (10.15) 
Then, the transformation of the field variables is given 
by just the last term in Eq. (10.14) so that the соећ- 
cients Fáa?’ all vanish 


F 4498 —0. (10.16) 
'The surface conditions, therefore, become trivial 
identities, and one gets the result that no equations of 
motion can be deduced in any scalar field theory what- 
soever. 
The next more complicated type of field variables are 
vectors. Thus, 


ya= Ав. (10.17) 
Using the infinitesimal transformation 
|a af 618, (10.18) 


® A. Е. Scheidegger, Helv. Phys. Acta 23, 740 (1950). 
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one obtains the following change of the field variables 
(except for the term originating in the coordinate Sub- 
stitution): 


Ap = (pu є) А, = 0,,4,— EE 0nd urA р. (10.19) 


Hence, 

Бүр = — бобуу. (10.20) 

The calculation of the surface condition with these 

coefficients (denoting the “trivial” solution, constant in 
space and time, Бу a.) yields 


о=— ф Раана, ф Lind’. (10.21) 


This shows that the four conditions of Eq. (10.14) 
reduce to only one in every vector theory whatsoever. 
'This one condition, however, cannot be sufficient for 
determining the motion of the singularity to which it 
refers; it is just the conservation law for the pole 
strength of that singularity. 

Thus, one concludes that the analogous procedure to 
that of Einstein, Infeld, and Hoffmann cannot be set 
up for a covariant vector theory. Electromagnetic 
theory is a covariant vector theory; the field variables 
are the components of the potential vector ġa. Even in 
a nonlinear generalization such as that of Born and 
Infeld? there are, therefore, no equations of motion. 

Thus one may state that a covariant field theory has 
to be at least a tensor field theory so that it is possible 
to obtain equations of motion from the field equations. 


2 
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HE table on pages 476-612 represents a complete 

list of all the radioactive and stable isotopes of 

the elements, together with a number of their salient 

features, as recorded in the literature or by private 
communication by approximately December, 1952. 

A primary objective has been to retain as much of 
the compactness of the previous editions as is consistent 
with an adequate coverage of the multitudes of nuclear 
data presently available. 

A new system of references has been employed. Each 
paper is represented by the code symbol of the first 
author, followed by the year in which the paper was 
published. If two or more papers by one author have 
appeared during a single year, these are distinguished 
by the small letters a, b, c, etc., following the main 
reference. For example, 16H is the code symbol given 
to О. Hahn; thus, the references 16H41, 16Н41а, and 
16H41b represent three papers published in 1941 of 
which O. Hahn is the first author. The code symbols 
given to the authors are arranged alphabetically only 
with respect to the first letter of their names. 

А description of the entries in the various columns is 
given below, followed by a table listing some frequently 
used abbreviations. 


ISOTOPE 


The first column lists the atomic numbers, chemical 
symbols, and mass numbers of the nuclear species. 
Separate entries have been made for each nuclear state 
whose half-life has been experimentally determined. 
Metastable excited states are denoted by the superscript 
“m” following the mass number, and for those cases in 
which two or more isomeric states are known, they are 
distinguished by the use of the superscripts “m,” 
“Ono,” etc. 


CLASS AND IDENTIFICATION 


The degree of certainty of each isotopic assignment is 
indicated by a letter, according to the following code: 


A Element and mass number certain 

B Element certain and mass number probable 

C Element probable and mass number certain or 
probable 

D Element certain and mass number not well estab- 

E 


Data which have been shown to be in error have in 
general been eliminated from the table. A few isotopes 
have been quoted so widely in the literature, however, 
that it was felt some reference should be made to them. 
For these cases the G rating has been adopted, and 
reference made both to the original work and to that 
which has supplanted it. 

The means by which the mass assignments were 
made are next tabulated. In general, several references 
are given here, the first of which denotes the probable 
discoverer of the isotope (except in the cases of the old 
natural radioactivities). Following this, references are 
given to the paper or papers which contributed most 
significantly toward giving the isotope its best or present 
rating. Some indication of the experimental methods 
used in making the various assignments may be had 
from the following symbolism : 


chem Chemical separations, establishing 
uniquely the chemical identity (atomic 
number) of the isotope 

genet Proven genetic relationships (by chemi- 
cal or other means) with other isotopes 
whose mass assignments are presum- 
ably known 

genet energy Proof of isobaric relationship with an 

levels identified nuclide by observation of 
identical energy levels following decay 
of both, implying decay to the same 
product : 

excit Loosely refers to energetic considera- 
tions which have aided in making the 
mass assignment. Some of these might be 


(1) excitation or yield experiments to 
establish the nuclear reaction which 
produces the isotope 

(2) bombardments with low energy par- 
ticles, in which possible products 
are few 

(3) mass calculations, or other esti- 
mates or measurements of Q values 

(+) in a few cases, use of fission yield 
data in making assignments 


cross Боть Studies of yields of the isotope in several 
lished different types of bombardments, im 
Element probable and mass number not well es- which the target elements as well as 
tablished or unknown (mass number not listed the projectiles have been varied 
means that it is unknown) n-capt Cases where bombardments with slow 
F  Insufficient evidence neutrons (и — у reactions) have provided- 
G Assignment probably in error key evidence in the mass assignments 
469 : 
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The use of target elements enriched or 
depleted in а certain isotope 
Identification of the mass number by 
means of a mass spectrograph 
resonance neutron activation Identification of a nu- 
clear isomer by observing both isomers 
upon irradiation with filtered neutrons 
Identification of expected or predicted 
decay characteristics 


sep isotopes 


mass spect 


decay charac 


PERCENT ABUNDANCE 


The relative isotopic abundances for the elements are 
given in accordance with the “best values” listed in the 
report (1B50) by K. T. Bainbridge and A. O. Nier. 
Tn some of the light elements, reference is made also to 
papers which discuss source variations in isotope 
abundances. 


TYPE OF DECAY 


The observed modes of decay have been listed for all 
radioactive nuclei. In cases of branched decay between 
two or more modes, the branching ratios are listed 
wherever they are known. Symbols used are 


Negative beta-particle (negatron) emission 
Positive beta-particle (positron) emission 
Alpha-particle emission 

Orbital electron capture. It may be assumed that 
x-rays have been observed or actually identified 
in virtually all cases of orbital electron capture 
listed. If the ratio of electron capture to К elec- 
tron capture has been determined, it is given here 
as L/K 

Isomeric transition (transition from upper to 
lower isomeric state of same nucleus) 

n Neutron emission . 


IT 


When experimenters have searched for and failed to 
find a particular mode of decay, this is indicated, for 
example, as “по В+.” Experimental upper limits are 
frequently given, but no theoretically predicted limits 
have been quoted. 

Among the heavy alpha-emitting isotopes, calcula- 
tions by means of closed radioactive decay cycles have 
shown that many of these isotopes are thermodynami- 
cally stable against 67, В+, or EC decay. This has been 
indicated by the term "'8-stable," followed by an ab- 
breviation for the principle of conservation of energy, 
which is used in the calculations. 


HALF-LIFE 


 Half-life values are listed without qualification where 
he determination has been a direct measurement of 
y rate. In other cases, the experimental methods 
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sp act Determination by weighing a long-lived 
isotope of known purity 

delay conc Measurement of the time interval be- 
tween two successive nuclear events (such 
as В and y-emission) thus establishin 
the lifetime of the state responsible 23 
the second event. By this method, half. 
lives between 107° sec and 10:19 sec have 
been determined. 


yield Estimation of half-life from the amount of 
activity resulting from a nuclear reaction 
whose cross section (or yield) is known or 
estimated 

genet Measurement of the half-life of a parent 


activity by determining the yield of a 
daughter activity as a function of time 
where periodic chemical separations d 
daughter from parent have been per- 
formed 


An attempt has been made to list the best value or 
values first. However, in a few cases where many values 
of comparable precision have been reported, and 
no choice seemed obvious, an average value for the 
half-life has been listed; this is explicitly stated, and 
references are given to all the papers whose values 
contributed to that average. Also, among the natural 
radioactivities an average value is often used which was 
taken from an international committee summary report 
(1C31). 


PARTICLE ENERGIES 


The particle energies are followed by other relevant 
information pértaining to the decay scheme, and by а 
description of the experimental methods used in obtain- 
ing the data. In cases of complex alpha-structure or 
several partial beta-spectra, the relative abundances of 
the various groups within that mode of decay are given 
in parentheses. : 

Beta-particle energies correspond to the upper limits 
of the spectra. 

Alpha-particle energies have been quoted only where 
the investigator has actually measured them. Where he 
has determined only the relative abundances of alpha- 
groups or the energy differences between groups, this 
has been indicated as in the following example: 


ao(10 percent), as0(75 percent), aso(15 percent), 


meaning that 75 percent of the alpha-particles lead to 4 
state 50 kev above the ground state, and that 15 per 
cent of the alpha-particles lead to a state 80 kev above 
the ground state. Д TM 
The term "long-range о” is the classical designa я 
for alpha-particle groups emitted from excited states 2 
the listed nuclide, and the energies therefore are i 
included in the Q, value, which applies to the grou 
state to ground-state transition. These & 
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TABLE: OF 


occur in competition with gamma-ray emission, 
following the beta-decay of the parent nuclide, 

Conversion electron energies are listed only when it 
is not known in which shell internal conversion takes 
place or when no attempt was made by the experi- 
menter to relate the electrons with observed or un- 
observable gamma-rays; in all other cases, entries are 
made in the column for gamma-transitions. 


Experimental methods are described as follows: 
abs Absorption 
spect Magnetic deflection (magnetic spectro- 


graph or spectrometer or counter with 
magnetic field) 

Measurement of pulses produced by a 
scintillating crystal or solution 
Measurement of pulse sizes in ionization 
chamber or proportional counter 

cl ch Cloud chamber (with magnetic field in 
case of beta-particles) 

Beta- and gamma-coincidence counters 
with absorbers 

Coincidence counters arranged with a 
spectrometer or spectrometers 


scint spect 


ion ch 


coinc abs 


coinc spect 


GAMMA-TRANSITIONS 


Gamma-transitions are described by the following 
information, in so far as reliable data permit: 

Energy of the gamma-quantum. When internal con- 
version electrons form the basis for the energy determi- 
nation, the energy listed in this column is always that 
of the corresponding gamma-ray transition. 

Abundances of gamma-rays. This may be given as 
the number of unconverted gamma-rays emitted per 
100 disintegrations. Where an absolute abundance has 
not been determined, often the relative unconverted 
gamma-ray abundances have been measured. These are 
tabulated as 71/72/73 2/1/5, for example. 

Internal conversion coefficients. These are given for 
each gamma-transition as the ratio of the number of 
conversion electrons emitted to the number of uncon- 
verted gamma-quanta emitted, and are expressed as 
e/y. Where conversion coefficients for individual elec- 
tron shells have been determined, they are denoted as 


- ex/Y, ёш/ү, etc. 


Conversion coefficient ratios. Where the ratios of in- 
ternal conversion coefficients in several electron shells 
have been measured, they are listed as K/L, L/M, 
K/L+M, K/L/M, ІГ Гат, etc. 

Gamma-rays associated with short-lived isomers have 
been listed as entries both of the isomer and of its 
parent. 

When an author states that gamma-radiation is 
present, but reports no energy determination, this 
is indicated by the symbol “y.” Conversely, when 
attempts to find gamma-radiation have failed, this has 
been indicated Бу “no у.” 
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X-rays have been mentioned only when they are the 
prominent radiation observed in measuring an activity, 
or when the observation and identification of x-rays 
has been crucial in the characterization of an isotope. 

The symbols used to describe the methods employed 
for the determination of gamma-ray energies or for the 
elucidation of decay schemes are as follows: 


spect Secondary electrons observed with mag- 
netic spectrograph or spectrometer 
Internal conversion electrons observed with 
magnetic spectrograph or spectrometer 
Measurement of pulses produced by a 
scintillating crystal or solution 

Direct measurement by diffraction of 
gamma-rays with a bent crystal spec- 
trometer 

abs Absorption of the gamma-rays 


abs conv Absorption of internal conversion electrons 


spect conv 
scint spect 


cryst spect 


abs sec Absorption of secondary electrons 

coinc Studies of coincidences or lack of coin- 
cidences (у— y, y-conv, conv-conv, 8— y, 
etc.) with coincidence counters, and, in 
some cases, spectrometers 

coinc abs ^ Coincidence studies using absorber tech- 


niques 

Secondary electrons observed in cloud 

chamber with magnetic field 

Magnetic analysis of positron-electron 

pairs produced by gamma-rays in a thin 

radiator 

Be—y—n, D—y—n, or D—*y— p reactions Measure- 
ments of neutron or proton energies from 
these reactions 


cl ch recoil 


pair spect 


DISINTEGRATION ENERGY AND SCHEME 


The disintegration energy, ог О value, of a nuclear 
transformation is defined as the mass difference (ex- 
pressed in Mev) between the initial and final systems 
under consideration. For radioactive decay processes, 
Q is equal to the sum of the particle kinetic energy, 
nuclear recoil energy, and the energy of any gamma- 
rays necessary to de-excite the final nucleus to its 
ground state. For positron decay, the energy equivalent 
to 27? has been included in the О value. Where О 
values have been estimated or calculated by the authors 
of this compilation, the special reference “HPS” is 
used; otherwise, reference is made to the paper from 
which the quoted value is taken. In most instances О 
values have been obtained from decay data; where this 
is not the case, the method is indicated. 

Energy level diagrams have been drawn in many cases; 
these are not necessarily complete representations of 
the data, but sometimes include only those features 
which are reasonably well established and unambiguous. 
Heights of the various energy levels above the ground. 
state are indicated at the side of the drawing. Similarly, 
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the total angular momentum (spin) and parity of the 
states have been included in some cases, where these 
quantum numbers could be inferred with some con- 
fidence from determinations of conversion coefficients, 
K/L ratios, ft values, etc. We have relied heavily on the 
interpretation of decay data by Goldhaber and Hill 
(18652). 

For 8-, 8*, а ог EC decay, the percentage figures 
given in the decay drawings total 100 percent for each 
mode of decay, thus expressing only the relative abun- 
dances of various groups within that mode of decay. 
(Branching ratios between the several modes of decay 
are found in the “Туре of Decay" column.) In the case 
of gamma-radiation, however, the percentages given 

' refer to the fraction of the total disintegrations of that 
isotope which give rise to the gamma-ray and its con- 
version electron. This has been done because of the 
difficulty of assigning a gamma-ray to a particular 
mode of decay. 

Measured values for the mechanical or spin moment 
I of stable or long-lived isotopes have also been given 
in this column. Except as supplemented by more recent 
data, the values given here are taken from the com- 
pilation by Mack (87M50). 


METHOD OF PRODUCTION AND GENETIC 
RELATIONSHIPS 


'The observed nuclear reactions (giving the target 
element, projectile, and outgoing particle, in order) by 
which the radioactive isotopes are formed, and the 
corresponding references are listed (f-proton, n-neu- 
tron, a-alpha-particle, d-deuteron, /-triton, y-gamma- 
ray or x-ray, e-electron, z-pi-meson, C-carbon ion). In 
cases in which the target material is not the naturally 
occurring element, but one enriched or depleted in a 
particular isotope, the isotope responsible for the 
reaction is indicated. No means for identifying the 
source or energy of the projectile is given. 

In nuclear reactions with high energy projectiles, 
multiple particle ejection is common. Rather than 
attempt to state definitely the path by which the prod- 
uct nucleus was reached, these spallation reactions are 
briefly represented by the abbreviation “spall” followed 
by the symbol of the target element. High energy fission 
reactions are similarly represented by the words 


PERLMAN, 
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AND SEABORG 


"spall-fission," and thermal or low ener 
fission simply by “fission.” 

The criterion for listing genetic relationships h 
with few exceptions that these relationships be demon 
strated experimentally; for example, by chemical 
“milking” of daughter activities, analysis of growth- 
decay curves, or in the case of short-lived isomers, by 
delayed coincidence experiments. The listing of hee 
parent-daughter relationships gives some waming to 
the reader as to what he may expect in the way of 
radiation from a given isotope, since a sufficiently short- 
lived daughter’s radiation will usually be observed with 
that of the parent. 

A few further abbreviations are listed below: 


БУ neutron 


as been 


NNES-PPR Volumes of the National Nuclear Energy 
Series, Plutonium Project Record, Mc- 
Graw-Hill Book Company, Inc., New 
York 

EJ Properties listed in brackets have not 
been observed directly, but have been 
inferred from other experimental data 


est, calc Estimated or calculated from theoretical 
or empirical considerations 
HPS Refers to the authors of this compilation 


lim Experimental upper limit 
emuls Photographic emulsion 


A considerable fraction of the effort necessary to 
produce this table consisted of abstracting the litera- 
ture and organizing the data over the past few years. 
We are greatly indebted to Marjorie Hollander for her 
efficacious handling of this work, and in addition for 
her preparation of the drawings. 

It is a pleasure to acknowledge the generous help and 
constructive criticism which we have received from our 
friends and colleagues, and to thank many of the authors 
whose measurements are cited for their aid in evaluating 
data familiar to them. We are especially grateful to Dr. 
Gerhart Friedlander for his invaluable assistance in 
checking the entire draft. : 

We would also like to express our appreciation to 
Mildred Davis for the speed and accuracy with which 
she prepared the manuscript. 

The compilation of this table was supported by the 
U. S. Atomic Energy Commission. 
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Rapid Method for Calculating Log(ft) Values 


[From S. A. Moszkowski, Phys. Rev. 82, 35 (1951).] 


Figures 1-5 permit the rapid calculation of log(ff) for 
a given type of decay, given energy, half-life, etc. The 
notation is: Eo for В= emission is the maximum kinetic 
energy of the particles in Mev; E; for K-electron cap- Е 
ture is the disintegration energy in Mev. When а В+ | 
emission and K-electron capture go from and to the 


| same level, Eo for К capture= E, for 8+ emission + 1.02 Ёс 
| Mev. Z is the atomic number of the initial nucleus, / La 
| is the total half-life, and р is the percentage of decay Tem 
! occurring in the mode under consideration. When no of > 


branching occurs, p= 100. 


PROCEDURE FOR OBTAINING LOG(FT) 


(1) First obtain log( fot), using Fig. 1. Ep is read off the 

left-hand side of the Ey column for K-electron capture, 

| and off the right-hand side for 85 emission. Put а 

straight edge over the given values of Е, and / and note 
where it crosses the column of log( fo) values. 

(2) Then read off log(C) from Figs. 2, 3, and 4 for 
B^, В+, and K-electron capture, respectively. 
| (3) Get A log( f!) from Fig. 5 if p< 100. When p= 100, 
A log( ft) =0. 

(4) Log(/t) = log(fuf)---log(C)-A log(/t). 

These graphs have been reproduced with the kind 
permission of Dr. Moszkowski. For details concerning 
their construction, significance, and range of useful- Lug 
ness, reference should be made to the original paper. Fic. 1. Log(fu) as a function of Es and /. 


` (Figures 2-5 are on pages 474 and 475.) 
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Fic. 2. Log(C) as a function of Eo and Z for 87 emission. 
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Both electromagnetic and acoustic waves exert forces of radiation upon an obstacle placed in the path of 
the wave, the forces being proportional to the mean energy density of the wave motion. In electromagnetics 
the action of these forces is relatively easily understood through the concept of Maxwell's electromagnetic 
stress tensor. 

The physical processes leading to these forces in a sound wave have been found to be considerably more 
complex; the difficulties belong to the fact that the acoustic wave equation is not linear and that a beam of 
finite cross section is subject to effects caused by the surrounding medium. 

Though many papers have been devoted to the subject and though various theoretical approaches have 
been made, some difficulties still seem to stand in the way of a clear understanding of the physics of the 
problem. 

The purpose of the present study is especially to throw light on the physical aspects. The approach 
adopted, which uses the momentum theorem, is believed to serve this purpose especially well. The expression 
for the radiation pressure is given in both Eulerian and Lagrangian coordinate systems. 

Special consideration is given to liquids of constant compressibility, since in such media the processes 
involved can be dealt with mathematically in a simple manner. The general case of a plane reflector with 
arbitrary reflection coefficient is treated; the modus operandi of the forces at the interface between liquid 
and obstacle is explained for some special cases, including the radiation forces on the interface between two 
nonmiscible liquids. 

Finally, a general relation is established between the energy density and the pressure caused by radiation 
falling normally upon a plane reflector, which, under certain assumptions, is valid in any fluid and at any 
amplitude. 


3 
1 


1. INTRODUCTION portional to the mean mechanical energy density Ё of 
the periodic wave motion. He found that the factor of 
proportionality was not in general unity, but dependent 
on the special law relating the pressure f to the density 
in the fluid under consideration. 

The actual radiation pressure, however, as encoun- 
tered in an acoustic beam under ordinary experimental 
conditions, is different from Rayleigh's “pressure of 
vibrations." Rayleigh's result, which is often quoted, 
applies t» a theoretical case rather than to what is 
usually measured. 

The equations describing the motion of acoustic 
waves are nonlinear (with the one exception of the = 
Lagrangian wave equation in a fluid of constant com- __ 

1 Lord Rayleigh, Phil. Mag. 3, 338 (1902) and 10, 364 (1905). 


i z Ё For example, in a gas under adiabatic conditions, Rayleigh’s 
fluid, and he chowed that this mean pressure 15 pro- pressure amounts to (14-7); at a perfect rectos P RS 2 3 


HE concept of radiation pressure originated in 
Ж electrodynamics. According to Maxwell’s equa- 
tións and, his concept of the electrodynamic stress 
tensor, a plane surface of perfect conductivity emitting 
normally a plane electromagnetic wave undergoes a 
Ieacting force per unit area equal to the total energy 
density E of the emitted wave. Also, such а plane wave, 
striking perpendicularly a plane and totally absorbing 
surface, exerts a radiation pressure equal to E. 

Lord Rayleigh was the first to formulate a theory of 
radiation pressure resulting from compressional acoustic 
waves in fluids. He established a relation which gives 
the time-average value of the pressure produced upon a 
Piston by a plane wave of infinite cross section in a 


{ а amplitudes. y-=ratio of the specific heats and Ё; = mean energy. 
1 Work performed under U. S. Office of Naval Research Con- density of the incident wave- one-half of the total mean energy 
* tract Nonr-220(02). density in a standing wave. 5 
E g 
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pressibility). For many purposes, it 13 sufficient to 
“Jinearize” these equations and to retain only first- 
order terms of the velocities or particle displacements, 
regarding them as small quantities, Radiation pressure, 
however, is connected with energy densities, which are 
quadratic terms containing the squares of velocities ог 
displacements. Any theory dealing with acoustic radia- 
tion pressure, therefore, must retain at least all second- 
order terms, to be valid even at small amplitudes. 

The fact that radiation pressure is a second-order 
quantity and that the vibrational amplitudes are usually 
very small in comparison with the acoustic wave- 
length à, explains its relatively small numerical value in 
comparison with the values of the periodically alter- 
nating first-order pressures encountered in acoustical 
waves. Whereas the first-order pressure amounts to 
maximal values up to kilograms per cm?, acoustic 
radiation pressure only reaches values of the order of 
grams or dynes of force per cm*. Nevertheless, radiation 
pressure is an important quantity in the experimental 
determination of acoustic intensity. 

Since Rayleigh's investigations, a considerable num- 
ber of papers have been devoted to the subject, many of 


Fic. 1. Acoustic 
beam of finite cross 
section А incident 
upon a plane ob- 
stacle 0, and passing 
through undisturbed 
regions in which the 
hydrostatic pressure 
15 ро. 


which, however, do not deal adequately with certain 
peculiar difficulties inherent in the problem. 

L. Brillouin? seems to have been the first to give a 
comprehensive approach to the subject, especially in 
pointing out the tensorial character of what is usually 
called radiation “pressure.” Indeed, this quantity is not 
a "pressure" in the sense ordinarily understood in 
hydrodynamics. Brillouin published his first paper on 
the subject as early as 1925; various authors, however, 
in later papers on the same subject, seem not to have 
paid proper attention to Brillouin's approach. 

In what follows, a study is presented of the forces 
exerted upon a plane obstacle by plane compressional 
waves in a fluid, meeting the obstacle at normal in- 
cidence.? f 

Special attention is devoted to throwing light upon 
«he actual physical processes involved. For this reason, 
a different approach from that used by Brillouin has 
been chosen; the study also goes further in the con- 
sideration of certain details than has been done hitherto. 


2 L. Brillouin, Ann. phys. (X) 4, 528 (1925). 

3 The case of oblique incidence can easily be solved, if the forces 
resulting from radiation pressure at normal incidence are known. 
"x ts oe example, F. E. Borgnis, J. Acoust. Soc. Am. 24, 468 
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2. STATEMENT OF THE PROBLEM 


In dealing with plane waves, some idealizing assump- 
tions must be made. Plane waves cannot strictly þe 
realized experimentally. Still, if the width of the 
acoustic beam is large in comparison with the wave- 
length, the concept of plane waves gives a good approxi- 
mation, especially in the case of the high frequencies 
used in ultrasonics. Under most experimental condi- 
tions, the acoustic beam in any fluid is surrounded by 
regions of the same fluid. Reasoning as in geometrical 
optics, we assume that only the region inside the beam 
is subject to the acoustical wave motion, whereas the 
region surrounding the beam is assumed to be undis- 
turbed; that is, we disregard diffraction effects at the 
edge of the beam and assume uniformity of wave motion 
over the cross section of the beam. The beam is sup- 
posed to fall normally upon a plane obstacle, entirely 
immersed and at rest in the fluid (Fig. 1). This obstacle 
causes reflection at its front surface; it may absorb 
partially or totally the penetrating wave energy. The 
transmitted part leaves the rear of the obstacle as a 
purely progressive wave. 

The interaction of the obstacle with the plane wave 
motion can be described completely by an amplitude 
reflection coefficient y, an amplitude transmission coeff- 
cient ô, and the phase angles 0 and 0’ of the reflected and 
transmitted waves with respect to the phase of the 
incident wave; a plane wave motion in the acoustic 
beam is thus uniquely determined. 

Considerable complications in the measurement of 
radiation pressure are caused by the fact that the 
acoustic field sets up a steady streaming. in the medium. 
Two effects have been made responsible for this mass 
flow: first, the so-called “pumping effect," which may 
occur at the source of radiation and by which fluid is 
sucked into the beam and set in motion in the direction 
of the wave propagation. Second, owing to viscous 
forces, the wave motion generates whai is called the 
*hydrodynamic flow;" a steady vortical motion is set 
up in the fluid, causing a steady streaming along the 
beam in the direction of the incident wave and return- 
ing outside the beam. The phenomenon of hydro- 
dynamic flow is inseparably associated with acoustic 
radiation in a fluid. Like the latter, it is an effect of 
second order; it cannot be treated without taking into 
account at least second-order terms in the hydro- 
dynamic equations. 

In order to measure the forces due to radiation only, 
these forces must be separated from those caused by 
the steady mass flow of the fluid. Usually, some sort 
of screening is resorted to, consisting of thin films, 
transparent to radiation but preventing the flow from 
exerting forces upon the obstacle. Such screens are 
located close and parallel to the surface of the obstacle; 


«С. Eckart, Phys. Rev. 73, 68 (1948); J. J. Markham, Phys 
(208 497 (1952): Р. J. Westervelt, J. Acoust. Soc. Am. 25, 60 
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and it is commonly assumed that in this way the forces 
caused by acoustic radiation can be measured with 
sufficient accuracy. 

A separation of the forces in question may also be 
achieved by a low-frequency intensity modulation of the 
beam and measuring the radiation pressure by a device 
which responds to the modulation but not to the steady 
forces of the mass flow пог to the unmodulated wave.* 

Since we are only concerned with forces caused by 
radiation, viscous forces are not taken into account in 


this paper. 


^ 


3. GENERAL FORMULA FOR THE ACOUSTIC 
RADIATION PRESSURE 


In order to obtain the force exerted upon 0 in Fig. 1, 
we apply Newton's theorem of equivalence of the time 
rate of change in momentum to the forces acting upon 0. 
То keep 0 in time average at rest, we have to apply а 
force К, equal and opposite to that caused by the 
quantity which we call radiation pressure. Denoting by 
P this radiation pressure, that is, the force per unit 
area. of the beam of total area А, F amounts to PA, 
since we are assuming uniformity over the cross sec- 
tion A. 

The other force acting on 0 is due to the “dynamic” 
pressure ра and is given by Spada over the entire 
surface of 0. In absence of acoustic waves, the pressure 
pa is the undisturbed hydrostatic pressure ро; when 
variation with depth is ignored, ро is constant over the 
whole surface and £ pada= pof da— 0. 

If an acoustic wave motion is present, the hydrostatic 
pressure ро becomes "modulated" over the affected 
parts of 0 by the “excess pressure" р of the acoustic 
waves; the resultant pressure may be called the 
"dynamic pressure" pa=potp. Forces are counted 
positive in the positive x direction (Fig. 1), which is 
the direction of propagation of the incident wave; the 
force upon 0 due to the action of pa is $ 2:4а-2 pda 
= (pi— p2)A 5 

Next we establish the expression for the time rate of 
change of momentum of 0. As we have to assume con- 
ünuity of particle displacement at the interface between 
Ше fluid.and the surface of 0, mechanical motion is 
transferred to 0. Let p be the density and u the velocity 
vector of mass elements in 0; the 'momentum-density" 
then is given by ри. The quantities р, p, and и are 
considered as functions of x, y, z, and /, the coordinates 
belonging to a system fixed in space. 0 may be regarded 
as having a large inertia, so that its center of gravity 
may be assumed to be practically at rest, although 
parts of 0 undergo small and rapid mechanical move- 
ments. 

In order to compute the change of momentum and to 
express it by values of the density and the velocity of 
the Лача, we visualize an imaginary surface S stationary 
ш space and in close neighborhood of the surface of 0, 


ЗА. Barone and М. Nuovo, Ricerca sci. 21, 516 (1951). 
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but at any time entirely within the fluid. Owing to the 
law of action and reaction, it is permissible to extend 
the integrations involved over the surface S instead of 
over the actual surface of 0. 

The momentum of 0 can change in two ways: (a) by 
а “local” change in lime of pu within volume elements 
of 0; the rate of change of this momentum is given by 
(d/dl) Jy pudV ; (b) by а “сопуесйопа!” change of pu in 
the course of the displacement in space of mass elements 
of 0.1 

The volume integral of the convectional change in 


Fic. 2. Imaginary 
surface S enclosing 
0 and stationary in 
space. ” is the inner 
normal, z the (posi- 
tive) particle ve- 
locity. 


momentum of 0 can be transformed into the surface 
integral over the entire surface of S in Fig. 2 of the 
"flux of momentum" crossing 5 per unit time; the 
integral amounts to $s (ри) (u-n)da,* Indeed, during a 
time element 4 the “flux of momentum" crossing a 
surface element da of S is given by (pu)(u-n)dadt, 
pu being the density of momentum and (u-n) the 
normal velocity across S. The surface integral results 
from a gain or loss in momentum of mass elements in 
the course of their displacements within 0. 

In our one-dimensional problem, the total flux of 
momentum entering S per unit time is given by 
(p1u1?—p2u2?)A ; the minus sign of pzu? expresses the 
fact that this quantity is the flux leaving S, when « is 
positive in the positive x direction. The parts of S out- 


Fic. 3. Directions 
of the forces acting 
upon 0. 


side the beam give no contribution, as the fluid there 
is assumed to be at rest. 

It may be noted that px? is always а positive quantity. 
independent of the sign of u. Owing to the equivalence 
between force and rate of change of momentum, the 


Т The total change of a quantity g is Dg/Dt— д4/91-- (u- V)q; 
the first term is called the local change, the latter term the сог- 
vectional change of q. 

8 See, for example, L. M. Milne-Thomson, Theoretical Hydro- 
dynamics (The Macmillan Company, New York, 1950), p. 72 
ae Handbuch der Physik (Julius Springer, Berlin, 1925), Vol. VIT 
P- op ^ 


terms (py?) and --(0:42), representing the flux of 
momentum entering and leaving S per unit time, may 
be treated as if they represented forces acting upon 5 
and directed always in the sense of the inner normal 
t of S (Fig. 2), whatever the direction of motion of the 
| particles crossing 5 may be. Nothing, however, indicates 
that such forces really act on the front and rear surfaces 
of S; only their sum has a physical meaning, as it 
integrates the convectional changes of momentum per 
unit time of all mass elements within 5. 
| Summing up ай the forces acting upon 0 (Fig. 3) and 
е. assuming that they are balanced by the external force F 
- necessary to keep the center of gravity of 0 in equi- 
librium,t we arrive at the equation 


$ poda+ (Pit pitts?— pa— pss?) A -Ё- (d/dt) 
5 


х | pudV=0, (1) 
(2 


where the last integral is taken over the volume bounded 
by S. 

Since we are interested only in the time average of 
the radiation pressure, we average Eq. (1) over a full 
period. Assuming a periodic character of the wave 
motion and periodicity in time of /у pudV, the time 
average of (d/di) Jy pudV vanishes; also $s poda=0, 
disregarding variation of po with depth. From Eq. (1) 
we obtain, after replacing F by Р.А, 


Р,= р: (рии?) рг — (pout), (2) 


where the angular parenthesis denotes the average 
value. 

This is the general expression for the 10/4] mean 
radiation pressure Р, exerted upon 0 in the present case. 

Equation (2) suggests regarding Р, as consisting of 
two separate parts Р; and P», belonging to the wave 
© motions in front and at the rear of 0. P; can be thought 
n. of as being caused by the wave motion in front of 0, 
© Ph by an "emitted" wave leaving 0 at its rear. It may 
+ - be recalled that F was defined as the force necessary to 
= keep 0 in equilibrium; the direction of F is opposite to 
— that of radiation pressure. We can, therefore, define a 
“| mean radiation pressure P per unit area of a plane com- 
= pressional wave by 


P-34- (ow). f (3) 


s so defined, P is always directed in the sense of 
mer normal of the surface interacting with the 
wave, whether the surface is thought of as 
ing or as emitting radiation. 

generalization of the expression (3), the mean 
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in an acoustic field can obviously be written 
(P)=pn+(pu(u-n)), (4) 


where u now stands for the vector of the velocity 
u(x, y, 2), and n, as before, is the vector of the inner 
normal on the surface element da.’ In the general case 
the acoustic radiation may also exert shearing forces 
upon the obstacle, resulting in a torque upon 0. 

The procedure of attributing to each surface element 
of S a radiation force of amount P, as defined by 
Eqs. (3) or (4), has its analogy in electrodynamics 
where Poynting’s radiation vector S= EX H is assigned 
to each surface element of an irradiated surface. What 
is, in fact, derived in both cases is the total force or the 
total electromagnetic radiation belonging to a closed 
surface; from the surface integral, however, no rigorous 
conclusion can be drawn with regard to the distribution 
over the elements of the surface of derived quantities 
such as (P) or S. Still the concept of a radiation pres- 
sure P as defined in Eqs. (3) and (4) is very useful and 
leads, if properly applied, to correct results. 

Incidentally, an expression analogous to Eq. (4) is 
well known in hydrodynamics in connection with what 
has been called “Euler’s momentum theorem.”§ 


4, BRILLOUIN’S STRESS TENSOR IN FLUIDS 


From the foregoing considerations, Brillouin’s con- 
cept of a tensor describing the dynamical stresses acting 
upon a fluid under acoustic motion can easily be ob- 
tained. The general result of Eq. (4) may equally well 
be applied to a volume V belonging to the fluid. We 
consider a unit volume in the fluid 2»4 describe the 
force exerted upon it in the x direction by the component 
Tz, of a general stress tensor; the tensor components 
Т.., Туу, Taz are here positive in the sense of the inner 
normal, that is, in the sense of the positive pressure. 
Equation (4), then, gives in the one-dimensional case 


$ Pda- (22):— (Т)»= -Ї (9Т../дх)4х 
8 


2 4 727212 


whence by use of a well-known integral transformation 


2 9T. 
-f —dx=— 
1 


9 
—((p+pu?))dxdydz 
Ox y 0x 


--f © pt ou de, 
1 9х 


since ((p++p12)) is a function of x only and dydz=1. The 
fluid, therefore, can be thought of as subjected in the 


15ее P. J. Westervelt, J. Acoust. Soc. Am. 23, 312 (1951), _ у 


. (8). 
E See L. M. Milne-Thomson, reference 6, p. 74. 


2 
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x direction to a dynamical stress component 
Т= pot (р-р) = pat (ри). (5) 


Since the particle velocities in the у and 2 directions 
are zero, the pressure ра= pot 18 the only force acting 
in those directions. Thus, 


Тя = Т..= Ра. (6) 


These forces acting in the fluid can be described by 
use of the dynamical stress tensor introduced by 
Brillouin:* _ 

Bat (pi) 0 0 
0 pa 01 (7) 
0 0 Ра 


Tn the absence of acoustic wave motion (ри?) = 0 and 
фа= fo; the liquid is under the hydrostatic pressure ро 
only, which is the same in every direction. If the 
acoustic wave is present, the fluid undergoes a non- 
isotropic state of stress: the stress component 7. differs 
from T, and T- by (ри), that is by the mean flux of 
momentum density through a stationary area normal 
to the x direction. Moreover, as is shown later, the 
pressure ро is changed in time average to the mean 
dynamic pressure ра= ро--р, where р is found to be 
proportional to the energy density of the wave motion. 

If the fluid is bounded by a plane material surface 
normal to x, the mean normal stress -z= фа (ри?) is 
transferred to unit area of this surface; thus, we are 
led back to the expression for P, as defined in Eq. (3). 
At oblique incidence the radiation tensor transforms 
like the tenezz-in Eq. (7). In order to attain the final 
value of P, the expressions for the tensor components 
must be completed ; since a will turn out to be different 
from the pressure ро in the undisturbed medium, the 
interaction between the two regions inside and outside 
the beam must be considered. 


5. A GENERAL RELATION FOR THE MEAN EXCESS 
PRESSURE, AND FOR THE “RAYLEIGH-PRESSURE” 


sche mean excess pressure р depends upon the 
‘Properties of the fluid under consideration, that is, upon 
the relation р(р) between pressure and density. р finally 
follows from the solution for the wave motion. Since p 
15 related to an area fixed in space, the solution of the 
so-called Eulerian equation of motion is indicated. In 
this equation the quantities р, p, and и are regarded as 
functions of х, у, в, and /, the coordinates belonging to 
а System at rest. A velocity u(x, у, z, t), for example, 
means the velocity that would be observed at the 
Point (x, у, z) at the time і; since the fluid is in motion, 
different particles of the fluid are found at the same 
Point (x, у, =) at a different time /. In other words, 
= 


E Brillouin, reference 2. Also, “Les Tenseurs en Mécanique et 
i Elasticité” (Dover Publications, New York, 1946), pp. 290, 302. 

15 proved by Brillouin that the forces can actually be repre- 
sented by a tensor, that is, that they transform like a tensor. 
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р, p, and и are not associated with particles, but with a 
fixed point in space. 

Often, however, a solution for the wave motion can 
more easily be established by using the Lagrangian 
equation of motion. Here the quantities р, р, and и are 
related to special particles and the solution describes 
the change in time of р, р, and и, which would be noted 
by an observer at the instantaneous positions of the 
particles. In order to mark the difference between 
Eulerian and Lagrangian quantities, we shall denote 
the latter by p*, л”, and u*. The particles themselves 
are characterized by their original positions at rest, the 
coordinates of which may be a, 6, с; their instantaneous 
positions are denoted by the displacements &, л, € 
(which are functions of а, b, c, f) from their original 
positions. The actual position of a particle with respect 
to a fixed system is therefore given by х= a-- £; у= 54-3, 
z—c-Ff. For example, a solution for u(a,b,c,f) in 
Lagrangian coordinates indicates the velocity found at 
the actual position а- £, 54-3, c+¢ of the particle, the 
rest position of which was a, 6, c. 

The relation between a Lagrangian quantity q* and 
the corresponding Eulerian quantity g is expressed by 


q* (a, b, c, t) = q(a-- E(t), b4+n()), с--0(0, t) 
—q(x(t), y(i), 2(), (8) 


since the positions and velocities of particles are 
given by 


x(f) a4-£(a, b,c, 1) ; dx/di- u,— 98/91 
y()=b+n(a, 5, с, t); dy/di- u,— Әт! (9) 
z(f) c4-£(a, b, c, t); dz/dt=u,=d¢/dl. 


If £, n, { are known functions of (a, b, c, t), the inversion 
of the system (9) allows one to express a, b, c as func- 
tions of (x, у, z, t). By insertion of a, b, c, so found, into 
q* of Eq. (8), one obtains the corresponding quantity q 
in Eulerian coordinates. The inversion of the system (9) 
cannot ordinarily be accomplished by functions of 
closed form; one has rather to resort to power develop- 
ments.|| 

Our further considerations will be limited to small 
amplitudes of the acoustic wave motion; that is, terms 
of third and higher order of amplitudes will be neg- 
lected. In compressible liquids, the amplitudes that are 
so far experimentally obtainable in plane waves are 
always small; in gases, owing to the nonlinearity of the 
wave equation, the mathematical difficulties in dealing 
with firite amplitudes are beyond the scope of the 
present paper. 

Returning to the one-dimensional case under con- 
sideration, we will now establish a relation between р 
and Р”, that is, between the mean pressure р at a 
fixed position, as needed in Eq. (3) for P, and the mean 
pressure p* related to an oscillating particle. Such a 
relation is very useful, because in acoustics solutions 


1 See F. Е. Borgnis, Technical Report No. 1A, March 10. 195; 
under U. S. Office of Naval Resear Contest Nout na 1955, 
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for p* are often easier to find than solutions for p. 
According to Eq. (8), ?(a4-£(a, )) = р*(0, D : by sub- 
stituting a for a+£, we have р(а, ) = ?*(a— £(a— 50). 
Regarding £, р, and р* as small first-order quantities 
and neglecting terms of order higher than second, we 
may write 


р(а) = p*(a—£) = p* (a) — £(8p*/ Aa). (10) 


The Lagrangian equation of motion in one dimension 
is known to be 


0 (а,0) | Op*(a,) 
a ГД ОЛ 


(11) 


ро 


where ро is the undisturbed density. This equation is 
rigorous, with nothing neglected.’ 

From Eqs. (10) and (11), we find, using customary 
abbreviations denoting partial derivatives, 


р=р*— ((Ера*)) = р* ро (46) 
Now we can write ЕЁн= (ЕЕ): — (&:)°; taking the time 
average and assuming £ and its derivative as periodic 


in time, we find ((££)) = — ((£)?) = — (и*), since u* = $+. 
Thus, we obtain 


р(а) = p* (a) — exu) (a). (12) 


Denoting first- and second-order terms by the sub- 
scripts 1 and 2, we have, excluding a continuous par- 
ticle velocity to, 


u=} us, p=pit s p=potpitp2 
u*—uwytu.*, p*=pi*t+p2*, p*=potpi*t+p2*. 


То the second order twice the kinetic energy is 
2Ekin= pt? — ром = Exin* = p*u"=pou*? as seen from 
Eq. (13), because 22 differs from 2275 in terms higher 
than the second. Also, in this approximation Byin* 
= Еро“, and the total energy density B*= Byin* tE pot" 
= 2E\in*=(pu**)=(oou*). Consequently, we have at 
small amplitudes 


(13) 


E= Ё*= (ри) = (ри) = ро) = ро(и*), (14) 
and hence, from Eq. (12) 
p(a) = p* (a) — E* (a) = p* (a) — E (a). (15) 


This general relation between the mean pressure р at 
a fixed coordinate a, and the mean pressure р" 
which would be observed by moving with the particle 
around a, is independent of the special functi/n (p). 
Equation (15) enables us to find the mean Eulerian ex- 
cess pressure р, when р* and и* in Lagrangian coordi- 
nates are known. 


9 See, for example, Н. Lamb, Theory of Sound (Edwin Arnold, 
London, 1910), р. 176; also Hydrodynamics (University Press 
Cambridge, 1936), p. 479. [ 
’ Y See С. Hertz апа Н. Mende, Z. Physik 114, 354 (1939); also 
— F. Borgnis, Z. Physik 134, 363 (1953), where it is shown that 

_ Eq. (15) holds also for finite amplitudes. In the present paper, it 
18 sufficient to know its validity at small amplitudes. 
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Inserting Eq. (15) in Eq. (3), with consideration of 
Eq. (14), we obtain 


P= p+(pu*)=p*. (16) 


Thus, the radiation pressure can equally well be ех. 
pressed by the mean pressure averaged in time over а 
unit area moving with the particles at the interface 
between fluid and obstacle. 

Some authors dealing with the present subject 
identify radiation pressure with the mean Eulerian 
excess pressure р only. Most problems in acoustics are 
usually treated only to the first order of approximation; 
within this approximation the second-order term (ри?) 
is neglected апа р becomes identical with (p*). Radia- 
tion pressure, however, is a second-order quantity, 
If Eulerian quantities are used, the term (ри?) (as well 
as at least second-order terms in р) are essential; only 
in the case of a perfectly rigid reflector (и=0) does the 
identification of the radiation pressure with р lead to 
accurate results.!! If Lagrangian quantities are used, at 
least second-order terms in (р*) have to be taken into 
account. 

From the physical point of view, it appears natural 
to reason that the radiation force exerted upon a 
material surface which (unless it belongs to a perfectly 
stiff reflector) is in periodic motion, should be obtained 
by averaging in time the excess pressure on the moving 
surface, as indicated by Eq. (16). Indeed, as Eq. (16) 
shows, this is perfectly correct in dealing with a beam 
of infinite width, or of finite width but not in communi- 
cation with undisturbed regions of static pressure fo; 
in these cases both the Lagrangian aventity p* and 
the Eulerian quantity ((2--р22)) constitute a correct 
expression for the radiation force. Nevertheless, the 
case of infinite width is, of course, purely theoretical; 
the case of finite width could be conceived as repre- 
sented by a beam filling completely a closed cylindrical 
tube with perfectly rigid walls. Experimentally, how- 
ever, it seems hardly feasible to measure radiation 
pressure by such a device. 

С. Hertz and Н. Mende” introduced the notation 
“Rayleigh pressure" for the Lagrangian quantity 0% 
that is, the excess pressure averaged in tin.» over а 
moving surface. Therefore, according to the statements 
above, the Rayleigh pressure can be identified with the 
radiation pressure in an infinitely extended beam, not in 
communication with undisturbed regions. 

Practically, however, the acoustic beam is of finite 
width and interacts under almost all conditions with 
undisturbed regions. This interaction plays а funda- 
mental part in producing the actual radiation forces, 
because it changes the dynamic pressure in the beam ш 
a way which will be treated below. It is this change 1? 
pressure that leads to the actual expression for the 
radiation pressure. The expressions for P in Eq. (16), 


u F, Bopp, Ann. Physik 38, 495 (1940). 
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therefore, have to be modified, because they íail to 
take into account this phenomenon of interaction. 


6. MEAN EXCESS PRESSURE AND ENERGY DENSITY 
IN LIQUIDS OF CONSTANT COMPRESSIBILITY 


The case of liquids offers the least complicated 
analytical access to the quantities involved and, there- 
fore, affords the most perspicuous physical insight into 
the problem. This advantage is due to the fact that in 
liquids we can assume constant. compressibility. 'This 
concept introduces a simple analytical relation between 
the hydrodynamic pressure ра and the relative change 
in volume AV/V of a volume element having the 
original volume V, on which a pressure Дра is exerted. 
The compressibility is by definition 


AV 1 
в=-— —. (17) 


For acoustic waves one uses normally the adiabatic 
value of В, though the processes are certainly not 
strictly adiabatic. Still, the exact value of 8 will not be 
very much affected, even if the process is not strictly 
adiabatic; this conclusion follows from the fact that 
the difference between the adiabatic and isothermal 
compressibility amounts to only a few percent for 
liquids forming drops and under normal conditions of 
temperature and pressure. Over /arge ranges of pressure 
the compressibility is not constant. Still, within the 
range of excess pressures encountered in acoustic waves, 
which in plane waves rarely exceed about 30 atmos, 
the compress#sility for both positive and negative 
pressures can be regarded as practically constant.” 

In the one-dimensional case, the relative change of a 
unit volume element is AV/V = д#/да, where £ denotes 
the particle displacement in the Lagrangian sense. 
Hence, we have from Eq. (17) with Ара= ф*, 


p*— — (1/8) - (9£/9a). (18) 


In a plane wave, the volume element is stretched and 
pressed only in the x direction; this causes, how- 
ever, a dynamic pressure which is a scalar and, there- 
fore, the same in every direction. The relation (18) is 
exact by definition for media with constant compressi- 
bility; no higher terms in £ are involved. 

‚ The exact one-dimensional Lagrangian equation (11) 
gives, with Eq. (18), 


O?£(a, t) 1 д?Е(а, t) 
98 Baa? 


ро (19) 


The well-known solution for plane acoustic waves 
generated by a simple harmonic piston motion of 
angular frequency w and located, for example, at any 


2 See, for example, the tables in №. E. Dorsey, Properties of 


NGC ROI e (Reinhold Publishing Corporation, 
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а= -Е2тп/Ё, is 
£(a, 1) = &{5їп (ш!— ka)+y sin(wt+ka+6)}, (20) 


where ю/Ё--с-4(1/8ро)) (c= phase velocity). This solu- 
tion is rigorous, including finite amplitudes, subject only 
to the limitation that the solution (20) remains unique. 
This limitation excludes amplitudes so large that one 
particle can overtake the one in front of it. The ampli- 
tude £ is thus limited to values smaller than X/4z. 

From Eq. (20) we obtain immediately the velocity 
u* (a, 1) = 0/91 as 


u* (a, t)=wko{cos(wl—ka)+y cos(wl+ka+8)}. (21) 


The excess pressure, according to Eq. (18), is 
р* (a, 0)  (kEy/B) {cos (wt— ka) — ү cos(et-- ka--0)). (22) 


The constants y and 0 are the amplitude reflection 
coefficient and the phase angle of the reflected wave 
with respect to the incident wave. 

The mean energy density follows from Eqs. (14) 
and (21): 


Ё* (а) = (ро/т) f u**(a, ИФ (т=2т/), 
0 


whence 


Е*(а) = E;(1-4- 2y cos(2ka4-0)2-y?), (23) 


where the mean energy density of the incident wave is 
denoted by 


Ё,- poft. (24) 

Since p*(a)=0 according to Eq. (22) in liquids of 
constant compressibility, Eq. (15) becomes, by use of 
Eq. (23), 


p(x) = — E14-2y cos(2x4-8)-- *], 


where x is now written for the Eulerian coordinate; 
it isa matter of notation only whether we call this 
variable x or a. 

With the same change in notation we have, according 
to Eq. (23), (ри) = E= E;(14-2y cos(2kx+-6)+77} and 
with Eq. (25) we obtain P= p+ (pi?) = 0. This relation, 
which holds for an infinitely extended beam or a beam 
not communicating with undisturbed regions, shows 
that the mean decrease of pressure due to the acoustic 
field is “ust compensated by the flux of momentum 
density at any x; the tensor component Tz, in Eq. (7) 
becomes ро in this case. Thus, no radiation pressure 
would be found in liquids of constant compressibility, 
when the beam does not interact with outside regions. 
This is obviously in contradiction to experimental re- 
sults, because, as already pointed out, the. radiation 
pressure actually encountered is essentially due to the 
interaction of the beam with the surrounding medium ; 
this effect will be treated in the following section. 


(25) 


5» 


` 


. INTERACTION BETWEEN ACOUSTIC BEAM AND 
SURROUNDING UNDISTURBED MEDIUM, AND 
THE RESULTANT RADIATION PRESSURE 


Equation (25) indicates that the mean dynamic 
excess pressure produced by the periodic wave motion 
varies periodically along x, except when the incident 
wave falls upon a perfect absorber (y=0). Along its 
circumference the beam is bordered by the parts of the 
fluid unaffected by the wave motion. The boundary 
conditions require continuity of stress, that is of Ty, 
and Тш; both amount to фа=ро- Р as seen from the 
stress tensor (7). The instantaneous stresses Ту, and Т. 
have been replaced by their time averages 7, and 7'.., 
since it is sufficient to postulate that the balance of 
stresses has to be maintained in time average. Since 
the pressure outside is assumed to be ро, the continuity 
of stress requires that =Т= Т..= фа= pot P, ог: 
8-0. d 

Thus, if no reflected wave is present, р(х) = — Ё; 
according to Eq. (25), the total dynamic pressure 
being ра= ро— Ё; inside the beam and ро outside. In 
order to establish the same amount of pressure at the 
boundary of the beam, the beam will be compressed 
and its mean density raised by the outside pressure ро 
until the dynamic pressure inside the beam equals ро. 

If a reflected wave is present, the case is more com- 
plicated, owing to the second-order periodic change of р 
along х, as expressed by Eq. (25). It is not possible to 
fulfill exactly the boundary conditions at the interface 
between beam and undisturbed medium, since the 
pressure is independent of x in the medium, while 
periodic in x within the beam ; this dilemma results from 
our idealized assumption of a sharp boundary between 
the two regions. Actually, the periodic variation of р 
inside the beam will change gradually into the constant 


"The stress tensor averaged in time and space becomes 


фо-Ё 14-80) 0 0 : 
My 0 fo 01, (27а) 
Ч 0 0 po 
15 satisfying the boundary conditions for ((T,,)) and 
both of which now equal fs. 


ly, we calculate the value of the rádiation 
taking into account the additional pressure 
+) resulting from the interaction between 
undisturbed medium. 

18. (3) and (23) we have 


Р-Н (ри) = p-- Ei(1--2y cos(2kx-+6)-+2}. (28) 


2уЁ; cos(2kx+6), (29) 
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pressure ро in the undisturbed medium. However, it is 
reasonable to assume that this change is essentially 
performed within a region of transition which is small 
in comparison with the width of the beam, if the latter 
is large compared with the acoustic wavelength. Theo- 
retically, this region of transition might extend to 
infinity. Within this “ейде region" of the beam a more 
complicated (vortical) motion of particles will occur; 
a closer theoretical investigation of this effect is beyond 
our scope. 

A reasonable way to satisfy the boundary condition 
at the edge of the beam is tne assumption that by 
reaction of the surrounding medium the average value in 
space of the dynamic pressure a= fol p is brought 
to ро; inside the beam фа then varies periodically along 
the x axis around the value фро. 

If the average value of р in /ime and space is denoted 
by ((p)), the boundary condition at the edge of the 
beam thus leads us to the condition ((p))=0 inside the 
beam. However, if there is no interaction with the 
surrounding undisturbed medium, it is found from 
Eq. (25) that ((p))=1/A fo^ p (x)dx= — Е,(14-ү?), where 
^ denotes the acoustic wavelength. The beam, therefore, 
will undergo a mean compression, which raises the 
pressure by the opposite amount ((po’))=+ E;(1--?) 
in order to bring the total space and time average of p in 
the beam to po. The mean “effective dynamic pressure” 
in the beam can then be expressed as 


(ра) = pot p+ фо = po— 2үЁ; cos(2kx-+6), 


from which expression we indeed obtain_((pa))ott= фо. 
The resultant mean stress tensor in the fluid according 
to Eq. (7), upon introducing (patt and (ри) = E(x) 
from Eq. (23), becomes 


(26) 


pot EQ) 230 0 
0 po— 2» E; cos(2kx-4-0) _0 ! Е (27) 
0 0 $o—2y E; cos(2kx--0) 


<аг 


(30) 


we find for the radiation pressure from Eq. (28): 
Б= Е; (1+5). 

This result agrees, as it should, with the tensor com- 
ponent Tzs in Eq. (27). 3 

For a perfect absorber (y=0), P= E; for a perfect 
reflector (y?=1), P=2E;. The radiation pressure is 
independent of the phase angle between incident and 
reflected wave. 

One might construe P in Eq. (30) as consisting of 
two parts, Р;=Ё; and P.—4?E; Р, caused by the 
incident wave only and P, by the reflected wave, whose 
mean energy density is 4?E;. In adopting this view,” 
one might say that the incident wave of energy density 


ТЕ. Bopp (reference 11) uses the same assumption, basing it 
on the premise that a nonvanishing average value in space of Р 


would be neutralized by a lateral flow of fluid into or out from | 


the beam. 


а 


A i 
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Ei, is completely absorbed by the obstacle, leading to a 
radiation pressure P;— Ёс, while at the same time, the 
obstacle re-emits a reflected wave of energy density 
y: E; the. obstacle undergoing a reaclional radiation 
pressure Р,= ү?Е.. This concept yields the right numeri- 
cal value for the radiation pressure; it does not, how- 
ever, afford an insight into the physical background of 
the forces really acting at the surface of the obstacle. 
That mechanism will become apparent from the fol- 
lowing section. 


8. JOINT ACTION OF THE DYNAMIC PRESSURE AND 
THE FLUX OF MOMENTUM IN PRODUCING 
RADIATION PRESSURE IN LIQUIDS 


Considering the interface between liquid and obstacle 
at x—0, we find the following Eulerian components 
acting at the interface by applying Eqs. (23) and (25) 
to the plane x (or a) —0: 


P= — Ё.(14-ү--27у cosh), (31) 
ро = (1-7), (32) 
(ри?) = В: (1-97-27 cosb), (33) 


the sum of which amounts to the radiation pressure 
P-EÉ;14-3?) actually measured. The joint modus 
operandi of these forces may be demonstrated by a 
discussion of certain examples. 


(a) Perfect Absorber (ү=0) 


An incident wave is absorbed completely by an 
obstacle, the surface particles of which follow exactly 
the movememt-=f the fluid particles in the pure pro- 
gressive wave at the interface. No reflected wave is set 
up in this case and y=0.** 

The mean excess pressure p(x) caused by the periodic 
particle movement is — E; and is constant throughout 
the beam [ Eq, (25) ]; by interaction with the surround- 
ing medium р is exactly compensated throughout the 
beam by ро = E; [Eq. (32)], so that the total mean 
pressure equals ро in the beam. The radiation pressure 
2-5 solely a consequence of the flux of momentum ри? 
and therefore equals P— (pi) — E; 


(b) Perfect Reflector (y=1) 


If the obstacle does not absorb any energy, the entire 
епегру of the incident wave is returned as a reflected 
wave of the same amplitude. By interference, the two 
Waves cause a standing-wave (in a nonviscous liquid), 


Е ** One practicable approach to a perfect absorber is the acoustic 
hohlraum,” that is, а cavity with acoustically insulating walls, 
filled with an absorbing medium, and provided with a small 
Window through which the acoustic beam is admitted. Such а 
device has been applied for measuring acoustic intensities in 
Water in the form of a cylindrical tube; for frequencies in the 
megacycle range, the absorption of energy is practically complete 
ша tube that is not excessively long. The plane of the window, 
herefore, serves as a. totally absorbing surface. Another prac- 
ticable solution is the use of a 90° wedge (F. Borgnis, J. Acoust. 
Soc. Am. 24, 468 (1952). 


\ 
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with periodic variation in excess pressure p(x), as well 
as т (pi?)(x) along the axis of the beam. 

Perfect reflection can be achieved by both a perfectly 
stiff and a perfectly soft reflector. The particles at the 
surface of the perfectly stiff reflector are considered as 
absolutely immovable; the boundary condition at the 
interface between fluid and reflector is, therefore, ex- 
pressed as (0, 1)=u*(0,1)=0 at any t, u being the 
velocity component normal to the boundary. From 
Eq. (21) we find that the boundary condition u*(0, t)=0 
requires y= 1 and 0-5 in the one-dimensional case. On 
the other hand, a perfectly soft reflecting surface is 
characterized by p*(0, /) = 0 at any £; a reflection of this 
kind occurs at the plane free surface of a liquid, where 
the condition must be satisfied that the pressure shall 
be continuous as we pass from liquid to air. Since the 
pressure in air can be assumed to be constant and equal 
to ро (disregarding the negligible wave motion trans- 
mitted into the air), the Lagrangian excess pressure p* 
must vanish at the free surface of the liquid. The 
boundary condition р*(0, f) —0 is satisfied by y=1 and 
8— 0, as seen from Eq. (22). 

First we consider the perfectly stiff reflector: The 
mean flux of momentum (ри?) vanishes at the interface 
because here и=0; the radiation pressure is now due 
entirely to the dynamic pressure in the liquid. Accord- 
ing to Eq. (31), p=0, since y=1 and б=т. However, 
by interaction between beam and surrounding medium, 
all values of р distributed along the x axis are raised 
by an amount ро —2£; [ Eq. (32) ], which leads to the 
actual radiation pressure Р=2Ё;. 

At the perfectly soft reflector we find from Eq. (31), 
with y=1 and 6=0, that p=—4E;; from Eq. (32), 
po =2E;; and from Eq. (33), (р?) - 4E;. Three effects 
act jointly in this case: First, the mean pressure р 
amounts to —4E; per unit area of the free surface; 
second, by interaction between beam and surrounding 
medium р is raised by an amount y —2£Z,, that is, 
to —2E;; third, the mean flux of momentum equals 
4E; because, owing to the reflection, the resultant 
velocity amplitude (0,1) is twice as large as that 
belonging to the incident wave alone [ Eq. (21) ]. Thus, 
in the sum the radiation pressure amounts to P—4Z; 
—2E;—2E; just as was found for the perfectly stiff 
reflector. 

Figure 4 illustrates the distribution of pressure and 
flux of momentum for the two cases of perfect re- 
flection., 


(c) General Case (0<ү<1; —=<0< 2) 


In general, where the incident energy is partially 
absorbed and partially reflected, the force upon the 
obstacle is due to both effects: the effective excess 
pressure рьн= Р-ро, and the quantity (ри). Each of 
the quantities р and (ри?) depends on у and 6, as indi- 
cated by Eqs. (31) and (33), but their sum does not; 


it cancels out in liquids of constant, compressibility, 
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Fic. 4. Distribution of the mean excess pressure p resulting 
from the acoustic wave motion alone; the mean effective dynamic 
pressure (Pa)ott=P+Po' resulting from both the wave motion and 
the interaction of the beam with the surrounding medium; and 
the mean flux of momentum (pz), in the neighborhood of the 
boundary of a perfectly stiff reflector (above), and a perfectly 
soft reflector (below), in a liquid of constant compressibility. 


reducing the Rayleigh pressure to zero. The radiation 
pressure encountered in a beam of finite width is a 
mere consequence of the mean compression of the 
beam by the outside medium, that is, of the term 
jv = E+). 

The Rayleigh pressure p+(pu) does not vanish, 
however, if the compressibility is not constant, as in 
gases. For example, in a purely progressive wave in a 
gas under adiabatic conditions and in the neighborhood 
of the source p*= p+ (pi?) = (1+-7.)#;/4 at small ampli- 
tudes (уг =таііо of the specific heats). 

As an example of a general case, we treat in the 
following section the radiation pressure produced at the 
interface between two nonmiscible liquids. 


9. RADIATION PRESSURE UPON A PLANE INTERFACE 
BETWEEN TWO NONMISCIBLE LIQUIDS 


Let an acoustic beam of plane waves fall normally 
upon the plane interface between two nonmiscible 
liquids 1 and 2. The static pressure ро outside the beam 
may be regarded as constant and the same in both 
liquids. The “obstacle” is reduced in this cape to the 
interface between the two liquids. In liquid 1 we 
‘assume a progressive wave of energy density Ёл: this 
incident wave causes, in general, a reflected wave in 
liquid 1 and a transmitted wave in liquid 2. The waves 
in 1 produce a radiation pressure Ру= (1-5?) , while 
the transmitted wave causes a reactional radiation 
Эр pressure P= = Его, where Е» is the mean energy 
.  . density of the progressive wave transmitted into 
zum _ liquid 2. The total radiation pressure, according to the 


^ СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


ий 


BORGNIS 


result of Eq. (2), is then given by 


P- Poe Pi Ea) - Eo. (34) 


Since the interface does not absorb energy, the balance 
of the power transmitted requires c o a(1—3) E, | 
Hence, we obtain from Eq. (34): 


P-Ea(1—o/e (А 6/e2)). (35) ї 


At normal incidence the coefficient of reflection is known 
to be у= (1—m)/ (14- m), where m= рэс>/ раст, p and c 
being the undisturbed densities and velocities of sound 
in the respective media.” 

Equation (35) shows that for special values of c/c, 
and р»/рз, the pressure Р at the interface becomes zero. 
Inserting the above value of y in Eq. (35), we obtain 
the following condition for vanishing radiation pressure: 


сэ/су-- (p1/p2){2(p2/p1)— 1)“. (36) 


According to this, P becomes zero only if the two 
liquids are arranged so that р1< 2p»; moreover, co/ci 
has to obey Eq. (36). If с/с is smaller than indicated 
by Eq. (36), P is found from Eq. (35) to become , 
negative. In this case, the direction of P is opposite to 
the direction of propagation of the incident wave. This 
effect is caused by the fact that [240 is now small enough 
to make the energy density E: exceed Ea(1--y?) in 
Eq. (35).4 

'These two quantities represent the additional pres- 
sures ро on the two sides of the interface because of the 
compression of the beam by the surrounding medium. 
The mean Lagrangian pressure р" on both sides of the 
interface is zero when the liquids havc-constant com- 
pressibility, and therefore does not contribute to the 
radiation pressure. The actual physical forces to which 
the interface is subjected result from the difference in 
compression of the acoustic beam on both sides of the 
partition. 


10. GENERAL REMARKS ON THE RADIATION 
PRESSURE IN GASES 


The relation between pressure and density in 695 
leads to a nonlinear Lagrangian wave equation, tne 
rigorous solution of which can be obtainea ‘only by 
series development. As is well known, the wave form in 
gases becomes distorted in the course of the propaga- 
tion. This fact is expressed by a variation in space 0 
the amplitudes of higher terms in the series develop- 
ments; more and more wave energy is transferred from 
the fundamental mode, which holds in the immediate 
neighborhood of the source, to higher harmonics in the 
course of the wave propagation.!® 

It is difficult to obtain a strict solution of the wave 


ЧЭ Lamb, Theory of Sound (Edwin Arnold, London; 1910), 
р. 169. = 
M С. Hertz and H. Mende (reference 10) have demonstrated 
this effect. If pı 520», P in Eq. (35) is always positive, that 15, 
in the direction of the incident wave. 

15 Reference 13, p. 174. 
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equation even for small amplitudes, if a reflected wave 
is present. A rigorous treatment would require con- 
sideration of absorption, because the amplitude of each 
higher harmonic is determined by its particular rate of 
absorption." 

A procedure for computing the radiation pressure for 
the general case of reflection, such as was applied in the 
previous sections for compressible liquids, is hardly 
feasible for gases, owing to the mathematical difficulties 
involved. Still, the insight into the physical processes 
that has been gained from the treatment of liquids can 
be used to establish a уегу general expression for the 
radiation pressure in all fluids. It will be shown that 
the formula P= Ё{(1-Е+?) holds in any fluid, that is, 
also in gases, at small amplitudes, at least under the 
idealized assumptions introduced in the present treat- 
ment. 


11. A GENERAL EXPRESSION FOR THE RADIATION 
PRESSURE IN FLUIDS 


By multiplying the one-dimensional Eulerian equa- 
tion of continuity prd-(pu)z— 0 Бу и and adding the 
equation so obtained to the Eulerian equation of motion 
р(и- uz) р> = 0, a well-known form of the equation 
of motion in one dimension is obtained: 


(pu) t (ри): р== 0. (37) 


In Eqs. (37) to (39), p may be regarded as representing 
either the excess pressure or the total dynamic pres- 
sure ра. Considering a purely harmonic motion of the 
acoustic source and assuming that Eq. (37) has solutions 
periodic їп time, we find by averaging Eq. (37) in 
time and integrating with respect to x, 


(р22)--Р--С, (38) 


where С is a constant independent of x and /, but not, 
in general, of the wave amplitude. Next, averaging 
Eq. (38) also*in space, we obtain 


((pu*)) + (p))=C. (39) 


Regarding for the moment р as the total dynamic 
pressure, we apply the same conclusions concerning 
that, weve used in Sec. 7, namely, that owing to the 
interaction between beam and surrounding medium, 
the total mean Eulerian pressure averaged in time and 
Space along the beam may reasonably be assumed equal 
to the undisturbed outside pressure ро, or in other 
words, that ((р))= ро. Inserting this condition in Eq. 
(39) and substituting C so obtained from Eq. (39) in 
Ед. (38), we find 


(риё) (р— Ро) = (pup. (40) 


Now (р—ро) is what we previously called the mean 
excess pressure p, and ((p1*))=2((E))xin=((E))total 
> 

16 ее Р. J. Westervelt, J. Acoust. Soc. Am. 22, 319 (1950), 
Sec. VI, and F. E. Borgnis, Technical Report No. 1A, March 10, 
1953, under U. S. Office of Naval Research Contract Nonr-220(02). 
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+ (((E))xin—(E))pot). Therefore, from Eq. (40) and 
according to the definition of radiation pressure in 
Eq. (3), we haveft 


P= 2(E))xin= (CE) rota + (Enn — (E))pot)- (41) 


\ 


Equation (41), which includes the interaction between 
beam and surrounding medium, gives the radiation 
pressure for a beam of finite width in any fluid and on 
any plane reflecting surface. With the assumption 
((p))= po, which led to Eq. (40), Eq. (41) is valid for 
finite amplitudes, since no restriction was introduced in 
this respect in the derivation. Whether this assumption 
is valid or not at finile amplitudes is an open question. 

At small amplitudes, where we limit ourselves to 
terms up to the second order, it is sufficient to know the 
first-order solution іп и, as already mentioned in Sec. 5. 
This is correct, at least, within a distance not too far 
from the origin of the wave motion; or, if absorption is 
assumed to be exactly zero, within a not too large time 
interval after the wave motion started. Owing to the 
transfer of wave energy from the fundamental to higher 
harmonics, as mentioned in Sec. 10, the amplitudes of 
these harmonics increase with distance from the origin 
(Earnshaw’s solution), and also with time in absence of 
absorption. At larger distances, therefore, the terms of 
higher order may no longer be negligible. On the other 
hand, absorption is always present, limiting the ampli- 
tudes of the harmonics. It is only in a medium with 
constant compressibility that the fundamental wave is 
propagated without producing higher harmonics, pre- 
serving its original shape everywhere. 

To the first order the solution for и of the Lagrangian 
wave equation is given in any fluid by Eq. (21). More- 
over, ((E))por=((E))xin at small amplitudes, and there- 
fore 2((E))xin=((E))tota= E:(1+7°), as seen from Eq. 
(23). Consequently, we find from Eq. (41) that the 
expression 

Р=2Еу=Е(1+ү) = рю? (1+7) (42) 
is valid both in liquids and gases, when terms of third 
and higher order in &£;— 27£»/A are excluded. Eq. (42) 
agrees with Eq. (30), which was found to hold for 
liquids of constant compressibility. 

Since Ё,(14-ү2) is the mean total energy density 
encountered at the surface of the plane reflector, Eq. 
(42) states that af small amplitudes the radiation pressure 
of a finite beam of plane compressional waves equals the 
mean total energy density at the reflecting surface. This 
result is independent of the special law connecting 
pressure and density in the fluid under consideration. 
At larger amplitudes, according to Eq. (41), the total 
energy density must be replaced by 2((E))xin, that is 
twice the average in time and space of the kinetic 
energy density. > 


- 


1t An analogous derivation was applied to the special : 
perfectly stiff reflector by F. Bopp (reference re ts кеч» 
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t may be recalled that the expressions for the radia- 
- tion pressure given in Eqs. (41) and (42) represent only 
— the force that may be attributed to one side of the re- 
lector. A force of the same kind, equal to the energy 
density behind the reflector, but opposite in sign, has 
to be attributed to the opposite side.ft Only the sum of 
these two forces has a physical significance; it represents 
both the change in momentum per unit time to which 
the wave motion is subjected in passing through a 
partition, and the effects of interaction between beam 
and surrounding medium on both sides of the partition. 
The total radiation pressure Р, exerted upon а parti- 
tion by a finite beam is, therefore, under the assumption 
leading to Eq. (41), given by 


o Pi (Kor) (Go) 
=2(((E))xin) —2(((B))xin)2, (43) 


where, as before, the indices 1 and 2 denote the two 
sides of the partition (Fig. 2). At small amplitudes, 
2(E) can be replaced on both sides by the total 
energy density ((Е)); the total radiation pressure then 
equals the difference in energy densities on both sides 
of the partition. A similar result, namely, that the 
- radiation pressure is equal to the difference between 
— two energy densities, is also well known in electro- 
_ dynamics. 


d BIBLIOGRAPHY 


. — — A good survey of the literature on the subject, covering the 

= period before 1927, is found in Handbuch der Physik, Vol. VIII 

— (Berlin, 1927), pp. 148, 149, 579, and 580. Below is given a selected 

- list of papers of special interest in relation to the present treat- 
j ment; the list also includes some papers quoted in the text. 


; t iim the special cases of a perfect absorber or of a perfect re- 
—  flector this force at the rear is zero. 
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The Thermal Expansion of Anisotropic Metals 


B. С. CHILDS 
Atomic Energy Research Establishment, Harwell, Berkshire, England 


A review of the present state of knowledge of the variation with temperature of the thermal expansion of 
anisotropic metals. The theoretical significance of the experimental data is discussed. 


INTRODUCTION 


HE thermal expansion of a noncubic crystal can 
be specified completely in terms of the linear 
expansion coefficients, a: оу œz, measured along three 
mutually perpendicular axes. These axes, in the case of 
the rhombic and tetragonal systems, correspond with 
the crystallographic axes. In the hexagonal and rhom- 
bohedral systems the axis of highest rotational sym- 
metry coincides with one of the expansion axes; the 
direction of the second expansion axis is chosen arbi- 
trarily. In the monoclinic system one of the expansion 
axes coincides with the 6 axis of the crystal and the 
direction of one of the other two expansion axes de- 
pends upon the particular crystal under consideration, 
while in the triclinic system there is, in general, no rela- 
tion between the crystal and expansion axes. 
The thermal expansion coefficient «гїл, in the direc- 
tion having direction cosines /, m, n with the coordinate 
axes, is given by 


Oimn= a2 ayn aM, 


which, for the three uniaxial systems that comprise the 
. . cM H 
majority of anisotropic metals, reduces to 


a= оц COS 8-- a, $1170, 


where 0 is the angle between the given direction and 
the principal axis, and аи and a, are the expansion 
coefficients inthe Girections parallel and perpendicular 
to the principal axis. 

A complete specification of the expansion of such a 
crystal requires a knowledge of the two, or three, ex- 
pansion coefficients as functions of temperature over 
the whole range from the absolute zero to the melting 
point. In the past, relatively little attention has been 
paid to the study of the expansion of anisotropic metals, 
and for only 10 out of the 34 metals that have aniso- 
tropic structures have values for the expansion coeffi- 
cients been obtained at more than one temperature. 
Some of these values must, in addition, be regarded as 
uncertain. Even less information is available for aniso- 
tropic alloys. 

In view of the practical and fundamental importance 
of the subject the lack of interest in the expansion of 
anisotropic substances is remarkable. For example, 
much information with regard to the directional de- 
pendence of the binding forces and lattice vibrations in 
anisotropic metals can be obtained from a study of the 


А 


expansion of such bodies. In order to stimulate interest, 
therefore, experimental data for the expansion of aniso- 
tropic metals are summarized in this paper, and a brief 
account of the theoretical relations that have been de- 
rived for the observed behavior is given. 


I. HUME-ROTHERY’S CLASSIFICATION 


In dealing with the experimental results it is con- 
venient to adopt Hume-Rothery's classification (1)* in 
which the elements in the periodic table are separated 
(by continuous lines) into four classes (see Fig. 1). 
Class I, at the extreme left of the table, comprises those 
metals that crystallize in the three typically metallic 
structures, the face- and body-centered cubic systems 
and the hexagonal close-packed system with an axial 
ratio of 1.63. In these structures each atom has 8 or 12 
equidistant neighbors so that, to a first approximation, 
the force field acting on the atom may be considered as 
spherically symmetrical. Consequently, these metals 
show relatively slight anisotropy in their elastic and 
thermal properties. 

Elements in Class III include metals and semimetals 
with a valency of four or more. These tend to form struc- 
tures in which the atoms are bound by covalent forces 
into clusters of (8— №) atoms, where № is the valency. 
The binding forces between clusters are weaker than 
those within the clusters, and consequently, consider- 
able anisotropy results. Thus, the atoms in selenium 
and tellurium with 6 electrons in their outer shells 
form into spiral chains, each atom having two nearest 
neighbors. The expansion in the direction of the chains 
is markedly different from that in the direction per- 
pendicular to the chains. 

Class II includes metals with structures intermediate 
between those of Class I and III. Thus zinc and cad- 
mium possess structures which, though hexagonal close- 
packed, have axial ratios of 1.86 and 1.89, respectively, 
instead of 1.63. 

Class IV consists of nonmetals and is therefore not of 
interest here. 


^ 


П. CLASS I METALS 


For thermal expansion, as also for many other 
properties, magnesium (Fig. 2) is virtually isotropic— 
more so, in fact, than iron. At room temperature, where 
the coefficients differ to the greatest extent, œ, is 95 рег- 


* Numbers in parentheses refer to Bibliography at end of paper. 
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Fic. 1. Hume-Rothery’s classification of the elements. 


cent of an. Both a, and an increase monotonically with 
temperature, the increase being particularly marked 
between 0 and 300°K and above 600°K. This kind of 
variation is found also for several other metals. The chief 
feature of interest in magnesium, however, is the excel- 
lent agreement between the values obtained by Hume- 
Rothery and Raynor (5) who measured the expansion 
of the magnesium lattice by an x-ray diffraction method, 
and those obtained by Goens and Schmid (3) who used 
a Henning comparator to measure the expansion of bulk 
single crystals of various orientations. This agreement 
between values obtained by these two essentially 
different methods, though of general occurrence, is not 
necessarily to be expected. It depends, on the one hand, 
upon the degree of perfection of the bulk crystals and 
the extent to which they deform plastically when 
loaded, and, on the other hand, upon the amount of 
strain which is present, because of the anisotropy, in the 
polycrystalline specimens used in the x-ray measure- 
ments. The other results for magnesium appear to be 
somewhat less accurate, but even so, there is no sys- 
tematic disagreement between the crystal measure- 
ments of Bridgman (2) and the lattice measurements of 
the other investigators. 

Beryllium (Fig. 3) is also relatively isotropic, though 
less so than magnesium. There is some discrepancy be- 
tween the results of Gordon (7) and those of Owen and 
Richards (9), though both used x-ray methods. This 
discrepancy is particularly marked at the lower tem- 
peratures, where Gordon finds a steep fall, belo*y about 
420°K, in the values of the coefficients. Because of the 
high Debye temperature (1000°K) of beryllium such a 
fall may be expected so that it is likely that Gordon’s 
results are the more reliable. The bulk crystal values 
the expansion coefficients of beryllium obtained by 
dgman (2) and by Treco (10) do not deviate system- 
ly from the lattice expansion values obtained by 
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In Table I expansion data for osmium, ruthenium, 
a-cobalt, zirconium, rhenium, and о uranium are given. 
Osmium and ruthenium, as expected from their strong 
binding forces and consequently high melting points 
and low compressibilities, have small expansion соећ- 
cients. These depend only slightly on temperature and 
do not differ greatly. Zirconium, rhenium, and а ura- 
nium are exceptions to the Hume-Rothery classification. 
They are all strongly anisotropic in their thermal ex- 
pansion. Uranium has a complex orthorhombic struc- 
ture below 650?C, and one of its expansion coefficients 
15 negative. 


ул СЭ 
III. CLASS II METALS 


The expansion coefficients of all the five anisotropic 
metals in Class II have been measured. In Fig. 4 a, for 
zinc is shown. Except for the inaccurate results of 
Austin (13), there is good agreement, particularly be- 
tween the lattice expansion measurements of Owen and 
Yates (16) and the bulk crystal data of Griineisen and 
Goens (15). The general dependence of a, on tempera- 


ture is similar to that for magnesium, except thateez- 


becomes negative at about 70?K. a 
о 110° 
5 4, 
i А 
3 = 
5 
2 
Ш 


100 200 300 400 soo $00 .. 700 800 К 


Fic. 2. an and аг for magnesium. A Bridgman (2). e Goens and 
Schmid (3). + Hannawalt and Frevel (0H Hume-Rothery an 
Raynor (5). X Shinoda (6). 
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THERMAL 


For оц, however, there is not such good agreement 
(Fig. 5). In the overlapping region the results of Owen 
and Yates (16) are lower than those of Grüneisen and 
Goens (15) and are probably less accurate. The remark- 
able feature is the rapid rise of œ, to a large maximum 
value at 120°K followed by a progressive fall to the 
melting point. 

Cadmium (Fig. 6), as expected from its similar crystal 
structure and axial ratio, behaves similarly to zinc; 
оп has a high maximum value, and a, a negative value 
at low temperatures. An additional feature of interest 


-6 <, 


20 


°C 


coefficient per 


Expansion 
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Fic. 3. an and оз for beryllium. A Bridgman (2). e Gordon 
(7). © Kossolapow and Trapesnikow (8). д Owen and Richards 
(9). 0 Treco (10). 


is that at 523°K cadmium becomes isotropic in ex- 
pansion. 

Mercury Fig. 7), unlike zinc and cadmium, is only 
feebly anisotropic in expansion. This is remarkable since 
its linear compressibilities are in the ratio 1:5 and, 


TABLE I. Expansion coefficients of some metals in Class I. 


^ 


105an 105a Temp. Кеег- 

Metal Structure per ?C per °С ec ence 

Os (c.p.) hexagonal 5.9- 8.35 4.0-5.85 50-550 9 
Ru (с.р.) hexagonal 8.8-117 5.9-7.65 50-550 9 
* а-Со (с.р.) hexagonal 16.1 12.6 60 6 
> Zr (cp. hexagonal 2.5 14.3 80 6 
Re 'сїр.) hexagonal 12.5 4.7 20 1! 

109a, 105a; 105a. 

a-U orthorhombic23 —35 17 150 12 


more especially, since the direction of greatest expansion 
corresponds to the direction of smallest compressibility 
or strongest binding. 

For thallium and indium, which have hexagonal 
close-packed and tetragonal structures, respectively, 
only single mean values of the expansion coefficients 
are available. These are for thallium at 60°C, 
ац-72Х109 «,=9Х 10-5, and for indium at 50°С, 
а= 11.7X 10-8, a, =45.0X 10-5 in degC. Both metals 
are thus highly anisotropic. 
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Expansion coefficien! раг 


Fic. 4. ex for zinc. О Austin (13). + Bridgman (14). e Grünei- 
sen and Соепз (15). A Owen and Yates (16). Г] Shinoda (17). 
у Staker (18). 


IV. CLASS III METALS 


In Class III only tin and bismuth have been in- 
vestigated thoroughly. Using an interferometric method 
and bulk crystals, Childs and Weintroub (23) found 


o 100 200 300 400 590 600 


700 *K 


Fic. 5. au for zinc. О Austin (13). + Bridgman (14). e Grünei- 
sen and Goens (15). A Owen and Yates (16). O Shinoda (17). 
v Staker (18). 


that for tin аи was approximately twice a, and that 
both coefficients increased almost linearly with tempera- 
ture from room temperature to the melting point (see 
Fig. 8). The single values obtained by the other in- 
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vestigators differ considerably from those of Childs and 
Weintroub; two lattice expansion values lie above the 
curves, and one bulk crystal result lies below. This 
separation between the lattice and crystal results may 
not be significant, however, in view of the disagreement 
between the individual values in the two groups. 

Bismuth, antimony, and arsenic have a rhombo- 

hedral structure in which the atoms are arranged in 
double layers perpendicular to the principal expansion 
axis. Because of the many anomalies in its physical 
properties bismuth has been the subject of detailed 
investigation. The remarkable constancy of the coeffi- 
cients o, and a,, which for oj extends over a range of 
360°К, should be noted (see Fig. 9). Another feature 
of interest is the discontinuous changes at 258 and 345°К. 
which have been observed by two investigators. These 
discontinuities cannot be interpreted as due to a phase 
change since no similar discontinuities have been ob- 
served in the variation of the lattice constants with 
temperature. Finally, the fall in œ, and а, which begins 
near the melting point and which has been found by 
Buchta and Goetz (29) to be due to the presence of 
small amounts of impurity should be noted. 

The relatively looser structure of antimony perpen- 
dicular to the layers makes antimony more anisotropic 
than bismuth. The coefficients (Fig. 10), similar to 
3 those for bismuth, do not appear to vary appreciably 
- with temperature, but this is not established definitely 

since the measurements are fewer and less accurate. 

‘Arsenic (Table II), being relatively less strongly 
bound perpendicular to the layers even than antimony, 
is still more anisotropic. No information about the tem- 
perature dependence of the coefficients is available. 
Hexagonal selenium and tellurium are the most 
- anisotropic substances so far investigated. оќ for se- 
lenium is very negative even at room temperatures, 
while o, has a large positive value. This is in conse- 
| quence of the strong covalent binding parallel to the 
chains, coupled with weak molecular type forces which 
old the chains together. Similarly, graphite, with an 
( а] layer structure, has a relatively large a, in 
'ection of weak molecular binding and a negative 
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V. THEORY AND DISCUSSION 


A. physical explanation of the thermal expansion of 
substances may be given by considering Fig. 11 jn 
which the potential energy Æ of a pair of atoms is 
plotted as a function of their distance d apart. The im- 
portant feature of this curve is the lack of symmetry 
about the minimum at the equilibrium distance d}. 
Thus the displacement from the equilibrium position 
required to produce a given change in potential energy 
is greater for an increase than for a decrease in 4. Hence, 
if the atoms vibrate longitudinally, corresponding to the 
lattice vibrations of a solid, a net outward pressure will 
be set up which will produce an expansion, Ad, in the 
mean interatomic distance. This will increase as the 
amplitude of vibration increases with rise in tempera- 
ture. If the vibrational energy is quantized, then for 
temperatures much greater than the characteristic 
temperature, a linear relationship between Ad and Е 
results in a constant expansion coefficient a, while at 
temperatures less than the characteristic temperature 
where E is no longer proportional to the temperature, 
а falls progressively. This simple argument can be 
extended to two and three dimensions and, if certain 
assumptions are made concerning the shape of the 
potential curve, leads to the well-known Griineisen’s 
law relating the thermal expansion and the specific 
heat of isotropic substances. 

For anisotropic substances the general situation is 
very similar, but for these the dependence of the poten- 
tial energy curve, and consequently of the linear com- 
pressibilities on direction, has two important conse- 
quences. The first is that at low temperatures lattice 
vibrations will be excited preferentially in the direction 
of greatest compressibility on account of the lower vi- 
brational frequencies. Thus, initially, the expansion 
parallel to this direction will be greater than in the 
perpendicular direction. The second is that an expansion 
in one direction is accompanied by an elastic contrac 
tion in the perpendicular directions, the magnitude of 
which is determined by the magnitude of the expansion 
and, for the principal directions, by the elastic сог = 
cients 512, 513, 523. This contraction may be sufficiently 


x 10$ 


Fic. 8. en and ал 
for tin. + Bridgman 
(14). ® Childs and 
Weintroub (23). А 
Kossolapow ап 
Trapesnikow 
© Shinoda (17). 


Expansion coefficient per °C 


—* 


nm" 


THERMAL EXPA 


Fic. 9. оп and ал for bismuth. 
A Bridgman (14). у Fizeau (24). 
e Jacobs and Goetz (25). M Jay 
(26). о Ho and Goetz (27). 
О Roberts (28). 


Coefficient 


Expansion 


100 


great to overcome the intrinsically small expansion in 
these directions at low temperatures and produce a 
net contraction. This occurs for zinc, cadmium, graphite, 
selenium, tellurium, and uranium, and probably also 
for thallium, indium, and arsenic. 

This qualitative treatment has been applied by 
Griineisen and Goens (15) to anisotropic (hexagonal) 
crystals and by making several simplifying assump- 
tions they have derived theoretical relationships for 
o; and a,. They have used these to interpret their 
experimental results for zinc and cadmium at low tem- 
peratures. Commencing with the thermodynamical 
relations, if X, and Z, are the “thermal pressures," 


хүнээс, (С J- oll Gale 
OEO 


where V is the volume and C, the specific heat at con- 
stant pressure; С „іѕ replaced by C», the specific heat at 
constant volume, and the Born (35) expression for C, is 
substituted. This expression takes account of the varia- 
tion of the limiting frequencies, i.e., the characteristic 
сєпрегаїцгев ©’, with the nature and direction of the 
lattice vibrations. Griineisen and Goens (15) obtained 


| а== (511-Е512)0:-Ё S1302; 
а. = 25134= 53302; 


TABLE II. Expansion coefficients of some metals in Class III. 


> ba. 3 = 
Metal Structure 58 ES Эс °С Тар Ree 
As rhombohedral 43 3 6 31 
C hexagonal 27.6-29.0 —1.5-0.9 85-750 32 
Te hexagonal —1.7 27.5 45 33 
—1.6 2422 25 14 
5е hexagonal —17.9 74.1 45 33 


105a, 10%, 105a. 10%ag 
Se monocinic  —1.5 847 633 55 20 34 
=======—=—=————=—=—————————————— 
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are the so-called “thermal pressure coefficients," D is 
the Debye function, у:/= (ð logO 7/8 1061), etc., and 
j=1, 2, 3 refers to the acoustical modes of vibration. 
Finally as in the Debye theory of specific heats the dis- 
tinction between the Ө?ѕ and the у? is removed and 
mean values (indicated by ()) substituted so that 


em өнндөдр(Т22) esto ( | 
и 


The values of (y) and (Ө) have to be chosen empirically 
to give agreement between the theoretical and experi- 
mental values of а. 

In Fig. 12 the agreement which can be obtained with 
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experiment is illustrated for the case of zinc. The 
values used by Grüneisen and Goens were (yz) = 2.04, 
(y:)=1.68 which are of the same order as those for 
isotropic substances, and (9.)=320°К, (9.)=200°К, 
compared with @=250°K from specific heat measure- 
ments. The agreement, however, is not a true measure 
of the correctness of the formulas, because the various 
approximations and simplifications are obscured by the 
choice of the values for the (y)’s and (0). For example, 
the elastic coefficients are assumed to be independent of 
temperature. It must be remembered also that the 
assumptions involved in the Debye theory regarding 
the frequency spectrum of the lattice vibrations, intro- 
duced errors at low temperatures, and the assumption of 
the equality of C, and C, introduces error at high tem- 
peratures. (For a modification of the Griineisen-Goens 
theory applicable at high temperatures see Riley (36).) 


CONCLUSION 


It should be clear from the above summary both of 
the experimental data and of the theoretical formulas 
for the expansion of anisotropic metals that it is de- 
sirable that much additional information be obtained, 
by accurate measurement, of the linear expansion 
coefficients over wide ranges of temperature and, by 
calculation from the elastic coefficients, of the spatial 
variation of the ys and O's. 
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HERE are two methods, generally speaking, which 
are used to analyze experimental diffraction data 
in terms of structure. The one consists in the theoretical 
calculation of the scattering pattern for various models 
and comparison with the observed pattern. The other, 
taking advantage of the trigonometric form of the 
equations, consists in Fourier inversion, to obtain struc- 
tural information directly. We may remark that the two 
methods are equivalent in principle, but that actually 
they do not entirely replace each other. For example, in 
the study of gas-molecule structure by electron diffrac- 
tion, where the two methods are called the correlation 
method and the radial distribution method, certain 
aspects of the experimentally determined intensity 
function are usually better known than others: The 
correlation method is much better suited to this situa- 
tion than the less laborious radial distribution method, 
which requires essentially indiscriminate use of the in- 
tensity data. In practice, the radial distribution method 
15 often used to narrow the choice of possible models and 
parameter values, while the visual method serves to 
analyze the remaining possibilities. 

In this paper many of the problems connected with 
the use of the Fourier methods will be discussed. Some 
of these problems have been handled satisfactorily in 
one way or another before, but we intend to deal with 
them from a unified point of view, at the core of which 
are two simple facts of Fourier theory. They are that the 
Fourier transform of a sum of products is again a sum, 
the sum of the traneferms of these products. The nature 
of these transforms is discussed most simply with the 
aid of the convolution or folding theorem, which states 
that multiplication of two functions corresponds to the 
folding of their transforms, as discussed in Sec. 3. 

A тай problem in the inversion of diffraction data 
arises from the absence of experimental data for scat- 
tering angles greater than a limiting angle; it and related 
problems are treated by considering the effect of 
modifying the observed intensity function, by multipli- 
cation with suitable factors before inversion. А number 
of such factors—we call them modification functions— 
are discussed and a general treatment of a special class 
of them is attempted. Next, the difficulties are con- 
sidered which arise from the presence in the intensity 
function of the atomic scattering factors and tempera- 
ture factors, leading to a generalization to include such 
effectsina complete modification function. These matters 
are all first illustrated by the special one-dimensional 
case of the electron-diffraction pattern, and later applied 


to x-ray diffraction of liquids and amorphous solids. 
Final sections deal with the application of modification 
functions to the analysis of crystal structures. 


1. THE RADIAL DISTRIBUTION FUNCTION IN 
ELECTRON DIFFRACTION 


The structure sensitive part of the expression which 
describes the scattering of fast electrons by gas mole- 
cules not involving internal rotations is of the form! 


[Z:—fi() [9—7] 


Xexp(— a;;5?) sinsrij 
sI' (s) = const >, : A (1-1) 
ij 


STij 


where the sum extends over all pairs of atoms of a 
molecule, atom і having atomic number 7; and x-ray 
form factor f;(s). The effect on the scattering of zero- 
point and temperature variation of the interatomic 
distance r;; is described by the so-called temperature 
factor ехр(--4г 2), in which a;; is given by one-half the 
mean-square variation (67:7), of r;;. The variable s is 
(4т/Х) sin(o/2), where g is the angle between incident 
and scattered beam and À the electron wavelength. 

The factor (Z;— f;(s)) is often nearly proportional to 
the average ((Z— f(s))/Z)4 taken over all atoms, so that 
(1-1) may be approximated by 


sI'(s)z cns y 


exp(—as*) _ ZZ; 
ge MY» 


$1157; ехр(— ба:;5°), (1-2) 
52 YA, 


where a is a convenient reference value of the а;; and 
00;;— а:;— а. 

Тһе film exposure due to the electrons scattered 
according to (1-1) or (1-2) is superposed on a smooth, 
structure-insensitive background caused by the “atomic” 
elastic scattering (described by the terms with i=], 
which in, (1-1) were omitted from the complete expres- 
sion), by inelastic scattering, and by processes occa: 
sioned by imperfections of the experimental arrange- 
ment. It will become evident, however, that the 
expression 


27, 
510458 
ij 


exp(— ба:;5°) sinss 
Tij 


(1-3) 


- 


1 L. О. Brockway, Revs. Modern Phys. 8, 231 (1936). 
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obtained Бу suppressing the monotonic factor in front of 
the summation symbol in (1-2) or an expression of the 
form of 


1 
= 
2-10) 
ху [Zi f) 1Z;- fi] 


Жехр(—8а;55°) sinsri; (1-4) 


obtained by dividing (1-1) by 324Z;— f :(5) P, or some 
similar factor, are more convenient for the radial 
distribution method. Furthermore, (1-3) and (1-4) are 
the more natural functions to use if diffraction photo- 
graphs are to be interpreted visually, because what is 
apparent to the eye is approximately the ratio of the 
fluctuating part of the intensity distribution to some 
smooth background.' In the correlation method, func- 
tions of one of these forms calculated for molecular 
models of interest are directly compared with the 
observed intensity distribution. 

For the discussion of the radial distribution method 
the further simplified function 


о, 
51$) = (-) У — sinsr;, 


п ij Ти 


(1-5) 


which describes the structure sensitive part of the 
scattering by a rigid molecule made up of point atoms, 
is a convenient starting point. The factor (2/7)? pro- 
vides a suitable normalization. Such a molecule is 
characterized by a distance spectrum which may 
formally be expressed by the radial distribution function 
р.) = 28 $(т—т;)), (1-6) 
where 6(r) is the Dirac delta function, defined by the 
two conditions 


6(r)=0 unless r=0 


ie 6(r)dr=1. 


—© 


(1-7) 


апа 


The function 72D,(r) has infinitely high and infinitely 
_— marrow peaks for values of r which represent interatomic 
- distances. With it Eq. (1-5) may be expressed by 


(1-8) 


sI() (2/т)3 f BO s. 
0 


-— 


M. Dirac, Quantum Mechanics (Oxford University Press, 
947), third edition, p. 58. An example of a 2-function 


‘ourier theory is d(x) = ЇЕ. exp(—2zihz)dh. 
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Sine inversion? of (1-8) yields 


rD(r)- (2/1)! [| sI (s) sinsrds, (1-9) 


where rD(r) is essentially rD.(r) except that it is 
antisymmetrical because sinsr is odd, whereas rD,(r) 
was defined as vanishing for negative 7; rD(r) may also 
be expressed as 


2.2; 
(=, —186—-n)-96 n). (1-10) 


Tij 


The problem now is to obtain from the actually observed 
intensity curve, which is known for a finite range of 5 
only, a radial distribution function which is a faithful 
representation of the distance spectrum of the molecules. 


2. THE LIMITATION OF OBSERVED DATA 


If the integration in (1-9) is not extended over the 
whole range in which the integrand is different from 
zero, the resulting function shows certain spurious 
maxima and minima which may make its interpretation 
very laborious if not impossible. Bragg and West* dis- 
cussed such effects in the case of the two-dimensional 
Fourier series of crystal structure analysis and pointed 
out a close analogy to diffraction effects which occur in 
an optical image in consequence of the finite aperture of 
the optical system. 

These spurious features may be greatly diminished or 
entirely eliminated by multiplying the integrand of 
(1-9) by a suitable factor. The function сар(--05) is 
often used for this purpose, with a chosen so that the 
resulting integrand has a negligible value beyond the 
upper limit of s for which experimental data are avail- 
able. This function has been called the artificial temper- 
ature factor, a name suggested by its identity in form to 
the temperature factors in the intensity formula (1-1). 
Sommerfeld used this convergence factor in his doctorate 
thesis,® where he succeeded in obtaining with its aid the 
first precise result concerning the validity of the Fourier 
integral theorem. Bragg and West, who referred to it 45 
an “arbitrary temperature factor,” introduced its use in 
crystal structure analysis, and Dégard? introduced it in 
electron diffraction investigations, at the suggestion of 
Professor L. Pauling. A convergence factor of this type 
was perhaps first introduced by Weierstrass’ who used 
the factor 7-"' (r« 1) in his discussion of Fourier series. 

Quite a different mode of procedure was early used by 


_ ? The background of Fourier theory needed for our discussion 
is expounded in various textbooks. See, for example, Н. S. Carslaw; 
Fourier Series and Integrals (Macmillan and Company, Ltd., 
London, 1930) and W. Rogosinski, Fourier Series (Chelsea Pub- 
lishing Company, New York, 1950). Special points will be referred 
to standard паше W 3, 
. L. Bragg and J. West, Phil. Mag. 10, 823 (1930). 

5 H. S. Carslaw, reference 5, р. 321. ас ^ | 

5 C. Dégard, Ph.D. thesis, University of Liege, 1937. 

1 M. Bécher, Annals of Math. 7, 81 (1906), footnote, р. 103: 
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Havighurst, Compton, and James and Firth? and has 
been applied recently by van Reijen’? in an x-ray 
analysis of the electron distribution in diamond. It 
consists in using extrapolated values at large values of s, 
where sI (s) (or the structure factor in the crystal case) 
is not experimentally accessible. Although an exact 
knowledge of 51 (5) for even an arbitrarily small range of 
8 would define s (s) for all values of s, such knowledge 
(as would define s (s) and all its derivatives at a given 
point) can never be obtained experimentally, however 
small the experimental error, and the extrapolation 
must be carried out judiciously. Even so, it is difficult 
to judge the uniqueness of the results, and deceptively 
false distributions can be produced.? For the case of 
atomic scattering, Hauptman and Karle" have recently 
discussed the use of the criterion that the distribution 
function should be everywhere positive as an aid to- 
wards a unique extrapolation of sZ(s). Nevertheless, it 
would seem that more than the criterion of non- 
negativeness is required—perhaps also the more com- 
plex condition of smoothness of the distribution function 
and conditions about its asymptotic behavior, e.g., that 
for finite molecules rD (r) must vanish when r exceeds a 
certain value. 

Та electron diffraction the absence of data for 5 less 
than some minimum value presents a similar problem 
which also has often been handled by extrapolation, 
usually either by use of the theoretical intensities for an 
approximate model of the molecule or even by some 
gross appeal to experience.” Since the desire is here to 
locate interatomic distances with precision rather than 
to study the distribution of the outer electrons, and 
since the low frequency components contributed by the 
inner part of the intensity pattern have very little effect 
on the locations of the peaks of the radial distribution 
function, this is a valid procedure of convenience, just 
as the extrapolation beyond the upper limit of s in the 
crystal case is above reproach if it is only the broad, 
diffuse aspects of the distribution function about which 
information is desired. If the extrapolation to s=0 is not 
used, the problem of convergence is similar to the ones 
discussed earlier in this paragraph ; heretofore, however, 
it does not seem to have been handled by the explicit use 
of a convergence factor. 


5 К. J. Havighurst, Phys. Rev. 29, 1 (1927): А. H. Compton 
and S. К. Allison, X-Rays in Theory апа Experiment (D. Van 
Nostrand Company, Inc, New York, 1935), second edition; 
S Gos мин and E. M. Firth, Proc. Roy. Soc. (London) А117, 

* L. L. van Reijen, Physica 9, 461 (1942): J. О. Bouman, X-Ray 
Crystallography (North Holland Publishing Company, Amster- 
dam, 1951), Chap. 3. 

? D. W. J. Cruickshank, Acta Cryst. 2, 65 (1949), see (10.1), 
(10.2), and appendix; H. Viervoll, Skrifter Norske Videnskaps 
Akad., Oslo, Mat- Naturv. Kl. No. 2, 1950. 

QE Hauptman and J. Karle, Phys. Rev. 77, 491 (1950). 

See, for example, Shaffer, Schomaker, and Pauling, J. Chem. 
Phys. 14, 659 (1946). 
H. Viervoll, Acta Chem. Scand. 1, 120 (1947). 
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3. THE FOLDING THEOREM AND MODIFICATION 
FUNCTIONS 


We shall now consider“ the problem of the conver- 
gence factor and, more generally, of the change in 
rD(r) to 


rD'(r)— (2/7) | sI (s)M (s) sinsrds, (3-1) 
0 


which occurs if s/(s) is multiplied by a modification 
function M (s). In this discussion the folding theorem of 
Fourier integrals?/5/^ is very useful. If f(x), F(t) and 
g(x), С(1) are two sets of Fourier transforms such that 


Их) = сю) f F (t) exp (itx)dt, 


—0 


Е(0) = Qn) f Е. ехр(— itx)dx, 
р (3-2) 
g(x)= Q9 f G(t) exp (itx)dt, 


23 


G()- en f pou 


then the Fourier transform of the product f(x)-g(x) is 
given by 


© 


R(= Qx)-* | HOT Oe Eam: 


—0 


= ало f wf С (u) exp(iux)du exp(—itx)dx 
= (1/27) {i “сад f : f(x) expL— 2x (£— wu) ]dxdu 


= ою |, G(u)F(t—u)du. (3-3) 


-00 


The function R(t) is known as the folding (“Faltung”), 
resultant, or convolution of G and F. Inversely, the 
Fourier transform of R(é) is 


ою) | RO ерби 56) 60, 84) 


—> 


so that the multiplication of two functions corresponds 
to the folding of their transforms in Fourier transform 
space and inversely. The indicated derivation is only а 


2 J. Waser, Ph.D. thesis, California Institute of Technology, 


1944. 
15 E, L. Titchmarsh, Introduction to the Theory of Fouriz Inl 
grals (Oxford University Press, London, 1937). | їн t x 
165. Bochner, Vorlesungen über Fouriersche Integrale (Akadem- 
ische Verlagsgesellschaft, Leipzig, 1932). -~ 3 
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formal one, but the result can be shown to be valid for 
the functions considered here.!*:! 

An important example is provided by the Gaussian 
distribution function: 


f(x) = exp(— a»), 
" F(t)= (2a)! exp( — ?/4a), 
р(х) & exp(— bx), 
С(/)- (20)! exp(— 2/40), 
уб) а(х) =ехр[- (a4-5)], 
R()=[2(a+b) Jh expL— £/4(a4-9) ]. 
The transform of a Gaussian is again a Gaussian, and 
the half-widths at half-height, 0.83(a)~! and 0.83 (4a)! 
(one finds exp(— 0.83)? — 0.5), are in a reciprocal rela- 
tion. Since the resultant R(/) is the transform of the 
product f(x)g(x), it must be Gaussian, as shown, with 
half-width equal to the square root of the sum of the 
squares of the half-widths of F(t) and С(ї). 
For the special case that f(x) is odd and g(x) even 
[the latter so that f(x) g(x) is odd], the above formulas 
become after absorbing factors +7 


(3-5) 


о 


I= 2/2) f. FO ман — Л) 
Е(@= ол” f(x) sintxdx= — F(—1); 


g(x)- 223) С(1) cosixdt— g(— x), 

E (8-6) 
G(t)- с/т)» f g(x) cosixdx— С(—1); 
R(t) (2/2)! Í J(x)- g(x) sintxdx 


= a f F(u)G(t—u)du= — К(—1). 


For our problem we identify the odd function s/(s) 
with f(x), the even function M(s) with g(x), the 
distribution function rD(r) with F(f), and the cosine 
transform of M (s), 


СЕ f 4 2010-0037) 
0 


with С(0). The result is 


1D! (r)= (2x)- f uD(u)T (r—)du, (3-8) 


Р 


of course pertains to any uD (и) of mathematically 


AND V. 


SCHOMAKER 


allowable form, and is in particular not tied to the very 
special rD(r) defined by (1-9) and (1-10), which merely 
serves to provide a simple example. The integrand of 
(3-8) may be written in several equivalent ways by 
changing the variable of integration or taking advantage 
of the symmetries of T(u) and uD(u). Correspondingly 
the folding process may be viewed in several ways. The 
one indicated in (3-8) may be described by the followin 

three steps: (1) Superposition of uD(u) with a (re- 
flected) T (u) whose origin has been shifted by r. (2) 
Multiplication of corresponding values. (3) Integration 
over u. This has to be repeated for all (positive) values 
of r, and is in general a complicated procedure. For the 
idealized rD(r) (1-10) the result is, however, simply 


2.2; 
0) Q3 EIT r-ra) ТО), (89) 
i Tij 

which entails the replacement of the infinitely sharp 
peaks of rD(r) (1-10) by the features of the function 
T(r). This suggests that the folding for a continuous 
distribution may also be viewed in terms of a decompo- 
sition of rD(r) into a suitably weighted array of ô- 
functions, which are then to be replaced Бу 178 and 
summed. It should be noted that the features of 
T(rJ-ri), though centered at r— —7;; may extend 
across the origin to positive values of 7, so that the 
second term in (3-10) may in some cases be of practical 
importance. 

There are of course other combinations of odd and 
even functions f(x) and g(x) besides the one discussed 
here in detail. They lead to equations analogous to 
(3-6), which are at times very useful. e — ^? 


4. EXAMPLES OF MODIFICATION FUNCTIONS 


А useful modification function must substantially 
equal zero outside the s range for which 57 (s) is known 
(or assumed) ; moreover, the transfezm F(r) should be 
such as to make analysis of the resulting rD’ (у) in terms 
of the desired distribution function zD(r) straight- 
forward and economical. In general, the useful trans- 
forms will have a main peak flanked by subsididry 
features; it will be desired to have the main peak sharp, 
for resolving closely spaced peaks, and the subsidiary 
features weak, to minimize the influence of a given peak 
on all the others. Unfortunately, these requirements are 
not entirely compatible, and compromise has to be 
made in the interest of convenience. 

Convenience, it must be realized, is all that is ever 
achieved in practical Fourier analysis: An integral 
equation 

o 
sI (s) = (2/7)? f rD(r) sinrsdr (4-1) 
0 


is merely transformed into another integral equation 
rD'(r)= On) f uD (u)T (r—u) du, (4-2) 


—® 
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Mts) T(r) M(s) T(r) 
| (а) (а) (ну |(һ)° 
1 , Isl <8e | 
о , i812 5e с ы { в02/(а2» 42) Ї С exp(-alr!) 
1.89/so р 0.69/a = 2.1/3» 
р 0.13 | 
WAL | — BUZZ =e шашин 
зо 222 од 7 si 
| (b) (DS КОЯ (Оя 
j (бей T. [en ЭР) f. | Пан? С (20-11)/20 , №! «2a 
Se-[81)/83o , Be с o 2 | (E ) о . irl» 28 
$ Sof. 
| о 4181 >в Sex р es br 
| N 0.05 | м 
Іо» I? 
e М "i | (3-07/а)2)/5 , <a 
ЖОЛЫ iouis 3 (9 - eir/al« (r/0)2/8 , a си! «3a 
| 3/211-216/8414 (4/44121 , 20/3 41. с( азы, ) (Шз | 9 EUST. 
DEG е ХҮҮ: 1.270=4.0/50 
-0.01 bes <a 
| (4) (kf (ку 


(1 - (9/392) 


x C3(sin sor - ser cos ser) /(ser)9 


с|(2а-г2) expt 12/4a)] /2a 


| БО 
0.0 
(5 


-0.09 


| (e) 
| с4[2-в2,2 
Р ег )cos ser 
1 - 18/8] +2sor sin ser - 2] / (ser) 


(1) 


cos2 (2s-se]11/2se 
о 


‚о Ist se 
» otherwise 


CIM зіп ser) /ser(4Ti2 - s2 2) 


і 2.35/se wae. 
| | Ao cd scm 
-0.12 7 
( (f) (f) (т) 
| 
2 0 , О 

cos(Ifs/2se) , 181 «so 2 2 cos? [s -зь)П/2з] , зә-з' «Isl «ses 
1 >. C (i2 cos ser) /(Т2- 482г2) 
о ‚> в» > о ‚ otherwise 
| 2.6/se 
0.03 т---2Ч4 
Р > 5-5" 5+5" 
2 3 ? -0.07 

(9) (д) 
1 as 
Г - T 
ехр(-ов2) с exp(-r^/40) 
< 
> 1.67 № =2.5/80 
j ME Э Э 
So ` 
r * For a chosen such as to make M (so) = > 
1 Ь For a chosen such that the first zero ЭГ М Go Тайз on se. ео 
| < The graphs correspond to c and a chosen such as to make Mms: =1.0 ап о .10. re 
The graphs correspond to s’ =so/2. 
Fic. 1. Examples of modification functions M (5) and their transforms T(r). 


which still has to be solved in one way or another. 
For the applications considered here the convenience 
achieved is indeed often very great. Even more im- 
portant is the circumstance that in practice no unique 
solution is possible without the use of assumptions 
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based on external knowledge—and these assumptions 
can usually be introduced by far the mor easily and 
naturally into the consideration of the tranSisrmed 
Eq. (4-2). Prime examples are the many successful 
interpretations which have been made of incomplete 
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electron density functions in the course of the analysis 
of complex crystal structures. 

Figure 1 presents a number of functions for which 
both function and transform may be expressed in 
simple form and which might have possible interest as 
modification functions. The ordinate scales are such 
that all'the functions have the same maximum height ; 
likewise all the transforms. The abscissa scales are all 
in terms of the same parameter so which frequently but 
not always is identified with the upper limit of s for 
which experimental information is available. The half- 
width is included in most cases also. It is a measure of 
the sharpness of the peak. 

The first function (a) corresponds simply to the effect 
of breaking off of the integral in (1-9) at so. The next five 
examples (the first corresponds to Fejér's summation of 
a Fourier series by taking first Cesàro means) cut off 
more gradually at so. They lead to less pronounced 
secondary maxima, but also to a broader main peak. 
Some of the remaining functions are defined with 
reference to 5, even though they do not cut off there. 
But in practice all the functions have to be assigned the 
value zero for 5> 5», as corresponds [repeated applica- 
tion of (3-3) | to folding the illustrated complete trans- 
forms with (sinsor)/sor. The resulting effective trans- 
forms 
115 (r—1) 


T'(r)2 (т) Ї 3 лр 


4-3 
— $о C= и) | ) 
are of somewhat changed shape, usually with added 
secondary maxima, in a way that one can learn to judge, 
at least roughly, directly from the М(5) values, indi- 
cated in Fig. 1 by broken lines, which have to be 
neglected. Function (g) is the artificial temperature 
factor; the graph corresponds to a value of a for which 
M (5.)=0.10. Neglecting the values of M(s) for s» s, 
leads to a transform which has practically the same 
half-width at halt-height (~2.7/s,) as the one shown 
but shows weak secondary maxima;" actually, it re- 
sembles transform b quite closely. The transforms л and 
Е will suffer similar changes, and 7 and 7 considerably 
smaller and somewhat different ones. Examples i and 7 
(and b and c) involve the form [ (sinas)/as) |", which has 
cosine transforms that differ from zero in a finite region 
|r| < па only. Functions having this property are of 
special interest because they correspond exactly—not 
merely approximately—to the finite upper limit of 
integration ; a general treatment of them is given below. 
Functions Ё and / are of interest if it is desired to give 
e inner part of sI (s) especially small weight, perhaps 
because the small angle data were unreliable or in 
T to discriminate between terms of rD(r) which had 
ent real temperature factors (i.e., values of (67;?)n). 

- Modificatio» functions such as these of course also tend 
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with relatively sharp main maxima and corresponding] 
high resolving power. The transforms shown both haye 
large minima adjacent to the main peak which can ђе 
confusing. The similar function m is appropriate jf 
sI(s) is known in a certain range of s only, of width 2, 
and centered about so. The transform is more complex 
than the preceding two, just as might be expected from 
the more severely restricted s range from which it jg 
obtained. 

New modification functions and their transforms can 
always be formed by linear combination of known 
modification functions and transforms, betause all the 
relations are linear. Of special interest is the difference 
of two functions Mals) which corresponds to replacing 
both the lower and upper limits of integration in (1-9) 
by finite values (s1« 5), as may often be desirable and 
in some laboratories is the usual practice.? The trans- 
form of this modification function is the weighted 
difference of the two transforms Ti(r) and T»(r), the 
wider one T(r) being multiplied with a coefficient 
proportional to 51 and subtracted from the other one 
multiplied with a coefficient proportional to 5». The 
result is a transform of increased complexity, compared 
їо Ta(r), although for s:s» this additional complexity 
is not very troublesome. Of course, multiplication of 
known modification functions and convolution of their 
transforms (and perhaps even convolution of modifica- 
tion functions and multiplication of the transforms) can 
also be used to obtain new results. And in practical 
work, in any case, it is likely to prove convenient simply 
to decide upon some modification function that seems 
to be especially suited to the problem at hand and to 
evaluate its transform numerically. ^ °” 


5. GENERAL TREATMENT OF THE FINITE 
UPPER LIMIT 


It is desirable to analyze the question of modification 
functions, we now designate them bz к ©), which have 
values different from zero in the range 0< |5|< so only. 
For this purpose we introduce!? the .so-called spherical 
Bessel functions? ES 


7»(®)= (m/22)9J n (<), « G2) 
where J,43(x) is an ordinary Bessel function. These 


functions can be simply expressed in terms of trigono- 


metric functions as 
a” ( =) 
4(52)5Х а р 


the first few members of the set being 


jo (x) = (sinx)/sx, (ж) = (sinz)/a2— (cosx)/% 


7" (®)= (—1)^ (2x)” (5-2) 


and 
Jal) = (3/38— 1/4) sinx— (3 сова)/22. 
18 J. Waser, Phys. Rev. 85, 745 (1952). 


19 For example, L. I. Schiff, Quantum Mechanics (McGraw-Hill 
Book Company, Inc., New York, 1949). 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Агуа Samaj Foundation Chennai and eGangotri 


FOURIER INVERSION 


The 7: p(x) (of even order) have the desired property!*^ 
of possessing а cosine transform which is different from 
zero in a finite range only, since 


2 @) 2 Na = ^ 
jou (X) cosxidx = : ga 
f BES 0 ARE 
1 
Ї Par(t) cosxtdi= (— 1) "jz (0): (5-4) 
0 


Here Pox(é) is the Legendre polynomial of (even) order 
2k. Since the Legendre polynomials form a complete set 
of orthogonal functions it is an easy matter to expand 
any reasonably well behaved М p(s) as 


Уг (ar/2)3az(—1)*Pox(s/s0), 
0 5 | 55 


= 22 
url= | 6-5) 
where M p(s) is regarded as even so that only even 
polynomials occur in the expansion. The cosine trans- 
form of M p(s) is then 


Tr(r) =>, Q5 jox(rs;). (5-6) 


The question as to what transforms Ту(7) exist is ac- 
cordingly the question of what class of functions can be 
represented as expansions of the type (5-6), which, if 
they exist, can be found with the help of the orthogo- 
nality and normalization relations 


2 0 , mn 00 
| „@ь@&= (5-7) 
0 см 9x 


iz/(Qn4-1) m= n 


It is obvious, of course, that this class is limited (the 
j«(x) do not form a complete set), but there seems to be 
no simple criterion for characterizing functions of this 
type.” 

Figure 2 shows “Бо first few Tp(r) and M p(s) com- 
ponents. The first, 


1, [51 $5 


8Ш567 ^ - 
а» Jo(Sor) = and Мь(5)- А 
А Sor 0, [5] > So 


aré of course already familiar.” 


* С. Н. Watson, Theory of Bessel Functions (Cambridge Uni- 


- versity Press, Cambridge, 1944). 


. See the analysis of the similar case of the Neumann expansion 
in Bessel functions in references 15 and 20. 
2 The integral (see references 16 and 20) 


* sinso (7-0) . 4 

const f^ E ju Gabducja sa), So 250, 
expresses in perhaps surprising form a property obvious from the 
Fourier transform, possessed by any М»(5), namely, that the 
transform is unchanged if the integration is broken off at a point 
So >So. The analogous expression for the special case that M. Р(5) 
itself represents a cutoff (at 55) is 


^ $1507 D 
5 А о5о 
© sinsot 51155 (7 — и) S > 
const J —— =, 
-e Sot — So'(r—u) 510507 » 
—7 1 $25 
507 
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'The examples shown in Figs. 1 and 2 show interesting 
generalities about which the following remarks appear 
pertinent. Perhaps the most notable are the indications, 
confirmed by all our experience, that suppression of 
subsidiary features of T(r) gives rise to a broadening of 
the main peak. The properties of T(r) at small values of 
7 are exhibited by the expansion in ascending powers 
of r: 


(x/2)T(r) = Ї Мо? |. ЯМ (s)ds 
9 


70 ! eu. cu 
0 


having as coefficients the even moments of M(s). For 
large values of т an expansion in inverse powers of 7, 
obtained by repeated partial integration is more ap- 
propriate: 


| SINS oF 
(т/2)+Т (r) = M (з) 
Y 
М (So) M” (So) 
— 008567-- 8597-8433. (5-9) 
72 r 


Fic. 2. The first three Legendre and circular Bessel functions 
of even order. 


The first of these expansions confirms the further 
observation from Fig. 1 that sharp peaks—in the sense 
of initial curvature—correspond to modification func- 
tions which give greatest weight to large s values, 
whereas the second expansion gives substance to the 
impression that the dying out of subsidiary features 
depends on the smoothness with which M (s) reaches 
Zero at So- 

These expansions show in a broad way the connection 
between the sharpness of the main peak and the extent 
of the subsidiary features, but the details are not clear. 
The shàrpest transform shown in Figs. 1 and 2 is 
T.(r)=Jo(r), but (5-8) shows that still sharper peaks 
can be obtained simply by increasing the second mo- 
ment of M (s) while holding the area of M (s) constant: 
The limiting case is the useless one of M (s) =ô(s— so). 

A rather attractive criterion, on the other hand, 
might be that for a given peak height 23 Ч 


Т(0)-(2/ 3 Ї “мг. ^ (10) 
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the square fluctuation of T(r) 
f Te(r)dr= (1/27) | МИ (у C1) 
0 0 


(Parseval's relation)!5:!9 should be minimized. This 
leads by a simple variation treatment to just the step 
function 


НЕЗ 


НЭЭ (5-12) 
5 So 


мөн, 


a result that is unchanged in higher dimensions. Since 
this result does not seem to be especially well suited to 
practice, it is evident that more subtle criteria play a 
decisive role in determining the usefulness of a modifica- 
tion function and its transform. These criteria will 
depend very much on the information desired and indeed 
a given problem may warrant making several inversions 
with different modification functions in order to 
facilitate different stages and aspects of the interpreta- 
tion, such as separation of overlapping peaks, location 
and verification of the presence of small peaks, de- 
termination of peak areas, etc. 


6. THE ATOMIC SCATTERING FACTOR 


In the expression for s7 (s) used so far the assumption 
is contained that the variation of [Z;— /:(5) ]/Z; for 
different atoms may be neglected. In the following this 
assumption 15 no longer made. 

The molecular scattering intensity of a rigid molecule 
is proportional to [see Eq. (1-1) ] 


i fs А fe 
ae 0) 5 CAMEO 


511571 


т/ d бай 
2\ (s)V; 
-(-) А, (6-1) 
T. 31 Tij 
where 
Zi— fils) 
—— —-yi(s) (6-2) 


2 


15 the atomic form factor for electrons. When the func- 
tion 557, (5) is inverted“ the contributions of each 
sinsr;/sr;; term to the resulting radial distribution 
function is centered at ;; and has a (symmetrical) shape 
cnaracteristic of atoms 7 and 7: 


т (=) f А) cossrds, — (63) 


: 9- ^) Í CSI. sinsrds (64 
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is given by 
(27)? 28 ил f воп) оен) 
ü 27 
= (2л)! » ri lier) = Та tri]. (6-5) 


The second term in the bracket makes rD(r) anti- 
symmetrical, as it did in (1-10) and (3-9). 

Тһе (ideal) peak shape may also be expressed as the 
result of a folding process 


a 


туф= On) | LOL; )du, 


—® 


(6-6) 


where we made use of the cosine transform (07) of 
эб): 
oo 


ti(r) = (2/7)? | 524: ($) cossrdr. (6-7) 
0 


The atomic form factor (5) is related to the density of 
scattering matter p;(r) of atom 7 by the equation! 


sin. 


x Sr 
s*y;(s) = const Í р‹(7) 7°йг (6-8) 


0 57 
and inversely 


rp;(r) = const | 52: ($) (s sinsr)ds, (6-9) 


which upon comparison with (6-7) yields 


а: (т) | 
rp;(r) = — const 


(6-10) 
dr 
so that 
#(@)= const f upiLaD-du. (6-11) 


T 


Similar relationships are valid for radial distribution 
functions obtained from the scattering of x-rays end. 
neutrons as well. The ideal peak shapes for such distribu- 
tion curves may be obtained by inversion of a product as 
in (6-3) or by operations (6-6) and (6-11). For figures 
showing the peak shape expected for light atoms like 
oxygen reference should be made to a paper by Viervol? . 
who chose the latter method for his calculations. If 
instead of inverting 551„(5), other functions such as 
(1-4) are inverted, other peak shapes 1-,(7) result, but 
each peak shape is again dependent on the partners * 
and j and can be calculated by a formula analogous 
to (6-3). 

For a nonrigid molecule with no internal rotation each 
term in 57, (5) would be multiplied by a different tem- 
perature factor ехр(--0:52) [see Eq. (1:2) |, the trans- 


2H. Viervoll, Skrifter Norske Vi k lo, Mat. 
Naturv. Kl. No. 2 (1950). АН 
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form of which is the Gaussian (4a;;7) * exp( —7*/4a,;). 
The contribution rD;;(r) by a pair of atoms will then be 
the resultant of this Gaussian and the transform 
Т) (6-3): 


rDij(r) (8а im) 
xf exp(—:2/4a;;)T;;(r—w)du. (6-12) 


Each peak in rD(r) may thus contain the transform of a 
different temperature factor as well as of different form 
factors. 

The fundamental meaning of the temperature factor 
is of course just this—that the real radial distribution 
peak is not infinitely sharp but has a finite width due to 
molecular vibrations. It is interesting that for mole- 
cules of the class under discussion the function 
(4a;jr)-) exp(—7?/4a;j) is an appropriate approxima- 
tion for 7:2D(r)/r;; [rather than for rD(r), as given by 
(6-4) ] and that accordingly the conventional tempera- 
ture factor corresponds to an 7?D(r) equal to the as- 
sumed distribution multiplied by the factor r/r;;. This 
remark!” suggests simple corrections to the usual tem- 
perature factor; the first, for the example of intensity 
formula (1-1) alters the terms ехр(—а;у?) sinr;;s to the 
form 


2а) 2а; 2aij 
(+=) exp] - (1+ Jes] sin( 1- ys 
нд ri? ri? 


in which the correction to 7 ;;, at least, will sometimes be 
important““‘in tlie derivation of the temperature factor 
by James,” based on the assumption of normal vibra- 
tions, a series expansion is used, the range of validity of 
which was not established. Karle and Кагіе,° on the 
other hand, modified the distribution characteristic for 
normal vibrations Cit is not strictly Gaussian in 7?D(r) | 
by multiplication with r/r;; and solved the remaining 
problem in closed form. Corrections of the sort men- 
tioned above are evidently required, however, for all but 
thélowest order term, which is nothing more than the 
usual temperature factor. 

~The radial distribution functions of molecules in- 
volving large temperature librations'5 or internal rota- 
tions" contain peaks characteristically distorted by 
being folded with wide probability distributions, analo- 
gous to (6-12). 

The application of the analysis of modification func- 
tions given in' the previous section to the functions 
rD(r) of this section is straightforward. For a given 
applied modification function, with transform T (r), each 
contribution to the resulting distribution function will 


^: К. W. James, Physik. Z. 33, 737 (1932). 

25 J. Karle and I. M. Karle, J. Chem. Phys. 18, 957 (1950). 

2 P. Debye, J. Chem. Phys. 9, 55 (1941); J. Karle, J. Chem. 
Phys. 15, 202 (1947). 

?' Т. Karle and Н. Hauptman, J. Chem. Phys. 18, 875 (1950). 


correspond to the folding operation 


|| uDi;(u)T (r— u)du, (6-13) 


where rD ;;(r), of course, describes the peak which would 
have been obtained by inverting the unmodified scat- 
tering function 597, (5) in the range 0<5< v. 

All these results [like (6-5), (6-12), (6-13) | involve 
symmetrical transforms Т. This makes it clear why it is 
preferable to construct rD'(r) rather than D'(r) or 
20 (r) which might at first glance appear to be the more 
natural functions to evaluate, because of their more 
obvious physical interpretation, as evidenced in one 
instance by the above discussion of the real temperature 
factor [folding the scattering density p(r) with itself and 
integrating over all orientations leads to 4xr?D(r) |, The 
great advantage of rD/(r), as has also been stressed by 
Viervoll? is that of being composed additively of 
symmetrical peaks whose position, as our discussion 
shows, is not influenced by any of the multiplicative 
factors affecting the molecular scattering intensity— 
either term by term or as a whole. Neither 72/7 (r) nor 
D' (r) has this important property. 

Interpretation of a radial distribution curve should 
obviously be made in terms of the various expected peak 
shapes. This may be a simple problem, provided suitable 
modification functions have been applied. In special 
cases, however, as instanced by serious overlap of peaks, 
it becomes necessary to take the expected peak shape 
into explicit account. This is, of course, the main 
problem and has to be handled by trial and error—by 
subtracting peaks from rD/(r), by constructing а syn- 
thetic distribution curve, or by other methods. Brief 
expositions are given by Viervoll.? The use of several 
distribution functions made with different modification 
functions may be helpful. The expected peak shapes are 
best calculated by allowing for all the effects on the 
intensity side [M (s), (s), ¥;(s), temperature factor |, 
and then inverting the complete modification function 
as in (6-3) rather than by using the several folding 
processes (6-6), (6-12), and (6-13) in turn, at least if 
numerical facilities for cosine as well as sine inversion 
are available. 

With regard to the widths of the various peaks the 
rule may be used that the square of the half-width of a 
peak is approximately equal to the sum of the squares of 
the half-widths expected from the various items dis- 
cussed above, a rule which is rigidly true only if all th 
modifying effects are Gaussian (3-5). In particular, the 
half-widths due to the step function М.(5) and the 
usual artificial temperature factor M,(s) (Fig. 1) are 
1.9/5. and 2.7/s,, respectively, and approximate correc- 
tions to obtain the natural peak widths can ba.made 
accordingly. For more exact information detaiied analy- 
sis (or synthesis) of the peak shape is necessary. 


-«— 
E 
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7. LIQUIDS AND AMORPHOUS SOLIDS 


'The foregoing discussion illuminates the following 
confusing notions to be found in the literature on 
distribution functions for amorphous substances and 
liquids 2° 

(1) When several kinds of atoms are involved, 
"simple Fourier inversion Го the part of the scattering 
intensity due to interatomic interactions] is no longer 
possible . .. and . . . approximations have to be 
used.” 

(2) The number of interatomic interactions at a given 
distance is found by inversion of the suitably modified 
interatomic part of the intensity function and multipli- 
cation by r, to obtain an alomic distribution function 
whose peaks have areas proportional to the numbers of 
atom pairs involved in the interactions (as well as to the 
products of effective atomic numbers). 

The Fourier transform of the interatomic part of the 
scattering function can of course always be calculated 
and (in the ideal case of perfect data for an infinite 
range) may be regarded аз a radial distribution function 
‘of scattering density—of electron density in the x-ray 
case. However, if it is realized that the intensity func- 
tion can be written as a sum of terms characteristic of 
different kinds of pairs of atoms (rather than of different 
kinds of atoms), it is clear that all these terms can be 
inverted. And the sum of these terms is identical with the 
"above transform, in consequence of the linearity of the 
inversion process. 

A concrete formulation for the case of x-rays will 
perhaps be helpful. As stated, the interatomic part sI (s) 

of the scattering function is the sum 


sI(s)2 Y. Sinm(s) 


п<т 


(7-1) 


of terms Sinm(s) 


Sinn (s) = (2/2)! || тйл» (г) sinsrdr, (7-2) 
0 


each of which concerns atoms of kinds л and m only. 
—— — Here rd,s (r) — rd». (7) isa radial distribution function of 
. — electron density foratom pairs of kind (n, m) : 47? „» (7) 
E is the result of folding the electron density due to atoms 
of kind я with that due to atoms of kind m and inte- 
ing over all orientations. Inversion of (7-2) and 
-1) yields (7-3) and (7-4): 


2 (3) 


James, The Optical Principles of the 
an and Company, Ltd., London, 
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may be analyzed in terms of an “atomic” distribution 
function rAnm(r) defined by 
Sinm(S)= fn (S) fm (s) (2/7)? f rAnm(r) sinsrdr, (7-5) 
0 


with f,(s) the atom form factor for atoms of kind э, so 
that rA4í (7) is given by 


Ф nm ) 
7А „т (г)= онч TOT sinsrds. — (7.6) 


The relation between 7А „„ (7) and rdnm(r) is again one of 
folding: 


rds (7)— on) f uA as (Mts (—r)du; (7-7) 


-00 


[т (Г) = бн f fn(s)fm(s) cossrds. (7-8) 


Relations analogous to (6-6)- (6-11) connect /,,,(r) with 
the electron densities of atoms л and эл. 

While this clarifies the meaning of 7D(r) in terms of 
the atomic distribution functions rA,,(r), it is also 
evident that the problem of separating rD(r) into its 
components will be difficult if not hopeless, since each 
rAnm(r) may itself be a complicated function with many 
features. Frequently, especially for light atoms, the 
functions f,(s) are approximately proportional to each 
other: 


А p» iA) 


/»($)=К» = К,ў.(5)," (7-9) 


m €m 


where К, is а constant approximately equal to the 
atomic number Z, and /,(5) is the average scattering 
power per electron. The functions /,,,(r) reduce in this 
case to UE 


Las (r) & KK (2/7)! 
X f fé(s) cossrds= KK mtel"), (7:10) 


so that all distribution functions 70, (7) assume similar 
character. It then becomes possible either to analyze 
rD(r) in terms of the general peak shape 1.07), or to 
form by inversion of si(s)/f2(s) a distribution function 


2N3 p? s] 
740) -(-) f = sinsrds 
belgie c= E K, KnrAnn(r) (1:1) 


ngm 


which. is the weighted sum of the various atomic dis- 
tribution functions. (The actual peak Shapes may, 9 
course, be further modified as discussed previously-) 


This result, although essentially similar to the usual E. 


) 
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one,” differs from it in being stated explicitly in terms of 
the different kinds of atom pairs and in being closely 
related to the precise formulas (7-4) to (7-8) so as to 
suggest the correct interpretation of rD(r) in terms of 
atomic distribution functions even when the approxima- 
tion (7-9) is no longer valid. It is now evident that the 
difficulties in the conventional exposition are caused by 
the introduction of functions pm(r) which are charac- 
teristic of atoms rather than of atom pairs. 

For homoatomic liquids the situation as discussed so 
far becomes trivial, in agreement with the usual dis- 
cussion, since all terms in (7-1) and (7-11) reduce to one. 
However, the analysis of rD(r) into characteristic 
subdistributions (e.g., temperature-factor Gaussians), 
as will often be desirable, is in principle just as complex 
for homoatomic as for heteroatomic liquids, since each 
subdistribution will have its own characteristic shape 
(e.g., width). For molecular liquids, indeed, this added 
bit of complexity can be turned to advantage, since it 
will usually permit a separation of the intramolecular 
components of 7D(r), which are generally the sharper 
ones by a large margin from the intermolecular com- 
ponents. The total effect is especially favorable if the 
desired intramolecular terms are not only the sharper 
ones but also have the greater weight, pair for pair, as 
when strongly scattering complex, rigid molecules are 
dispersed in a weakly scattering, molecularly simple 
solvent.” 

Although the general discussion of modification func- 
tions given previously applies to this section also, some 
special remarks seem to be called for. 

The modification of 51(5) Бу multiplication with 
fe(s) in the contruction of rA (ғ) (7-11) has besides the 
desirable effect of sharpening peaks the undesirable one 
of introducing subsidiary features of a nature which may 
significantly encumber the analysis of the distribution 
function. This is all the more troublesome, if the 
distribution fanction.is no longer interpretable in terms 
of characteristic distances but rather has to be regarded 
just as a distribution function or a sum of distribution 
functions in their own rights. This point has been 
stressed by Finbak.9? 

` The conventional multiplication 08777 (r) (the direct 
resuitof the inversion) by 7 is unfortunate because it is 
іп rD’(r) rather than 7?D'(r) that the various multi- 
plicative factors, like form factors and modification 
factors, leave symmetrical peaks symmetrical and 
unshifted. It seems appropriate, therefore, even in the 
case of the atomic distribution function rA'(r) (7-11) 
not to multiply it with 7, but rather to compare it 
directly with the theoretical function 7?A (т) of interest 
divided by r. (The usual additive parabolic term?? 
7?Ав(Ло= const) is of course to be replaced by a linear 
term 7До. This term arises from the fact that in practice 


? Vaughan, Sturdivant, and Pauling, J. Am. Chem. Soc. 72, 
5477 (1950); O. Kratky and W. Worthmann, Monatsh. Chem. 76, 
263 (1947); E. Rumpf, Ann. Physik 9, 704 (1931). 

C. Finbak, Acta Chem. Scand. 3, 1279, 1293 (1949). 


` 


the integral in the inversion (7-4) is assumed to have a 
negligible value as s approaches zero. However, if the 
intensity due to a particle of constant scattering density 
is calculated, it is found to be concentrated at very 
small values of s, of the order D-! where D is the linear 
dimension of the particle. This small angle scattering is 
essentially the same for particles of nonuniform scat- 
tering density. Its omission from an inversion like (7-4) 
has the consequence that the resulting function repre- 
sents the difference between the actual distribution 
function and that corresponding to a uniform, average 
scattering density.) 


8. EXTENSION TO SEVERAL DIMENSIONS 


In order to extend the previous results to Fourier 
series such as are used in crystal structure analysis, it 
seems essential to introduce alternative representations 
by means of Fourier integrals. In order to illustrate this 
procedure and to give incidentally yet another example 
of the power of the folding theorem, the connection be- 
tween the Fourier transform of the electron density and 
the structure factors for a crystal will first be established 
along the lines of Ewald's classic paper.” 

The electron density of an ideal crystal of infinite size 
is a triply periodic function, 


p(r) = р(г-Е mart mat изаз), 
n;—2::—2,—1,0,1,2---, i=1,2,3, (8-1) 
of the position vector with the vector periods ац, аг, and 
аз, which define the unit cell of the translation lattice of 
the crystal. In terms of the reciprocal lattice vectors, 


h= hıbı+h4:b2+ kb, 
ГЕРЕ. (5-2 


ai Бу-бу, (8-3) 
the Fourier expansion of р(т) takes the form? 
p(r) 9 vr! on Fs exp(— 2zíh- 1), (8-4) 


where vr is the volume of the unit cell and the sum 
includes all reciprocal lattice points. 

The coefficients Ёһ in this expansion are the structure 
factors 


Еһ= f p(r) exp(2zth- r)der. (8-5) 
unit cell 


If the crystal is not of infinite extent or if p(r) is not 
otherwise really periodic, the above formulation is no 
longer strictly valid; in any case it is convenient to 
consider the Fourier transform of p(r)—we shall call it 
F(q)—for the entire crystal. The two functions are 


ар. P. Ewald, Proc. Phys. Soc. (London) 52, 167 (1940). 

2 M. von Laue, Rénigensirahlinterferenzen (2nd ed., Akadem- 
ische Verlagsgesellschaft, Leipzig, 1948), W. E~ Zachariasen. 
Theory of X-Ray Diffraction in Crystals (John Wiley аа Sons, 
Inc., New York, 1945); R. W. James, The Optical куз the 
Т д» of X-Rays (Macmillan and Company, Ltd., London, 
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symmetrically related" with F(q) a function of the 
continuously variable vector q=qibitgebotqsbs in 
reciprocal space: 

p(r) ехр(2т14: г); (8-6) 


crystal 


ШОН 


р(т)= fro exp(— 2riq- r)d'«. (8-7) 


(The normalization factor corresponding to (2/7)! of 
carlier sections becomes unity here due to the inclusion 
of the factor 2m in the exponent; the variable q is 
related to s by == 27 |9.) The integral in (8-7) extends 
over the whole of reciprocal space. 

То establish the connection of the pair (8-4) and 
(8-5) with the pair (8-6) and (8-7), we note that an 
infinite periodic crystal may be represented by the 
folding of the contents of one unit cell into the lattice 
function, which is a sum of 5 functions, each situated at 
a lattice point. The Fourier transform of this lattice 
function is the so-called Laue function for infinile 
crystals, L(q), which again consists of a collection of 
8 functions, each multiplied with 1/vr and situated at a 
reciprocal lattice point. 

The Fourier transform 


F.(q)= [| р(г) exp (2ziq  r)dv: (8-8) 
nit cell 


of the electron density of one specified unit cell is related 
to F(q) by 


Е(а) = Е. (9)1 (9) — 7 Уһ Faó(q—h), 


since the folding of the contents of the specified unit cell 
with the lattice function to obtain p(r) corresponds to 
multiplication of the transform F.(q) by the transform 
L(g). Accordingly, F(q), which refers to a strictly 
periodic, infinite crystal, is an essentially discontinuous 
function, proportional to the appropriate structure 
factorat each reciprocal lattice point and zero elsewhere, 
as is also evident from the representation of p(r) by the 
Fourier series (8-4). The Fn are a sampling, at reciprocal 
lattice points, of the continuous transform F.(q) for a 
unit cell. It will be noted that although F.(q) in general 
depends upon which unit cell is specified, the samples 
Fn do not. 

As Ема! has discussed, the folding theorem is very 
useful in understanding the effect of crystal size on the 
shape of reflections. If a shape function be introduced 
which has the value unity inside the crystal and zero 
outside, then the electron density of an actual crystal is 
— simply the product of the’electron density of the infinite 
"| érystal witb this shape function. This corresponds to the 
j in Fourier space of the discrete transform (8-9) 
h the transform of the shape function. The resulting 
‘orm of the finite crystal consists therefore in a set 


(8-9) 


AND V. 
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of broadened features of finite extension in reciproca] 
space, identical in shape, but scaled proportionally to 
the structure factors. The crystal reflections are Corre. 
spondingly broadened, as is the range of small angle. 
scattering which would be expected in the absence of 
interdomain and interparticle interference. (For sma]]. 
angle scattering, of course, these latter effects usually 
dominate. Their consideration, like the consideration of 
crystal imperfections, rests fundamentally on the entire 
density function and its transform, but the manipula. 
tion of an ideal density function by multiplication 
and/or folding will often be profitable,”* às it is in our 
example of the finite crystal.) 

'The special shape function which covers exactly a 
specified unit cell leads to an interesting result. For 
definiteness, let this unit cell be situated with its center 
at r, from the origin and have edges parallel to the 
crystal axes. The shape transform is then 


з sinmQ; 
vr ехр(2т!4:1,) П { 


jl 710; 


(8-10) 


and the corresponding expression for the transform of 
the contents of one unit cell is 


з sinr(qj— /;) 
Ее (а) =ехр (2-го) 2; Fn] — — —. (8-11) 
h f= m(gy—h; 
This is the inverse of the sampling picture exposed 
above: From the samples Fn the transform of a unit cell 
can be reconstructed by what is known as (three- 
dimensional) trigonometric interpolation.® | 
Expression (8-11) may suggest a direct determination 
at least of | Ё.(4)|, the zeros of which (at any rate in the 
centrosymmetrical case) might provide important clues 
to changes in sign between adjacent structure factors. 
But this is not possible, for the phases of the Ри are as 
pertinent in (8-11) as are the атр яг евгалд knowledge 
of the phase is essential in the construction of | F.(a)| 
also. Even more important, F,(q) has meaning only in 
regard to a unit cell of arbitrary shape and position; the 
phase of Р.(4), in (8-11), would change if the origin 
were shifted and even more drastic changes weuld occur 
if a unit cell of different shape were to be singled out. 
The only invariant property of all possible interpolations 
(8-11) is that they have identical values for reciprocal 
lattice vectors а= h. All this is to be expected since unit 
cells, although useful in describing crystals, have no 
physical reality. Even more generally, it is arbitrary to 
generate the whole crystal by folding the complete 
contents of one unit cell with the lattice function, 
inasmuch as other functions extending over possibly 
many unit cells may be folded with the lattice function 


2a For example, R. Hosemann, Z. Physik 128, 1, 465 (1950); R- 
Hosemann and S. N. Bagchi, Acta Cryst. 5, 612 (1952). 5); 

3: Е. T. Whittaker, Proc. Roy. Soc. (Edinburgh) 35, 181 (1915); 
Interpolatory Function Theory (Cambridge University Press 
Cambridge, 1935). 
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to obtain the same р(г). This is especially pertinent in 
the case of the Patterson function: interpolation of 
| Fa]? according to (8-11) yields the transform of one 
specified unit cell of the Patterson function, but except 
for q=h this transform is not equal to |Ё.(4) |? even 
when corresponding unit cells have been chosen. Never- 
theless, a case for which (8-11) has practical significance 
is considered at the end of Sec. 10. 

It is quite another matter when the unit cell of a 


' molecular crystal is chosen to contain one or a small 


number of relatively rigid molecules. It may then be 
possible by external influences continuously to change 
the size and shape of the unit cell without changing the 
configurations of the molecules. In this way various 
samplings of Р (4), now characteristic of the molecules, 
may be made from which information about the signs of 
the structure factors may be deduced in centrosym- 
metrical cases. This idea was used by Perutz*! and 
coworkers in determining the signs of some x-ray re- 
flections of methemoglobin, for which the unit cell size 
and shape depend on the extent of hydration of the 
protein. 

Projections of three-dimensional density are often 
useful. Consider first the projection p» along a crystallo- 
graphic axis, upon a plane. If the projection axis is 
inclined it is convenient to project onto a perpendicular 
plane rather than the plane of the other two crystallo- 
graphic axes in order that the projections of spherically 
symmetrical functions shall show circular symmetry. In 
practice the distinction involves merely the choice of 
scales and axes for plotting the projected function. We 
call the axis of projection аз, the projections of the other 
two axes ay and аг, and the coordinates of г in this 
“monoclinic” system of axes хү, ху, and хз. Further, Rs 
is the projection of r, А the area of the projection of the 


unit cell, О the projection of а on the plane of b; and be. 


(which is parallel to the projection plane), and 44 о the 
surface element of that plane; finally, bs may be re- 
placed Бу b;' so as to obtain a triple Бу, bs, bs’, reciprocal 
to аг, ae’, аз. 

The projection of p(r) is given by 


RI || р(г)аз4хз' 


—® 


4 


ЕЕ) 


© © 


a3dxs! [ 5: дз exp(— 2miqa хз) 


х f dA oF Gu q» q3) exp C-27i0-R2 


= f F(Q) exp(—2miQ-R:)d4Q, (8-12) 


-00 


* Boyes-Watson, Davidson, and Perutz, Proc. Roy. Soc. 
(London) A191, 83 (1947); for the latest report, see W. L. Bragg 
and М. Е. Perutz, Proc. Roy. Soc. (London) А213, 425 (1952). 
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where use of the 6-function of footnote 3 has been made. 
It should be noted that the projection р2(Кз) is de- 
termined by the values of F(Q) in the plane (bi, b2) 
parallel to our plane of projection rather than by а 
projection of F(q) onto it. The expression (8-12) is 
furthermore not dependent on periodicity of p(r) and 
differs from the more conventional one 


1 


if р(т)азїхз = A“ У, Fhiho0 


hı, h2 


Xexp(—2ri(hixı Ах) (8-13) 
by a factor №, the number of layers of (the now 
periodic) p(r) projected in (8-12). (The factor Мз, while 
obvious in the relationship between the sides of (8-12) 
and (8-13) pertaining to real space, enters on the 
transform side of (8-12) through the fact that the Laue 
function for a one-dimensional crystal of V; unit cells 
has the value N; at q5— 0). 

For the line projection of the electron density, the line 
on which the projected values are recorded is preferably 
chosen perpendicular to the directions of projection, 
which are parallel to a crystallographic plane, for 
definiteness called (100). We introduce the symbols ay’ 
and В, for the projections of ац and г and B for the 
projection of q on b;. The line projection is given by 


pi( R3) -f F(B) exp(—2ziR;- B)dB, (8-14) 


—0 


the derivation being analogous to that of p» and р: (Кі) 
being related to 


ffo (а X as)dxsdx; 
о vo 


= (017) Y: Fmooexp(—2rihyxy’) (8-15) 


h=- œ% 


in a similar way. The expression (8-14) again does not 
depend on any periodicity of p(r), and the line pro- 
jection is determined by the values of F(q) along a 
parallel line in reciprocal space. 

These relationships are symmetrical in the sense that 
the line or plane section of a function and the line or 
plane projection of its transform are also mutual 
transforms. 

We are of course here mainly interested in the conse- 
quences of breaking off the Fourier series after а finite 
number of terms and, more generally, in the effects of 
any modification of the coefficients by multiplication 
with a function of q. As has become evident in earlier 
sections the complete modification function may be 
regarded as the product of ali factors in the expression 
to be transformed which are functions 3156 of the 
variable of integration. Such factors are the irpased 
convergence and sharpening factors as well as the 
natural form and temperature factors. We shall some- 


= - 
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mes single out опе or the other of them от, again, treat 

the complete product, but the nature of the modification 

function under discussion will always be obvious from 
the context. А general treatment of these effects appears 

unfeasible for multidimensional Fourier series without 
the use of the integral representation. 


If 
р’ (г)= [ M (д)Е (q) ехр(—2хтїц-т)@ъа 
а = (0) Da MaFaexp(-2mih.r) (8-16) 


18 the electron density function resulting from the series 
with modified coefficients and if the transform of M (q) 
is 


Т(т)= || М (а) exp(—2ziq-r)dva, (8-17) 
then the (three-dimensional) folding theorem implies 
(8-18) 


JO- f Т(и)р(т— п) 


ї ) in complete analogy to (3-3). The corresponding two- 
. and one-dimensional formulas are 


ЭЙ Ў рг (К) = f ў T,(U)p(R.—U)dAv (8-19) 


Р/В) = f Т.(ФрцЁ:-10)40, (8:20) 


9. RADIAL FUNCTIONS 
this section modification functions M (q) will be 


lane is given by 
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the two-dimensional transform 


T2(R2)= Г М (Q) exp(—2riQ-R:)dA Q 
= f 3 [ "м (Q) ехр(2т:0К: cose)d eQdQ 


-2r [| 0м(0М0х0ко00. (0:2) 


The line projection 7; (Ry), finally, is given by the one- 
dimensional transform 


Т:(Ку)- | А М (В) ехр(—2тїК,В)4В 
=2 | : M(B) соз(2тЁ\В)4В. (9-3) 


which is of the form already encountered in previous 
sections. Writing Ts(r) for T(r) and abandoning the 
formal distinction between 7, Ко and К, makes possible a 
combination of the three formulas (9-1) to (9-3) into 
опе!9 


Т:(7) = dre ie | М.(4)4927а)-1(2та/)44, (9-4) 
0 


where /узу—1 is the Bessel function of order (i/2)—1. 
Between Т, and T; there exist the direct relations 


T(r) : * n0 
T) n 
: 2т7 dr z 

and А 


Ti(n= 2n | T3(u)du, 


(9-5) 


so that functions T; can be obtained from all functions 
Ti(r) listed in Fig. 1 simply by differentiation and 
division by — 217; Тз is connected directly with T; and 
Tı by the equations 


сю * 


T:(r)= 2 UT на (и) (?— т) du 


г 


^ 


and Oe 


1 f° dT;(u) 
г) | P (2-22)-34ит 1=1, 2. 
u 


ur eo 


„Тһе effect of breaking off a three-, two-, ог one- 
dimensional series by not using terms with |4| 7 4 Сап 
be judged by considering the respective transforms 0 


1, X qo 
0 o 
namely, » 14| 54 
qo 
Т.(7) = лт? [| QPF зул (Sxqr)dq 
o | 
= (qo/7)*J /2( 247), (9-8) 4 


D 


м. Am MA Мо 


ST 


! 
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where the relation?? 
Јада x^J (x) (9-9) 


has been used. Written out in terms of s,—2zq,, the 
three transforms are 


So. 1 
T(r) 2 —jo(sor) =— sinser, 


т TY 
5 m 
T2(r)= or), 
ту 
and (9-10) 
562 
T3(r)= В psi sor) 
1 


= муу ган Sor cossor |, 
2r°r? 


The first is familiar from the earlier discussion, and all 
have been derived by van Reijen,” and from a different 
point of view, by James,’ who also discusses their shape. 
The effects of breaking off are evidently less serious the 
higher the dimensionality, which is not surprising if it is 
remembered that the section T;(r) is determined by the 
projection of М (4) so that the effective break-off is more 
gradual the higher the dimensionality. 

Ап example of а convergence factor which is zero 
outside the limiting sphere and whose transform can be 
expressed analytically is example d of Fig. 1, 


1—(/9)*, [91 34. 
0 


М (9 = ; 
> 14| »ф 


(9-11) 


the corresponding transforms, obtained by partial 
integration ancthe ais of (9-9), are 


(1/2)—1 
o 


Т,()- JJ arma (247), (9-12) 
E qr GI 
CPWv)-—A(a)- [sinso — sor cossor |, 
Tr 755 
1 

T2(r)= =W 2(Sor), 

Vin ae 
and (9-13) 


Т; Ө) = T(r) = 23 (sor) 


= 3— (sor)?) 51057 — 3sor cossor 
uu @— 609) sins; 3 


* H. B. Dwight, Lables o Integrals (Macmillan and Company, 
Ltd. E York, 1934), 8. d де! 


V. James, Acta. on 1, 132 (1948). 
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Again s, 270, has been introduced for easier compari- 
son with Fig. 1. In keeping with the foregoing remark 
the present 71(r) (9-13) is essentially identical with the 
previous T';(r) (9-10). The transforms (9-10) and (9-13) 
are shown in Fig. 3. 

The foregoing emphasis on the reduction which is 
afforded by the use of polar coordinates must not be 
taken to mean that this is always the best procedure. 
'There are no doubt many counter examples. One is the 
familiar transform T3(r)= (2a)-! exp( —27?/2a) of the 
modification function exp(— 2та4”), for which the pro- 
jections are easily found by direct integration, either 
projection or transformation, in Cartesian coordinates 
(not the coordinates relative to the lattice vectors 
except for orthogonal crystals), whereas the use of polar 


coordinates proves unfruitful. The projections are 
T(r) = (2a) ?? ехр(--яг2/2а), 1=1, 2. 


The anisotropic Gaussian modification function, an im- 
portant nonradial function, can be handled just as 


\ Tie Tio 
1.89755 2.5/8, 
| rs) 0.4 
\ 0.22 5 N 209 4 
т20) т) 
2.2/8 2.8/5, 
\ от \ oz 
к ORE | -0.6 
N 112 N T$ 
2.575, 2.95/S, 
\ 94 | N 9.1 
56 -0.4 


Fic. 3. One-, two-, and three-dimensional transforms correspond- 
ing to modification functions (a) and (d) of Fig. 1. 


readily in this way. From our example, again, a whole 
series of mutual transforms and their sections and 
projections may be derived very simply by differentia- 
tion with respect to a. Two, (g) and (k), are shown in 
Fig. 1; another is the pair 


M (g) =4r¢ exp( —2zag?), 
T3(r) = (2a)? [15— 10z72/a4-z?r1/a* | ехр(--22/20), 


which has, proved most useful in affording a Patterson 
function with near maximal resolving power. (The . 
alterations corresponding to the necessary finite cutoff 
are in this case almost entirely negligible.) 


10. SERIES TRANSFORMS 


It may be useful sometimes, especially in “namerical 
work, to calculate the series transform of a modification 
function, rather than the integral transform. 'This 
transform must again be folded with the original func- 

- ~ 
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tion, but the folding integral, in keeping with the 
periodic property of the series transform, now extends 
over one unit cell only. The simple development follows. 
Consider the series representation (8-4) of p(x): 


p(r) & vc У) Fn exp(— 2rih-r); 
h 
(10-1) 
Еһ= Ї p(r) exp 2rih- r)dvr. 
unit cell 
When the coefficients are modified by multiplication 
with Mn, the series becomes 


p” (r) vc У) МъЁь exp(— 2rih-r) 
h 


zy Ї p(t) У Mn exp[2rih: (t— г) (фе, 
unit cell 


h 
which on writing K (r) for the series transforms of Mn, 
K(r)=vr Dn Мвехр(—2тїһ-г), (10-2) 
simplifies to 

p (t) K (r— t)dvt. 


unit cell 


"(n= (10-3) 


Pepinsky and his associates! have discussed a number 
of one-dimensional modification functions and the 
corresponding series transforms, which they call kernel 
functions, K(r) being the kernel in the integral Eq. 
(10-3). 

Of course р” (г) is identical with the previous 


poe [ P (T (r— du, (10-4) 


where T(r) is the integral transform of any M (q) 
interpolated from the values M (h), if only it [M (q) ] 
satisfies the general requirements for the Fourier 


folding with the lattice function results in the same 
transform К (г), which contains the contributions to a 
given unit cell of T(r) as displaced successively by all 
- the lattice vectors 1: 
$uT(ril)-XK(r-v-»mMnaexp(—2mih.r). (10-5) 
— This equation is essentially Poisson’s summation 
_ ‚Юта. 86 
he development so far tends to emphasize Mn апа 
E ) and to make M (q) and T(r) appear arbitrary and 
comparatively unimportant. Nevertheless, it is profit- 


br. 


- able to adopt the point of view that М (q) and T(r) are 


a 


ан 


theorems. Correspondingly, any one of the T(r) on. 
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spacing and T(r) accordingly restricted to relative] 
small values of |r|, and that Mn and К (г) depend upon 
them and the particular lattice under consideration. For 
although direct use of К (x), the series transform, has the 
apparent advantage of at once taking into account the 
influence on a given peak of p(r) by all the peaks of a set 
equivalent by the lattice translations, so that only the 
peaks within a unit cell have to be considered explicitly 
the extra complexity of К (r), as compared to a suitable 
T(r), is likely to prove troublesome in practical work as 
well as general analysis. In effect, the use of the integra] 
transform decomposes a complex total process into two 
simpler steps. 

Some evident features of the situation are the follow- 
ing. In the first place K (r) will lack radial symmetry. In 
practical work with actual density functions, it will 
therefore be much more difficult to handle, interaction 
for interaction, than radially symmetrical functions, 
which are readily obtained as integral transforms; and 
the advantage that follows from the smaller number of 
interactions that have to be considered may be lost. 
Even numerical evaluation of К (г) is comparatively 
difücult, since a multidimensional sum has to be 
evaluated for a very large number of values of r, whereas 
for T(r) the radially symmetrical cases need to be 
evaluated in only one direction and by use of polar 
coordinates may always be reduced (see Sec. 9) to one- 
dimensional integrals. (Depending on the case and the 
computational facilities, however, it may be more con- 
venient to deal with the original integral, with other 
coordinates.) A particular M (а) and T(r), once found 
satisfactory for a particular investigation, are apt to be 
suitable for other crystals of roughly similar elastic 
properties studied with the same equipment, regardless 
of the unit cell, whereas K(r) evidently has to be 
calculated anew except in cases of precise isomorphism. 
On the analytical side, T(r) can often be found in closed 
form, whereas the analytical су 2460 of К (г) would 
appear to be limited to a few one-dimensional cases and 
to products of these one-dimensional sums. Tt is im- 
portant that even when T(r) is not evaluated exactly, 
the general point of view affords an insight into the 
overlap problem which may in fact be adequate; if Kf r) 
has not been evaluated and the integral point of view 15 
rejected, this insight is lacking. Finally, we remark that 
a radially symmetrical modification function can always 
be chosen which will restrict the significant overlap 1 
closely neighboring peaks and that in this approxima- 
tion (except for the smallest unit cells) the practical 
distinction between the series and integral transforms 
disappears. In this case it may be the more convenient 
to evaluate the series, for one especially simple direction 
of r. 

These relations between series and integral transf 
айога an elegant and precise understanding of Ї 
approximation of the general (one ог multidimension® ’ 


orms 
the 


Fourier integral by а sum spaced at the points of an _ 
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arbitrary (one or multidimensional) lattice.2* This sum 
will be the folding of the desired transform with the 
Laue function of the lattice, or stated differently, the 
sum multiplied by the “volume” of the unit cell of the 
lattice is the result of superposing the desired transform 
with its repetitions at all points of a lattice reciprocal to 
the original one. The approximation will be good only 
if the unit cell of the original lattice is small enough so 
there is no important overlap between the repeated 
transforms. With decreasing lattice spacing, accordingly, 
the approximation (sum) for compact transforms will 
converge very rapidly orice the lattice spacing is small 
enough; most remarkably, the sum for any transform 
which is restricted to a finite range of r becomes exact in 
that finite range, for a certain spacing of terms and for 
smaller spacings is quite independent of the spacing. 

The interplay of the series and integral points of view 
also suggests the discussion of a number of minor 
questions not always correctly stated, which concern 
the convergence of the ordinary electron density series 
and the amount of information it contains regarding the 
shape p;(r) of the contribution of a particular atom 7. 

Thus, it is sometimes said? that the resolving power 
of the series will be low unless the number of terms is 
large. That there should be an effect which is charac- 
teristic just of the number of terms seems obvious. 
However, the fundamental peak shape given by the 
integral transform is determined solely by the complete 
modification function, of which the cutoff incidentally 
limits the number (but not the spacing) of terms, and if 
the number of terms is varied by varying the spacing, 
the resolving power is affected only in so far as the 
overlap of lattice-equivalent peaks is involved. 

Again, it is obvious that the series will be affected 
much or little by a certain increase of the radius of 
cutoff according to the magnitude of terms so admitted, 
and concern is consequently sometimes expressed over 
the question of Whether, even when the typical Fh has 
fallen to a low value, a number of especially strong 
reflections may happen to be just outside the sphere of 
reflection, so as to invalidate the conclusion that the 
only effects of increasing the cut-off radius slightly 
Wauld correspond to the resulting slight changes in peak 
shape. The resolution of this situation depends upon the 
observation that only if the Fourier series is well con- 
verged, in the sense that T(r) does not have relatively 
large oscillations extending to relatively large values of 
Г, will it be true that small changes in T(r), caused 
perhaps by small changes in the cutoff, will have only 
small effects on p'(r). For otherwise the background, on 
the average small, resulting from the essentially random 
Superposition of large numbers of these oscillating 


contributions will typically show large relative varia- 
и 

b 2 An example is Provided by the calculation of structure factors 
т summation described by D. Sayre, Acta Cryst. 4, 362 
UR who also discusses the nature of the approximation 


3 For example, reference 28, bottom of p. 370. 
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tions when these oscillations are but little changed. 
Accordingly, a well-resolved Fourier series, perhaps by 
virtue of an imposed convergence factor, will not exhibit 
large changes when the complete modification function 
is changed slightly ; correspondingly, a density series, for 
example, which is naturally well resolved will not change 
sharply as the cutoff is changed. In other words the type 
of sudden resurgence of strong F’s presumed at the 
beginning of this paragraph cannot actually occur. 
Lastly, it has been remarked” that if a good experi- 
mental determination of the atom form factor is to be 
desired from crystal reflections, a crystal of large unit 
cell, affording by its many reflections many samples of 
f(sind/d), must be used. But the essential problem is 
again peak overlap, a problem which would indeed be 
ameliorated if the unit cell could be expanded without 
adding more atoms, which of course it cannot in actual 
crystals. The obvious solution lies rather in reducing the 
temperature far enough to minimize the effects of 
thermal vibrations and in suitably decreasing the wave- 
length. Further still, the present considerations lead to 
an understanding of the problem of how to choose 
among the infinite number of possible interpolations 
between the samples of /(ѕіпд/А) afforded by a given 
crystal and wavelength. One must compute p(r), parti- 
tion it into atoms— perhaps quite arbitrarily if there is 
overlap—and transform one of them to obtain f(sind/A). 
If the atoms are well resolved in p(r), the reasonable 
partitioning is accomplished—assuming for the present 
one atom аї r, per unit cell—by taking the contents of a 
unit cell centered at г, whose boundaries do not slice 
atoms. But this is equivalent to modifying р(г) by 
multiplication with the unit cell shape function dis- 
cussed in Sec. 8, and the result for f(sin9/A), given by 
Eq. (8-11), is obtained by folding the transform of this 
shape function with the reciprocal lattice, as weighted 
with the observed Fs. With more than опе atom in the 
unit cell, or with a lattice so skewed that all possible 
choices of the unit would slice atoms, the f;(sind/A) may 
still be obtained, in an approximation of validity corre- 
sponding to the magnitude of any overlap, by the same 
procedure, now to be carried out with appropriate shape 
functions—not mecessarily parallelepipeds— centered at 
the respective atoms. Although it is really р’(г) and 
complete atomic modification functions M ;(h) which 
have to be manipulated, it will be noted that approxima- 
tions to the true M ;(q) are nevertheless obtained by this 
procedure and that the /,(8ш0/Х) inside the cutoff then 
follow by"dividing out the real temperature factors—if 
they are known—and the imposed modification func-' 
tion. Overlap will be affected by the imposed modifica- 
tion function in a way so complicated, however, as to 
preclude the use of any formula like (8-11), so that if 
overlap is important, it becomes necessary somehow to 
analyze p'(r) in terms of the transform of the products 
of the respective temperature factors by the imposed 


5 Reference 4, p. 825. ‹ 2 
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modification function, to suitably decompose the peaks 
of the resulting p(r), if they still overlap, and to calcu- 
late their transforms. 


11. CONCLUDING REMARKS 


It is obvious that the general discussions given in 
earlier sections pertain to several dimensions as well. A 
number of specific additional remarks follow. 

Modification functions may again be useful to im- 
prove convergence of Fourier series, but it is evident 
that the resulting peak shape will in general depend on 
the number of dimensions (see Fig. 3; comparison is of 
course possible only for radial functions), the Gaussian 
being an exception and the effects of cutoff being less 
severe the greater the number of dimensions. [ The last 
point may also be seen from general arguments, as in the 
remark following (9-10) or from a development analo- 

gous to (5-9).] Nevertheless, the feasibility of intro- 
ducing convergence factors does not seem to be generally 
recognized. For example, the atom form factors de- 
scribing the scattering of thermal neutrons are con- 
stants, so that the only cause for a general decrease of 
intensities at high scattering angles is the motion of the 
atoms, and Lonsdale" has commented that “only trial 
and error methods of structure analysis are possible.” 
However, a suitable convergence factor will always lead 
to sound Fourier maps, as has also been remarked by 
Thewlis,” and the only serious question is the universal 
one of how to make the compromise between desirable 
simplicity of interpretation and the concomitant un- 
desirable loss of essential resolving power. But for some 
crystals the natural temperature effect will already 
provide adequate convergence with the current experi- 
mental conditions, and there is always the possibility, 
for harder crystals, of shortening the wavelength and so 
increasing the power of resolution. 
Booth? has raised objections to the use of а con- 
vergence factor on the grounds that they "introduce 
errors greater than for the elimination of which [they 
are | applied." In support of this contention he shows a 
table containing the maximum errors of peak positions 
which may be caused by terminating a one-, two-, or 
three-dimensional series, as well as а table of the 
maximum errors caused by using different artificial 
temperature factors in a three-dimensional sum. How- 
ever, these tables would appear to pertain only to the 
very specific example underlying them, that of two 
neighbors at a distance of 1.4A (or larger) having radial, 
- Gaussian density distributions of a width characteristic 
for organic crystals. Unfortunately, no lower distance 
limit of 1.4A exists for Patterson functions or for 
projections of the electron density; different results 


would further be expected for heavier atoms, harder 
Soe 

ие 1, 205 (1949). 

42 7. Tbewlis, . Repts. Progress Chem. (Chem. Soc., L 
41,40 (550). c (Chem. Soc., London) 
_ 434. D. Booth, Proc. Roy. Soc. (London) A188, 77 (1946 
482 (1947) ; Natur 157, 517 (1946) > 


СС-0. In Public Domain. Gurukul Kangri Coles Renee Osti 4. 408 (1951). 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


WASER AND V. SCHOMAKER 


crystals, low temperature data, or neutron diffraction 
data; finally а number of distant peaks may cause 
significant shifts in a terminated series, whereas the peak 
broadening due to a convergence factor will affect close 
neighbors only. Again, the advantage of using а 
convergence factor lies in the simplicity of its transform 
which facilitates detailed analysis of peak shapes should 
any be required. 

A recently proposed way“ of handling the breaking- 
off error is the now often used back-shift method which 
involves comparison of the Fourier map based on 
observational data with a similar map obtained from 
calculated structure factors, all terms which were lacking 
in the first sum being omitted in the second one also. 
Alternately, ап Fo— Fe synthesis may be carried out 
using as coefficients the difference between calculated 
and observed structure factors. Accurate knowledge of 
the form and temperature factors is a very important 
requirement, to which, it seems, too little attention is 
ordinarily given. Weighting with a suitable modification 
function will be helpful in this connection if the accuracy 
of the assumed form and temperature factors can be 
estimated as a function of h. 

These methods are equivalent to the peak by peak 
analysis discussed above. They have the advantage of 
dealing with the crystal as a whole and thus, if the peaks 
have not been made reasonably compact, may actually 
entail less calculation. In a peak by peak analysis, on the 
other hand, in which important interactions only need 
to be dealt with in detail, the assumed peak shapes 
(which is to say the form, temperature, and imposed 
modification factors) are necessarily checked, or else the 
correct peak shapes can be taken directly from the map 
under analysis, at least if it is not hopelessly compli- 
cated. If the thermal motions are anisotropic with 
principal axes oriented unsymmetrically to the principal 
symmetry elements of the crystal, as often happens, itis 
inconvenient to make appropriate precise structure 
factor calculations and the present direct analysis should 
be especially advantageous. 

Van Reijen? seems inclined to favor inclusion of 
extrapolated coefficients in order to avoid termination 
errors while still making full use of far-out reflectiops 2! 
not really correct, however, such ап extrapolation will 
lead to error. Indeed, van Reijen's (110) projection of 
diamond, which he gives as an example, shows question- 
able high frequency details near the centers of the 
carbon six-rings which presumably must be attribute 
either to extrapolation errors or possibly to experi- 
mental errors in high order terms. 

Imposed modification functions need not be limited to 
convergence factors and a number of other functions 
have been found useful so far. Sharpening of peaks. y 
multiplying structure factors with / (s) ог similar 
Ошсшптг-отипшсшшш Q 
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FOURIER INVERSION 
functions is an example. Sharpening is especially im- 
portant for Patterson functions, where resolution is the 
crucial consideration, and the limited experience so far 
seems to show that even in addition to sharpening with 
fa exp(as?) a further emphasis of the far-out data (to 
be sure with suitable smoothing at the cutoff), as in the 
examples derived from the Gaussian, mentioned in Sec. 
9, is most helpful. Such functions are likely to vanish at 
the origin, so that the integral of their transform is zero. 
This requires that the desirable sharp, high peak at the 
center of the transform at least be balanced by negative 
values elsewhere, but this is less serious in the three- 
dimensional case, to which one is forced for even 
moderately large unit cells, than it is for lower di- 
mensionality, inasmuch as the negative region is of 
greater extent relative to the central peak. Even so, 
although it apparently has not yet so turned out in 
practice,‘ a transform with integral zero could well be 
most confusing in failing to reveal unresolved concen- 
trations of peaks such as would seem to be possible over 
regions of atomic or possibly even molecular size. It 
seems that here is a prime example where the concurrent 
use of more than one suitably chosen modification 
function should prove profitable. 

As in the one-dimensional cases, the peak shapes for 
p' (r) and P'(r) may be evaluated either by inverting the 
complete modification function or by folding the trans- 
forms of its several factors, the single inversion, usually, 
being the easier to perform while the successive foldings 
provide the clearer picture of the situation. Viervoll? 
discusses peak shapes for p(r) and P(r) and gives some 
actual examples. Eor the shape of ideal Patterson peaks, 


PO Ї pi(t)ps(|t-+r| dus 


involving sphexically symmetrical atoms, Viervoll? uses 
the expression 


2m рс Duo 


^ = 10:(0) 
U^ CA) 18-11 


иру(4)4иа!, 


whith"follows immediately (Viervoll gives a lengthy 
derivation) from the substitution 


| t+r| = (02-5 £2-2rt созд). 


. Ina procedure for subtracting the peaks correspond- 
ing to certain atoms in a Fourier map, Finbak and 
Хогшал 7 use what amounts to an arbitrary, unsym- 
metrical modification function. The peak shape is ob- 
tained by setting up а Fourier series corresponding to 
one specific atom at its most probable position. This 
Series—our series transform K (r) except for a shifted 


18 Shoemaker, Donohue, Schomaker, and Corey, J. Am. Chem. 
Soc. 72, 2328 (1950); J. Donohue and K. N. Trueblood, Acta 
Cryst. 5, 414 (1952). 

37 С, Finbak and №. Norman, Acta Chem. Scand. 2, 813 (1948). 
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origin—is terminated in the same way as the original 
series. In addition Finbak and Norman propose that 
coefficients be omitted where no terms are available in 
the original series due to unobservably low intensity of 
the corresponding x-ray reflection. This corresponds to 
the omission of terms in back-shift and F,— Ё. syntheses 
mentioned above. Nevertheless, Finbak and Norman's 
proposal may lead to grave complications, because the 
corresponding Мн has scattered zeros and an excessively 
complicated transform; and we believe it should be 
adopted only in those cases of duress, important to be 
sure, where relatively high background or low sensitivity 
of the instruments of detection lead to a significantly 
high value for the maximum unobservable Fn. Analysis 
of Fourier maps in terms of such transforms, although 
possible and more accurate, would in general be very 
difficult, and the general advisability of the procedure 
is not demonstrated by Finbak and Norman's example, 
for which the number of missing large terms is very 
small. It will be appreciated that if certain reflections 
were unobservably weak, compared to the strongest 
reflections, the contribution of the corresponding terms, 
left out of the original Fourier map, is small and can be 
neglected in good approximation. In this approximation 
the original Fourier map still corresponds to a super- 
position of simple peaks and may be so interpreted, the 
negligible size of the unobservable terms being a conse- 
quence of structure rather than of complexity of atom 
shapes. Correspondingly, the subtraction of a complex 
peak shape would only change into complex features the 
basically simple peaks (possibly complicated by over- 
lap) present in the original map and could not be 
stopped after dealing with a few peaks, as otherwise 
would usually be the case. Furthermore a new Fourier 
would usually have to be evaluated should a change of 
parameters be desirable, since a simple translation of the 
transform can only be executed if it is a cover operation 
of the grid for which the values have been calculated. 
Again simple peak shapes prove much less cumbersome. 
Two related examples can be found in a recent paper 
by Magnéli:$ He first considers а one-dimensional 
structure whose period contains a sequence of eight 
equidistant lines, the last line of one period and the first 
line of the next one being at half that distance. The 
Fourier coefficients of this structure are either large or 
comparatively small? due to the existence of a pseudo- 
sublattice. Magnéli shows diagrams of the following 
sums evaluated using a convergence factor such that 
only terms with n<40 are of any significance: (1) cor- 
responding to the above structure, (a) the complete sum ' 
and (b) an incomplete sum, including only the four 
largest terms with n=0, 7, 8, 15, which function shows 
false detail; (2) the series transform K (r) corresponding 


М: 
38 А. Magnéli, Acta Cryst. 4, 447 (1951). MES 
э The effect of such pseudo-sublattices on the distribution of 
Fourier coefficients has been discussed by V. Vand, Acta Cryst. 4 
104 (1951), and by J. W. Jeffery, Proc. Phys. Soc. (London) A64, 
1003 (1951), in terms of concepts expounded {п the foregoing.- Е 
rien 


^ 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


690 J. WASER 
{о а lineat the origin, with (a) all terms and (b) only the 
four terms corresponding to (1b), the last result being of 
considerable complexity. Magnéli points out how the 
incomplete sum for the structure (1b) can be understood 
as resulting from a superposition of the incomplete 
series transforms (2b). However, while this is un- 
doubtedly true, the omitted coefficients are by no means 
small and if the coefficients with п= 6, 9, 22, 23, 30, 
whose magnitudes average about 20 percent of that of 
the largest term, are included a graph results whose 
main peaks stand out clearly and correspond in position 
to the original structure. The subsidiary features of this 
graph are clearly recognizable as such, the largest one 
being about one-third of the size of the smallest main 
peak and comparable in size to the subsidiary features 
of a sum which includes all terms with »<30. The 
original structure can thus clearly be reconstructed from 
this graph despite the fact that the magnitude of many 
of the terms omitted is still above 5 percent of the size 
of the largest term. These terms are not really negligible 
and a detailed complete analysis of the graph would of 
course require the corresponding incomplete K (г). 

An alternative to using this complex transform in 
cases where the magnitude of the terms which cannot be 
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determined experimentally is relatively large, 15 to 
substitute theoretical values for the missing coefficients 
This will result in simple peaks provided the parameterg 
used in the calculation of the substituted terms are close 
to their correct values. This procedure is a special Case 
of one proposed by Cochran? which permits givi 
different weights to different observed values. The k 
of theoretical values in this way of course increases the 
provisional character of the electron density function 
which usually is considerable anyhow because of the 
necessity of using theoretical values for tbe phase angle 
values of the coefficients. 

Magnéli’s second example is two-dimensional and 
concerns his (010) projection of 8 tungsten oxide. The 
structure is analogous to the one-dimensional example 
just discussed, being characteristic of the transform of 
the tungsten form factor, modified by the omission of a 
large number of terms and thus comprising a complex 
system of peaks. Again the original Fourier map may be 
interpreted in terms of simple transforms, and it is 
interesting that Magnéli’s solution of the structure 
actually does rest on this point of view. 


ёс a Cochran, Nature 161, 765 (1948); Acta Cryst. 1, 138 
1948). 
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1, THE GROUP KNOWN AS THE ATOMIC CONSTANTS 


HIS review is concerned with the determination 
of the numerical values of an interesting subgroup 
of the general constants and conversion factors of physics 
and chemistry known as the atomic constants. No 
clear-cut definition of this subgroup exists, and, indeed, 
with the passage of time it has been found convenient 
to include in it more and more members of the parent 
group because of the improvements (partly theoretical 
and partly in the form of increased experimental pre- 
cision) in our knowledge of the interrelations between 
the members. As of the present date we may, perhaps 
somewhat arbitrarily, enumerate the following six inter- 
related constants as the primary atomic constants: №, 
Avogadro’s number; e, the electronic charge; m, the 
electronic rest-mass;! /, Planck's constant; с, the veloc- 
ity of light; and A,/A,, the important conversion factor 
which converts x-ray wavelengths from the arbitrary 
Siegbahn x units (in which at 18? C the grating constant 
of the cleavege plones of calcite is dis— 3029.45 x units) 
to milliangstrom units. (We shall call this latter con- 
version factor for brevity simply А.) Certain important 
constants such as №..= 2»me*lr?c3, the Rydberg fun- 
damental wave number of spectroscopy; Ё= Ме, the 
Faraday constant „of electrochemistry; «-—2«e€/ (he), 
Sommerfeld’s fine-structure constant; a9— 12 / (4n?me), 
Bohr's fundamental radius, and many others are closely 
related to the six named above by well-established 
formulas. In a few cases, certain rather accurately 
known "auxiliary constants" such as Ro, the gas con- 
staat, must be combined with these, as, for example, 
to compute the Stefan-Boltzman radiation constant 
o= (2/15)n5Rec?h-3N-5 in the Stefan-Boltzman oT“ 
law. 

Thus there is а large group of very important funda- 
mental numerical values, which are so interlaced and 
interconnected by known, well-established relationships 
that a precise knowledge of only about five of them, 
together with five or six very accurately known auxiliary 
constants, is all that is needed to establish the values of 
the entire group with considerable certainty. The choice 
of which particular set of five atomic constants we shall 
call our primary ones is to some extent arbitrary or 


! We omit the usual subscript zero since we shall need to use 
this later with a different meaning. 
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dictated by mathematical convenience. Once they are 
selected, these primary constants are the “unknowns” 
whose values it shall be our object to determine by the 
method of least-squares, so as to form a consistent set 
which does the least violence to all our known sources 
of information with as much accuracy as the present d 
state of our knowledge permits as regards both the 
values themselves and their standard errors. From the 
"best" (least-squares adjusted) values of these un- 
knowns, combined with whatever auxiliary constants 
may be needed, all the other atomic constants and 
conversion factors will be computed. In the present 
instance, we have selected о, c, e, V, and А as the five 
primary unknowns. 

The reader accustomed to the textbook accounts of 
how such atomic constants as e, Л, and m were measured 
for the first time in famous and historically important 
experiments such as R. A. Millikan's oil-drop experi- 
ment or his studies of the photoelectric effect, Planck's 
interpretation of the experimental curves of blackbody 
radiation, or J. J. Thomson's deflection experiments on 
cathode rays, may be surprised to see how little remains 
of these traditional methods in the present high preci- 
sion evaluation. These earlier methods, which were of 
great value for the progress of knowledge at the time 
and which still possess immense historical importance, 
are now so greatly surpassed in accuracy by more 
modern, though sometimes less direct, methods that, 
although the earlier results are not inconsistent with the 
later ones, they would carry no significant weight if 
included in a least-squares solution. e 


2. RECENT HIGH PRECISION EXPERIMENTAL DATA 


Undoubtedly the greatest single contribution to the 
progress of our knowledge of the atomic constants is to 5 
be found in the monumental pioneer work of В. T. - 
Birge, wko by his painstaking and persistent life-long 3 
effort has certainly done more than any other person to^ — 
separate truth from error and bring order out of chaos р 


207 (1932): Phys. Rev. 40, 228 (1932): Phys. Rev. 42, 736 (932): 74 
Nature 133, 648 (1934); Nature 134, 771 (1934); Phys. Rev. 48, 2 
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in this field. His 1929 and 1942 general reviews are all- 
time models of meticulous care in studying a huge mass 
of primary data, searching out errors, sifting and evalu- 
ating to separate the chaff from the wheat, and they 
are required reading for a proper understanding of this 
subject, 

Rapid evolution in the direction of much higher 
accuracy of the data bearing on the atomic constants 
has occurred since 1947; undoubtedly partly the result 
of the stimulus given the subject by the many analyses 
of Birge and others during the preceding two decades, 
but chiefly made possible by the intense development 
since World War II of microwave and atomic beam 
techniques for the study of proton resonance in magnetic 
fields, the fine structure of energy levels in hydrogen and 
deuterium, the magnetic moments, spin gyromagnetic 
ratios, nuclear magnetic resonance frequencies, and 
cyclotron frequencies of fundamental particles such as 
protons and electrons, etc. Great improvements have 
also been made thanks to microwave cavity resonance 
and high frequency Kerr cell techniques in the measure- 
ment of the velocity of light. Unfinished work is also 
under way at the National Bureau of Standards to 
improve the accuracy of the electrochemical evaluations 
of the Faraday: (1) by the electrolysis of silver in which 
both the anodic silver lost and the cathodic silver deposited 
are weighed and compared and re-solution of the silver 
in the electrolyte is minimized by using for that medium 
a solution of silver perchlorate in perchloric acid, and 
(2) by anodically oxidizing sodium oxalate. Finally, a 
great advance in the accuracy of our knowledge of the 
atomic weights of light atoms has been gained through 
the determination of these by the measurement of 
nuclear reaction energies. 

Of these modern experiments those used in the least- 
squares adjustment of this review are (1) the precision 
determination at the U. S. National Bureau of Stand- 
ards of y, the gyromagnetic ratio of the proton by 
"Thomas, Driscoll, and Hipple; (2) the magnetic moment 
of the proton expressed in nuclear magnetons (ratio 
w/w, of the cyclotron frequency to the magnetic reso- 
nance frequency of the proton in a given magnetic field) 
as obtained, (a) with the U. S. National Bureau of 
Standards “Omegatron” of Sommer, Thomas, and 
Hipple and also (b) at Stanford University with the 
inverse cyclotron of Bloch and Jeffries; (3) the fine 
structure separation AEp of the 2°Р;— 22Р; levels in 
deuterium using the atomic beam magnetic resonance 

method performed by Dayhoff at Columbia; and (4) 

the ratio of the electron magnetic moment to the proton 

magnetic moment measured by Koenig, Kusch, and 

Prodell, also at Columbia University. References and 

numerical results for а the above work are given in 

Secs. 5 а» 7. No attempt will be made here to describe 
- experimental details of the techniques. 


— Since the discovery by Willis Lamb of the slight shift 


the. hydroger levels, as а result of а remarkable 
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program? of studies at Columbia University of the fine 
and hyperfine structure of the hydrogen spectrum, а 
complete reexamination and recalculation of the experi- 
mental data on which the determinations of R,, Ry 
and Rp are based becomes necessary. А very thorough 
and complete study of the masses of the light atoms 
based on measurements of nuclear reaction energies has 
been made by Li, Whaling, Fowler, and Lauritsen at 
California Institute of Technology. For references and 
results of these studies see Sec. 7. 

'The all important velocity of light has received much 
attention in the period during and following World War 
II, with greatly improved accuracy resulting. Severa] 
excellent and concise reviews*~’ of the situation con- 
cerning this constant at different epochs have been 
given of which that of Mulligan is to be recommended, 
The recent important high precision measurements of 
this constant are those of Hansen and Bol’ at Stanford, 
using microwave cavity resonance with a cavity of fixed 
length; Bergstrand*-? in Norway, using Kerr cell- 
modulated visible light (the *Geodimeter"); cavity 
resonance work with a cavity of variable length by 
Essen;! at National Physical Laboratory, Teddington, 
England, using cavity resonance in a cavity of variable 
length; Froome,” also at NPL, using a free-space micro- 
wave interferometer; and Aslakson? using Shoran. 

All the measurements just cited indicate quite un- 
equivocally that the earlier weighted average value 
arrived at by Birge,’ based chiefly on earlier measure- 
ments by Michelson, Pease, and Pearson™ with the 
rotating mirror method in an evacuated tube and by 
Апаегзоп 15 using Kerr cell modulation, namely, 299 776 
km/sec, was low by about 15 or 16 km/sec. As a matter 
of fact, if the Michelson, Pease, and Pearson and the 
Anderson values had been excluded from Birge’s 
weighted average, the remainder of the data he con- 
sidered, which included the remarkably accurate deter- 
mination of the ratio of the electrical units by Rosa and 


3 Willis E. Lamb, Jr., and Robert С. Retherford, “Finesstruc- 
ture of the hydrogen atom,” Part I, Phys. Rev. 79, 549 (1950); 
Part II, Phys. Rev. 81, 222 (1951); Part III, Phys. Rev. 85, 259 
(1952); Part IV, Phys. Rev. 86, 1014 (1952); Part V and дах 
(unpublished Columbia reports at the date of writing). 

* R. T. Birge, Reps. Progr. Phys. VIII, 92-101 (1941). 

5 L. Essen, Nature 165, 582 (1950). 

5 J. F. Mulligan, Am. J. Phys. 20, 165 (1952). 

1E. S. Dayhoff, Survey of Microwave Interferometers and 
Measurements of the Velocity of Light for the National Bureau 9 
Standards Office of Basic Instrumentation, September 2, 1952, 
OBI Project 7507, 14.9 Project 1459. ^ 0 

8 Kees Bol, thesis, Stanford University, 1950; Phys. Rev- 80, 
298 (1950). Unfortunately W. W. Hansen's untimely death came 
before this experiment was finished. с 

? Erik Bergstrand, Nature 163, 338 (1949); 165, 405 (1950). 

Erik Bergstrand, Arkiv Fysik 2, 119 (1950); 3, 479 (1051). 
m а ре Roy. Soc. (London) A204, 260 (1950); Nature 

? K, D. Froome, Proc. Roy. Soc. (London} A213, 123 (1952). 

в C, I. Aslakson, Nature 164, 711 (1940): Trans. Am. Geophys: 
Union 30, 475 (1949). 35) 

14 Michelson, Pease, and Pearson, Astrophys. J. 82, 26 0554 

15 W, С. Anderson, J. Opt. Soc. Am. 31, 187 (1941). 
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Юогѕеу,!° would have yielded a weighted average not 
inconsistent with the present newer values. These 
newer values are not all of equal reliability or accuracy, 
however, and in particular the Hansen and Bol result 
disagrees with the others by being some 3 kilometers 
per sec too low, a disagreement which, though small 
judged by earlier standards, is uncomfortably large 
relative to the claimed probable errors. 

E. S. Dayhoff, in a privately circulated report, criti- 
cizes the Hansen and Bol measurements because the 
resonant frequencies of not enough different modes of 
vibration were measured to obtain the requisite amount 
of information (especially as regards the skin depth) for 
an experiment otherwise so carefully and ingeniously 
designed to give such high precision. In Essen's (1950) 
results his cavity appeared to be about 2Х10:5 cm 
larger in electrical diameter than it actually was mechan- 
ically because of the effective skin depth, and this was 
2.8 times the calculated skin depth. Dayhoff concludes 
that this was probably because of polishing the silvered 
surface whose conductivity close to the surface, it 
appears, can be thus greatly decreased by the effect of 
cold working associated with polishing. Such an effect 
would increase Hansen and Bol's estimated skin depth 
correction of 3 km/sec to 8 km/sec and would bring 
their value of c into substantial agreement with the 
others. Table I lists these recent results with their 
estimated standard errors. 

Note added in proof.—Dr. E. L. Ginzton of Stanford 
has recently pointed out to us that the above-mentioned 
interpretation of Essen's results as transmitted to us 
by Dr. Dayhoff is open to some question. Dr. Ginzton 
is'of the opinion that the effect of possible variations 
in the diameter of Essen's cavity as a function of axial 
position are not properly taken into account in the 
Teddington measurements and that this might account 
for part of the discrepancy between the NPL and the 
Stanford resuits? This work on c is being continued at 
Stanford by Ginzton. 


3. THE METHOD OF LEAST SQUARES 


. The first man to apply the method of least squares 
tea thoroughgoing way to obtain a consistent set of 
“best” adjusted values for the atomic constants was a 
former student of Birge, Frank G. Dunnington.!5 There 
are two uses which can be made of a least-squares solu- 
tion of this sort: (1) It may be used on a fairly con- 
sistent overdetermined set of equations to determine 
the adjusted best values of the constants. (2) It may 
7211 В. Коза апа М. Е. Dorsey, Bull. Bur. Standards 3, 433 


d A posteriori reasons to account for systematic errors in the 
Michelson, Pease, and Pearson and the Anderson determinations 
are not hard to find. The base line of the first mentioned deter- 
mination was on very unstable alluvial soil, while the different 
transit times of the electrons in the detecting tube in Anderson’s 
work constituted a possible source of systematic error which he 
recognized clearly himself. This latter. objection is avoided in 
Bergstrand's *Geodimeter." 

18 F. С. Dunnington, Revs. Modern Phys. 11, 68 (1939). 
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Tape Г. Experimental values of the velocity of light in vacuum. 


Date of 


publi- Refer- Velocity 
Author cation ence Method* km/sec 
Aslakson 1949 13  Shoran 299 792 -+3.5 
Hansen and Bol 1950 8  FLCR 299 789.3--1.2 
Essen 1950 11 VLCR 299 792.5:-4.5 
Jergstrand 1951 10 — Geodimeter 299 793.1-Е0.32 
Froome 1952 12 FSMWI 299 792.6--0.7 
a FLCR = Fixed length cavity resonance. VLCR = Variable length cavity 
resonance. FSMWI = Free space microwave interferometer. 


be used on an inconsistent set of equations as a tool to 
ascertain, if possible, which of the equations contains 
the concealed systematic error. At the time of Dunning- 
ton's work, because progress in refining the experiment 
of Duane and Hunt on the short-wavelength limit of 
the continuous x-ray spectrum was still not very ad- 
vanced and for other reasons, there was a disturbing 
lack of consistency among the equations for determining 
the atomic constants. Dunnington's chief preoccupation 
in his paper was with this question of locating the cause 
of inconsistency. His attack consisted in performing a 
series of least-squares adjustments in each of which one 
item was omitted in an effort to see which item was the 
cause of inconsistency. Other least-squares solutions,- 
on the other hand, made subsequent to Dunnington’s 
have been performed chiefly to determine “best” com- 
promise values of the constants from a reasonably 
consistent set of data. 

It is clear that in the quest for the “best” consistent 
set of values of the constants the entire situation of their 
complicated interrelatedness requires the application of 
some unbiased analytic technique. That is to say, one 
must (1) decide which if any of the quantities which 
we have chosen to call the primary atomic constants 
are known with sufficient accuracy relative to the rest, 
so that they can be practically eliminated from the 
category of “unknowns” and treated as known numbers 
(merely to save labor) ; (2) set up as many independent 
equations as there are reliable determinations of func- 
tions of the unknowns; and finally, (3) solve for the 
"best" compromise values of the unknowns. Consid- 
erably more such equations can be set up than the 
number of unknowns. Because of both random and 
systematic errors in the experimental determinations 
represented by the different equations, these latter may, 
in general, be expected to be more or less incompatible. 
The method of least squares then supplies a well-known 
mathematical technique for obtaining the *best com- 
promise" values of the unknowns to satisfy all the 
equations approximately. 


. 


1 J. W. М. DuMond and Е. В. Cohen, Revs. Modern Phys. 20, 
82 (1948). 

? J. W. M. DuMond and E. R. Cohen, Repors to Nationai 
Research Council, Committee on Constants and Conversien Fac- 
tors z Pria December ре d gm 

2 7. A. Bearden and Н. M. Watts, Phys. Rev, 7 1); 
81.160 (951): | y 81, 73 (1951); 

2 ]. W. M. DuMond and E. В. Cohen, An: Sci. 40, 447 (1952). 
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If we examine all the different experiments described 
in the previous section, we find that in the majority of 
cases the individual measurements do not measure one 
of the primary unknown quantities, but rather some 
function of several of them. Furthermore, the function 
whose numerical value is determined by such ап experi- 
ment can be expressed in most cases (except for quan- 
tities which can be considered as accurately calculable 
correction factors) as a simple product of powers, posi- 
tive or negative, of the primary variables of the form 


Niscium*» +» =A,(1—1,), ШЕШ 2З; 225227 (3.1) 


wherein A, is the numeric which results from the meas- 
urement апа №, e, m, etc., are the primary variables. 
If we were to put true values of these variables (which 
we do not know) into the left-hand side of Eq. (3.1) 
we would, in general, not obtain the number А», since 
it is the result of measurement and therefore subject to 
error. We must include the factor 1—7, in order that 
Eq. (3.1) shall be a valid equation. We do not know 
the true values of the primary variables so that we 
cannot compute r, from this. The quantity 7, is the 
actual relative error in the measured quantity A,, and 
this is, of course, beyond our ken. We know only an 
estimate of some of the parameters of its probability 
distribution. The most probable value of the error is 
zero, since the numeric quoted as the result of an experi- 
ment is, to the best of knowledge, the number which is 
most likely to be the correct value of the quantity being 
measured. Furthermore, we have an estimate of the 
root-mean-square deviation of the relative error од, and 
we shall restrict ourselves momentarily to a Gaussian? 
distribution for the errors such that the probability of 
the error r, lying between the values 7 and r+dr is 


P,(r«r,«rd-dr) = exp(—7?/2e,?)dr. (3.2) 


(2т) Юу 


When we omit the factors 1-7, from Eqs. (3.1) the 
system is, in general, overdetermined; we have Ve, 
equations and only q variables (q<N z4), so that a 
solution is impossible (except for the very improbable 
situation in which all of the experimental data are 
exactly compatible). When we introduce the quantities 
Та, we increase the number of unknowns to q+N za 
there being one residual for each observational equation, 
and we are able to satisfy the equations in infinitely 
many ways. It is now necessary to find some Additional 

"conditions which will allow us to choose that one solu- 

tion, from the infinitely many which are available to us, 
ich represents the “best” choice. This “best” choice 

can be based on the Axiom of Maximum Likelihood: 


— The Gaussian distribution is not uniquely implied by these 
eters, A, and oy, and the least-squares сене сап, 
justified without recourse to any presumed probability 
f errors. The introduction of such a distribution is 

akes possible a more direct development. 


AND Е. 
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“Of all the possible choices for the set of residuals 
(r,), the best choice is that whose probability of оса 
тепсе is maximum." 


'The probability of obtaining simultaneously the set 
of values, 71, 72, 73, 777) 7NEq 18 the product of the proba- 
bilities of obtaining each value separately, provided 
these errors are all independent. (The importance of 
this proviso will soon become evident.) Therefore, 


P(ry 72, 73, 29) 


= (21) [010203 Он NE | a 


re ry) cy 
xew| (S ; ) | (3.3) 
Cie 02 03 


This probability will be a maximum when the sum in 
the exponent is a minimum. This then is the “‘least- 
squares” condition: The N x, equations (3.1) are solved 
for the residuals 7, written as functions of the unknown 
variables М, e, m, --- and we seek that set of values for 
the variables which minimizes the sum of the squares 
of the quotient of each residual divided by its standard 
deviation. 

If the distribution of the errors is other than Gaussian, 
it is difficult to formulate an analytic procedure based 
on the condition of Maximum Likelihood but it has 
been shown? that, independent of any assumptions 
about the exact distribution of the errors of the 4, 
save that the c, exist (i.e., are finite) in each case, this 
least-squares condition is equivalent to the condition 
that the resultant solution shall be that set which has 
minimum root-mean-square deviations. [See following 
article by E. R. Cohen; Revs. Modern Phys. 25, 709 
(1953). ] 

For convenience їп effecting the least-squares adjust- 
ment, the system of Eqs. (3.1) is “linearized.” We adopt 
origin values No, бо, mo, etc., which have been chosen 
sufficiently close to our expected solution that any 
set of values №, e, m, in which we are likely to be 
interested will differ from these individual origin values 
by only small relative amounts; that is, No, €o, mo, 777 
are so chosen that ху= (№ №0) / 0, х.--(6-00/69 
Xm= (m—mo)/mo, --- are always small, and we «nen 
express the experimental measurements in terms of these 
dimensionless variables дм, хе, &m, · · ·. To each type of 
experimental determination of a function of the type 
(3.1) there corresponds a hyperplane 


inin F Јах Е serm Tu (3.4) 


which is tangent to the curved surface (3.1). The com 
stant a, is given by а„= (А„— Ао) / А yo, in which Apo! 
the value of the function f when the origin values 
No, ёо, mo, --- are inserted. The orientation of this 
plane in the hyperspace depends or the exponents 
în, Ju; ku * * * of (3.1) (їе, the coefficients îm ja Fe ^^" 


НЕ. Whittaker and С. Robinson, Calculus of Observations 
(Blackie & Sons, London, 1944), fourth edition, р. 224- 
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of (3.4)], while the origin distance of the plane depends 
on а„. The entire status of our knowledge regarding the 
“best” values of е, m, and л to fit the data is contained 
in the way these various planes intersect each other to 
define some compromise point, taking into consideration 
the relative reliability of the positioning of each plane, 
i.e., the magnitude of the standard error, o,. The func- 
tion Q=} (r/c), which is to be minimized, is there- 
fore an expression of the second degree in the variables 
хм, Хе, Ym, etc., and the minimum condition is obtained 


' by equating to zero each of the partial derivatives of О 


taken with respect to each variable in turn. It is easy 
to show that this process is equivalent to the following 
simple recipe for forming the so-called *normal equa- 
tions": Write down the system of eqs. (3.4) omitting 
the residue r, in each case. Assign to each equation a 
weight 


фы= C/og, (3.5) 


where the constant C may have ану convenient numeri- 
cal value. To obtain the normal equation associated 
with a given variable (i.e., the one which expresses the 
condition that the partial derivative of Q with respect 
to that variable shall vanish), multiply each of the 
linearized observational equations (with r, omitted !) 
by the coefficient of the variable in question in that 
equation and by the weight assigned to that equation. 
These individual expressions are then added together 
to give a single "normal" equation. Repeat for each 
variable, and in this way construct a set of q simul- 
taneous equations for the q unknown quantities xx, Xe, 
Xm, etc. 

The solution i$ completed by inserting the values 
obtained for the x's into the original set of observational 
equations (3.4) and finding the associated residuals; the 
values of the residuals computed using the solution of 
the normal equations we shall denote as R, (a number) 
to be distinguished from r, which is a function of the 
variables xy, xe, ---. The minimum value of the quad- 
ratic expression Q is usually denoted by the symbol x? 


Б x= (R/ foy). (3.6) 


"An important measure of the consistency of the entire 
sët of equations is given by x? divided by the difference 
between the number of equations N gą and the number 
of unknowns q. The expectation value of [x?/ (N g,— q) Jt 
15 unity; this quantity is the generalization to multi- 
dimensional space of В. T. Birge's?? ratio of the meas- 
ures of external and internal consistency. The differ- 
ence Ng,—q is known as the “number of degrees of 
freedom” of the system. 

А word of caution about the actual method of formu- 
lating the equations of least-squares from the data as 
applied to the atomic constants is in place at this point. 
The general form of the primitive equations of observa- 
tion is given in Eq. (3.1) above. In each such equation 


55 В. Т. Birge, Phys. Rev. 40, 213-224 (1932). 
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A, is a number with an estimated relative standard 
error gp, the result of reduction of some particular 
experimental observations, which, if care to avoid it has 
not been exercised, may be correlated observationally 
with some of the other А, by reason of the fact that 
one and the same error-contributing component (such 
as, for example, c) may have been used in reducing the 
data to arrive at both A,’s. 

Now, it is an important point, which has never been 
emphasized in even the most advanced texts on least 
squares, that the observational equations must be obser- 
vationally independent, if the above classical procedure 
of effecting least-squares adjustment is to be followed. 
This is because one cannot otherwise assign simple 
independent weights to the different equations. If, on 
the contrary, the equations are observationally corre- 
lated, the standard errors of the a's can only be measured 
by an error matrix involving correlation coefficients 
corresponding to all possible pairs of a's as well as 
individual standard errors for each a, and the weights 
must be replaced by a “weight matrix," the inverse of 
the error matrix, to express the situation fully. The 
process of least-squares adjustment can then be formu- 
lated’* in matrix algebra in a manner quite analogous 
to the simpler case of independent a's but with consid- 
erable increase in labor. 

The easy and obvious way out of this difficulty is to 
recast the entire system of equations in such a way as 
to remove the observational correlations between the 
a's. This amounts to finding a transformation which 
diagonalizes the error and weight matrices. It may be 
impossible to do this, however, without transferring 
some of the quantities with larger standard errors from 
the category of the known a's to the category of the 
unknown x's and also to write for each of these an extra 
observational equation in which the new unknown x is 
equated to its appropriate input datum a, the numerical 
result of direct measurements. This, of course, compli- 
cates the problem by increasing the number of unknowns 
to be adjusted, but it in no way affects the original 
overdetermination (Vz,—g) of the set, since an addi- 
tional observational equation is added for each new 
unknown introduced. 


4. CALCULATION OF STANDARD ERRORS AND 
CORRELATION COEFFICIENTS 


The reliability of the output values of any least- 
squares adjustment must, in general, be described not 
only by stating the standard deviation for each numeri- 
cal result but also by specifying certain quantities. 
known as correlation coefficients, ri; for each pair of results. 
The numerical output values, of e, т, h, c, etc., are of 
little use unless functions of these can be combined to 
compute other derived values. Now the standard devia- 
ILI ITEM ` T 


36 This formulation was, we believe, given for the a t 
J. W. M. DuMond and E. В. Cohen, Report to the Асса 
Research Council on the Atomic Constants, December, 1950. 
See also Е. К. Cohen, Phys. Rev. 81, 162 (1951). z 1 
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tions of such derived values must be computed, as we 
shall show in this section, by formulas which involve 
not only the standard deviations of the values entering 
into the function but also the correlation coefficients 77; 
connecting all possible pairs of those values. 

The calculation of error estimates in such a situation 
may bé unfamiliar to many physicists. There is no 
escape from this added complication in the computation 
of precision measures, however, since it reflects the 
complexity inherent in the sources of our knowledge of 
the adjusted values. A comprehension of the content 
of this section is, therefore, essential to the correct use 
of the adjusted output values given here. 

Each quantity subject to random or accidental error 
(frequently known as a “random variable") may con- 
veniently be thought of as a sample taken at random 
from a group or “universe” of values which group them- 
selves around a mean value according to some frequency 
law. This frequency law we shall usually assume to be 
the normal or Gaussian law. For each such random 
variable x;, one is to think then of the implied universe 
of values in the background which it is presumed would 
be obtained by repeated measurements on it. This 
universe may be described by giving some of its param- 
eters. Thus, if the universe is known to be Gaussian, 
for example, then prescription of its first and second 
moments, i.e., its mean value x; and its variance ог are 
sufficient. (The standard deviation c; is the root-mean- 
square deviation from the mean of this universe of 
values.) 

Two such random quantities are observationally inde- 
pendent, if the random selection of a sample value from 
one universe in no wise affects or biases the free selection 
of а sample from the other universe. If, however, two 
variables are connected by a strict functional relation- 
ship so that the value of either one is uniquely determined 
by the other, the variables are completely correlated and 
the correlation coefficient connecting them has the 
absolute value unity. Random samples can no longer 
be selected freely and independently from the two 
universes because of the functional condition which ties 
the selections rigidly together. Having selected a sample 
value from one universe at random, the second selection 
is now completely dictated in value. On tne other hand, 
if one of the two random variables is a function of the 
other azid also of still other completely independent random 
variables, then the first two will be partially but not 
completely correlated, and the correlation coefficient 

connecting them will have an absolute value somewhere 
between zero and unity. The problem of correlated 
errors has been pointed up in a previous article in this 
journal? (q.v.), and it was shown there that, in general, 
the distribution in probability of the possible solutions 


f robability in the constants space whose major axes 


c 
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are skew to the coordinate axes. Because of this the 
probability distribution of a particular variable is de. 
pendent upon the specification of the values of all the 
other variables. The extent of this dependence is ex- 
pressed by correlation coefficients. There exists then in 
the hyperspace of our primary variables a hyperellipsoiq 
of error whose principal axes will lie, in general, oblique 
to the axes of any of the primary variables in a way which 
depends on the precision (and consequent weights) to 
be attached to the various input data. The various 
standard deviations о; of the different linearized un. 
knowns 2; together with the correlation coefficients r;; 
connecting all possible pairs of unknowns can be syst 
tematized in the form of a square matrix whose deriva- 
tion from the normal equations we shall now describe, 
For definiteness, let us now consider a system with 
four unknowns. We shall write the (linearized) observa- 
tionally independent equations in the form 


ipi tH Jyt t kuzat ly X4— арту 


ш=1,2,3::- Мк, (4.1) 


and to each of the Vz, equations we assign a weight 
Pu=C/o,2 (see Eq. 3.5), in which c, is the standard error 
of the constant term a,. We construct the normal equa- 
tions in accord with the instructions of the previous 
section and these can be written in the form 


bauxit birret birst баи = C1, 
baxit boxot D23x3-1- 0404 C2, 


4.2 
Davitt 0з 0330: 0з = Ca, 
baxit 049524 базхз-Е 0444 Сд. 
The quantities 5;; are symmetric, (би бн) : 
bu= Урий, bis ba = У рыбы Ли 
m 
(4.3) 


бээ-- 2 bulis 


and it should be apparent from the form of these four 
quantities exactly how the other twelve 5;; may be con- 
structed. The constant terms of the normal equatfon 6j 


are calculated in a similar way: 3 9 


5 TUS 
227222 Саг-Уфь7ийц, Etc., ``" (4.4) 
т 


It is well known that the solution of the set of eqs: 
(4.2) can be written in the form 

23 — ducit 4162-Е 4133-0404, 

х= d2161-1- d2362-]- d2363-1- 048404, 

®з= 3161+ 3262+ 03303-Г da464; 

347 @41С14- 44э6>-- d4363-1- баба, 


in which the sixteen numbers d;; bear an inverse rela- 
tionship to the set of numbers 6;;; the element di 5 
equal to the minor of Б,; in the determinant of the b's 


divided by the determinant itself. All the information 


7) 
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required for the complete solution of the problem of 
least squares is contained in the sixteen 675 (or equiva- 
lently in the sixteen d’s) and the four c’s. In addition 
to the “best” values of the 275, we are equally interested 
in determining the precision measures which must be 
assigned to them. The x’s are not accurately determined 
quantities, since they are computed from numbers which 
are the results of experiments and therefore are subject 
to error. Using the definition of the c's from Eq. (4.4) 
in Eq. (4.5) allows us to express our solution in terms 
of the directly observed quantities a,. There is some 
error associated with each quantity a,. This error, 
which we shall call E, is unknown (if it were known 
we should remove the error by correcting the quantity 
a,) ; we know an estimate of the mean square value of 
this error, however, and we can, therefore, make an 
estimate of the mean square error in a function of the 
а». The error e; in ху, which is produced by errors Ё; 
in ау, E» in аз, Ез in аз, etc., сап be calculated from the 
partial derivative of x; taken with respect to a,: 


Ox; Ox; Xi 
€i Ey E+ dene oce (4.6) 


дат да» даз 


The errors E, аге to be considered as random variables; 
they may be positive or negative. Since the numeric а, 
is presumably the best estimate available for this quan- 
tity, we expect E, to be zero. On the other hand, the 
mean value of E,? is estimated to be c;?, so that c, is an 
estimate of root mean square error in а,. 

If we calculate the mean value ої e? we find 


3 > дэх 2 OX; 5 
дей = (в?) = (—) cic (—) oe 
дал да» 


Ox; 2 дх; дх; 
*(—) o+- E (2 122 
даз дат да» 


e aae (4.7) 


да; даз 


in which the ( ) about a quantity denotes the operation 
f taking the average value of that quantity. Since the 
a’s have been assumed to be observationally independ- 
ent, the errors in two different a's are in no way related 
to each other, and the average value of the product of 
two different errors vanishes, since for any value of one 
error the other may be averaged out to zero. Thus, in 
such a case, the cross product terms in Eq. (4.7) dis- 
appear, and we have the law of the propagation of 
independent errors 


Ox; 2 
байг (e?) =} (—) ар. (4.8) 
! ^? “да, 


When the differentiations are actually carried out we 
find, after some straightforward but somewhat lengthy 
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algebraic manipulation, that the mean square error in 
x; is given simply Бу Сан. Thus, the diagonal elements 
of the matrix (d) are directly related to the standard 
errors of the solution. It may also be shown that the 
off-diagonal elements of matrix (d) are similarly related 
to the mean value of the product of the errors in two 
different variables: 


leie) = Сац. (4.9) 


For this reason we refer to the matrix (d;;) as the “error 
matrix" of the solution. It is important to realize that 
the mean value of the product of the errors of two 
different x's does not vanish, because these quantities 
are not independent in terms of the observational quan- 
tities ад, each x; being expressed ultimately in the least- 
squares procedure by some linear combination of the a;. 

The extent of this correlation can be best expressed 
by defining the “correlation coefficient” r;; connecting 
the two variables x; and x; by the relationship 


rij dij/ (daudz). (4.10) 


It can be shown that ууу must lie between the limits 
— 1 and +1. If the two variables are uncorrelated, in 
the sense that an error in one is completely independent 
of an error in the other, 7;;=0; at the other extreme, 
if the two variables are functionally related to the extent 
that an error in one completely determines the error in 
the other 7;;=-1, the sign depending on whether a 
positive error in one variable is associated with a 
positive or a negative error in the other. Once we have 
calculated the error matrix, it is no longer necessary to 
express a function of the x's in terms of the independent 
quantities a, in order to calculate its standard error, as 
long as we realize that the errors in the x's are corre- 
lated. If we have any function f(xi, x2, x5, x4), the error 
in the function arising from specified errors ei, єз, єз, €4 
in the 25 is 


(4.11) 


where a;— 0 f/0x;, and the mean square error (variance) 
of f is given by 


gp — (e) Хава ie) = СУ есь. 
Wy 17 


Ef = aert azert 03є3-- оде, 


(4.12) 


The quantity C is the constant relating the “weight” 
of an observation to its variance; our a priori choice for 
this constant (its value by “internal consistency") is 


(4.13) 


It is possible also to make an a posteriori estimate of C 
(its value by "external consistency") based on the 
statistical agreement of the least-squares solution. We 
expect the quantity х?/ (Vg,— q) to be equal to unity; 
if this is not so, we make an a posteriori readjustment in 
the scale of our standard deviation and define 


Cem Cné/ (Ув = р/в 
(external) (4.14) 


^ 


Ст= р,с,2 (internal). 
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Equation (4.12) gives us the generalized law of the 

У propagation of errors; written out in terms of the 
standard deviation and the correlation coefficients of 
the variables it becomes 


4 c 
= Paor HL гууоатг@ утту, (4.15) 


i=l i<j 


and this form must be used rather than an expression 
of the form (4.8), if we are dealing with correlated 
variables (i.e., if the correlation coefficients rij do not 
vanish). 
As an example of the importance of the correlation 
coefficient, let us consider now an extreme case. We 
can write the function /(x)—a**' as f(x) = az! and in 
| this latter form, if we consider the two factors to be 
ц independent, we would calculate the relative standard 
error of f to be (+£)? times the relative standard 
error of х, whereas in the original form the relative error 
bi in f is (54-/) times the relative error in x. However, we 
have neglected the effect of the correlation coefficient 
n which is this case is r— 4-1 so that the correct expression 
for the relative error in f, when written in the second 
form, is (s?-+/+-2s?)!, and not (32--2), times the rela- 
zd tive error in x, and we have thereby resolved the para- 
% dox. This method of computing errors (Eq. 4.15) will 

be called the method of the ellipsoid of error, because 

it is the analytical equivalent of constructing two par- 

allel planes tangent to either side of the ellipsoid of 

error and normal to a given axis in the hyperspace of 
A the unknowns (the axis for the linear function, f) to 
| find the domain of standard deviation оу cut off by 

к. those planes on that axis. 

17 The generalized formula of errors is the one used in 


i calculating the error measures of all the derived quan-. 


tities in obtaining our least-squares adjusted general 
table of output values in this paper. Now, it is true that 
| а certain valid objection could be raised to the practice 
_ of giving only the standard deviations of the derived 
output values, for these values are definitely ло! obser- 
к vationally independent, in general. To give, however, 
a complete matrix of standard deviations and correlation 
coefficients connecting all possible pairs of all the derived 
values would obviously be too cumbersoine. We must 
emphasize, however, that when any of these output 
values are used in formulas to compute other quantities, 
it is strictly incorrect to compute the probable error of 
the resultant quantities by the ordinary formula of 
“оо propagation of errors for observationally independent 
quantities. The correct probable error may be either 
- greater or less than this because of the cross-product 
_ terms. When two correlated quantities are to be com- 
bined, the standard error of the resultant can be calcu- 
1 only if the correlation coefficient is also known or 
Quaiitities are re-expressed in terms of variables 
elation coefficients are known. A numerical 
such a computation is given in Sec. 10. 
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5. REJECTION OF CERTAIN INPUT DATA FOR THE 
PRESENT LEAST-SQUARES ADJUSTMENT 


Two criteria have been followed in selecting data for 
use in the present adjustment. (1) Reject data of such 
low numerical accuracy that the corresponding weight 
of the observational equation would imply negligible 
influence on the entire solution. (2) Reject data which 
even though accurately measured, suffer from uncer. 
tainties in theoretical interpretation. 

The hyperfine structure shift of hydrogen in the 2s, 
state, Аун would furnish an important datum connect- 
ing the quantities о, c, Ra, and ир/ ме, the ratio of the 
magnetic moments of proton and electron, were it not 
for the uncertainty regarding a certain correction term, 
The shift Avy has been measured by the atomic beam 
magnetic resonance method with a precision of 6 ppm 
in 1947 at Columbia University by Nafe and № 1501,28. 
but more recently, and much more accurately, with a 
probable error of only 0.2 ppm by the same method by 
Prodell and Kusch® at the same laboratory. This re- 
markable measurement is absolute in the sense that a 
microwave frequency which can be directly compared 
to a fundamental time standard is resonated with an 
atomic energy level difference. The relationship which 
is originally due to Fermi* 15 


1604 Гир) Ишь 
к 
3 He Ho 

m 


x atte) (1+) 89. (5.1) 


т} 


In this formula ир is the magnetic moment of-the proton 
and p, that of the electron; и./мо is the ratio? of the 
electron moment to the Bohr magneton. The factor 
(12-302) is Breit’s relativistic correction term, and the 
next parenthesis is the reduced mass correction term. 
The last two factors & and 0, whose importance was 
first pointed out by Bethe and Longmire,? correct for 
the finite extension of the electron and proton dipoles; 
the magnitude of the former effect has been calculated 
by Karplus and Klein,* but there. has only beer ап 
order of magnitude estimate for the latter which could 
be in error by a few parts in 105. The present state-of 
meson theory holds little promise that a better estimate 
will be soon forthcoming. Thus, although the accuracy 
of the measurement is better than 1 part in 105, the 
theoretical uncertainty is sufficiently large that we have 
no recourse for the present but to reject this datum. 
Under the direct measurements of the Faraday by 
electrochemical methods we have felt obliged to omit 
the provisional values obtained from the measurements 


3 1, Е. Nafe and Е. B. Nelson, Phys. Rev. 73, 718 (1948). 
з E. В. Nelson and J. E. Nafe, Phys. Rev. 75, 1194 (1949). 
А. С. Prodell and Р. Kusch, Phys. Rev. 79 1009 (1950). 
3 E. Fermi, Z. Physik 60, 320 (1930). : 

32 К. Karplus and М. М. Kroll, Phys. Rev. 77, 536 (1950). 
3H. A. Bethe and C. Longmire, Phys. Rev. 75, 306 (1949). 
“ R. Karplus and A. Klein, Phys. Rev. 85, 972 (1952). 
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by Craig and Hoffman with sodium oxalate and with 
silver. In а preliminary least-squares adjustment we 
have found that the recently revised values of the 
sodium oxalate measurements (revised chiefly because 
of revisions in the chemists international atomic weights) 
fall considerably out of line with the other observational 
equations. This by itself would constitute insufficient 
reason for omitting this datum but a letter from D. N. 
Craig, dated August 29, 1952, clearly states that work 
is still in progress to establish (1) the exactness of the 
assumed chemical reaction, (2) the isotopic composition 
of the sodium oxalate, and (3) the purity of the sodium 
oxalate. Dr. Craig concludes, Consequently, we are 
not in a position to change the preliminary value which 
appeared in the Physical Review." We reject the silver 
value of Craig and Hoffman, because it is presumed also 
to be only preliminary. 

The Faraday values for silver and for iodine which 
have been kindly furnished by Dr. Vinal based on 
earlier work are definitive, and hence we have retained 
them, although they disagree by more than 3 times the 
internally estimated probable error of the difference 
between them. 

The items listed as Eqs. (6.9) to (6.11) are obtained 
from measurements of the short wavelength limit of 
the continuous x-ray spectrum. These measurements 
have traditionally been called measurements of h/e, 
whereas what is measured is the dc voltage applied to 
an x-ray tube and the wavelength in Siegbahn x units 
of the emitted continuous x-ray spectrum quantum 
limit. Factors like c and \,/A., which were once treated 
as auxiliary fixed constants, have in the present adjust- 
ment асайте the status of unknown variables, and we 
must, therefore, be careful to recognize exactly what 
the observed quantity in this experiment really is. 
Clearly this experiment measures, after appropriate 
corrections, the conversion constant between the energ 
in electron volts and the wavelength (in Siegbahn x 
units) of electromagnetic quanta. 


6. CHOICE OF THE UNKNOWNS AND THE PRIMITIVE 
^ OBSERVATIONAL EQUATIONS 


^ Whexever more than one important determination of 


Cweiven datum exists and is deemed worthy of inclusion 


in our adjustment, we write a separale observational 
equation for each of the determinations instead of following 
the almost universal past practice of taking a weighted 
average of all similar determinations and treating this 
as a single datum for which only one observational 
equation need be written. This method is the more 
logical one, since it permits the determination of sep- 
arate normalized residues for each separate datum and 
gives a more correct measure of x. Clearly with this 
method М№М.—4, the number of “degrees of freedom” 
(or of overdetermination) in the least-squares solution 
will be larger and should give a truer picture of the real 
Consistency situation. Also (and of more direct utility) 


B 
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the separate normalized residues for each determination 
can be independently computed and assessed. 

In order to avoid hidden observational correlations, 
care has been taken in formulating the primitive equa- 
tions of observation (6.1) to (6.13) to see that the 
numeric, the right-hand member of each equation, is 
the result of a single determination and not the com- 
bined result of two or more determinations. For ex- 
ample, Dayhoff quotes in his recent report on the fine 
structure of hydrogen and deuterium a value of the fine 
structure constant «. What he actually measured, how- 
ever, was the frequency separation AEp between the 
levels 22Р; and 22Р; in deuterium and his value of a 
was computed from AEp by the use of a formula involv- 
ing R+, c, and correction factors depending on о and 
on the ratio M 4/D of the mass of the deuteron to the 
mass of the deuterium atom. Consequently, in Eq. 
(6.13) we have equated his measured numeric АЁр to 
the appropriate function of all the quantities involved 
along with a. 

The precision measures given are standard errors т 
(as distinguished from “probable error," equal to 
0.6745 с for a Gaussian distribution). The absolute 
standard error is given immediately following each 
numerical value and the relative standard error in parts 
per million (ppm) is given in parentheses after this. 
When experimenters report “limits of error," we have 
followed the rule of dividing these by two to obtain the 
standard error. 

The physical scale of atomic weights is used through- 
out in quoting numerical values. 

The primitive equations of observation are the follow- 
ing, Eqs. (6.1) to (6.13): 

The velocity of light as obtained Бу К. D. Froome” 
at the British National Physical Laboratory with a 
microwave interferometer: 


c= (299792.6--0.7) X 109 cm sec"! (2.3 ppm). (6.1) 
The same constant as obtained by Bergstrand?" 


with visible light over long base lines using his 
*geodimeter" (Kerr cell modulation) 
c= (299793.1--0.32) X105 cm sec (1.1 ppm). (6.2) 
'The results of determinations of the Faraday by the 
electrolysis ‘of iodine and ‘of silver, respectively, as 
recently recomputed from old data?* Бу С. W. Уша1,5 
utilizing the latest international atomic weights (chemi- 
cal scale) and conversion factors for the absolute elec- 
trical units. 
(Iodine) “Уе/с--9652.15--0.13 emu (g mole) 
(phys. scale) (13 ppm). 
(Silver) Ve/c=9651.29+0.19 emu (g mole)! 
(phys. scale) (20 ppm). (6.4) 
is) p^ Уша and ES T Bates Bull Bur. Standards 10, 425 
: G. W. . M. Bouvard, Bull, Bur. : 
(S 147 (916. inal ап оцуаг u ur Банн 
s С. W. Vinal, November 22, 1949 and corrected for new 


atomic mass of iodine (1951) (private communicat 
Hipple, December 14, 1951). üon by J. A. 


(6.3) 


^ 
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The magnetic moment of the proton u' (uncorrected 
for diamagnetism), expressed in nuclear magnetons 
рп ей /4ттьс, as obtained by Bloch and Jeffries,” using 
the method of the inverse cyclotron, 


ш=2.192365-5 0.00010 (36 ppm) (6.5) 


and the same constant as obtained by Sommer, Thomas, 
and Hipple,? using the “ошераїгоп,” 


w = 2.792685--0.00003 (11 ppm). (6.6) 


The gyromagnelic ratio for the proton гү, as obtained 
at the U. S. National Bureau of Standards by Thomas, 
Driscoll, and Hipple? before making the diamagnetic 
correction, 


=p! Ne/(M pc) = (2.67523::0.00006) 


X10! sec-! gauss! (23 ppm). (6.7) 


The conversion factor \=),/d. from the Siegbahn 
nominal scale of x-ray wavelengths (expressed in v 
units) to milliangstroms as recommended for general 
adoption by Sir Lawrence Bragg? after consultation 
with Professor Manne Siegbahn, Professor B. E. Warren 
(of the Massachusetts Institute of Technology), and 
Dr. H. Lipson (of the College of Technology, Man- 
chester, England), and with due consideration given to 
the analysis of the various sources of primary data by 
R. T. Birge (see last article of reference 2). 

л=Л,/^,=1.002020-Е0.000030 (30 ppm). (6.8) 

"Three recent precision determinations'!-? of the short 
wavelength limit of the continuous x-ray spectrum (а) 
by С. Felt at 24 500 volts, (b) by Bearden, Johnson, 
and Watts at 10 000 volts and at 6000 volts, and (c) by 
Bearden and Schwarz at 8000, 9800, and 19600 volts, 
to obtain the conversion constant from wavelengths in 
x units on the Siegbahn nominal scale to quantum 
energy in electron volts, emu: 


(G. Felt) 
he?/ (Xe) = (12370.022-0.63) emu cm 
(51 ppm), (6.9) 
(В. |. апа W.) 
he?/ (Ne) = (12371.03-Е0.48) emu cm 
(40 ррш), (6.10) 
(В. апа 5.) 
he?/ (Хе) = (12370.77=1.03) emu cm 
(83 ppm). (6.11) 


The value of Avogadro’s number multiplied by N? as 
obtained Бу R. T. Birge? from his analysis of a-consid- 


31 Е. Bloch and С. D. Jeffries, Phys. Rev. 80, 305 (1950); С. D. 
Jeffries, Phys. Rev. 81, 1040 (1951). 

48 Sommer, Thomas, and Hipple, Phys. Rev. 82, 697 (1951). 

`5 Thomas, Driscoll, and Hipple, J. Research Natl. Bur. Stand- 
ards 44, 569 (1950); Phys. Rev. 78, 787 (1950). 
mf Bragg, Acta Cryst. 1, 46 (1948); J. Sci. Instr. 
4 » 
. Felt, thesis, California Institute of Technology (1951). 
earden; Johnson, and Watts, Phys. Rev. 81, 70 (1951). 
A. Bearden and С. Schwarz, Phys. Rev. 79, 674 (1950). 
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erable number of measurements of the densities of 
crystals, the geometry of their unit cells and their 
grating constants expressed on the Siegbhan nomina] 
scale of x units: 


NX (6.06179--0.00023) х 10 (g mole)! 


(physical) (38 ppm). (6.12) 


The fine-structure separation im deuterium, 22Р; — 
22Р,, AEp, measured in frequency units by Dayhoff,“ 
using the atomic beam magnetic resonance method, 


AEp= (1 лек 1+ (5/8)а2” 


3P в/ө(1-59465) [мир 


= (10971.59-0.10)10% sec (9 ppm). (6.13) 


7. AUXILIARY CONSTANTS AND EQUATIONS 


It will be noted that the quantities? involved in 
expressing the above thirteen primitive observational 
equations are Л, e, m, Л, c, a, №, ^, К», and the masses 
М р, D, and Ма on the physical scale of atomic masses. 
Certain of these quantities are so accurately known 
from measurements that they can be safely regarded as 
fixed auxiliary constants, since their relative standard 
errors are so small as to contribute negligibly when 
combined in formulas along with the other quantities. 
'These are (a) the masses on the physical scale of atomic 
masses М», D, and Ма along with which we list also Н, 
since it will be needed in computing dezived quantities, 
(b) the Rydberg fundamental wave number Ra, (c) the 
ratio of the electron magnetic moment to the proton 
magnetic moment very recently measured to 0.6 ppm 
at Columbia by Koenig, Kusch, and Prodell. 

The four atomic masses are obtaiped, with great 
accuracy by the method of measuring nuclear reaction 
energies: 


Н-1.008142--0.000003 (PhysicalScale) = 
(3ppm), (7.1) 


H/M p= 1.00054461 (Computed using d 
Nm=0.00054875) (Physical Scale), (7.2) 
Р--2.014735--0.000006 (Physical Scale) 
(3 ppm), (7.3) 
D/M 4— 1.00027244 (Computed using 
Nm=0.00054875) (PhysicakScale) (7-4) 


* Edward S. Dayhoff, Preprinted Report No. УТ on Fine 
Structure of the Hydrogen Atom, Columbia University (1952). 

45 All the quantities enumerated here appear explicitly in Eqs. 
(6.1) to (6.13) except m. Because of the Rydberg relationship 
(Ra being so accurately known that we treat it as an exact 
auxiliary constant) the value of m is implied by the other ачап: 
tities through the equation m=4reR sa 3c, спа we therefore 
list m along with the rest. 2 
( 1951) Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 51 
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The numerical value of А, has recently been recom- 
puted*' taking into consideration the modifications re- 
quired by the Lamb shift: 


R4, 109737.311--0.012 стт! (0.11 ppm). (7.5) 


The measurement at Columbia by Koenig, Prodell, 
and Кизсһ of the ratio of the electron magnetic 
moment to the proton magnetic moment p’ (without 
diamagnetic correction) is so accurate as to warrant its 
inclusion in the category of auxiliary fixed constants 


[М V/ (Y mu^) ](1-Ее/2т— 2.973 а?/т?) 
= 658.2288--0.0004 (0.6 ррт). (7.6) 


In addition to the above, there are available two 
exact auxiliary equations connecting the quantities in- 
volved which can be used to reduce the number of 
variables of the least-squares adjustment. These are the 
equation expressing о in terms of e, Л, and c and the 
equation for the Rydberg expressed in terms of e, а, с, 
and m. Solving these for / and m, respectively, we have 
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Using the value 1/a= 137.04, the correction factor 
ме/ио for the anomalous magnetic moment of the elec- 
tron can be computed with amply sufficient accuracy 
(less than 0.1 ppm) and it is, therefore, also treated as 
an auxiliary constant 


и./ш= (140/27 — 2.973 62/52) = 1.001453. (7.9) 


8. FORMATION OF THE LINEARIZED EQUATIONS OF 
OBSERVATION IN FIVE VARIABLES 

We now use Eqs. (7.3)-(7.9) to reduce the number of 
variables in our solution. None of the original error 
measures of Eqs. (6.1) to (6.13) are appreciably influ- 
enced by the introduction of these very much more 
accurate auxiliary constants. Hence, the numerics of 
the new transformed set can be considered to be essen- 
tially just as uncorrelated with each other as were the 
original ones. The new set (with the physical units 
suppressed) is given below. With these we show on the 
left the numbers of the earlier equations involved in 


h— 2те (ac) (7.7) obtaining each equation. The equations in square brack- 
т=4те?К.,/ (ос). (7.8) ets are those which contribute negligibly to the error: 

(6.1) с= 2.997926 X 1019 (2.3 ppm) (8.1) 

(6.2) с= 2.997931 X 1019 (1.1 ppm) (8.2) 

(6.3) Ne/c=9652.15 (13 ppm) (8.3) 

(6.4) Ne/c=9651.29 (20 ppm) (8.4) 

(6.5) — [7.5] [7.6] [7.8] [79]  Né/(a82) =3.979879X10-" ^ (36ppm) | (85) 

(6.6) [7.5] [7.6] [7.8] [79]  Ne/(æe)=3.979423X10 (11 ppm) (86) 

(67) [7.57 [7.61 [7.8] [7.9] obc/e= 2.425517 X 108 (23 ppm) (8.7) 

(68) . d= 1.002020 (30 ppm) (8.8) 

(6.9) [7.7] ec/ (Aa) = 1968.750 (51 ррт) (8.9) 

(6.10) [77] ec/ (хо) = 1968.911 (40 ppm) (8.10) 

(01112 Л] ec/ (Ха) = 1968.869 (83 ppm) (811) 

(6.12) №Аз= 0.606179 10% (38 ppm) (8.12) 

(613) [73] [74] [7.5] о2с= 1.596412 x 108 (9 ррш) (8.13) 


We adopt the following origin values: 


œ= 0.007297000 


» со= 2.997900Ж 100 
> м ёо--4.802200Х 10-19 
T № =0.6025000Х 10° 


Хо--1.0020200 


(а2с)о= 1.596268 X 105 
(Ve/c)o— 9651.174 
(ofc/e)o— 2.425548 10 

(Ме /о2с2) = 3.978966 X 10-19 
(ес/Ла), = 1968.959 


(№^3), 0.6061585 X 10%: 


and define the linearized unknowns xı --- xs as follows 


è 


«= ag(14- 1075 ху) : 


с-500(1--10:8 x2) 


е=в(1-+ 10% хз) 
= № (1-10-68 x4) 
A=Ao(1+10-* 25), 


So that {һе z's are the relative deviations of the primitive variables from the origin values e 


qut eS 


k E. R. Cohen, Phys. Rev. 88, 353 (1952). 
Koenig, Prodell, and Kusch, Phys. Rev. 88, 191 (1952). 


xpressed in ppm. 
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— We can now write our linea 


Linearized Equations of Observat 


rized equations of observation as follows: 
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ion Weight = 1/0" 


ха Е Si 2.3 0.198 (8.14) | 
хә = 1052 1d 0.830 (815) 
о “эц 20:15 0.0058 8.16 
P Бан с, SR = 12 +20 0.0025 (8.17) 
Son —2мж -|2хз du = 229 +36 0.0008 (8.18) у 
р By Date +2х; + = 115 +11 0.0083 (8.19) | 
2 Eau 75054 =с= 157223 0.0019 (8.20) 
1 am 0 230 0.0011 (8.21) | 
X =х ta. +4 —x,=—106 +51 0.0004 (8.22) l 
—x, + +з =лу== 24 +40 0.0006 (8.23) | 
—X] Fra +з% —x=— 46 +83 0.00015 (8.24) | 
О 2 з 35 +38 0.0007 (8.25) 
à +a = 00-09 0.0123 (8.26) 


9. THE LEAST-SQ 


'The normal equations are now 
classical rule. They are: 


а c e 
a 0.14935, +0.08375x2 —0.06145хз 
c 0.083752. -Е1.08605х„ —0.04545x3 
e —0.06145xı -0.04545х: +0.04775x3 
N —0.02730х, —0.02650x2 -Е0.02650х; 
х A 0.00115xı -0:001155» —0.001155з 


The solution of this system of linear equations gives 

the least-squares adjusted values of the unknowns. The 
solution together with the corresponding values of the 
primitive variables are given in Table II. 
- Substituting these values of the 275 into the linearized 
equations of observation (8.14) to (8.26), one obtains 
the residues R; by which each of these thirteen equations 
fails to balance. Dividing each of these residues by the 
standard deviation assigned to the observed constant 
in the equation, we obtain the column of “normalized 
residues” labeled Case I in Table III, together with the 
value of х= (ZR?2/c?) and of л/т: = [x2/ (N — д) }, the 
ratio of external to internal consistency. 

The expectation value of x? for Case I is N—g= 
_13—5=8. The actual value 52.1 is seen to be much 
larger. This corresponds to a ratio of error by external 
_ consistency to error by internal consistency of 7,/7: 
= (52.1/8)1— 2.55. This large value of х? we interpret 
probably meaning that the estimated unceftainties 
ndard deviations) attached to the varicus input 


TABLE II. Least-squares adjusted values. 


UARES SOLUTION 


formed from the equations of observation (8.14) to (8.26), according to the 


Normal Equations 


N A Const 
—0.02730x, +0.00115x5= — 1.2095 (9.1) 
—0.02650x, —0.00115xs= 8.3784 (9.2) 
4-0.02650х, --0.00115х,- 2.8522 (9.3) 
40:018105, -0.002105= 1.7780 (9.4) 
4-0:00210х, --0.008555= 0.13720 -(9.5) 


measurements were throughout somewhat too small. 
We have used the values given by the experimenters 
themselves, reduced whenever necessary to {he scale of 
standard deviation. We tend to this view rather than 
to the alternative possibility that systematic errors are 


TABLE III. Normalized residues of observational equations. 


i/o; Vei OTR; / $ Ri/oi 

ee I КА BE тп Саѕе ІУ 

(8.14) с, Егооте 0.49 0.49 0.58 0.58 

(8.15) c, Bergstrand —0.46 — 0.45 —0.27 —0.28 

(8.16) F,Vinal() © —1.11 — 1.42 

(8.17) F, Vinal (Ag) 3.72 3.51 2 | 

(8.18) n^, BJ —3.36 —3.06 255112 —292. 

(8.19) и’, STH —0.44 0.52 0.35 0270 

(8.20) у, ТОН —0.47 1.29 —1.03 0.21 

(8.21) А, Bragg 1.42 0.53 1.01 0.42 

(8.22) h/e, Felt 3.58 3.34 

(8.23) h/e, BJW 2.37 2.09 

(8.24) h/e, BS 1.45 1.31 | 

(8.25) NX, Birge 1.26 147  .—042 —0.18 

(8.26) AEp, Dayhoff —0.88 -068 —0.15 —0.06 
х2=52.1 31.9 10.15 


: ' 26.9 1.06 
re/ri=2.55£0.90 2.31--0.05 2.32--1.04 1.8441. 


Primitive variables 


a=0.007297264 
с=2.9979294Х 1019 cm sec! 

=0. X10 (Е mole)! (Ph 
х= 1.002063 5 шигээ 
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present (though, of course, such a possibility cannot be 
completely refuted) for the following reason. We НЫ 
plotted the normalized residues on probability integr^ 
graph paper to see if they conform satisfactorily to 4 
normal probability integral distribution curve, wh 
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on such paper would appear as a straight line.” If one 
or two of the observational equations were subject to a 
large systematic error, one would expect these to exhibit 
residues inconsistent with the rest, i.e., departing mark- 
edly from the curve for the normal distribution. Fig. 1 
shows this plot, and the fluctuations from the normal do 
not appear to be larger than one would expect for a 
sample with eight degrees of freedom. We have also 
performed three additional least-squares adjustments 
designated as Case IT, Case ПІ, and Case IV. In Case IT 
Eqs. (8.16) and (8.17), the two Faraday determinations 
by electrochemistry, were omitted. In Case III Eqs. 
(8.22), (8.23), and (8.24), the three X-ray determina- 
tions of the quantum limit of the continuous spectrum, 
were omitted. In Case IV both complete sets of deter- 
minations were omitted. Table III gives the normalized 
residues for these four cases together with the resulting 


99.98 


EUNTES ERUIT RUNS pum TET: 


2.0 


Fic. 1. The normalized residues |R:/ox| for a least squares 
adjustment of the entire thirteen input observational data are 
here shown as abscissas plotted without regard to algebraic sign 
in order of increasing absolute magnitude on probability graph 
paper whose ordinates are so distorted from a linear scale of 
percent as to rectify probability integral graphs for Gaussian 
distributions into straight lines of different slopes for different 
values of x?. Те strdighé line shown corresponds to ҳ2= 52.1, the 
result for this case in which there are thirteen input equations and 
eight degrees of freedom. The ratio of the error by external to 
that by internal consistency is Rg/R;—2.552-0.90. 


~ 
values of xj. The normalized residues for each of the 
-iour cases are shown in Figs. 1 to 4, and all are approxi- 
mately equally satisfactory. The values of x? and of 
r-/r; also аге not significantly more plausible or satis- 
factory for Cases II, ПІ, and IV than for Case I. For 
these reasons, then, we think that the large value of 
7«/r; in Case I probably does not reflect any single large 
isolated case of systematic error among the thirteen 
input data. We are basing our adjusted output values 


= 


“We are indebted to Professor John Tukey of Princeton for 
Pointing out to us that for the case of a small number of degrees 
of freedom it is very unlikely that the residuals should be exactly 
Normally distributed. In the present instance let it be understood 
therefore that we are merely comparing the actual distribution 
of residuals with a normal distribution as a type-form but without 
any implication as to what precisely their expected distribution 
should be, 
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99.93 


2 


PERCENT 
$ 


Fic. 2. The normalized residues | Ёу/о:| for a least squares 
adjustment of all input data save the two electrochemical meas- 
urements of the Faraday plotted in similar manner to those of 
Fig. 1. The straight line shown corresponds to х2= 31.9, the result 
for this case in which there are eleven input equations and six 
degrees of freedom. The ratio of the error by external to that by 
internal consistency is Кк/К;=2.31-Е0.95. 


on Case I, because it reflects the results of more input 
data than the other cases. 

Adopting the error by external consistency as the 
measure of error we obtain the error elements shown 
in Table IV. 

In computing the standard deviation of any function 
of a, c, e, N, and À, the appropriate elements of the 
error matrix must be used in Eq. (4.15) as explained in 
Sec. 4. The tables of atomic constants and conversion 
factors have been computed using the least squares 
adjusted values of а, c, e, V, and А given above together 
with the auxiliary constants given in the tables, and 
the standard deviation of derived values following each 
(+) sign has been computed from Eq. (4.15), using 
values from the error matrix of Table IV. The reader 
must realize that if he uses any of these values (either 
the unknowns a, с, е, №, A, or tabular values derived 


Fic. 3. The normalized residues |R;/e;| for a least squares 
adjustment of all input data save the three X-ray measurements 
of the short wavelength limit of the continuous Sp-ctrum plotted 
in similar manner to those of Fig. 1. The straight line shown 
corresponds to x*- 26.9, the result for this case in which there are 
ten input equations and five degrees of freedom. The ratio of the 
error by external to that by internal consistency is Rg/ R; —2.34-1 0. 
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aj! — aoi aod 201930103713 (10.2) 
= 0124-4032 — 40103713. (10.3) 


Fic. 4. The normalized residues | R;/c;| for a least squares ad- 
justment of all input data save the three x-ray measurements of 
the short wavelength limit of the continuous spectrum and the two 
electrochemical measurements of the Faraday plotted in similar 
manner to those of Fig. 1. The straight line shown corresponds to 
х2= 10.2, the result for this case in which there are eight input 
equations and three degrees of freedom. The ratio of the error by 


external to that by internal consistency is Re/R;=1.841.1. 


from these) in further computations, he must compute 
the standard deviation of his results by this more 
generalized method. We give the following example as 
an illustration. 


10. ILLUSTRATIVE EXAMPLE OF COMPUTATION OF 
THE STANDARD DEVIATION OF A FUNCTION 
OF TABULAR VALUES OBTAINED IN THE 
PRESENT LEAST-SQUARES ANALYSIS 


Compute the standard deviation for the lonization 
energy Io=¢/(2ao) of a hydrogen atom. The Bohr 
radius is ао= /2/ (4x?me)). This is expressed as а func- 
tion of two variables k and m which are not explicit 
members of our set of unknowns a, c, e, №, and А. We 
have, however, relations (7.7) and (7.8) which relate 
h and m to those unknowns, 


(77) h=2me?/ (ac) 
(7.8) тг 4тєК./(о20), 


and upon substitution we find that a=a/(4rR..) so 
that our desired quantity is To= 2r Rae?/&. The stand- 
ard deviation in К» (0.11 ppm, see Eq. 7.5) is com- 
pletely negligible as against contributions of е and a. 
In terms of the linearized variables the function e— £&/a 
whose standard deviation we seek then is 


a 


Д= 253—1, _ ® (010) 


in which we see that the values of the coefficients are 
12372 and ол=— 1. (In general, whatever the form of 
— the primitive function ое о; 5 are determined from 


е“ 


the primitive unknowns, i.e., in the present solution 
N, or A). It remains then simply to apply for- 


From the error matrix given in Table IV, we find 
o2=128; ox =1981; 
с = 1284-1924— 1460 = 6592 

су= (6592)1 = 81.1 ppm. 


01037 13= 365 


11. DISCUSSION OF THE RESULTS 


It is of interest to examine the results of the various 
analyses for “best”? values of the atomic constants made 
over the last quarter century to obtain an impression 
as to what progress toward precision and stabilization 
of the values has been accomplished. Accordingly, we 
have plotted in Fig. 5 the relative deviations from the 
present values of Л, о, e, m, and № and also the esti- 
mated probable errors for determinations by various 
authors in different years: К. T. Birge, 1929; К. T. 
Birge, 1932; F. G. Dunnington, 1939; R. T. Birge, 1941; 
R. T. Birge, 1944; DuMond and Cohen, 1947 ; DuMond 
and Cohen, 1950; DuMond and Cohen, 1952. The 
marked instability from 1929 to 1939 is chiefly to be 
ascribed to the discrepancy arising from R. A. Milli- 
kan's use of the incorrect value of the viscosity of air 
(Harrington's determination) in reducing the data of 
his oil-drop experiment to determine e. Numerous lesser 
discrepancies connected with e/m and with Л/е which 
existed at that time have since been discovered and 
eliminated also. 

The improvement as regards both stability and pre- 
cision has been so great after 1939 that we have felt it 
worthwhile also to represent the last thirteen years in 
Fig. 6 to a scale of deviation fivefold that in Fig. 5. 

Examination of these charts, especially Fig. 6, shows 
that the adjusted “best” values havs.changed in the 
last two years by from five to nine timés the estimated 
probable errors of the December 1950 evaluation. 


TABLE IV. Error elements (external consistency), Case 1. 


Error matrix, vij = отуучу (in ppm?) 6 
а с е N х 
а 128 — 3.30 365 = 389 118 
е = a3 684 = ASB 1047 — 1.82 
е 365 — 443 1981 — 2454 820 
М —355 10.47 — —2454 3568 —1158 
М 118 — 1.82 820 — 1158 1140 


Standard errors оз (in ppm) 7 
c e N 


2.52 444 59.7 


{Сопечачоп coefficients rij 
€ 
0.714 
—0.036 
1.000 
—0.923 
0.546 


1.000 
—0.116 
0.714 
—0.521 
0.308 


—0.116 
1.000 
— 0.036 
0.070 
0.021 
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Although the changes are small in the absolute sense 
(the largest being 224 ppm, for h) they are, at first 
sight; disturbingly large relative to the estimated prob- 
able errors of December, 1950. However, we believe 
the explanation for this is not hard to find, if we recall 
that the December, 1950 values, unlike the present ones, 
were afflicted with a systematic uncertainty because of 
the two uncertain Bethe-Longmire correction terms for 
the finite spatial extension of the nuclear and electronic 
dipoles, in the formula connecting Avy, the hydrogen 
hyperfine structure shift, with the Sommerfeld con- 
stant a. We supplied gach numerical output value in 
the solution with a so-called I'-coefficient to facilitate 
revising the numerical values when more accurate infor- 
mation became available regarding the exact magnitude 
of the Bethe-Longmire correction terms. We find that 
if we assign the value Г--86.2--9 ppm, that is to say 
if we increase C? in the formula 
а? 
avna oe (11.1) 
A 


by 86.2 ppm?" (see p. 180 ff of the December, 1950 


~) 


Fic. 5. History of relative fluctuations in the best adjusted 
values and probable errors of five atomic constants Л, a, е, m, 
and JV over a 23-year interval. Fluctuations plotted as percent 
deviations from the present 1952 values. Probable errors rather 
than standard deviations are plotted to conform with the older 
usage prevailing through most of the interval. The large fluctua- 
tions in the first decade are chiefly due to the effects of Millikan's 
use of Harringtón's erroneous value of the viscosity of air in 
reducing his oil-drop data to calculate e. 


50 This increase of 86.2 ppm was computed by solving for anew 
value of С? to compare with the 1950 value, G?=0.004751364. 
The new value G? was obtained from Eq. (11.1), using our present 
new adjusted best values of œ and c and a value of иу/ио COn- 
sistent with the results of Koenig, Kusch, and Prodell (reference 

) Eq. 7.6, corrected for diamagnetism using Ramsey’s correction 
(1.000027). The new value of G? thus is not afflicted with any 
Uncertainty regarding the Bethe-Longmire nuclear correction term 
25 was the 1950 value. We regret to point out a misprint in the 
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Fic. 6. History of relative fluctuations in the best adjusted 
values and probable errors of five atomic constants Л, a^, e, т, 
and N over a 13 year interval plotted to five times larger scale of 
fluctuation than in Fig. 5. The fluctuations plotted are the per- 
cent deviations from the present 1952 values. As in Fig. 5, prob- 
able errors rather than standard deviations are plotted as the 
indices of precision. The full lines are plotted through the Decern- 
ber, 1950 values and their probable errors as they were stated in 
the tables without applying any Г-сос сїеп! correction for the 
then uncertain Bethe-Longmire dipole correction terms. The 
dotted lines are plotted through the revisions required in the 
December, 1950 values, if these are modified by applying a 
I'-coefficient correction to each output value with Г=86.2 ppm, 
as explained in the text. 


report), then the application of the resulting corrections 
to the five variables depicted in Fig. 6 simultaneously 
brings all of them fairly satisfactorily into agreement 
with the values obtained in the present adjustment. 
This is shown with the dotted lines in Fig. 6. 

In addition to the shift in the values of the constants, 
a change of 86.2 ppm in G? increases the probable errors 
of the 1950 output data by a factor of 1.48, if one uses 
external consistency (which has now become the larger 
measure of error) in place of the internal consistency 
used in the 1950 report. The evaluation of the variation 
of x? and, hence, of the measure of the errors by external 
consistency is contained in Table XXXVII of that 
report. 

The general conclusion seems to be а reassuring one, 
namely, that the constants are settling down to stable 
values and that successive determinations, even though 
many quite new and different types of data may enter, 
not only exhibit smaller and smaller precision measures 
by external consistency but also yield values which 
remain reasonably close to the limits set by preceding 
precision measures. : 

The Bethe-Longmire correction factor ‘ог the spatial 


cited formula for Avg near the bottom of p. 180 of the Dee: 

1950 report (reference 33), in which a factor c/4x2 itted. 

It should read as does Eq. 11.1. B o 
- эь, 


^ ^ 
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extension of the electronic dipole has been computed 
by В. Karplus and А. Klein, who conclude that this 
part of the correction alone requires a Г value of 96.2 
ppm to be applied to the results of the December, 1950 
report. The conclusion seems to be that the factor 
correcting for the spatial extension of the nuclear dipole 
must be of the order of the uncertainties in the above 
calculations, or only a few ppm at most. 
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‘TABLE OF LEAST SQUARES—ADJUSTED OUTPUT 
| VALUES (NOVEMBER, 1952) 


I. Auxiliary Constants Used 


These auxiliary constants are quantities which are 
uncorrelated (observationally) with the variables of the 
least-squares adjustment. 


Rydberg wave number for infinite mass? 
К„=109737.309-=0.012 стт! 
Rydberg wave numbers for the light nuclei 


Ry=109677.576+0.012 стт! 
Rp=109707.419+0.012 стт! 
—— Внё=109717.345-50.012 стт! 
—— Внё=109722.267--0.012 стт! 


‘Atomic mass of neutron 


o 


r 


е 


К. Cohen (reference 47) and which was used in the 
uares adjustment. In reference 47 а tentative value 
785X10 for the atomic mass of the electron was 
roviso (page 359) that “ап increase of 1 part рег 
electron mass will produce an increase of 0. 
berg." (The coefficient 0.0005 cm™ in the text is 
г.) The present value has, therefore, been 
t to accord with our present output 
odifications have been made in the 


"——— IG 
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Atomic mass of deuterium 

1)--2.014735--0.000006 
Gas constant рег mole (physical scale) 

Ro= (8.31662 0.00038) х 107 erg mole deg™ C. 
Standard volume of a perfect gas (physical scale) 


V p= 22420.70.6 ст? atmos mole! 


П. Least-Squares Adjusted Output Values 


(The quantity following each. sign is fne standard 
error by external consistency) 


Velocity of light 

c=299792.9+0.8 km sec 
Avogadro's constant (physical scale) 

N = (6.024722-0.00036) X 10° (g mole)! 
Loschmidt's constant (physical scale) 

Lo= N/Vo- (2.68713-0.00016) X 10? стг? 
Electronic charge 


e= (4.80288--0.00021) Х 107?? esu 

e =e/c= (1.60207--0.00007) X 10? emu 
Electron rest mass 

m= (9.1085+0.0006) х 10-28 р 
Proton rest mass 

m, MN = (1.67243--0.00010) X 10 g 3 
Neutron rest mass 

my, n/ N = (1.674742:0.00010) X 10?! g 
Planck's constant c тъ о 


h= (6.6252+0.0005) х 10:27 erg sec 
h=h/ (2m) = (1.05444--0.00009) х 10:27 erg sec < 


Conversion factor from Siegbahn х units to milliang~ 
stroms du 


Хү/Х,--1.002063--0.000034 
Faraday constant (physical scale) 


F=Ne= (2.89360-+ 0.00007) X10" esu (g mole) 
F'— Ne/c= (9652.012-0.25) emu (g mole)! 


Charge-to-mass ratio of the electron 


е/т= (5.272994-0.00016) x 10? esu g^ 
e'/m- eJ (mc) = (1.758882-0.00005) X 107 emu g^ 


Ratio h/e 
h/e= (1.37943-Е 0.00005) 1071 erg sec (еви) 
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Fine structure constant 


a=e/ (hc) = (7.29726+0.00008) х 10-3 
1/аг- 137.0377--0.0016 
а/2т = (1.1613964-0.000013) x 10-3 
о2--(5.32501--0.00012) х 10-5 
1— (1— œ)? = (0.266254+0.000006) х 10-4 
Atomic mass of the electron (physical scale) 
Nm= (5.487604-0.00013) х 10-4 


Ratio of mdss of hydrogen to mass of proton? 
Nm Z 

um - hates] 
H 


= 1.000544610--0.000000013 


Atomic mass of proton 
Н+= 1.007593 0.000003 
Ratio of proton mass to electron mass 
H*/Nm- 1836.13--0.04 
Reduced mass of electron in hydrogen atom 
u- mH*/ H = (9.10354-0.0006) х 1025 g 
Schródinger constant for a fixed nucleus 
2m/h? = (1.63844--0.00016) X 1077 erg! ст? 
Schródinger constant for the hydrogen atom 
2u/h? = (1.63255--0.00016) х 1097 erg! cm? 
First Bohr radius 
ад--72/ (me) = (5.29171--0.00006) X 10-? cm 
= a (Ar R,) 


Radius of electron orbit in normal H!, referred to center 
of mass 


40 = ao(1— а?)%= (5.29157==0.00006)Х 10° ст 
Separation of proton and electron in normal H! 
` A =ar Ra/Ru= (5.29445-0.00006) X 10-? ст 

Compton wavelength of the electron 
Ace Àt/ (mc) = (24.2625--0.0006) X10! cm 
; —o*/ (2К..) 
Ace= \ce/ (27) = (3.86150-Е0.00009) X 107" cm 
—o/ (Ax Rs) 
Compton wavelength of the proton 
Nep h/m,c— (13.2139--0.0004) Х 10-4 cm 
Xep=Acp/ (27) = (2.10307--0.00007) X 107* cm 


"The binding energy of the electron in the hydrogem atom 
has been included in the quantity. The mass of the electron 
when found in the hydrogen atom is not т, but more correctly 
т(1-4624----). с 
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Compton wavelength of the neutron 


As h/ msc (13.1958--0.0004) х 10:55 cm 
Aes Nen/ (27) = (2.10017--0.00007) х 10:15 cm 


Classical electron radius 


797 €/ (mc) = (2.81784-- 0.00010) < 107? cm 
= j (4r Ra) 
ri = (7.94022:0.0005) X 10-2 cm? 


Thompson cross section 
8 
-qro = (6.65196 20.0005) X 10- cm? 
3 


Fine structure doublet separation in hydrogen 
1 a 5 5.946 
АЁн= ei ( == ) d 
16 T Bi ze 
= 0.365869 0.000008 стт! 
= 10968.49--0.25 Mc sec! 


Fine structure separation in deuterium 


АЕр= AEgRp/Rg -0.365969--0.000008 стг! 
= 10971.48+0.25 Mc/sec^! 


Zeeman displacement per gauss 
(e/ mc) / (4c) = (4.66879--0.00015) 
Ж 107° стт! gauss! 
Boltzmann's constant 
k= Ro/ N = (1.3804243:0.00010) X 10:15 ergs дерт! 
k= (8.6164-=0.0004) X 1075 ev deg 
1/Ё--11605.7--0.5 deg ev 
First radiation constant 
с1= 8тйс= (4.99192 0.0004) X 10-19 erg cm 
Second radiation constant 
с2= hc/ k= (1.43884--0.00008) cm deg 
Atomic specific heat constant 
c2/c= (4.199462-0.00027) X 10-!! sec deg 
Wein displacement law constant? 
Amax T — c2/ (4.96511423) = 0.289792-0.00005 cm deg. 
Stefan-Boltzmann constant 
o= (22/60) (6/20) = (0.56686--0.00005) : 
X10~ erg cm^? deg sec 
Sackur-Tetrode constant 
So/Ro=$+ln { (27Ro) kN} 
= —5.57324+0.00011 
So= — (46.35053-0.0017) X 107 erg mole deg 


5 Тһе numerical constant 4.96511423 is the root tran- 
scendental equation х=5(1—е =). 2 жоно е 
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Bohr magneton 


po=he/ (4ттс) = Зее. = (0.92732--0.00006) 
X 107? erg gauss! 


Anomalous electron moment correction 


о 


Qu а 
5 2.973 <] = pe/uo= 1.001 145356 + 0.000000013 


2r т? 
Magnetic moment of the electron 
и. = (0.92838 0.00006)X 107 erg gauss Е 


Nuclear magneton 
un= he/ (4am yc) = uo N m/H* = (0.505038--0.000036) 
Х 10-2 erg gauss“! 
Proton moment 
д--2.79277--0.00006 nuclear magnetons 
= (1.410452-0.00009) X 107? erg gauss * 


Gyromagnetic ratio of the proton in hydrogen, un- 
corrected for diamagnetism 


y'= (2.67520-+0.00008) х 10" radians sec! gauss“! 
Gyromagnetic ratio of the proton (corrected) 
y= (2.67527+0.00008) X 103 radians sec"! gauss“! 


Multiplier of (Curie constant)! to give magnetic mo- 
ment per molecule 


(3k/.V)$= (2.62178--0.00017) X 10-29 (erg mole deg-!)! 
Mass-Energy conversion factors 


1 g= (5.60999+-0.00025) X 1025 Mev 
1 electron mass= 0.5109844-0.000016 Mev 
1 atomic mass unit=931.162+-0.024 Mev 
1 proton тпа55--038.232--0.024 Mev 
1 neutron mass=939.526+0.024 Mev 


Quantum energy conversion factors 


1 ev= (1.60207--0:00007) «107? erg 

Б/У--(1.98620--0.00016) х 10-15 erg cm 

EX, = (12397.8+0.5) X 10-8 ev-cm 

Ed, = 12372.2+0.4 kilovolt x units ° 

Е/ь= (6.6252-1:0.0005) X 10-27 erg sec 

E/v= (4.13544--0:00015) 10:15 ev-sec 

7/Е--(5.0347--0:0004) X 1055 cm™ erg 

9/Е--(8065.98--0.30) стт! ev 0 

”/Е--(1.50938--0.00012) х 1026 вес-! erg"! + 
“y/E= (2.41812+0.00009) X 10" sec™ ev! 
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de Broglie wavelengths, Ао of elementary particles® 


Electrons 
Ap, (7.273734-0.00016) cm? sec™!/v 
= (1.552264-0.00008) х 10-13 cm (erg)!/(E): 
= (1.226377--0.000032) Х 10-7 ст (еу):/ (Е)! y 
Protons 


Хр»= (3.96145--0.00013) X 10-2 em? sec!/v t 
-(3.622614-0.00020) 10:15 cm (erg)!/ (E): 
= (2.86208+0.00012)X 10-? cm (ev)*/ (E)! 


Neutrons \ | 


Apn = (3.95599 0.00013) х 107? ст? sec^!/v 
-(3.62005--0.00020) X 10-19 ст (erg)!/ (E)! 
-(2.86005--0.00012)Х 107? cm (ev)*/ (E)! 


Energy of 2200 m/sec neutron 
Е»»оо= 0.025297 7 4:0.0000006 ev 
Velocity of 1/40 ev neutron 
10.05 = 2187.017--0.028 m/sec 
The Rydberg and related derived constants 


К» = 109737.309-+0.012 cm™ | 
Rc (3.289847 --0.000008) х 1015 sec 
В„йс= (2.17961 +0.00018)X 107! erg 
Rah X 10-8 


= 13.6050 +0.0005 ev 


e е m 2 


Hydrogen ionization potential 


197 13.5978 0.0005 ev 


he o? 
= Кра |o ооо х 1075 
€ 


5! These formulas apply only to nonrelativistic velocities. If the 
velocity of the particle is not negligible compared to the velocity 
of light с or the energy not negligible compared to the rest mass 
energy, we must use Ap-X[e(e4-2) $, where № is the аррго- 
priate Compton wavelength and e is the kinetic energy measure 
in units of the particle rest mass. 


E 
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HERE have been many who have objected to the 
use of the method of least squares on the grounds 
that it assumes the Gaussian curve for the probability 
distribution of the error in any particular measurement. 
This is the formulation which is indicated in Sec. 3 of 
the preceding article. The objection is indeed valid 
that the assumption of the Gaussian distribution is 
often unwarranted in many experimental configura- 
tions. However, the problem of determining a “best” 
set of values which can be computed from an over- 
determined system of equations is essentially the prob- 
Jem of determining an analytic basis on which one can 
define the adjective “best.” The condition of least 
squares serves as one such analytic criterion. This says 
nothing in itself of what could be called the physical 
interpretation of the criterion. It is recognized, in gen- 
eral, that the method of least squares corresponds to the 
“Axiom of Maximum Likelihood,” if the distribution 
functions of all the errors are Gaussian. Gauss himself 
was able to justify the method on a much wider base, 
and in 1821 he published a theory which replaces this 
axiom with an “Axiom of Minimum Error" or “Axiom 
of Maximum Weight.’” The definition of “best” is not 
to be made on the basis of that solution which is most 
likely to Бе correct, but on that solution which is most 
accurate and to which can, therefore, be attached the 
greatest statistical weight. (The statistical weight of a 
statistical variable is defined in the present sense as the 
reciprocal of the variance, i.e., the reciprocal of the mean 
square erros ofthe quantity.) 

Consider then an overdetermined set of N в. equations 
expressing relationships between 4 variables. We can 
find an infinite number of solutions for the 4 variables 
depending on how we choose to combine the equations. 

a We car think of this process as one in which some set 

С of 1 of the equations are used to express g—1 of the 
variables in terms of one particular variable, say xi. 
"These values are then to be substituted into the remain- 
ing Ne,—q+1 equations to give a set of .Vg,—g--1 
values for the variable x;. Any of these numerical values 
is a possible choice for the variable x; and, in general, 
we would want to take some weighted average of these 
numerical values. The numerical value of such an aver- 
age depends both on the weights attached to the 
elements which go to make up the average and on the 
TNR 


! J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 25, 
691 (1953). . 

*E. Whittaker апа С. Robinson, Calculus of Observations 
(Blackie & Sons, London, 1944), fourth ed., p. 224. 
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numerical values of these elements. Ultimately, there- 
fore, the value ascribed to x; depends on .Y g,—4 inde- 
pendent parameters which specify the mathematical form 
of the average (there is one condition to restrict the 
choice of the .Vg,—q-4-1 weights; this is the condition 
that their sum is unity) and Ур, quantities which are 
either the observational numerics or quantities directly 
deduced from them (such as relative deviations from a 
set of origin values) which determine the numerical 
value oí the average. 

The numerical value of x; is thus expressed as a linear 
combination of № g, numerical quantities, each of which 
has associated with it a mean square error. ЇЇ the 
numerical quantities are observationally independent, 
we can assert that the mean square error of x; is the 
sum of certain coefficients, depending on the .Ve,—q 
free parameters, times the mean square errors of the 
Ува observational numerics. The Axiom or Condition 
of Minimum Error states that the “best” choice for x, 
is that one whose error is a minimum with respect to 
the possible variation of the free parameters. We shall 
show below that this condition is equivalent to the 
condition of least squares, although the results cannot, 
in general, be identified as corresponding to that set 
which has maximum likelihood, except in the case when 
the distribution function for the errors is specified to be 
Gaussian. This is, however, an advantage for one can 
easily construct distributions (for example, rectangular 
distributions) for which the condition of maximum 
likelihood has no unique solution. Furthermore, the 
development of the condition of minimum error is quite 
general in regard to the forms of the error distribution 
functions; all that is specified is the mean square error, 
so that the range of applicability of the theory of least 
squares is extended from Gaussian distributions to the 
much larger class of distributions with finite second 
moments. 


AN EXAMPLE 


As -n elementary example of the method and in order 
to clarify the concepts involved, let us consider a prob- 
lem which is perhaps the simplest possible exampie. 
We have two measurements of the quantity x; these 
two measurements are ат and a», in general, aas. We 
also assume that each measurement represents a single 
selection from a universe of values. We let the proba- 
bility distribution of the first measurement ve P(E) 
such that the probability is P1(£)d£, that the result of a 
measurement of the quantity x bv the Specified pro- 


E 
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cedure shall lie between the values £ and £--d£. Simi- 
Jarly, the second measurement of x is to be charac- 
terized by the probability distribution Р (т). We need 
—— not make any detailed specification of the form of the 

— distribution functions P; and P»; it is not even necessary 
that the two functions have similar form. We impose 
—  — upon them only the restriction that the distributions 
have finite second moments. 

Tf we have two measurements of x then we can take 
some average value to use as the “best” choice. There 
are, however, several different choices for this average 
and we can write 


хо(а) = oa14- (1— ва», (1) 
where а is any real number, although intuitively we 
would prefer that 0€ a 1 because this is the condition 
that хо lies between the values a; and аз. Defined in 
this way, the mean of the universe of values of xo is 


s if f [ааа Р (ЭР: 


= [ Pleat: f Paladin 


о || Р. | Ton ©) 


Now each probability distribution is assumed to be 
normalized so that 


Шан 8) 


_ and furthermore, if there are no systematic errors in 
= either measurement, the expectation value of each 
|. measurement is х i 


с 


f ЕР. (а= х; | лР»(д)йу=х. (4) 
refore, Eq. (2) reduces to 
®о= ax4-(1— 0)x— x, (5) 


iat the expectation value of the average is indeed 


icular avezage. But we now ask the question, “Ноу 
ra this average; what is its standard devia- 
ге let є be the mean square deviation of the 

n i acted, we have, by the 


In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


E. RICHARD COHEN 


usual definition, 


= f Г Го (1—a)n—a РР) 
= | || [e (£—23)-- (1— a) (123) FP: (E) Рав 
Гала Е 
coy f n. f arr 
+оо) f 6-704 КЕ 


ё-2| врана) f (n—x)*Po(m)dn. (6) 


The two integrals in the last form of Eq. (6) are the 
variances (the mean square errors), respectively, of the 
first and of the second measurements. These quantities 
are defined to be с? and о». The expression for the 
error in the average in terms of the errors of the numbers 
entering into the average is, therefore, 


ё= ос (1— a)'es. (7) 


We find that, although the expectation value of the 
average is independent of a, the error in the average is 
a function of а: for а=0 we have @=«,? and for a=1 
we have ё=012; we may reasonably ask whether a 
proper choice of а might not result in а value of ё 
which is smaller than either of these, and indeed, what 
choice of а yields the minimum value of ё? By com- 
pleting the square we can write Eq. (7)8 , 


e= (012-052) — ав? +o? 
o? (ого )"— 202? (сео) tHo + oro? 
T c ?-ce Ён 
сї2024-[0 (012-02) о F 
f oto? : 


Since а appears now only in a term which can never 
be negative, we see immediately that the minimum 
value of = occurs when the square bracket vanishes. 
This is achieved when e=o22/(oy?-+o:"); the minimum 
value of € corresponding to this choice is 


є2=01202/ (03-02), 
and the corresponding value of xo which we indicate 


by xo is 
ay, а» 
хо= e| —+— }- 


er оз? 


(9) E 


| 
| 
{ 
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The “weights” to be attached to measured quantities 
in order to compute the “best” average are therefore 
proportional to the reciprocal of the mean square error 
of each measurement. If we define the statistical weights 


wiml/e? wn Ио, (10) 


we have two important formulas 
хо= (20141-4022)/ (из), (9.1) 
> 109— 1/e =w w. (8.1) 


The first of these essentially justifies the nomenclature 
of “statistical weight” for the reciprocal variance, since 
it is this quantity which determines the importance of 
the measurement in the computation of the average. 
The second formula shows that when this “best” aver- 
age is obtained the weight of the result (computed as 
the reciprocal of the variance of the average) is just the 
sum of the weights of the components and, furthermore, 
that this is the maximum weight ascribable to any 
average. Any other linear combination of the two obser- 
vations would have a weight which is less than the sum 
of the individual weights and is, therefore, an inefficient 
average which “wastes weight." The weight of the 
average w as a function of the weights assigned to the 
individual measurements and the choice of the average 
value is indicated іп Fig. 1. The measurement ху has 
variance о1?=1/1, and the measurement xz has vari- 
ance сз2= 1/10. Each value of о corresponds to a par- 
ticular value of хо, and the statistical weight of this 
average value is a function not only of the parameter « 
but also of the statistical weights of xı and x». The 
statistical weight of the average is a maximum (equal 
to the sum of the weights of the individual compo- 
nents), whea ths weighting employed in computing the 
average is detérmined by the statistical weights of the 
components. 


^ 


THE GENERALIZED THEORY* 


fe ws 7 We Сап now establish a generalized theory of least 


Squares in which the individual equations are not obser- 
vationally independent.? Let there be 4 variables which 
are connected by N equations. The numerical constants 
in these equations are interrelated and are determined 
by a set of  observationally independent quantities Sa. 
We shall assume that the equations can all be linearized 


* Note added in proof: Professor J. W. Tukey of Princeton 
University has kindly pointed out to the author that this gener- 
alized System of least squares is not new. R. L. Plackett, Bio- 
metrika 36, 458 (1949) has traced the origins to Laplace and 
Markoff as well as to Gauss. А. C. Aitken, Proc. Roy. Soc. Edin- 
burgh 55, 42 (1938), has also presented a generalization equivalent 
to the present development. LM 

* J- W. M. DuMond and Е. В. Cohen, Report to the National 
Research Council on the Atomic Constants, December, 1950. 
See also Е. В. Cohen, Phys. Rev. 81, 162 41951). 


so that the system is 


03117 aix aist 55-Р 144X47 €1 


421514 axta atat * -НазаХа= 02 


ахх Gx2X2-- QN 3X33- +++ + d qX 47 CN, (11) 


where the constants c, are numerical quantities which 
are explicit functions of the quantities Sq. 

In the discussion to follow it will be useful to intro- 
duce two conventions: One is the Einstein summation 
convention; in any product a repeated index is to be 
summed over all values permissible to it unless specifi- 
cally indicated to the contrary. The other is the use of 
different characters to indicate the range of the index. 
Roman letters (i, j, k, ---) shall be used for indices 
relating to the unknowns and, therefore, have the range 


E 
ГГ 


К 
СУ 


17 


SSS 


хаа, хү» ха, 


Fic. 1. The weight assignable to the average of two observed 
quantities as a function of the statistical weights of those quanti- 
ties and the weighting parameter а of the average. The weight 
of the average is a maximum if «© is determined by the statistical 
weights. 


1 to q; Greek letters from the middle of the alphabet 
(и, v, а, +++) shall be used for indexes relating to the 
observational equations and have the range 1 to №; 
Greek letters from the start of the alphabet (a, B, ---) 
shall be used for indexes relating to the observationally 
independent variables and have the range 1 to n. It is 
thus possible to identity a quantity with two indexes 
as a square or a nonsquare matrix by noting whether 
the indices are of the same type or not. 

Since the c, are functions of s, the statistically inde- 
pendent variations e, Ш Sq will produce statistically 
correlated variations 7, in Cy: 


€a 7 45а, S 
ЕА с (12) 
where 4,4,—9c,/0s, are the derivati гез of the computed 
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observational quantities with respect to the funda- 
mental independently measured quantities sa. 

We wish to find the most accurate values of x; which 
can be computed from Eq. (11). To find each x; we 


need a set of multipliers №, by which to multiply the: 


N observational equations so that we obtain 
(13) 


Equation (13) is to be understood as follows: Each of 
the V individual equations of observation (identified 
by a particular value of the index и) is to be multiplied 
by a number Ау, there being a set of N numbers for 
each variable x» These numbers are to be so chosen 
that when the equations are then summed the соећ- 
cient of each x other than the specific x; is zero, while 
the coefficient of д; is unity. This, therefore, implies 
that there are q conditions on each of the 4 sets of V 
multipliers, 


gm Au Q0, (дај. 


Мау: (14) 
where 6,; is the usual Kronecker symbol. 

One might сай X, ? the left inverse matrix to ay; by 
virtue of Eq. (14). However, a,; is not a square matrix 
and does not have an inverse in the strict sense. The 
matrix №, contains Vg elements, while Eq. (14) im- 
poses only 0° conditions. The fact that №, is, therefore, 
not uniquely defined by Eq. (14) is the basis of the 
entire subsequent discussion. We still have a free choice 
of f 0—0 of the X,? for each of the q values of 
1—1,2,3 :-- g: 

The error in the computed value of x; is a result of 
the errors e, in the quantities Sa; let v;; be the mean 
square value of the product dx;dx;. Then 


Шу (02:59) = (Mp PA pata) (Av A ›вєв)) 


=) PA, A4 pa yB(Ea€p)- (15) 


The є. are, however, independently observed quantities 
and are completely unrelated, one to the other, so that 


Еав= (ваев)= ва’бав. (16) 


We must now choose the i,“ in such a way as to 
minimize the value of the variance of 4;; hence we must 
minimize the expression 


vum AQUA, А аА, Ев (not summed oni) (17) 


consistent with the restrictions imposed on A,“ by 
Eq. (14). We therefore introduce 4° Lagrangian multi- 
pliers L;™, so that we may then take independent 
variations of A, (? in the expression 


AOA ие А ,SEsg— 2L; (A, 00a5—0;5) 


(not summed on т). (18) 


е 


E E 
Differentiating this expression and making use of the 


metry of Eas, we obtain 


27 дар; = OS yu, 


(19) 
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where 


S, S — Баса 


S,, is the error matrix of the observational equations, 
The diagonal elements of S,, are simply the variances 
of the numerical constants c,. If these numbers are 
uncorrelated, by which we imply that any given s, 
occurs in only one of the c,'s, the product Apasa (not 
summed on o) will be different from zero only for u— y 
and S,, will be a diagonal matrix. This is the only case 
usually considered in most discussions of the theory of 
least squares; the recognition that S,, need not be 
diagonal constitutes what is here referred to as the 
“generalized theory of least squares." The weight 
matrix of the observational equations, тн», is defined as 
the inverse of the error matrix so that 


(20) 


If we therefore multiply Eq. (19) by the weight matrix 
тит, We obtain the result 


Tuy yr = Our =S po yr- 


Lj Quit r= Ay OS yp ps 
=},6,,, 


І, ару = A0. 


(21) 


This defines \,‘ in terms of the Lagrangian multi- 
pliers. Insertion of Eq. (21) into Eq. (14) gives us 


(22) 


so that L;? must be the inverse of the symmetric 
matrix P;;=@ytyd,; (Pij is symmetric since ть, is sym- 
metric; the symmetry of this latter matrix follows 
directly from the symmetry of S,,). We have therefore 
established also the symmetry of L;(? (L;°=L;). 
We now return to Eq. (13) and write [using Eq. (21) ] 


(23) 


Гарт pve = бк, 


х:=А, (сү -15О,туубыг « 


This is the solution for the “best” choice for the xi; 
Eq. (23) is, however; just the solution of the system of 
equations : 
(24) 


Рхү- 02768777) ; 


and these are exactly the same equations as one obtains 


from the condition of least squares. The basic quadratic 
form associated with Eq. (24) and from which Eq. (24) 
can be deduced as the condition that the quadratic 
form have its minimum value (i.e., the “Jeast-squares 
condition) is 


0-3 (Уолис) (Уау). 09) 


In particular, іп the case where the variables Ск arg 
themselves observationally independent (which is equiv- 
alent to Sp» being diagonal), we find that туу is а diag- 
onal matrix and its diagonal elements, which we may 
write simply as р», are just the usual statistical weights 


to be ascribed to each observational equation, 


E n 


| 
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Under these conditions the quadratic form, Eq. (25), 
reduces to the more familiar expression 


0= 22 (аан c, py, (25.1) 


and Eq. (24) reduces to the usual normal equations 


25 (лама): Уфа. (24.1) 


i 


Since Eqs. (23) and (24) are actually the same equa- 
tions as one would obtain from the condition of least 
squares, we have shown not only that the axiom of 
maximum statistical weight is equivalent to the axiom 
of maximum likelihood for a Gaussian distribution but, 
furthermore, that the usual normal equations of least 
squares correspond to the condition of maximum statis- 


tical weight, even in those cases where the condition of 
maximum likelihood is impossible of simple analytic 
formulation or is ambiguous. One of these ambiguous 
cases occurs even when the error distributions are 
Gaussian if the c, are observationally correlated in such 
а way that the matrix $,, cannot be diagonalized, which 
is in general the case И n>N. In the earlier discussion? 
of the generalized theory the present writer was not 
fully appreciative of this ambiguity which was left 
unresolved. Although the quadratic form Eq. (25) was 
presented as the proper generalization of the simpler 
expression (25.1), the proof was semi-intuitive and was 
based on plausibility arguments rather than a firm logical 
foundation. The present formulation achieves this and 
has the further advantage of admitting to consideration 
by the condition of least squares a much wider class of 
error distribution functions than merely the Gaussian. 
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[^ order to give a satisfactory account of the Lorentz- 
covariance of Dirac's equation for the electron, it is 
necessary to attribute certain transformation proper- 
ties to the four-component wave function appearing 
there. In 1929, van der Waerden (20) devised an 
algebra of spinors which plays a role in the trans- 
formation theory of such wave functions analogous to 
that played in special relativity theory by tensor 
algebra. Four years later, in 1933, van der Waerden and 
Infeld (14) presented a spinor analysis which liberated 
the formalism from the restrictions of special relativity 
theory and permitted the employment of spinors against 
the background of a general Riemannian metric. In 
addition, many other contributions to the subject 
appeared. 

‘The purpose of the present article is to offer an ex- 
position of spinor calculus which will be more elemen- 
‘tary and more accessible than those which constitute 
the original literature. 


I. INTRODUCTION 


As a preliminary to description of the spinor formal- 
ism, the following brief discussion is intended to show 
— how the concept of spinors arises. This discussion will 
а] о serve to define the notations to be used in this 


ticle.? 


* The authors wish to express their indebtedness to the Uni- 
ty of Nebraska Research Council, which generously supported 
ork. 
bic numerals enclosed by parentheses and inserted into 
efer to items in the List of References at the end of this 


undamental mathematical discoveries underlying the 
of spinors were made by Cartan (13) and Weyl (12), 


г notation used is taken from the paper of Infeld 
‘den (14). Gaussian units are used for electro- 
Һе charge of a particle is denoted by 4. 

tates the choice (I 2) for the signature of 
etric, unless one would load some of the 
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Schródinger's representation in nonrelativistic quan- 
tum mechanics is characterized by the equations 


Hy—ihop/0t, Pap —ihóp/9x, с. (11) 
Our choice for the metric of special relativity theory is 
£o—1, gu=g2=8g3=— 1, £u-0 (8551). (12) 
With the four-velocity u*= dx*/ds we can form the free- 
particle world momentum 
тсик= (Е/с, — Р, — Py, — P). 
We choose the sign of the four potential in such a way 


as to retain the conventional form of the field equations 
(IX 2) and (IX 4): 

= (= У, Az, Ay, A z). (1 3) 
When a charged particle is in an electromagnetic field, 
its total energy is H= E+-qV. The world momentum of 


a particle in a field should have the property that its 
time-like component is Н/с. This consideration? leads to 


(14) 
With the relativistic generalization of (I 1), 


Pwh=ihdw (where 0,=0/0x*), one can construct a 
single second-order wave equation: 


ge Lihd et (g/c)óx ан (у/с)ф] = mercy, (15) 


by virtue of g'u,w—1. Equation (15) is linearized, 
following Dirac, tot 


P= mcuy— (9/с)фь. 


T (деф — c, > (16) 
with the conditions 
ГАРРИ = —2gH1. (17) 
For abbreviation, we have set 
a 


=—@/(Лс), и=тс/й. 


It is well known that (I 7) can be satisfied with matrices 
having four rows and columns, but not with matrices 
having fewer rows and columns. 


formulas of Sec. VII with minus signs in a very ugly way- This 
would be most disturbing in Eqs. (VII6) and (VII 11). The 
signature (I 2), however, implies the inconvenience that spatia 
contravariant and covariant vector components differ іп sign, 
whereas in nonrelativistic quantum theory we work with a spatia 
metric +++ which makes it possible to equate а covariant to & 
contravariant vector: mdx/dt=P,=—iha/dx. We make the 
transition to a relativistic metric (I 2) by identifying these Pz, Ри 
P, with the contravariant components. 2 

3 For а more precise way of arriving at 
and Stehle (3), p. 349. : 
з See Hill and Landshoff (43), and the numerous references given 
there. 


(1 4), consult Corben 
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However, the conditions 
ОО ОИ (18) 


(asterisk denotes complex conjugate), which bear a 
certain resemblance to (I 7), can be satisfied with the 
two-row matrices 


1 0 1 15251850) 
00---- 1 “=—( ) 
у2Х-1 0 SUN. @ i 
17772220 В il 
й--( 3) e=— ) 
ENS 7 WS il 


Since (I 7) can be satisfied with 


0 oF 
гү ( ) 
с" 0 


because of (18), Dirac's equation (16) can be written 
as a set of two two-component equations: 


(I 9) 


V20* (014-1eb s) x — и 
Ч) í (110) 
У209“(дуч-16фь)Ё--их, 


where the V of (16) is written ав? 


Now, the covariance of Eqs. (18) and (110) can 
be viewed in either of two ways: 

View (A). The quantities д,-Н1еф, certainly trans- 
form as components of a covariant world vector. One 
can assume that the o* transform simply as components 
of a contravariant world vector. Then (I 8) and (I 10) 
are covariant with respect to Lorentz transformations. 
However, taking the ct as world vector components 
violates the spirit if not the letter of the relativity idea, 
for the following reason: As components of a world 
vector, the с^ will have the especially simple values 
(I 9) only in certain frames of reference. In conse- 


„ Чиепсе, Ве four equations which appear when (I 10) is 


wričen out in full will not be the same in all Lorentz 
frames. 

View (B). The alternative is to consider the о? as 
fixed matrices; then, to maintain the covariance of the 
Eqs. (I 10), it will be necessary to attribute some new 
transformationsproperties to the wave functions 5, x. 
When this procedure is carried out, with development 
of an appropriate mathematical formalism, the wave 
functions £ and x are renamed spinors. 

The matrices appearing in (I 10) can be written out 


5 In the speciai*case £— x*, the first member of (I 10) reduces 
to the two-component equation У205(д:--166:)х — ux* discussed by 
H. Jehle, Phys. Rev. 75, 1609 (1949) and J. Serpe, 76, 1538 (1949). 

or comparison of our notation with that of Infeld and van der 
Waerden, see footnote 15. К 


^ 
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in the following way: 
i= (2), ое (s), 
Е = (Р); oF = (0%). 


Note should be taken of the following conventions: 


х= (x^), 
x= (x^), 


1. Latin indexes run from 0 to 3. 

2. Greek indexes take the values 1, 2 (or i, 2). 

3. The meaning of the “dotted indexes,” as in £4, will 
be discussed later in more detail; for the moment, it 
suffices to establish that adding a dot above every 
Greek index in a spin quantity means taking the com- 
plex conjugate of the quantity. (Two dots on the same 
index mean the same as none at all.) 

Now (I 10) can be written 


У2е®**„(дь-Е1єфь)х”= pe’, 


Эр ; j (111) 
У2в*”;(дь-ЕТєф„) £ =p’. 


When we undertake to elaborate оп the view (B) as to 
the covariance of (I 10) ог (I 11) (namely, that the o* 
are constant matrices), the new transformation proper- 
ties which must be attributed to £, x will involve trans- 
formations in the “space” of the Greek indexes. These 
transformations are called “spin transformations." АЙ 
quantities in this space which transform according to a 
linear homogeneous law of any sort are called "spin 
tensors” or “spinors.” 

In Sec. II to Sec. VI there is developed a formalism 
for the transformation theory of spinors. Sections VIT 
and VIII deal with the connections between spin quan- 
tities and world quantities. In Sec. IX, the Maxwell- 
Lorentz equations and the Dirac equation for the 
electron are written out in spinor notation. Finally, in 
Sec. X we sketch Infeld and van der Waerden’s spinor 
analysis and its application as a gauge-covariant 
formalism. 


IL. TRANSFORMATIONS OF TENSORS 


The pattern after which the formalism of spin trans- 
formations is modeled is that of the transformations of 
tensors. To make the development of the spinor formal- 
ism more intelligible, we shall review this pattern 
briefly in the present section. 

A contravariant world vector A* transforms accord- 
ing to the rule 


A't—a',A*, At atu А", 111) 


where the quantities a", are solutions of the set of 
equations a";a71',—06",. To obtain the rule for trans- 
forming covariant world vectors, it is sufficient to re- 
quire the invariance of the scalar product 4'B, of such 
а vector В; with an arbitrary contravariant vector. 
This requirement leads to the rule 


В,= Ваё, В/= Bak," uc. (12) 


Tensors of higher rank transform as outer products of 
world vectors. ^ 


` 
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Using the fundamental metric tensor фы one can 
generally construct invariants of the form gy4 *A'= inv, 
and can lower contravariant indexes, Аг-- 4 мн. The 
tensor gx is symmetric, gir= gis; hence also Ат= gil Ё 

It is desirable further to have a tensor which raises 
covariant indexes, i.e., 4*— Ag" 4 те. Hence we 
define g!^ by gmig’*=5m*, so that g’* is just the inverse of 
рт. As a further consequence, guA A= “АА. 


III. TRANSFORMATIONS OF SPINORS 


We establish for spinors the same form of trans- 
formation law as (II 1) : 


y^ E АХ, y^ = AT’ 


(Greek indexes=1, 2). Here V^ is a spinor of first rank 
and АХ, is the matrix of transformation coefficients. For 
the present, we restrict the transformations A^, only 
by requiring them to be nonsingular: [А>, | #0. In 
general, any quantity with Greek indexes is liable to 
have complex components. 

To obtain invariance of the form xa^ with respect 
to spin transformations, it is necessary to establish the 
rule for transforming covariant spinors, 


(Ш 1) 


х= ХЛ X= XAT, (III 2) 


the same form as (II 2) for covariant world vectors. 

We shall denote by y^ the contravariant spinor whose 
components are conjugate complex to those of J^, and 
which transforms according to the law 


VR Ah, 


Here the transformation coefficients A^; are conjugate 
complex to the A^. Similarly, we shall denote by хх the 
spinor whose components are conjugate complex to 
those of xa, and which transforms according to the law 


(III 4) 


Ao Ay (III 3) 


ху-х5А5, ХАА. 


А contravariant spin vector may transform either like 
V^ [by (III 1) ог like у^ [by (III 3) ]; the transforma- 
tion matrix may be either Ах or 1%. Similarly, a co- 
variant spin vector may transform either by (III 2) or 
by (1114). The transformation rules fer spinors of 
higher rank are defined by the requirement that such 
spinors transform like outer products of spin vectors. 
Quite generally, an undotted contravariant index trans- 
forms like J^, a dotted one like J^. Thus, for example, 
72%; transforms like V^£^x;, i.e., б 
^ 128 — Аё AP an PsA. А 
The essential purpose of the “dotted index" notation 
15 to distinguish these two transformation laws in spin 
space. Summation is to be permitted only over a dotted 
subscript andra dotted superscript, or over an undotted 
subscript and an undotted superscript. As a conse- 
= quence of this restriction, the invariance of such ex- 
li pressions аз ху and axi, becomes apparent on 
Nu: 


pa 18 е 
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inspection, while non-invariant forms such as 57 „y 
are prevented from appearing. 

It has sometimes been customary to let y^, J^ repre. 
sent arbitrary unrelated spinors transforming according 
to (III 1) and (III 3), respectively. In this case y^ алд 
y^ are not necessarily conjugate complex to one another, 
However, the convention that y'= (2), v= (yo (and 
analogously for all other spinors) is a convenient one, 
and we shall adhere to it. | 

In any second-rank spinor, аз n°, and in any spin 
transformation AM, we make the further convention 
that the first index numbers the rows and the second 
index numbers the columns when such quantities are 
written out as matrices. 


"Ха 


IV. THE FUNDAMENTAL SPINOR 


In the preceding section, we have defined contra- 
variant and covariant spinors in terms of their trans- 
formation properties. As yet, however, we have no 
means of finding the covariant components of a spinor 
when only its contravariant components are known, or 
conversely. In world space, the raising and lowering of 
indexes is accomplished by means of the metric tensor 
gii or g*!. In the present section, we shall introduce an 
analogous “metric spinor’’® for raising and lowering 
spin indexes. 

We shall denote this fundamental spinor by Үд» 
With it, we can construct the invariant bilinear form 


x ly ь= x ^l "y us. (IV 1) 


This form is naturally invariant with any covariant 
spin tensor y,,. However, we select гүү, to b? an anti- 
symmelric spinor 


0 Ү12 
у = y 
—ym 0 


The reason for this choice is the following one: In Sec. 
VII and VIII we shall establish a connection between 
spinors and spin transformations, on the one hand, and 
tensors and world transformations, on the other. Now; 
in world space, the case of special relativity is dis- 


(IV 2) 


tinguished by unusual simplicity in that the metric” 


tensor gj; is invariant under Lorentz transformations. 
We should like the corresponding case in spin space to 
be similarly distinguished. This implies choosing Үр» to 
be invariant under unimodular spin transformations 
[А2,| =1, since the entire connection between spin space 
and world space is based on the known isomorphism 
between the binary unimodular group and the restricted 
Lorentz group (see Sec. VIII). The antisymmetric 
tensor (ТУ 2) indeed satisfies this requirement: 


= Yr A AT = yıl (A71)! и i= (As (ж 


5 This “metric” has the singular property that it assigns io all 
vectors in spin space the “length” zero; see Sec. У. uch 0) 
“Hermitizing matrix" was first introduced by Bargmann (30). 
See also van der Waerden (20), Pauli (27), and Kofink (47). 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


INTRODUCTION 


and since the second factor is zero for и= v, we obtain 
(IV 3) 


so that with unimodular transformations, /,,—y,,. А 
similar investigation shows that symmetric spinors are 
not invariant under such transformations. 

We can now make use of the invariance of the expres- 
sion (IV 1) to introduce a rule for lowering spin super- 
scripts: Since covariant spin vectors are defined by the 
requirement that their scalar products with contra- 
variant spin yectors be invariant, 


> 


Y! ur "Y uo [А-В | , 


X =x", (IV 4) 
it follows that we can define a covariant x, by 
X= Хр — Yo ux". (IV 5) 


The second equation follows from the antisymmetry of 
uv. It should be remarked that to lower a superscript 
without change of sign, the spin metric y,, has to be 
written after the spinor whose index is to be lowered. 
(It is assumed that summation indices are placed ad- 
jacent, as in matrix multiplication.) 

We establish the same rule for dotted indexes, 


Xs=XPY ass 
with 
Ya (Ye). 
It is now desired to define a 4^" which will raise sub- 
scripts. Because of (IV 5), 
X AX — x VY Үк, 
and a secohd-rarfk spinor y” should have its indexes 
lowered by just this same rule. Thus 
Y= Y" "y үүд — Yr Y Ya- 


From this equation it follows that 


> = 


А A 10 
YY — ô= -( ) 
2 0201 


(ТУ 6) 
^ 1 0 
> " уо ( y 
^ 3 5 01 
and so we define 
0 1/ү 
d ( 2) Qv 7) 
—i/y2 0 


The formula for^raising covariant spin indexes is now, 
because of (IV 5) and (IV 6), 


х= yy my. (IV 8) 


In the case without change of sign, the y^^ is written 
before the spinor whose index is being raised. 

The spinors ух», y`“ are determined by a single com- 
plex number, say тзг. The quantity 


Yy-wyaxyib >` (IV 9) 
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is real and positive. The forms 


фу б 1 
wu nm v у=” avi 
-1 0 -1 0 


are often useful. 

The spinors ô,” and 64, appearing in (IV 6) could 
be written 6,4=64,=y7,“=—v~y#,, since it is evident 
from (IV 6) that they are just the forms of the funda- 
mental spinor which have one covariant and one con- 
travariant index.’ These spinors y,* and y^, are in- 
variant, since for example 


= 8 -1 
„= — ô, = — AS, „А12, 


= —ASA?, = —%,= 7" 
У. ALGEBRAIC PROPERTIES OF SPINORS 


When performing calculations with spinors, it is 
essential to have at hand a number of relations which 
state the important algebraic properties of spinors. 
Some of these relations, which are frequently of use in 
manipulating expressions containing spinors, are written 
down in this section. 

We first note some relations involving the funda- 
mental spinor ^? (and arbitrary spinors nagy) : 


уе (V 1) 
тууру оу (V 2) 
Y "nag i Y Nas FY ng ya=. (V 3) 


They are easily verified by going through the possible 
numerical values of the indexes. Similar relations hold 
for ү, Yas, Тай. 

Making use of these basic relations, we find the fol- 
lowing formal properties of spinors: 

A. Contraction proceeds just as with tensors, e.g., 


QM pur ре 
Summation can occur опу over а dotted subscript and 
а dotted superscript, or over an undotted subscript and 
an undotted superscript. 


B. Scalar multiplication of two spinors is “апіісот- 
mutative" in the following sense: 


X= хи”, = — Y xam — X= — Vex (V 4) 


C. The absolute value of any spinor of саа rank is 
zero. For example, 


2 XX=- XX =l, 


from (V 4). But m —7 "m, (by a similar raising and 
lowering of indexes) need not be zero. 

D. The contraction of a symmetrical spinor is zero. 
Let m»=np. The contraction 15% 


m= y Mma = — n= — мл — = (У 5) 
> 


т Analogously, m world space gg! = õp}; but £k ly." 
8 It should perhaps be remarked that > is not the sum oi 
diagonal elements of either y, or р 5. s + Ше 


» 
^ 


| 
! 
| 
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E. Let у= —7,4 be an antisymmetric spinor. Its 


contraction is, with reference to (IV 7), 
m= n= (m2—121)/Y12= 2m12/Y12= — 2no/Y12- 


Hence 
Dp 77 т 
ог 
(V 6) 


MAW aV Na Yie 


Equation (V 6) holds for a general spinor of second rank, 
since the symmetrical part vanishes on both sides. 
F. Equation (V 3) can be put into the special forms 


kanty Ба “ЗЕ а= 0, 


(V 7) 
Ta^, tye FN = 0. 
Similarly, (V 2) gives 
Naty bap “ЕТ ву = 0. (V 8) 


VI. SPECIAL SPIN TRANSFORMATIONS 


So far no restrictions have been placed on the spm 
transformations AM, except that they be nonsingular. 
Two kinds of specialization of Aò, will be of interest: 


(A) АХ, = 9 айр, (VI 1) 


where o is an arbitrary real function of (2720). It will 
be shown in Sec. 10 that (VI1) represents a gauge 
iransformation. 

B. Unimodular spin transformations 


[А | = |a] = [А = А-В 21. — (VI2) 


Such transformations will be shown in Sec. VIII to 
represent Lorentz transformations (not including in- 
versions). In problems where special relativity theory is 
applicable one can restrict himself to unimodular spin 
transformations (VI 2) and because of (IV 3) can choose 
for the y,, the simple invariant values 


u 
Я „= Lyr. 
А @ 


E In this way one recovers, from the general theory which 
we have partially described, the special^spinor algebra 
presented in van der Waerden's original 1929 paper. 

In the case of this specialization, one can introduce 
the spin metric у, (VI 3) in a very simple way. Under 
unimodular spin transformations, both 


ХХ and муха „ (VI4) 


- are invariant. Hence one can define covariant com- 
ponents x, of a spinor х” by identifying the two expres- 
- sions (VI 4) 


(VI 3) 


Xa x. 

"This precedure immediately gives (VI 3) when one sets 
ААУ». 

e possibility of establishing such a simple scheme 
їз upon the féct_that Yur and y” are invariant in 


e 5 


х= =, 
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respect to unimodular spin transformations, as i 
evident from (IV 3) and (IV 7). Section VIII of the 
present article will discuss this special spinor algebra 
in some detail. 


VII. THE CONNECTION BETWEEN WORLD 
TENSORS AND SPINORS 


An Hermitean? second-rank spinor 


Alem 


(VII 1) 


is determined by four real numbers. One, can therefore 
make correspond to every real world vector Ав, in a 
unique way, such an Hermitean spinor (VII 1), whose 
components are linear functions of the components of 
the vector 


A у= 71247: ke (VII 2) 
Here the “mixed quantities” с“, must be Hermitean, 
6*3, 0* и), (VII 3) 


since the A, are real and Aj, in (VII 2) is assumed to 
be Hermitean. If (VII2) is to have significance inde- 
pendently of particular coordinate systems, then оё, 
must transform as a contravariant four-vector in re- 
spect to general world transformations and, inde- 
pendently, as а second-rank spinor in respect to spin 
transformations. 

Let us assume that the metrics д and Yp», in world 
space and in spin space, respectively, are given. The 
invariant quadratic form g*4,4,; in the world vector 
components А» has the signature --— — —. The 
Hermitean spinor АХ, has an invariant of just this same 
signature, namely, 


AMA, y= ys As Q/vy)| Ais], (VILA) 


where we have used the form (IV 10) for ^". To show 
that this expression has the desired signature, we can 
set Ajy=a-+b, Aix— a— b, Ais CJ id, Asi c— id, from 
which 


Ai143»5— Аз Аз а2— ?— 2— d?. 


The correspondence A,—Aj, transforms the in- 
variant expression (VII 4) into a quadratic form y the 
Ax. We arbitrarily identify this quadratic form with 
the fundamental metrical form 2“ А Аа: 


BHA A= yy tA Ах yey Hor pro! А кА! 
identically in Ах. Thus 
сно = y May big gli „= ght, (VII 5) 


Equation (VII 5) gives 10 conditions which must be 
satisfied by the 16 real parameters determining Ни 
Hermitean quantities o*;,. On the basis of (VII 5)w 


Е S Ё of 
*'The transpose of Aj, is А ду, while the Complex conjugate е 


the last spinor is Аш. The dot in a dotted index belongs пк 
position of the index. Taking the transpose of a secon oct 
шо interchanges rows and columns, but does not alter d 
that the first index in each component is dotted, the secon 
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can solve (VII 2) for the А,: 
MA 5 y= ough; A= gAn; 


А!=!Х^Д;„. 


(VII 6) 


World tensors of higher rank can also be made to 
correspond to certain spinors by means of an obvious 
extension of the rules (VII 2), (VII 6). For example, if 
Т is a world tensor of second rank, we define 


о Ты, (УП 7) 
The inverse equation 15. 
T оке Т e. (VII 8) 


If one substitutes (УП 6) back into (VII2), he 
obtains 


Азн= орыс? А boy 
which can be satisfied identically only if 


(VII 9) 


Brain 8 = 05/0, = үбү t. 
By raising indexes one obtains the equivalent relation 


(VII 10) 


gpioF Hobe = yyy uc 


On the basis of (VII 5), itisclear that we can also equate 
the invariant bilinear forms in world space and in spin 
space: 


Ai Bh А,В". (VII 11) 


The expression i;(o**#c'#-+-g4xg*é”) is antisym- 
metric in the indexes и and v, and hence is equal to a 
multiple офуу*”, say ^y^". If one multiples Бу y» and 
considers the rule for lowering indexes, it follows that 


сас оно; = био. 


In order to determine Л, we set и=о, sum over и and 
compare with, (VII 5). The result is //*'— g*!. Thus 


(VII 12) 


gg; 2-с — 85168, 


УШ. LORENTZ TRANSFORMATIONS AND 
5 SPIN TRANSFORMATIONS 


„ In this'section, and in the next, we restrict ourselves 
to the'special metric (12) and to Lorentz transforma- 
tions. As already mentioned in Sec. VI, these restric- 
tions characterize the special spinor calculus presented 
by van der Waerden in his original 1929 paper. 

The theme of Sec. VII was the possibility of estab- 
lishing, quite generally, correspondences between world 
tensors of any rank and spinors with certain special 
Symmetry properties. The present section deals with the 
further possibility, which arises in the case of the 
Specialization to Lorentz frames and transformations, 
of establishing a coordination between world trans- 
formations and unimodular spin transformations.” 


10 This Possibility is founded essentially on the existence, in 
world space and in spin space, of quadratic forms having the same 
Signature. See Sec, VIT. ^ 8, 
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We choose for the spin metric y,, the simple form 


0 1 
ra n (VI3) 
—1 0 
'Then (VII 10) is satisfied with 
-(_ 0 1/0 1 
00° — — J. "= ( ) 
v2 \0 1 v2\1 0 
(VII 1) 


241013 л а, 
er ) GPF = — ) 
ANZ O4 v2\0 —1 


as can be verified by direct calculation. By lowering 
indexes, using (VI 3), one finds" 


1 ил 1/—1 0 
2251 ) 2-1 у 
v2\-1 0 v2 б И 


(УШ 2) 
4 2 0 1 0 1 
о 
v2\ 0 2 v2 1-0 
апа 
1/1 0 1 0 —1 
vm) 
v2 \0 1 У2Х-1 0 
(VIII 3) 


1/0 —z 1/7-1 0 
mu 
V2 Ni 0 v2\ 0 1 


Here our exposition has, so to speak, returned to its 
starting point. The set of matrices о9, (VIII2) is 
identical with the set 05 (I 9), the study of whose trans- 
formation properties initiated the entire development. 
Moreover, the relations (I 8) are completely equivalent 
to (VII 12), from which they can be obtained by rais- 
ing and lowering indexes. As a matter of fact we are now 
prepared to carry to completion the program sketched 
at the end of Sec. I. 

This program consisted essentially in considering the 
matrices о“ and the wave functions £, x in (110) as 
spinors, and ir? seeking to discover how the wave func- 
tions must transform with a Lorentz transformation if 
the o* are to remain constant while the equations re- 
main covariant. Since it was assumed in Sec. VII that 
the mixed quantities o**, transform like world vector 
components in respect to world transformations and 
like spin "tensor components in respect to spin trans-, 
formations, these quantities can remain constant when 
a Lorentz transformation is made only if an appro- 
priate spin transformation is made at the same time. 
That is to say, the с^, can be held constant only by 
coordinating a suitably chosen spin transforina on with 
the Lorentz transformation. Moreover, we desire to 


и Note that the matrices (VIII 1) and (VIII 3) are all Hermi- 


tean, while some of those of the set (УЛУ 2) are not 


^ 5 > 


ара а аас ааа а шашар нынан аана нанай мн 


1 
| 


нэ 


eet 
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maintain the choice (VI 3) of ү,» when such spin trans- 
formations are made. 

We therefore determine conditions that the c^, and 
Уһ» have fixed values, for example (VIII 2) and (VI 3) 
independent of particular frames in spin space and 
18 world space. It is clear from (IV 3) that ул» is left 
invariant only by unimodular spin transformations 


| 54 21. (VI 2) 
Equation (VI 2) determines two of the eight real param- 
А eters specifying A’,. The remaining six parameters 
I. permit us to coordinate A7, to a six-parameter Lorentz 

transformation. Let a*; be а Lorentz transformation. 
| Then a*; and the spin transformation A*;, applied in 
E concert, leave the 059, invariant if 


сб m go ЧАВО A717, 
ie., И 
або, = Жа: Big P AT,, (VIII 4) 
When a Lorentz transformation a^, is given, these 
equations can be solved in a straightforward way, if 
they can be solved at all; together with (VI2), they 
suffice to determine A’, up to algebraic sign. Thus there 
are exactly two spin transformations corresponding to 
every Lorentz transformation which is represented at 
all in spin space, namely 2-A*,, where A7, is a unimodu- 
lar solution of (VIII 4). 

On account of the invariance of үд, and у” in respect 
to unimodular transformations, the A’, determined by 
(УШТ 4) and (VI 2) will, when coordinated with the 
given Lorentz transformation, hold constant not only 
с^, but also с^ and c*;,. 

АП the Lorentz transformations constitute a. group. 
From (12) and the defining equation 


= — (2) 
Exi — 0 mn07 407 1— gk 


it is clear that the determinant of every Lorentz trans- 
formation is either +1 ог — 1. The transformations with 
determinant +1 constitute a subgroup of the full group, 
the so-called restricted Lorentz group. The transforma- 
tions with determinant — 1 are called inversions. 

If one undertakes to solve (VIII 4), for the spin 
transformation corresponding to an inversion in world 
space, in place of a solution he gets a self-contradictory 
set of equations. The following argument shows that, 
in general, there is no unimodular spin transformation 

which will. hold the o’s constant when a Lorentz trans- 

formation of determinant —1 is made in world space: 

| The identity transformation in spin space corresponds 
^to the identity Lorentz transformation. All the spin 
"transformations of determinant +1 can be produced 
а а continuous way from the identity transformation, 
„ can bearrived at by application of infinitesimal 

nsfermations of determinant --1. An infinitesimal 
f ormation in spin space corresponds to an infini- 
,orentz transformation. Hence the Lorentz 
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transformations can be reached continuously from the 
identity transformation, which has determinant -+1 
But every Lorentz transformation has determinant 44 
or —1, and the ones with determinant —1 are not 
infinitesimal (they are inversions). Thus only the posi. 
tive Lorentz transformations correspond to unimodular 
spin transformations. 

It is important for the purpose of discussing the re- 
flection covariance of equations that we be able to 
represent inversions, somehow, in spin space. We 
should therefore like to coordinate with each negative 
Lorentz transformation some sort of spin transforma- 
tion, such that when the two are performed together 
the matrices o”, are left invariant. This can be ac- 
complished as follows: 

An arbitrary inversion may be regarded as being 
composed of the reflection 


12402 0 0) 

dala t 0 0| (УШ 5) 
00 —1 1 
О 1) 


and а positive Lorentz transformation a"; We coordi- 
nate with the latter, as usual, a spin transformation 
A‘, which is a unimodular solution of (VIII 4). 

With the special reflection (VIII 5) we shall coordi- 
nate a new kind of transformation which is defined in 
the following way : To each spinor n“, (for example) we 
make correspond a new spinor 7)05,г, whose components 
are conjugate complex to the corresponding components 
of т^, and which obeys the same transformation law 
as does т^. Thus 70^,; has the same components as 
та) but transforms quite differently. The new trans- 
formation, which we shall coordinate with (VIII 5), 
is then defined by 


Nene "re 
for all spinors n. It is clear from “his uefinition that 
(n9»,,)€ =n" v6. 

When this C transformation and the reflection 
(VIIL5) are performed together, the c"^, are left 
invariant: Jae 

(eimo? ) C= cmo C= с!?,. (Vail б) 
This result is easy to verify by reference to (VIII 2); 
forl=2, 

(Eron) = (— 0.) — Po, 


since the components of о°?, are pure imaginary 
C transformation does not affect the A-transfor 
properties. It is similarly clear that 


and the 
mation 


(e ie 0160, (22473 ° = a! sc- 


An arbitrary inversion can be expressed in the 1005 
| i With ын 


аксі, where |a*,|=1 and c'm is (У 115). 
inversion we coordinate the spin transformation W o 
consists in first performing the C transformation 29 
performing the animodular A-transformation сой 4 


7 


| 


о Е . B . 
ions corresponding to unimodular spin 
я Эс : 
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sponding to а“; by (VIII 4). With this coordination, the 
o’s are evidently kept invariant. 

Using (VIII 6), we can now formulate the covariance 
of equations with respect to the reflection (VIII 5), 
and hence with respect to all negative Lorentz trans- 
formations. For example, (VII 6) becomes 


АПС, Am „оАо = А, 


or 
Alt= gle AC; 


by virtue of the reality of the components of 4". Just 
as with the positive Lorentz transformations, we are 
able to express the transformed world vector com- 
ponents in terms of the transformed spinor components 
by means of the original o’s and an equation of the 
same form as (УП 6). This means that (VII6) is 
covariant with respect to the reflection сы (VIII 5). 
But evidently (VII 6) is also covariant with respect to 
positive Lorentz transformations a^;. Hence it is co- 
variant with respect to any inversion ас, 

The covariance of the Dirac set (I 11) with respect to 
inversions is proved in a similar way. We substitute 
into (I 11) the expression 

9,--1єфь--с! (97:16 1), 
where cl, is given Бу (УПЇ5). The result is, Бу 
(VIII 6), 

V2g €, (0' i-i -ieó )x^— n, 

V2c€'*; (01+ ied’ 1) = их”. 
In order to recover the original o’s, we perform the C 
transformation on these equations: 

> a 


V20"*, (0',— ieó' )x€^— u 07, 

Ve (9'i— ied!) ЕС ux. 

Taking complex conjugates so as to return to a form 
similar to that of (I 11), we obtain finally 

Vot"; (0' r4- 1e)! ) x =p £C, 

V20", (3'r deo! 1) E= px. 
Uponscomparison with (I 11), this is seen to be the same 
set of equations. The correspondence between the trans- 
formed and the untransformed spinors x, £ is 

+ 
о (8565. 
Аз these various spinors are only determined аз solu- 
tions of (111) and the transformed set of equations, 
this interchange of names is not significant. Thus the 
Dirac set (111) is covariant with respect to (VIII 5), 
and hence with respect to all inversions.” 
22 The two-component equation mentioned in footnote 5 is not 
reflection covariant: (VIII 5) carries it into 
V c'e (rigi) = их”, 
У2а95 (91-69 х =x, > 
which is the charge-conjugate of the original equation. 
For the theory of charge-conjugation, see Kramers (48) and 


(7), Sec. 63 and 64. Charge conjugation in the Dirac theory is 
best discussed on the basis of (IX 31). 5 


ie; 
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То every positive Lorentz transformation there corre- 
spond two unimodular spin transformations, which are 
negatives of one another and are solutions of (VI 2) and 
(VIII 4). This correspondence maintains product rela- 
tions: i.e., if 


a* >A’ p bmn, 
then 
oe zm а A? sg! AAT "S 
and 
omy ES (Баѓ) (Q*;A? ;)a'&, (А! LAIT), 
So that 


b" a*r OK AP ,. 


When to every element of a group there is made corre- 
spond some linear transformation of an n-dimensional 
vector space (over a specified field) onto itself, such that 
to the product of two group elements there always сог- 
responds the product of the transformations represent- 
ing those elements, this correspondence 15 called а 
representation of the group, of degree п. Spin space, as 
already presented, is а two-dimensional vector space 
over the field of complex numbers. It is now apparent 
that the correspondence of unimodular spin transforma- 
tions to positive Lorentz transformations gives a repre- 
sentation (of degree 2) of the restricted Lorentz group. 
This is a two-valued representation, since to each posi- 
tive Lorentz transformation there correspond two spin 
transformations. | 

Аз an example of the coordination of spin trans- 
formations to Lorentz transformations, consider the 
special Lorentz transformation, 


x'— x coshé—ci sinhó, 
с = ct coshó— x sinhó, 


from an original frame К to a new frame К’ moving 
along the x axis of K with velocity 


V=c tanhé 


relative to K. By solving Eqs. (VIII 4) in this case, one 
finds the corresponding spin transformation to be 
either of the pair 


ae cosh($/2) sinh($/2) 
| =. cosh($/2)/ - 


Another kind of special Lorentz transformation is a 
rotation in space. In this case the Lorentz transforma- 
tion coefficients satisfy the conditions 

"amd, a%=a%=0 (k, тғ0). : 
Then the first equation of the set 


gr = a™ AFA’ 01° 


[see (VIII 4), (III 1), (III 3) | reads 5 > 
™ 
(8 5) |. ) (3 AN ( Os eens 
АЗ А% ӨЛҮ Als 2) $ 0 2) ШАН D 


"s E 


=. 
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because of the form of c* in (VIM 1). Equation 
(VIIL7) is just the unitary condition, often written 
A*A=1 or AtA=1. 

Thus spatial rotations can be represented by spin 
transformations which are not only unimodular but also 
unitary, The matrix elements of such spin transforma- 
tions are called the Cayley-Klein parameters represent- 
ing the rotation. 

It may be of some utility to have the spin transforma- 
tions representing a general spatial rotation written 
down in terms of the Euler angles. The spin trans- 
formations corresponding to a rotation ф about the 


5 axis are 
gue (0 
Ф°,= + н 5 
0 cien 


those corresponding to a rotation 0 about the new 


х axis are 
cos(6/2) 


6» ( 7 sin(8/2) 


) 


—i sin(6/ a 
cos(0/2) 


and those representing a rotation y about the new 
s axis have the same form as Ф?,, but with y substi- 
tuted for о. The spin transformation A“, representing 
the entire rotation in space which is specified by the 
Euler angles e, 6, V is obtained by multiplying the 
matrices representing the separate rotations 


Аһ, =Y, Qe dr, 
( в НЙ со5(0/2) 


ісе sin (0/2) 


— 1610—01 sin (6/2) ) 
ge^? соѕ(6/2) | 
(УШ 8) 


The following rule is а convenient mnemonic device: 
The spin transformation corresponding to a rotation 
through angle 0 about the &th Cartesian coordinate axis 
(k— 1, 2, 3) is 


Ax 1 сов(0/2)--105 sin (0/2), 


where с^ are the last three of the set of matrices o^? 
(VIII 1). One can verify this result by direct calcula- 
tion. Its significance is discussed by Corben and Stehle 
(3) in relation to the representation of rotations by 
quaternions. 


IX. THE MAXWELL-LORENTZ AND DIRAC EQUATIONS 


Е In Sec. I it was seen that the concept cf spinors 
arises in a study of the transformation properties of the 
wave functions in Dirac's equation for the electron. 
Now that a complete spinor algebra is at hand, it is of 


- interest to see how the Dirac equation can be written 


entirely in spinor notation. At the same time, it will 
) bé'üseful to have the fundamental equations of the 
void ambiguity, let us state here that we have chosen the 


16165: as given in Goldstein (6), p. 107. The same book 
instructive discussion of the Cayley-Klein parameters. 


HERBERT JEHLE 
theory of electromagnetism written out in terms of 
spinors.!! In this section we shall assume that we have 
to deal only with Lorentz frames and transformations 
so that the special spinor calculus presented in Sec, VIII 
will be applicable. 

Because of the continuity equation 


дьў*=0, (IX 1) 


the Maxwell-Lorentz equations for the antisymmetric 
field tensor А", 


д,РМ-- (47/0) j^, 
OnE rt OE т- OF uu 0, 


(IX 2) 
(IX 3) 
give only 3+3=6 independent relations. Equation 


(IX 3) is satisfied identically if the electromagnetic 
field tensor is written in terms of the four-potential 


фк (13): 


Py дафа 919 - (IX 4) 


The remaining three Eqs. (IX 2) do not suffice to de- 
termine the four components of фр; this ambiguity sig- 
nifies that we can subject фь to a gauge transformation 
without altering 7. If we fix the gauge by means of the 
Maxwell-Lorentz condition 


9,ФЁ--0, (IX 5) 


Eqs. (IX 2) become 
g^ 0,019" — — (Ат/с) j". (IX 6) 
It is immediately clear that (ІХ 1) and (IX 5) can be 


written in terms of Hermitean spinors of second rank by 
means of (VII 11). We define : d 
05, — дь, 
Ту, (ТХ 7) 
ф?= оф, 


in accordance with (УП 2). Then (LX 1) becomes 


Inj” —0, (IX 8) 
because of (VII 11). Similarly, (IX 5) becomes 
дьф#”=0. (ТХ 9) 


Equation (IX 6) can also be written over into spinor 
form without difficulty. Because of (VII 11), the d'Alem- 
bertian becomes 


29,9, 93.0%", qX 10) 
and since the оѓ? are constants so long as we deal only 
with special relativity theory, it follows that (IX 6) can 
be written 


9,976, — (Алс) ўва. qx 10 


м The spinor form of the Maxwell equations was presented DY 
Laporte and Uhlenbeck (15). In this same рарег the Dirac ed 2 
tions were derived from a spinor variational principle, ап a 
new relations following from the Dirac equations were given. ue 

. In part of our derivation of the spinor form of Maxwell’s eq 
tions, we follow unprblished lectures of Dirac. 
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The field tensor F*! can, of course, be expressed in 
terms of a fourth-rank spinor by means of (VII 8): 


Нор ss. 


However, ЇГ"! is antisymmetric, and this fact permits us 
to express it in terms of a spinor of only second rank, 
which is not Hermitean but symmetric. The proof of 
this theorem will be given for the field tensor F*, but 
it will naturally remain valid if F^' is replaced by an 
arbitrary antisymmetric contravariant world tensor of 


second rank. | 
From А = — F'* and*(IX 12), 


Facgs— — Е уда (IX 13) 
Because the o^/* are Hermitean, it also follows that 
E iro Brio- (IX 14) 


The reduction to second rank is to be carried out by 
using 

а Пах = Na Yru (V б) 
Using (IX 13), we write 


Горо z (F во Poo) 

= 5(Е р Ере) (Ер Корр), 
by adding and subtracting а term and using (IX 14). 
Finally, applying (V 6) to this result, 


E irpo (Е ру» Нету вв) (ТХ 15) 
where 


== iin 


A proof that Р, is symmetric goes 


(1Х 16) 


Роб — F oari t= HF ioa t t= — Friar = + Fyfe? 
by using (IV.8), (ІХ 13), (IV 7), and (IV 8) (in that 
order). Note that 

ЕДЫ ЕРЕ, FP (IX 16a) 


When ¢; and By. are expressed in terms of the spinors 
Фр» and д introduced in (IX 7), Eq. (IX 4) becomes 


о ЕК1 скіба (9 Ф; Oso pr). 
By comparison with (IX 12), 
P 
Р рро д ьфро— ОроФу». 
"Then, from (IX 16), with use of (IX 14), 
Е = rapat — IÅ pra = raho t даф,“ (IX 17a) 
This result can be simplified still further by remarking 
that ; 
Dabs — 054,5 — 0549 y, = 0 
because of (V 6) and the Maxwell-Lorentz condition 
(IX 9). Thus 
: F,,— 20,50,*. (IX. 17) 
Now we can write the field Eqs. (IX 2) over into 
Spinor form. Consider the expression 


0° ;F,,— 20* 10,49, *, ^ 


(IX 12). 


where (IX 17) has been used. The differential operators 
on the right can be combined to form the d’Alembertian 
(IX 10) as follows: Since 


0° 10,4, — ==. 9»:9“:Ф,5, 


we have 
20" 9,2, = (0,407, — 0, 5074 ФА = 05,075), = 0550 р, 


by (V 6). Thus 


0° aP y= — (4ж/ c) р», (IX 18) 


by comparison with (IX 11). 

Now let us write the Dirac equation (I6) entirely 
over into spinor form. By raising and lowering indexes 
in (I 11), which may conveniently be taken as a starting 
point, we obtain 

Dok. (Oi-l-debi v^— ие, 
M “(дь ї TREX 1137 (IX 19) 
V2o*** (0;-- 1e) £s = — их”. 


When (IX 7) is taken into account, these equations 
become 
V2 (ð pot iep io) x^ = иё, 


E СИ (IX 20) 
v2 (д°8--1єф°®) É; =— py’. ) 
which is а spinor form of Dirac’s equation.!5 
The current is 
7 = ф05 (xix 5). (TX 21) 


This quantity transforms as a world vector. Its com- 
ponents are real, since the combinations x;x, and 
5,6, are Hermitean. Let 


7» (хах ££). 
Then, by (VII 11), 
ILJ = 0^ = q (O pox"? + РЕ) 
—q( (I ox L+H xi (9 ых) 
FORENE едг у: 
Taking Dirac’s set (LX 20) into account, one sees that 
this quantity is identically zero: 


8,j*— 97 j;,—0. 


(IX 22) 


(IX 23) 


The Schwarzschild-Darwin variational principle takes 
the form derived by Laporte and Uhlenbeck, with a 
Lagrangian density 
L=1{X* Ox? — PO gb" — x Po - End Er} 

Tui (Б) + 266 (carat Eaka) 

— (1716 0 (ан 4-071695) (8,56,;4-0, 0,7) ч 

CF(944?--0562?)(0;76:4-0,0;,)] . (IX24) 
When forming the Euler-Lagrange equations, it is 


necessary to recognize that this Lagrangian can be 
considered as a function 


3 1 
L(A, 2d49",...52°, DAP; ...) ‚ах 2) 


15 Our choice of the в’ coincides with that of Infeld and 
Waerden; our x? and Ёс are their у and 25 pus der 


23 » ө. 
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— ef the indicated spinors of first and second rank, as a 
function 


a 


Q (99^, д5,ф%; x^, 9х»; ...) E26) 


‘of the much more numerous spinors of higher rank, or 
as a function 
1499, 049; х, дих; ...). 
By a simple transformation using (VIII 3), ах 7), 
the Euler-Lagrange equations can be put into the spinor 
_ form 


1 


i- 
Р 


ye 


oL 9.6 


oL 
(Apex) ах 


aL 
= де - — = 
(aux) ox 


M 


Because of the particular form of L, these equations 
become 


ôL 
д (дж) 


9.5 
0= —— + 9,489 
ax 


ðL 
= X А 
д ^ (0,3) 
91, 


ЕЙ GANT 
9х 9(59,гх9) 


(IX 27) 


- In this last equation, the summation over à is to be 
‘taken before the differentiation is performed, con- 
- — trary to the usual rule that a doubly occurring index 

2 ‘indicates summation of the entire expression. 

— Ву simple algebraic transformations, observing the 
. somewhat strange-looking identity 


Гог ag 
д; =9¢\—__=+9;) ‚ (IX 28) 
ð (ðn) 8 (09^) СР) 
we obtain 
D aL 
-—+д————=0, 
1 дх? 9(59,гх9) 
"i aL aL ' 
ОАО 
b, a (Zatka) 
(IX 29) 
aL aL 
x са А 
0%: 9(Z0,56,4) 
aL à 


Кол е e 
9(29;°%г.) 


| re the*Dirac equations (IX 20) and 
li-Lore tz equations (IX 18) with current 


A 


RA 


current and the energy- 
ved directly from the 
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ture and former review articles for discussions of these 
topics.!$ : 

We wish to close this section with a brief discussion of 
the relation between the form (I 6) of the Dirac equa. 
tion (in which the indexes 0, 1, 2, 3 appear in a sym- 
metrical way) and the more commonly quoted form, 
When & 


175(— i044- фк) шр 0 (16) 
is multiplied by — iI”, it becomes 
{= Гого (ido— epo) ГГ" (— i014- ed) 
ГОГ? (— 102+ еф) + T (—ids+ chs) + inl у=0. 


If each Г or the whole operator { } is subjected to a 
similarity transformation АТГА with 


оп 0 
Дэ Oa 0 T Р 
й 1 Йй л (ТХ 30) 
— 03 0 
this equation is brought into the form" 
3 
{ (290— eho) ри У or(—iðrtH Gx) F psu) W =0. (IX 31) 


k=1 


In this nonrelativistic notation, the Dirac equation is 
more convenient for the description of spin; and the 
four components of W fall into a pair of big functions 
and a pair of small ones. 


X. SPINOR ANALYSIS 


In tensor analysis, one considers covariant deriva- 
tives of tensors in affinely connected manifolds. We 
shall pursue a similar procedure in spinor analysis, 
following in detail the excellent exposition of Infeld 
and van der Waerden (14). 

Covariant differentiation is “intréducéd in world 
space by means of an affine connection I*,,: 


Анд, А, АШ", Ача AHAT r (Х1) 


In a similar way, we now define covariant derivatives of 
spinors Ee 


Уаз OWa—laWp, ү“. .= 9,05--Г 4, (x 2) 


in which we consider the spinors Ya, Y% as functions of 
the space-time point specified by the world coordinates 
х". Note that the “product rule” holds for covariant 
differentiation: к 


(Vax*); 4-9, Wax") =Wa; «ХХ; з: (X 3) : 


The requirement that ү... and y*;, transform as spin 
vectors in respect to spin transformations leads to the 


16 See Pauli (62), Møller and Rosenfeld (61), Rosenfeld (65), 
and Belinfante (51). ok 
11 See Dirac (4) and Hill and Landshoff (43). Here р P3 Gf- 
denote the four-row matrices used by Dirac. These ax are сш 
course, not the o’s of the present paper. 1 
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following rule for transforming Г“,,: 


37 2 
АГ“ = A*,T?,,— 0,A7,. 


(X 4) 


э 


In order to have а consistent formalism, we desire 
that the complex conjugates of үд, and ¥%, be, re- 
spectively, фа; and уё, „. Then the covariant derivatives 
of the complex conjugate spinors үд, ү“ are given by 
placing a dot above every Greek index in (X 2), where 
T^;,— (ГРаз)*. Moreover, an arbitrary spin tensor is 
differentiated covariantly like an outer product of spin 
vectors, for example 


У 


7^ 5,57 „Гл Г pate (Х 5) 


In Sec. УП there was established а correspondence 
between arbitrary world vectors А; and Hermitean 
spinors A}, by means of the mixed quantities о*; „: 


АЕ, 

The quantities A*,, and Aims transform as covariant 
world tensors on the index s. It is natural to require 
that the connection between these quantities should be 
as between any other quantities A*, and Aj,., viz., 


(X 6) 


A 2 РЕ g^^ ВА АЗ 


Covariant differentiation of any tensor ог spinor equa- 
tion obeys the "product rule," as in (X 3). Thus (X 6) 
has as a consequence 


g^». = 0) 


= 9,0% ETE, gra ETE gH ce, (X7) 


We assume that the Г*,, are the Christoffel symbols 
ЫН i.e., that the notion of parallel transfer is intro- 
duced? in connection with the metric ғр. The metric 
establishes geodesics defined by parallel transfer of 
dx*/ds. At the same time, gu(dx*/ds)(dx'/ds) =1 is 
invariant, so that gx; also goes into itself when subjected 
to parallel transfer along a geodesic. Hence 


o ght = 0. (X 8) 
Christoffel’s choice 
? (X 9) 


k — ТЕ 
^s 5 Г "= Г згу 


з 
together with (X 8), determines the Г*,, uniquely in 
terms of the metric. Formula (X 9) represents 4.6 real 
equations. ; 
We now proceed to study the spinor affinities Г,,, 
considering the y,» and the a^^ to be given as functions 
of space and time. Because of 


git= ough; — сносу y c (VII 5) 
and (X 7), (X 8) we take 
0= 675277 = Ysa; Vout ҮБКҮвнса- (X 10) 


"This equation has only one distinct nonvanishing com- 


15 See Schrödinger (9), Chap. IX. 
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ponent, 
0= 0, Cyizyis) — I iyiyi Гун 
= Tyi 2.718712. 


(X 11) 
With the abbreviation (IV 9), yixyw=y7, this becomes 
0,y— (F*5,--T*;,)y — 0, 


(X 12 
T*,,--T^2,— 0, lny. ў ) 


Equations (X 10) and (X 11) can be interpreted to sig- 
nify that covariant differentiation preserves volumes in 
spin space. (Compare with the Infeld-van der Waerden 
paper cited above.) 

The Eqs. (X 12) are 4 real equations for the Г“,,. The 
symmetry conditions (X 9), when we insert Г5,,, D*ar 
from (X 7), are 24 more real conditions on the Гав,. 
"These 28 conditions are not sufficient to determine the 
8.4 real and imaginary parts of the 2.2.4 complex 
quantities Г“д,. Four real parameters remain arbitrary. 
Аз a matter of fact, И Eqs. (X 7) and (X 12) are satis- 
fied, they remain satisfied when one leaves the Г*,, un- 
changed but replaces the Г5,, and Г2;, by 


Ts Hiecht, and ГА, — iep, ôt. 


There thus appears here an arbitrary real quantity 
Ф. which is defined by 


qoa ефи (X 13) 


We investigate the transformation property of this 
quantity. In respect to world transformations, ф, be- 
haves like a covariant world vector. With transforma- 
tions in spin space, one can set |A^,| = Ае? (A positive 
real) and obtain 


$',— 6,— 0,o/2e. (X 14) 


This follows from the transformation Eq. (X 4): 
I"*,,—T^,,— 0, А, | 


and its complex conjugate. ó, thus transforms with а 
transformation of the form 


AM um 62. eie? 


(X 15) 


exactly as the four-potential is supposed to do accord- 
ing to Weyl's principle of gauge invariance. We there- 
fore identify $. with the electromagnetic potential 
vector. 

From (IV 10), namely у= у!её, it follows that 9,0 
transforms just as 2еф, does, 


я 0,0' — 0,0— 0,c. 
[Apply (IV 3) with the general expression |А-!», | 
=A e +? to 0= —M(Inyr—Iny;s).] Therefore 2e5,— 9,0 
is a vector which is invariant with respect to gauge 


transformations. 
From (X 12), (X 13) one can calculate Mata 


T*,,— 216,49, Iny}, : 
T4,,— — 225$, д, n. 


(Х 16) 


ә 
me. 
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Hence, also taking (X 5) and (IV 10) into account, the 
differential equations for the fundamental spinors are 


ast, = iy (2ф.— 0,0), (X17) 
Ys — tru (266, — 9,0). 
The Riemann-Christoffel tensor is 
Еа, Әу" De nH rap (X 18) 
Similarly, we can form, in spin space, the mixed tensor 
Phy sim — 0 D, 05D, — PAS D^ Tal йн (X 19) 


and the corresponding one with dotted Greek indices. 
The contraction of the former gives, by (X 16), the 
electromagnetic field intensity 


— Раз = PP pps= 216(дуфгг- dbp) = 2ieF ps. (X 20) 
By definition of the curvature tensors, we have 
X^ipi— Хар X Psp (Х 21) 
and hence also 
с^, pi 0m 717277 
Hoe Pe apto "R",sp (Х 22) 
Because of (X 7), the left-hand side vanishes. Hence we 


arrive at a relation between R and P. This relation can 


be solved for R or for P, e.g., 
шлан RRerepo asp tick 50^. (Х 23) 


ТЕ the world space under consideration is flat, the 
theory can be reduced to a gauge-covariant modifica- 
tion of the 1929 spinor calculus presented in Sec. VIII. 
In this case, the conditions (У115), (X7), (Х 9), 
(X 12), and (X 13) can be satisfied by taking (I 2) and 
(VIII 1) for ды and c*?*, respectively, and taking 


0 1 
ve-( = 
=i @ 
rs 
P= | |=, 
Ё 


| DER = Зеф.бВа. с 


(Х 24) 


(Х 25) 


(Х 26) 


These forms are all maintained when one carries out 
in world space an arbitrary positive Lorentz transforma- 
tion and at the same time applies in spin space the uni- 
modular spin transformation corresponding ¢hereto 
by (VIIL4). They are also maintained under gauge 
transformations (X 15). : 

With the special metrics (12) and (X 24) given, the 
ск? appearing in (VIII 1) are not the only ones which 
satisfy (VII 5). One still has the freedom to apply an 
arbitrary (positive or negative) Lorentz transformation 
n the ipdex k, or to apply an arbitrary unimodular spin 
sformation on the indices p, c. That is, how- 

the only freedom which one has. For the con- 
лоп (УП 5) me&ns, according to its derivation, that 
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with the correspondence 4;,—4, the quadratic form 
yt Aj yA po 15 brought over into РАА), and such a 
linear correspondence is completely determined пр to 
a linear transformation which leaves the latter quaq. 
ratic form invariant, i.e., up to a Lorentz transforma- 
tion. 

In Infeld and van der Waerden’s spinor analysis 
gauge transformations are represented as spin trans- 
formations of form (X 15). As a consequence, any 
generally covariant equation between tensors, spinors, 
and their covariant derivatives is ipso faclo gauge- 
covariant. We have adopted a specialization to the case 
of flat space-time which has the advantage of retaining 
this property. It may be instructive to contrast this 
specialization with other possible specializations and 
modifications of Infeld and van der Waerden's spinor 
analysis. 

One such modification would be achieved by re- 
placing (X 10) by the stronger assumption Үр 0. 
This procedure would have the advantage that it would 
permit the raising and lowering of Greek indexes in 
covariant derivatives by the natural-looking rule 
E, Е у, Which is not valid in Infeld and van der 
Waerden's formalism. This stronger assumption would, 
however, eliminate from the theory the four arbitrary 
real quantities ф., which were interpreted as components 
of the electromagnetic potential. In Eqs. (X 13), 
(X 16), and (X 17), 2еф, would be replaced by 9.6. 
Thus the possibility of using spinor analysis as а gauge- 
covariant formalism would be lost. In the case of flat 
space-time, the selection of (I2), (VI 3), (VIII 1), and 
(X 25) for ды, уь, о, and I*,, would reduce this 
modification exactly to the 1929 spinor Calculus of 
Sec. VIII, since the choice y=1, 0=0 (VI3) would 
entail I?,,— 0. | 

Reverting to Infeld and van der Waerden's form of 
spinor analysis (that is, rejecting the assumption 
Ү,;:= 0), we note that in specializing té the case of 
flat space-time we could have achieved a closer ap- 
proach to the 1929 theory by selecting (VI 3) in place 
of (Х 24). Had we made this choice, the resulting 
specialization would differ from the 1929 spinor cal- 
culus only by having (X 26) in place of Г®.,==0. This, 
is another enticing simplification which, if адрей, 
would entail the loss of gauge covariance. The choice 
(VI3) could not be maintained under gauge trans- 
formations, since these are not unimodular [see (IV 3). 

Let us now write the equations of the Dirac theory 
over into the gauge-covariant formalism provided Бу 
the specialization [(I2), (VIILD, (X24) (X25) 
(X 26) | which we actually chose to adopt. In our pre. 
vious discussions of the Dirac theory (Sec. Г ап 
Sec. IX), we have worked within the framework of the 
1929 spinor calculus, which provides for Lorentz coj 
variance but not gauge covariance.-In making ш 
transition to а gauge-covariant theory, We subject 
Eqs. (111) to manipulations admissible under the 
Lorentz group and the unimodular spin group; 1? order 
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to bring them into а form in which the differential 
operators д» and potentials ф, appear only in the gauge- 
covariant combinations produced by covariant differen- 
| tiation. Equations (IX 19) have such a form and were 
| obtained by subjecting (111) to just such manipula- 
tions; they can at once be written 


V2a* ix^; b= V2 (т* px); к= ut; T 

VIt a ,— V2 (ott; = — ux, (X. 27) 

| by using (X 2), (X 7), and (X 26). Equations (X 27) 
are the Dirac equations in the spin frame with 4—1 
and 0—0, and have gauge-covariant form; hence they 
are the Dirac equations in any spin frame with у=1, 0 
arbitrary. 

The conservation theorem for the current j;, (IX 22) 
takes the form 7*;.= (o*#"7;,)..=0 #7 ..=0, and can 
easily be derived in gauge-covariant fashion using the 
Dirac equations (X 27) and their complex conjugates. 

The second-order equation can be derived in the 
following way: From (X 27), 


Lol? (o'i?) i] гн ot ut; „= — Зи”. 
Using (УП 12), one obtains 
gx", — oo" ХР. = ие. 


Taking account of the fact that / and Ё are summation 
indexes, and using (X 21), 


; E 265 
био бо P anx — — и. 


This is the second-order equation for х”. If we use 
(X 2), (X 26), and (X 23), setting R5,,,—0 since we 
are working iu a flat world space, we obtain 


5 (01-165) (812 - debi)" H- ieF uo” oix = — ux", 


which is the Schrédinger-Klein-Gordon equation in- 
cluding the spin interaction term. A similar equation 
holds for £;. 

The Lagrangian density (ІХ 24) can be written in 
the form 


A > oL= ipee ux?) x* r*039):— АЕ) 
Tilata), p ]H-V2jt ( ххх) 
+ (1/16mh) (FPF „ЕВЕ, 


Бу use of (IX 17), (X 2), (X 7), and (X 26). The last 
| term is equal to (1/8 7) Рд, by (IX 16a). The in- 
variance of this Lagrangian density with respect to 
general spin transformations implies the covariance of 
the whole theory, in particular with respect to gauge 
transformations. 
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I. DEFINITION OF THE ANGULAR 
CORRELATION PROCESS 


a) а - 
Т is a well-known fact that the coincidence observa- 
.tion of two radiations emitted by a nucleus yields 


_ adorrelation in their relative propagation directions. 


This fact, which was first pointed out by Dunworth 
(22),' has been utilized very extensively as a method for 
measuring various properties of nuclear energy levels, 
and rather elaborate development of the theory is now 
available thanks to the efforts of many investigators 
(30, 57, 65). In the following we shall attempt to syn- 
thesize these various theoretical developments with 


* This paper is based on work performed for the U. S. Atomic 
Energy Commission at the Oak Ridge National Laboratory. 

T Now at Yale University. Г 

1 Numbers in parentheses refer to references which are arranged 
alphabetically in Dibliography at end of paper. Equation numbers 
are prefixed by the customary abbreviation “Ед.” wherever 
ambiguity may arise. The bibliography should represent a fairly 
complete guide to the literature as of September, 1952. 
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particular emphasis on the interpretation which must 
be given to the various possible formulations of the 
theory (Sec. II). At the same time it is our purpose to 
discuss in detail the various special cases of angular 
correlation with which the experimentalist is apt to be 
confronted (Sec. III, IV, and V), and to provide a 
reasonably complete set of numerical results so that 
the present article, it is hoped, can be used as a “Вап@- 
book" of angular correlation, so far as the theory is 
concerned. We shall not attempt a discussion of specific 
experimental results inasmuch as such discussion as is 
pertinent at present will be given in a companion article 
by Frauenfelder (34, see also 21 and 35). However, as 
will be seen from the following, it is necessary to recog- 
nize the relation of the theory, as it appears here, to the 
circumstances under which the observations may be 
carried out. 

'The simplest type of angular correlation process con- 
sists of the measurement of the coincidence rate of two 
successive nuclear radiations as a function of the angle 
between the propagation directions of these radiations. 
We shall refer to such a process as a direction-direction 
(double) cascade. The principal information obtainable 
from such a measurement is the angular momenta of the 
nuclear levels involved and that of the emitted radia- 
tions. In addition, in all cases except emission of elec- 
tromagnetic radiation a determination of relative 
parity can be made. The case of у correlations in which 
at least one of the transitions is not a pure multipole 
also provides a more sensitive means of obtaining the 
mixing ratio (ratio of intensities of magnetic to electric 
multipoles) than total intensity (for example, conver- 
sion coefficient) measurements do.” Possible generaliza- 
tions and alternative processes in which one is interested 
are: (1) the polarization-direction correlation in which, 
for one of the radiations, the polarization state is also 
measured (thereby fixing relative parity for pure multi- 
pole y-radiation) and (2) the case of nonsuccessive 
radiations where more than two radiations are involved 
in the cascade. The latter case, in which one may also 
observe the propagation vectors of two radiations only, 
is properly. classified as a triple correlation, Sec. V. 
This list of alternative correlations processes is not 
meant to be complete. In particular, in the above we 
have omitted reference to the correlation process in a. 
magnetic field (internal or external) which merits 

? An additional parameter depending on nuciear Structure Бо 
sulting from the correlation observation is the relative-phase of 


electric and magnetic multipole matrix elements, see further Sec. 
II and references (3) and (55). б ues 
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separate consideration, Sec. IV. In the following refer- 
ences to the angular correlation without qualifying 
phrases or adjectives will generally be concerned. with 
the direction-direction double cascade in which the 
radiations are emitted consecutively. 

Л From a descriptive point of view а simple physical 
explanation of the existence of the angular correlation 
can be given as follows: If we consider only one transi- 
tion, either the first or second, then clearly the angular 
distribution of the emitted radiation is isotropic. Proofs 
of this result too numerous to mention have been given 
in the literature; it is moreover obvious (or expected, 
to say the least) from the fact that no direction in 
space has been singled out. Each substate (magnetic 
sublevel of an isolated nucleus) emits anisotropically 
but on summing over these substates with equal popu- 
lations and random (relative) phases, so that the sum 
is incoherent, the total intensity is independent of 
angle. However, in the angular correlation process the 
angular distribution of one radiation is observed when 
it is known that the other has a fixed direction. The 
prescription of a fixed direction, of course, singles out a 
direction in space; stated otherwise, the observation of 
the aforementioned propagation vector acts as a kind of 
projection operation in giving different weights to the 
various substates. In other words it gives information 
about the substates of the nuclear level formed after the 
emission of this radiation. In particular it asserts that 
these sublevels are not uniformly populated. Conse- 
quently, the radiation subsequently emitted will not be 
isotropic [except in very rare cases where isotropy 
results as an accident (9) |. 

This rather elementary point is belabored in order to 
emphasize the fact that the quantitative description of 
the angular correlation process depends critically on 
the fact that we are considering an isolated nucleus. 
Tt is also clear that isolated here means that there is no 
appreciable interaction depending on the orientation 
of the nuclear spin in the intermediate state of the 
cascade. Even more specifically, the assumption is that 
the mean life for emission of the second radiation is 
short compared to the precession period of the nuclear 
spin, in the intermediate state, under the influence of 
possible spin couplings. а 

We may now examine the circumstances under which 
this assumption may realistically be regarded as valid. 
In general, it is clear that the only interactions of im- 
portance are those for which the energy splittings jn the 
intermediate state are of the order of or larger than the 
total width of this intermediate state. 2 

We first consider direct interactions. Then there are 
two well-known types of spin couplings to be consid- 

° егей: (1) the coupling of the intermediate state mag- 


-* As an examp?e, in the emission of spinless particles the mag- 
5 netic диа їп numbers (defined with respect to the propagation 

0 of the two states connected by the transition must be 
ne. Thus, in the simple case of a 7—0—7— 1 transition, only 
the substates (m0) is populated. 
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netic moment to a magnetic field and (2) the coupling 
of the quadrupole moment in the intermediate state to 
an electric field gradient. Since the intermediate state 
angular momentum j must fulfill 721 in order to have 
an anisotropic correlation neither of these couplings 
can be ruled out a priori. It is evident that the presence 
of such spin-couplings will attenuate the correlation in 
the sense that it will be more isotropic than that of а 
bare nucleus. Experimentally it is observed that the 
correlation can be wiped out entirely, although a de. 
tailed description of the physical circumstances giving 
rise to this effect cannot be given at present. 

We may now examine the importance of the spin- 
couplings listed below. 


(1) Magnetic Coupling 


Here we are primarily concerned with hyperfine 
fields. The multiplet splitting caused by hyperfine 
interaction ranges from 10-3 to about 1 cm™ corre- 
sponding to precession periods тм» in the range 10-7 to 
10-19 or perhaps 10-1 sec.! Therefore, for some cases, 
high energy and small angular momentum of the second 
radiation, no coupling effect would be important. 
However, a majority of cases, for which angular correla- 
tion would be a useful tool, fall into the range of lifetime 
corresponding to important hfs coupling perturbative 
effects. An indication of how these affect the angular 
correlation is given in Sec. IV. Of course, no difficulty 
arises if for the ground state the electronic shell has 
zero angular momentum, J,=0. However, even if such 
were the case the electron shell cannot be expected to 
remain in the ground state, or indeed, to remain in any 
stationary state. The nuclear recoil in a heavy particle 
reaction and/or excitation and ionization resulting from 
B-emission or K capture which will initiate the cascade 
in almost every case will also initiate а chain of elec- 
tronic transitions. Thus, following K capture (or in- 
ternal conversion, as well) the епӯїѕѕіоћ of Auger elec- 
trons and x-rays transfers a К hole to the outer orbits 
and, in the case of the former, results in the formation of 
a multiply-charged ion (20). While these electronic 
transitions generally proceed very rapidly [10° — (q^ 


sec—see (62)], it is to be expected that in most cases . 


a non-negligible magnetic interaction will occur ifr che 
equilibrium state. In those cases in which Л.=0 for the 
ground state, one may attempt to eliminate the magnetic 
coupling by providing the radioactive nucleus with an 
environment such that the transition to the electronic 
ground state is very rapid. Presumably.this is what is 
accomplished by the surface film technique [embedding 
in thin metallic layers formed by evaporation, electro- 
deposition, etc. (1, 33, 73) and by the use of dilute ionic 


“This, of course, is based on the very reasonable assumption 
that nuclear magnetic moments in excited states are of the атаа 
order of magnitude as ground state moments. It also involves the 
equally reasonable assumption that the electronic states involve 
in the correlation have roughly the same properties as 059 
involved in optical transitions. 
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solutions (48, 73)]. However, the physical processes 
involved are not very well understood at present, and 
there'is no a priori method whereby опе may be sure 
that all spin-coupling has been eliminated, 


(2) Quadrupole Coupling 


The quadrupole interactions may be as large as 100 
megacycles, or тог-10:5 sec. While not as large as the 
magnetic interaction, the quadrupole interaction can- 
not be ignored for a very appreciable number of cas- 
cades (1a). Little needs to be added to the above except 
to say that the formation of an environment which has 
the property of eliminating magnetic interactions must 
also eliminate field gradients at the nucleus. 

It would seem that an alternative procedure, which 
avoids the complications of imperfectly understood 
solid-state properties of thin films and the properties 
of dilute solutions could be utilized wherein the correla- 
tion is observed in a strong external magnetic field. 
'Then, under conditions of complete Paschen-Back 
effect the spins are decoupled even if quadrupole coup- 
ling is present. Аз discussed in Sec. IV, one of the radia- 
tions must then be parallel, or nearly parallel, to the 
field. However, the very preliminary and admittedly 
meager experimental evidence [correlation in №9, 
(36) ] indicates that little or no decoupling takes place 
even with fields of the order 10* gauss. There seems to be 
no reason to doubt the validity of the reasoning with 
regard to spin decoupling by such a field for an isolated 
atom. In the actual source the presence of indirect 
couplings between neighboring ions may explain the 
failure of the strong field method. The presence of such 
couplings would, of course, imply an effect of chemical 
environment on the angular correlation. Even if this is 
the case a combination of a strong field and suitably 
prepared (magnetically dilute) sources may produce the 
desired spin decoupling. Whether one uses these sources 
with or without a magnetic field, an additional compli- 
cation arises in observing charged particles due to 
multiple scattering which is necessarily present with 
thé requisite thicknesses. However, corrections can be 
made if the scattering is not excessive (32). Even with 
thf-ysources the presence of a strong field could be 
tolerated only for correlations not involving light 
charged particles. 

In any case the difficulties discussed above are such 
that little or no help can be expected in the way of 
quantitative calculations. Certainly, the technique of 
preparing suitable sources which is closely associated 
with the question of understanding the concomitant 
physical problems, is largely an experimental one. 
Nevertheless, the starting point for the analysis of any 
experimental results must be the theory for the isolated, 
uncoupled nucleus. This must be so whether the angular 
correlation is regarded as a method of nuclear spectros- 
Copy or as a method of investigating nonstationary 
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state processes т the solid (or liquid) state.* For this 
reason, and because the purely nuclear aspect of the 
theory is so well developed, we restrict our attention 
chiefly to the angular correlation without spin-coupling. 
The only noteworthy exception is the case in which hfs 
and other internal couplings can be eliminated. Then 
the application of a magnetic field, for which ihe coup- 
ling is completely defined, permits a determination of 
the intermediate state gyromagnetic ratio and magnetic 
moment by comparison with the zero-field correlation, 
(2, 5). This will be discussed in Sec. [V. It goes almost 
without saying that, for purposes of nuclear spectros- 
copy, every effort to eliminate the essentially unknown 
spin-coupling should be made. To the extent that this 
can be done the results of this paper would apply to 
the observed correlation, and the correlation measure- 
ment becomes an extremely valuable tool for the in- 
vestigation of nuclear properties. It should be empha- 
sized, however, that in many cases the spin-coupling 
effects are either too small to be observed or are small 
enough so as not to render ambiguous spin (and parity) 
assignments. Recent experimental results on Co™ shows 
that when care is taken in the preparation of sources 
and in making appropriate corrections for geometry 
and statistics the agreement with theory is excellent. 


II. GENERAL FORMULATION 
А. Introduction 


It is our purpose in this section to set up the problem 
of the angular correlation of successive nuclear radia- 
tions in the most general fashion possible in order to 
provide a common framework for the discussion of the 
various specialized problems of practical interest. The 
detailed applications appear in succeeding sections. The 
common features of all correlation problems is to be 
found in the fact that thev involve an initial nuclear 
state of sharp angular momentum 7, and parity that 
undergoes successive transformations either emitting 
or absorbing radiations through intermediate nuclear 
states of sharp angular momenta ja, j5:-- with sharp 
parity and terminating as a nucleus with sharp angular 
momentum / and parity. The properties of the radia- 
tions, the observation or lack thereof of their directions 
of motion, polarization properties, the presence or ab- 
sence of perturbation of the intermediate nuclear states 
by external fields (magnetic (hfs) and possibly quad- 
rupole interactions) condition the specific correlation 
discussed. Our general assumption of sharp angular 
momerta and parity for the nuclear states is restrictive, 
however, and distinguishes the correlation problém 
from, say, the closely related problem of the angular 
distribution of nuclear reactions (15, 16). One addi- 


$ [t is perhaps worthy of note that this interweaving of nuclear 
and atomic as well as solid-state physics arises from the fact that 
we are interested in the angular properties of the i. 
tions and because the nuclear lifetimes are long епоцей to com- 
pare with the characteristic transition times for the atomic and 
solid state processes. e Эв» 
M 
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A ‘tional restriction will be made in the general formula- 
tion: namely, that the initial and final nuclear states 
- — are randomly oriented. This is a mild delimitation of 
the problem, excluding only such specialized processes 
as the radiations from oriented nuclei in certain crystal- 
— Jine lattices at very low temperatures (72). It turns out 
that in several instances such problems can nonetheless 
ъс treated as special cases of our formulation. In any 
2 case such processes are not our immediate concern. 
} 'The initial and final transitions thus occupy а рге- 
ferred position in this formulation, and focusing our 
attention. on the two transitions leading from and to 
these states we can write the general correlation func- 
tion in the form 


W (Aa, Аз: А’, A", -- )e €x (jm Hi (Ay) | jama)” 
Gum |Н. (Аз) | Јата) (тата; mms) 
Xan | Н.(А») | jam) п. | Н, (Ae) | jamo). (1) 


Here the summation У) is over Mi, Ma, Ma’, Mn, Mn’, 
тэ, and the symbol © refers to the averaging over all 
of the unobserved properties of the radiations. As indi- 
cated irrelevant constant factors have been omitted 
since we are interested only in the dependence of the 
–· correlation function on observed parameters А; and А, 
such as propagation directions, polarization. We omit 
scale factors in the sequel usually without comment. 
Further, in Eq. (1) Z;(Ai) is the interaction Hamil- 
tonian for the emission of the initial radiation described 
by the set of vectors A; and И» describes the emission 
22 of the second radiation in a similar way; S(mama'; 
- ты») is a matrix that describes all the other proper- 
— — ties of the correlation (the intermediate radiations and 
extraneous perturbations, see Secs. IV and V). The 
vectors А’, А”... describe intermediate observed 
radiations and are contained in the 5 coefficient. For 
the emission of two successive radiations this matrix 
represents the spin coupling of the nucleus in the inter- 
mediate state with extranuclear fields. In the following 
sections the form of this matrix will be derived in detail 
as it is needed for the cases of interest. For the simple 
-case of two successive radiations (double cascade), i.e., 
еге only the initial and final radiations otcur and the 
ntermediate state of spin j,— j,— j is unperturbed, 
тата, 5 тт) 0 (mam, )0 (mas т»). In such cases the 
uperfluous subscripts a and 7 will be omitted. For the 
ume case but with the intermediate state perturbed 
y hfs, or for the case where but a single unobserved 
radiation connects intermediate states ja and 7, and 
h e states jaand 7» are unperturbed [see reference (42) ] 
(ma Ma, Mn— Mn )f (Ma, Ma’, тыь). This particular 
a 2 n n 2 


ax 


luce апу new angular information. The case of 
d magnetic field with incomplete Paschen- 
stitutes an example to the contrary. 

ge Eq. (1) so as to bring it to the 


t e 


n 
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more useful form: 


W (А, А›А”А”. - -) 
ey. EO (тата!) (тата ; т.т) (тт). (2) 


The summation is to be carried out over ma, ma’, m, 
and m,', and we have defined :{ 


EO (тап!) =, У (jms | Ну | јата)" 
mi 
xGuni Hi | jama’) (3) 


with ©, designating an average over the unobserved 
properties of radiation 1; E? 18 defined in a similar 
manner. These Е matrices are Hermitian so that 
E(mm/) = E*(m'm). The interpretation of the E matrices 
is given below in Sec. II-B. 

The rearrangement leading to Eq. (2) is of more than 
calculational interest, since it allows one to break the 
angular correlation problem into much simpler parts: 
the initial and final transitions (which may now be 
considered independently and, moreover, involve the 
same kind of treatment), and the link between these 
radiations which depends on spin-coupling in the inter- 
mediate state. The E matrices can be greatly simplified 
by the methods of Racah (63, 64, 65), as originally 
shown by Gardner (38). To do this we first expand 
the interaction Hamiltonian M, for the emission of a 
particle along the quantization (z) axis in terms of 
tensor operators with definite angular momentum, 
parity, and time-reversal properties: 


ACN) ам, АТМ, т, Xi)! 


L,M,x 


(4) 


Here the a(LM, т; А) are variables that characterize 
the particle emitted, and the T (LM, т) are irreducible 
nuclear operators of degree L (see Eq. (5) below) with 
parity т----1. The arguments X, refer to nuclear con- 
figuration and spin coordinates. Note that Г, can be а 
half-integer as well as an integer. For a transition with а 
definite angular momentum and parity change, i.e., 
a pure multipole transition, only a single one of the 
T (LM, т) enters. In the following sections, the a (Lf ir) 
or their equivalent are given explicitly for the cases of 
interest. For the present purpose it suffices to say that 
the a(LM, m) are characteristic parameters of the 
particles; for example, for alpha particles the «(L4M, т) 
vanish unless r= (—)2 and M=0 since.the projection 


1 Note added in proof—We recognize that, strictly speaking, 
the Н operators are not Hermitian but are the emission (or 
absorption) parts of Hermitian operators. Actually in Eq. 
EO (ть ть) should be replaced by a density matrix constructed 
in the same way except that Н» is replaced by H2*. The distinction 
between these two density matrices is a phase (—)", [see Eq- G8), 
for example], which would appear in every correlation function. 
However, except in the impractical case in which the circular 
polarization of two у-тауѕ is measured, v will be an even integer, 
and the distinction 1s academic. 

$ f 


й 
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of orbital angular momentum along the axis of motion 
(z axis in the present notation) must be zero and по 
spin engular momentum is involved. In this case the 
parity is related to the angular momentum L by 
т= (—)". For y-rays M= +1 only, because of the 
transverse character of the electromagnetic field, and 
now for given 7, (multipolarity) the z index essentially 
characterizes the transitions as electric or magnetic. 
Other cases in which we shall be interested, especially 
Dirac particles, are somewhat more complicated and 
will be examined in connection with the special cases 
treated in ths sequel. 

If we are interested in the radiation emitted in an 
arbitrary direction, we make use of the rotational prop- 
erties of the T operators and transform them to а 
new set of axes. The operators T(LM, т) transform as 
(2L--1) dimensional irreducible representations of the 
3-dimensional rotation group, that is 


T(LM, v; X) => T(Lu, т; X)D(L, uM ;G), (5) 


where the X; and X,’ refer to the original and rotated 
coordinate system, respectively. The argument 6t of 
the rotation matrix D is a rotation, with Euler angles 
aßy, such that the coordinate system describing the 
radiation (propagation vector and polarization direc- 
tion) is carried over into the quantization coordinate 
system. The three Euler angles are necessary, so far as 
problems considered below are concerned, only in the 
case of emission of linearly polarized light. If the ob- 
servation of the radiation does not include a measure- 
ment of linear polarization, the angle у is ignorable and 
can be set^equal 1o zero. In this case the azimuth angle 
а is meaningful only in the E matrix but, as will be seen 
and as is to be expected, for the correlation only a single 
angle 8 will be pertinent. However, until the two links 
in the correlation function are formed the rotation @ 
will define a alirection.(o, 8) which will coincide with the 
propagation direction. With f denoting the unit vector 
in this direction we shall write f as argument of the 
rotation matrix in this case. (We follow the practice 
of using boldface German letters for unit vectors.) 

eIntroducing Eq. (4) and Eq. (5) into Eq. (3) and 

“droxing the subscript a we find 


EO (mm!) €Y:o* (LM, т)а (L/M', v^) 
XD*(L, uM)D(L', u M')(jm| T (Lu, т) | jm)* 
x(Gumi|T(Q/u,z)|jm), (6) 


^ 


and the summation is now over mı, L, M, p, v and 
17, М’, ш, т’. Now the Wigner-Eckart theorem (77) 
gives 


(лт. | T (Lu, п) | jm) 
=C (j1Lj; ım— mı) (ИТ т) 6 (пита), (7) 


where mı and т, are the parities of the nuclear states and 
C(j1Lj ;mım—mı) is the vector addition coefficient or 
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Wigner coefficient® corresponding to the addition of 
Л and L with components m; and m—my to give a 
resultant j with component m (19), while (7.1717) 
is a reduced matrix element. We use now the rela- 
tion (77) 1 


D*(L, uM) (=) мІ, —u, — M) (8) 
and the Clebsch-Gordan series (77) 


D(L, —u, — M)D(U', М’) 
=}, С(ИМ/»; —uu')C(LL/v; —MM') 


XD(v,u'—-u, M'-M). (9) 
Using Eqs. (7), (8), and (9) in Eq. (6) yields 


Е (mm!) У (=) ДТ) 
хита (LM, я) 
Хе(1/М'х)С(]\1.ў; түп— т) 
XC(ÀAL'j; m m’—m)C(LL'v; - MM") 
XC(LL'v; my —m, m —mı) 


XD(v, т—т, M'-M;6). (10) 


The summation here is over mı, Г, Г’, v, M and М". 
We can perform the m, sum using Racah's techniques 


25 (— 1) mit mCLj; myn—m) 
ті 


XC(fL'j; mun! —mi)C(LE'v; тт, m'—m;) 
= Qj-) C)" CG jv; т, —m) 
XW(jLL;vj). (11) 


* Equation (7) is in the form given by Wigner (77). At first 
glance it appears that this result implies the convention 


(a1 H1) = [үь*Ну4т. 


Although this is a perfectly legitimate convention, we prefer to 
use the more commonly used notation in which the indices a and 5 
are interchanged in the left- (or right-) hand side of the above. 
It would then appear that the proper manner in which the Wigner- 
Eckart theorem should be written is 


(jum T (Lu, x) | jm) 
BGR GIT CANC GLA mm -—m)S(x, ere), (75) 


where B(7 jı) is a constant depending only on the indicated argu- 
ments and its specification merely fixes the normalization of the 
reduced matrix element (J;|T(Lx)|j). For example, Racah 
[ (63), his Eq. (28) | writes the Wigner-Eckart theorem in this form 
with B(j71) = (2713-1). Actually Eqs. (7) and (7a) give identical 
results with the understanding that different definitions of the 
reduced matrix elements are involved in each case. To see this in a 
simple way we consider that the tensor operator T(LM,z) in _ 
Eq. (7) 15 actually the adjoint of T(LM, =) in Eq. (7a) where the 
phase choice is T+ (LM, т) = (—) M T (L— M, х), say, (see Sec. 
ILC below). That is, we replace emission by absorption which = 
doesn't have any effect on the results. Then, if we equate {һе E. 
corresponding sides of Eqs. (7) and (7а), we find thatthe reduced — 
matrix elements differ by a phase (—)2, aside from 7 and 7: de- 6 : 
pendent factors which are nonessential and which can moreover 006 
be removed by suitable normaliza*ion. Thus, our result given 
Eq. (38) below can be transcribed to Racah's form by inserti: 
of a phase factor (—) 111+ which is equ'valent to a 
definition of the reduced matrix elements. Here and a&roughc 
we suppress the third magnetic quantum number in the Cle 
Gordan (vector addition) coefficients since it is always the sum 
the first two. 4 y Эр 
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Following Racah we also define the set of parameters 
су (LL/)&€, У a* (LM, т)«(1/т+ М, T) 

à x(—)-X*C(LI/v; – M, t+M). (12) 
Then Eq. (10) reduces to 


EO (mm^) Y (—)5-7** Q j4-1) (АИТ) Л” 
хита (LLC G jv; m, — m^) 
XxW(jLL'; vj) D(v, m'—m, т; 69), (13) 


and the sum is over L, L’, v and т. 

The various terms in Eq. (13) have a clear-cut mean- 
ing. The factors (i| T(L7)]|j) are physical parameters 
(that is, reduced matrix elements) characteristic of the 
nuclear transition involved and, in particular, of the 
state emitting or absorbing radiation, and are thus 
independent of orientation and of the directions of 
motion. These are physical parameters in the sense that 
they are dependent on a physical model. The factors 
с (LL/) are characteristic of the particles emitted, and 
upon the multipolarity and parity of the transitions 
considered through the parameters (LM, т), but are, 
in addition, dependent on the information specified as 
defined by the physical experiment under discussion. 

i This is clear by virtue of the averaging process indicated 
in Eq. (12). The remaining factors are to be interpreted 
as intrinsically geometrical in nature in contrast to the 
foregoing factors which are determined by the physics 
of the process. 

Some general properties of the c» can be obtained 
rather readily. If only the direction of motion of the 
particle is observed, then с»о alone differs from zero. 
This can be seen simply from the fact that the angle y 

" refers to a rotation about the direction of motion, and 
the physical experiment by assumption is independent 
of y. Thus r=0. Similarly if the experiment measures 
circular polarization, the experimental results are again 
independent of y and 7—0. Thus, for this case only 
6,0750. These conclusions can be verified in detail for 
each specific case from the definitions given above. 


B. Statistical Interpretation of Fano (30) 


A number of fruitful interpretations of the formalism 
of angular correlation are possible and have been given 
in the literature. At this point we consider an interesting 

- interpretation of the meaning of Eq. (13) in terms of the 
density matrix as given by Fano. The density Or sta- 
tistical matrix was introduced into quantum mechanics 

to provide for the discussion of states about which less 
an maxiinal information is available. This is exactly 


= nuclear state was randomly oriented (an impure 
tate) and oply limited information provided on the 
e ofthe radiation (only its direction of motion 


was first {о describe it as if we had maximal 


= = 
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information, that is, the procedure is to introduce pure 
states and then average our final result to accord with 
our limited knowledge. The use of the Racah functions 
appeared as an algebraic convenience to handle the 
sums. As pointed out by Blatt (16) and especially by 
Fano (30), a direct procedure should be possible that 
never introduces the extraneous details of this method, 
In carrying out this program by means of the density 
matrix the geometrical significances of the Racah func. 
tions will become more apparent. 

Consider а pure state V defined by an expansion in 
terms of an complete orthonormal set of wave func- 
tions 1", 1.е., 


у= У ати)". 
т 


One constructs the matrix 


к= ж 
у 1! =@м' Од». 


Then all properties of the state y, that is to say, the 
mean value of any arbitrary operator F can be found 
from the trace rule 


(=F ана» Fus tr (FP). 
mm^ 

The state y is therefore completely described by the 
density matrix P. The density matrix, however, can 
also describe impure states, which can be looked upon 
as the weighted sum of the density matrices P, of 
pure states; thus P=} npnPn where р» are the weight 
factors. 

The matrix E(mm/) introduced above is seen to be 
the density matrix of the intermediate state j. The 
information on the intermediate state ^j, as represented 
by the matrix E(mm/), has its origin in the coupling 
of the density matrices for the initial state, about which 
we know only its spin 71, and the radiation, about which 
we also have limited information. Equations (4) and 
(5) can be considered as the expansion cf the radia- 
tion into pure states, T(Lu, т), with coefficients 
Y:uD(L, uM)a(LM, т; А), while the initial state is 
expanded on the set Ул”. Equation (6) is then the 
expression of the density matrix for the state j in terms 


of the density matrices of the initial and radiatien о 


states. “ту 
In more detail one has for the initial state 


Vin= 7, A (т) 17", 
ті 
for the radiation J 
ула У ВОМ), (n 
LM : 
and for the resultant state 


Vres= > С (ту у", 


where 


C(jm)= У) A(m)B(LM)(jm|LM | jam): 


mL М 


E шини EET 


D 
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Forming the density matrices for the resultant state, 
in which the transition ends, one obtains 


Pumm (res) = 22 Pmnm (in) Pr мт ap (rad) 
XGm| LM | лт) jm! [М | ит. (15) 
The summation is over the indices L, L’, M, М’, m; and 
^ my’. Equation (15) is the desired relation for the density 
matrices, but it is in a very unwieldy form. Fano 
introduced at this stage the concept of “statistical 
tensors” R(kq), defined by the relation 


Reg, 31) È C) "С; m, -т) 

XP(jj'mm')à(m', m—q), (16) 
where P(jj'mm') is the density matrix for states not 
sharp in 7. 

This step is motivated by the observation that the 
density matrix is dependent upon the choice of the 
quantization axes, and under rotation of coordinates 
transforms as the Kronecker product of the two repre- 
sentations j^ and j. This product, (j’)*Xj is, of course, 
completely reducible into a sum of terms with rank Ё, 
(|/—7| <2<7-Л, and, in the usual fashion, the 
coefficient of each representation is the vector addition 
coefficient, which allows us to separate each term by 
means of Eq. (16). 

For a completely random state but with sharp j we 
know that the density matrix P( j /mm') 2 6(jj')8(mm/) 
and using Eq. (16) we find that only the scalar А (00, 77) 
can be defined; 1.е., a random state looks spherically 
symmetric, as is to be expected. In general a state of 
spin j can define tensors of rank less than or equal to 
2j, as Eq. (16) shows. Using the unitary property of the 
vector addition coefficients, we can invert Eq. (16) 
to give the density matrix in terms of the tensor param- 
eters. Introducing the tensor parameters in Eq. (15) 
gives the result. 


Pm (res) = У (—1)/-"C(jjb; m, — т’) 
kq 
s X R (kq)0 (4, п-т’) 
a With 


К) = (АШ 9“СА | ЛЕ (an 
XR (k-qr)C (krkik; qe, — 9) (Qi; 9-1-9) 
ХУ (204-1) Qj4- DE QEid- 1) (22,1) 1 
(1) аыр (дара; jki) 
XW (jo jL/; ЛВ (kiak,L'; Lk)}. (175) 


(17a) 


The first summation is over L, L’, hi, qu kr, qr- The 
bracketed term in Eq. (17b) is essentially a recoupling 
coefficient that allows one to relate the tensor param- 
eters of the initial and radiation states. to the tensor 
parameters of the resultant state. The tensor param- 
eters of the initial state represent the coupling jit} 
=k, while the radiation tensor parameters represent 
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the coupling L+L’=k,.7 The tensor parameters of the 
resultant state, however, are expressed in the system 
j+j=k withj=L+j,=L/+j,. The bracketed coefficient 
in Eq. (17b) is just the change of coupling coefficient 
to go from the coupling of resultant tensor parameters, 
0:4-1)-н0):4-1/)-5К, 

to the coupling 

Gir k) (E-EE/ — k;) =. (18) 


For the present problem where the initial state is 
random, only the scalar tensor parameter is defined, 
i.e., 1 =491=0. Then 


R(Eq) = 2, (311117) * GALE RS —q; LL’; rad) 
LL’ 


X Qj4-1) (риал kj). (19) 
Using Eq. (19) in Eq. (17a) we find 
Ртт (геѕ) = 2, 5, (—)nt нн j- 1) 
ka LL! 
XC(jjhb; m, —т’)6 (4, m'—m) 
X R(kq; LL’; rad) (jul L] j)* 
хОЦИЛ| ДИ GILL; Bi). (20) 


Comparing Eqs. (20) and (13) gives the desired inter- 
pretation of Fano. Namely, (a) the (—1)/-"C(jjr; 
m, —m’) is the coefficient that relates the tensor param- 
eters to the density matrix, (b) W(jjLL’; vji) is the 
coefficient that changes the coupling schemes, (c) the 
(11117) are physical coefficients that weight the 
various multipoles (d) finally, (—)4*£^*25^.c, ( LL’) 
XD(v,qr; Q), which appear in Eq. (13), [see also 
Eqs. (42a) and (71) below] are the tensor param- 
eters of the radiation [R(kg) in Eq. (20)] which 
express directly the information available on the radia- 
tion by virtue of the physical measurements performed. 
For example, if the radiation were unobserved only a 
scalar parameter can be defined, and Eq. (20) shows 
that the intermediate nuclear state is also random. 


C. The Tensor Parameters of the Radiation 


'This formulation shows that the key point of the 
correlation problem is the determination of the tensor 
parameters of the radiations. Let us limit ourselves for 
the moment to a single emergent nonrelativistic? 
particle. Then the tensor parameters of this radiation 
are obtained from the measurements: 

(1) the type of particle (this includes its spin mag- 
nitude), : B 

(2) the detection of its direction of motion, 

(3) a spin polarization measurement (carried out, 
we shall assume, with respect to a set of coordinates 
defined by the direction of motion). 

? The order in which the vectors L and L’ are added is =: Sortant 
for the phases, (19). > 3 
“5 By this we mean that the spin is treated in Pauli approxima- 
tion. г Dp E : 


= “ 


aa a 


736 [рх uc. 

The measurement of a direction of motion is, of 
course, the basic correlation measurement. Interpreted 
quantum-mechanically it means that the particle is in 
È a plane wave state, exp(iK, - re) (leaving aside the irrele- 
2 vant center of mass motion). The subscript c here is а 
Чч particle label, The spin measurements determine the 
spin wave function to be ха”, assuming for the moment 
that the observation corresponds to pure m states, 
rather than to a more general linear combination of m 
states, This information must now be used to deduce 
the density matrix for the radiation in terms of eigen- 
states of the total angular momentum. 

We employ the Rayleigh plane wave expansion 


| сК:-213У, 7,(Ку)(21--1)(8Ү/). 
j l 


The 7:(Kr) are, of course, the spherical Bessel functions. 
We shall use the set of functions (У) as our angle 
functions since they have the time-reversal property we 
desire, namely, $ 


Ко( У") = (=) "Үг", 


where Ко is here the complex conjugation operation. 
Similarly we choose a representation such that 


Kix” = (— Йер» 


For example, the time reversal operator K, for а spin 3 
particle is Ки=ісуКо. In the coordinate system de- 
termined by the direction of motion we have therefore 


Ey M= > ji (Kr) 4 (215-1) ]EG'Y 9)x, PM 
=> [47 (212-1) 17:(К) 
XC(IsJ ; 0M) By, м, 


Q1) 


where 


d$; Mz», C(lsJ;u, M—p)(Yvs)x, ^^ (21а) 
р 


апа 


Ел" = (=) M9; jM. (215) 


The wave functions Фу,” combine with the initial 
state wave functions, ул", to form the compound 
state V;". Since the Hamiltonian that effects this com- 
bination is invariant under rotations and commutes 
_ with the time reversal operator K;, we find that the 
reduced matrix elements, the "physical parameters," 
pearing in Eq. (20) for example, are purely real. To 


‘see this we note that А 
(jm; JIM | | jm) = УИС М) 


Л Н||)*С(777; mM) 
= (Kum; KJIM|H|K.jm) 
: пты Мт (0 7119114) (Gs 7; =M, —М) 


GRIJ *= (ЩЕ. (22) 
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This result is the general form of a theorem enunciateq 
for special cases by Lloyd (55), by Longmire anq 
Messiah (59), and by Fuchs (37). These authors haye 
stated the theorem, for electromagnetic radiation anq 
B particles, in the form of the reality of the product of 
interfering matrix elements. This, of course, follows 
trivially from Eq. (22). The foregoing is not intended as 
a rigorous demonstration of the phase theorem. How. 
ever, a rigorous proof of this theorem, which moreover 
demonstrates the fact that it is generally valid and does 
not depend on the use of perturbation theory, is given 
below in Sec. II-D (see Eq. (30) and following text). 

For an arbitrary direction of motion, we use the 
property of the ;,, that this set of wave functions 
transforms with a 2J--1 dimensional representation 
of the rotation group. Hence 
(сїкгу,"у/=2т\ X; DU, Mm; t) E (22--1317: (Ку) 

J,M 1 


хС(57; От)Ф м, 


where the prime refers to the rotated coordinate system, 

The parity of the states Фу ;M is тс(-) where тг, is 
the intrinsic parity of the particle с. Hence we note that 
only states with /'s differing by an even integer can mix. 
The density matrix for the radiation is 


Е(7МЦ, J Ml!) = As (21-1) QI +1) } 
XC('sJ' ; 0m)C (IsJ ; Om) 


x D*U', M'm)D(J, Mm). (23) 


If, instead of x," being measured, the measurement 
fixes the spin function to be the linear combination 
х.=У`„аихз” then the density matrix is 

E(J'M'l' ; ТМ =4т[ (214-1) QU'7-1) ]! У ама 


mm^ 


XC(l'sJ' ; Om^)C (IsI ; Om)D* (J’, M'm^)D(, Mm). 


Introducing the concept of texsor parameters leads 
to the results 


R(ReGe; spin) = У (-)5 "am ат 


XC(ssk,; m, -2н)6((о, тт), (242) 
and DS c 
“т 
R(kg, JJ'll';xad)- Y; (нечем 
ЕсчоХ 
XL(2k+-1) 5-1) (27-1) (27 +1) 
X (2+1) (W1) TER (Rega) C (ФЕ; 0go) 
XC (IEX; Ogo) D (k, 990) W (VJ'kes; Sd) , 
XW (IskJ'; Jn). (24b) 
If no measurement is made on the spin polarization 


then 2,=4.=0. The result for the tensor parameters 


of the radiation is then 
R(kq, 7) = (=) 7 

XEQJ-4-1) (27/-Е1) 214-1) 027--1) 9 
херь; 00)W (JU J' ; sk')D (k, 40; ®. 


= 


(25) 
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This example shows the general feature of all cor- 
relation problems: that the tensor parameters of the 
radiation are basically no more and no less than the in- 
formation contained in the trans formation from linear mo- 
mentum to angular momentum representations, suitably 
coupled with the information obtained froma spin polar- 
ization measurement, if such is present. The situation for 
relativistic particles, and photons, needs to be treated 
more carefully, but the essentials are completely analo- 
gous to the nonrelativistic case above. We give the 
results in detail in Sec. III. 


х 


D. Relation to Nuclear Reactions 


It is instructive to consider now the relstion of the 
angular correlation problem to the very closely related 
problem of the angular distribution of nuclear reactions, 
and scattering (78). In so doing one can eliminate any 
reference to perturbation theory, or to the specific 
interactions responsible for the transitions, and con- 
centrate solely on the properties of angular momenta 
which account for the correlation phenomena (23). 
As this implies, the angular correlation formalism is very 
general and is based on fundamental quantum-mechani- 
cal concepts. 

Consider a (compound) state of an excited nucleus 
with angular momentum J and parity т that can decay 
into pairs of particles of spins 7; and je, respectively. 
The specific pair will be denoted by а (channel label); 
the vector sum of j; and ј will be denoted by s (channel 


` spin). 


In the region where the particle pair а are well 
separated, Һа, the “external region" where the only 
interparticle interaction is, at most, the Coulomb inter- 
action, the two particles will be in relative motion with 
angular momentum /, and we can write the eigenstates 
with sharp energy in the form 


(Мт) = (JM; als; in) 
+ У S(Jr; als; а WIM; als’; out), (26) 


alls’ 
where 


In 
vM als) = + (irst)! өра (Кег-2) Z 


5 m my 
XC(jijss т, v—mi)C (sU ; v, M —v) 


Ххл"хи" Р: (9, e). (26a) 
(The ҳл" are the wave functions of the particles i, 
while v, is their relative velocity. For an in-going spheri- 
cal wave we use the minus signs in Eq. (26a) ; for an out- 
going wave, the plus signs are used.) S(Jz; als; a's’) is 
the scattering matrix, which must be unitary and 
symmetric in order to satisfy the two requirements of 
(1) conservation of the total number of systems and (2) 
reciprocity. The wave functions given above are con- 
tinuable into the internal region, and are therefore 
Suitable eigenfunctions tg use as а basis for describing 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


CORRELATIONS OF NUCLEAR RADIATIONS 737 


the compound state. The compound state is assumed 
to be a pure state, decaying into pairs of particles which 
are detected by the apparatus envisaged. According to 
the preceding discussion, the detection of a direction 
of motion of a particle corresponds to information 
which determines the density matrix of the compound 
state. Such information, when combined with the in- 
formation that leads to this state, yields an angular 
correlation. 

The states given by Eq. (26) are, however, not pure 
states, since the in- and out-going parts correspond to 
different mixtures of the various channels. What we 
desire is an eigenstate of the scattering matrix, that is, a 
state (we label it by л) composed of all channels, pairs 
of particles and orbital angular momenta, with the 
weights X (x, als), such that the in- and out-going parts 
belong to the same mixture. Since this is an eigenstate of 
the scattering matrix, we have by definition 


У; S(m; als; a'l's') X (n, o'l's') = eX (п, als) (27) 


а’! а’ 


with real б„. The desired state is therefore 


V(JMm, n) =>, X(n, als) 


als 


X(V UM ; als; іп) её (УМ; als; out)). (28) 


Strictly speaking, since the compound state is decay- 
ing, the energy is unsharp and one should take a sum- 
mation of the states above over an energy range. We 
shall not put this in evidence since it does not affect the 
arguments that follow. 

The experiment envisaged measures now the type of 
particles (=) and their spin magnitudes (jı and jz) as 
well as their (back-to-back) direction of motion. 
Hence we must expand the wave function above into 
eigenstates of the linear momentum, exactly the situa- 
tion considered in Sec. II-C above. When this is done, 
one finds for the density matrix of the compound state 


EQJMM)-1»,(—)7?" 1QJ--1) 
X[QIA-1) QI/4-1) iC (^v ; 00) 
XC(Jv; M, —M")X (n, als) 
X X* (n, ol's)W (JJW ; vs) 
XD(v»,M-—9M',0;t, (29) 


and the summation is to be carried out over s, /, V and v. 

This result has just the form given in Eq. (20); since 
(а) ОНР Q2-1) BC (v; 00)D(v, M'—M,0;f) are 
the tensor parameters of the radiation, inasmuch as no 
spin polarization is considered, (b) C(JJv; M, — M") 
X(—):-* are the coefficients that connect the tensor 
parameters with the density matrix, and (c) the 
W(JJU';vs) are the change of coupling or Racah 
coefficients. The X (и, als), X*(n, al’s) are the “physical 
parameters" that give the weights witt. which various 
subsystems mix in the zth eigenstate. 

It remains only to observe that the X(n, als) : 
(or can be chosen to be) real. Since the X (и, als) c 
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spond in a perturbation calculation to the reduced 
matrix elements, one sees in particular that the relative 
phase of апу mixture of reduced matrix elements is 
always 0 огт. 

The proof for the reality of the X (я, als) is immediate. 
Since S*— S-! (unitary property) and S=S (symmetric 
property), we see that S can be always written in the 
form Sz UeiU where U is real and orthogonal and А 
is real and diagonal, 

Since 

SN (n) o eg X (п) 
=U-e4UX (и), 
we have then 
e^UX (n) eux (п), 


and we can choose UX (n) to have the form of a column 
vector with unity in the sth place, zero elsewhere. 
Designating this column vector by од, that is, 


transi, = (000 10---), 
we have 


(30) 


Then X (и, als) is real since U is real. This is the proof of 
the reality of the matrix elements, and а fortiori, of the 
theorem on relative phases of interfering matrix ele- 
ments, referred to in subsection C above. 

Previous proofs of the reality of the reduced matrix 
elements have involved the commutability of the inter- 
actions with time reversal operators. The above proof 
also uses time reversal but in a concealed fashion since 
the properties of the S matrix were deduced from de- 
manding reciprocity. The form of the proof above shows 
that this result on the relative phase of the reduced 
matrix elements is more general than the strict appli- 
cability of the equations would indicate. For photon 
emission or absorption, the use of wave functions as in 
the above equations is dubious at best. However (78), 
the form of the results should nonetheless hold, and, 
indeed, the result on the relative phase of the matrix 
elements has been verified for photon emission directly, 
(55). Since the generalization to relativistic wave func- 
tions can be readily carried out (42a), the result can be 

| seen to be valid in this case also. 
In the double cascade correlation expériment, the 
initial compound state is randomly oriented and the 
observation of the first radiation determines the density 
matrix of the residual compound state. This introduces 
only formal changes as compared to the case considered 
above where the observation of the radiation determined 
the density matrix of the radiating state. As a^result, 
however, one sees that the cascade correlation involves 
the properties (1.6, the “physical parameters" X (и, als)) 
‘of iwo compound states, unlike the nuclear reaction 
(p blem where the same compound state occurs in both 
_ tránsitions, Ar additional distinction, as mentioned 
3 iz ше fact that the nuclear reaction cannot in 
be Considered as occurring via а pure state; 
` опе must add; with equal weights, the contribu- 


X (n)= Uwn. 


P ose 


BIEDENHARN 
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tions of all spins (J), parities (т) and eigenstates (п) of 
the compound system. 

The density matrix for a compound state where 
J, т, п are not sharp has the form 


EQJ'MM) =} (—) i- 
X[QJ--1) QJ 1) (2/4 1) Q4-1) } 
XC('v; 00)С(77%; M, — М?) 
XW (UJUJ' ; sy) D(v, M'-M,0; 8) 
X X (n, als) X (т, а!) 
exp[27(05—9,.)] out 
А | (31) 
1 in 


and the sum is over s, /, Г, v; the “out” and “іп” refer 
to the compound state decaying or being formed, re- 
spectively. For a nuclear reaction, we have the same 


compound state formed by an incident radiation (1). 


and decaying into an outgoing radiation (2). The angu- 
Jar distribution has the form (see Eqs. (35) and (38) 
below), 


W (fi, Б) = У Е(ЛЛ ММ"; 1)E*(JJ^MM';2), (32) 


with the summation over М, М”, J, J’, т, п’, n and w. 
In Eq. (32) В and f; are the unit propagation vectors 
of the radiations (1) and (2). The sum over J, J’, т, т’, 
п, n’ is necessary since the reaction proceeds via all 
compound states. The sum over М’ and М is readily 
performed giving the result 


W (Е, 5)-2 > BrPx(t-f), 
L 
where 


BL=} X(n, als) X (и, aly's) X (n, alos’) 
X X (n^, o'lys") (—) 5 ехр[21/,,—8,)1 
ха (274-1) QJ'4-1) 252-1) Q^4-1)) 
XC (Ll L; 00)W (IJI J' ; sL)] 
хийг (27--1)(277--1) (24-1) 21/4-1)) ^ 


XC (lal L; 00)W (l54J1'J'; s'L)]. (89) 


The latter sum is over J, J’, Ij, hy’, ls, le’, $, 5, 12 
The quantities in square brackets are just the Z(Jh'J’; 
59) coefficients arising in the angular distribution of 
nuclear reactions and defined in reference (15). 

The sum over л, n’ can be carried out since we note 
that this is just the “spectral form” ofthe scattering 
matrix. That is, 


È X (n, odis) X (n, а los") en 
— S*(m; ahs; ols’) (844) 
> X (mv, ol/s)X (n', a Ls!) tiov" is 
=$(/'л/; al's; o'ls's")- (34b) 


2 
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Finally if we wish to find the scattering angular dis- 
tribution as well as the reaction distribution, we must 
cancel the cross section given above for no reaction, 
i.e, 5=1. In other words, we replace 5 by 5—1 in the 
above formula for the reaction cross section, and it 
becomes valid for scattering as well. Putting these 
steps together we find for the differential cross section 


1 Nee 


W (fi, Ё) асаа = У В:Р:(Б-5), 


4 (21-1) 2-1) T 
where 7 and Јо are the spins of incident particle and 
target nucleus and Ха is the reduced wavelength in the 
incident channel a; 


Br=> (5 (т) —1)+(5 (7) —1) (=): 
XZ(hlJh'J' ; АЛЬ’; 52727 (34) 


The sum in the expression for Bz is over J, J’, x, тг, И, 
lj, 1, le’, s, s’. This is exactly the result for nuclear 
scattering and reactions given in reference (15). 

We emphasize again that this simple reduction of the 
distribution to its dependence on the scattering matrix 
was possible only because (a) we summed over all 
possible compound states, and (b) the two radiations 
involved the same compound state. The angular correla- 
tion problem is distinguished from the above by just 
these features, and we therefore must give our results 
in the less compact spectral form. 


^ E.?The Double Correlation 


We consider here the correlation of two successive 
radiations for the case of an unperturbed intermediate 
state. In (1) below the general form of the correlation 
function is, obtained. In (2) the direction-direction 
correlation is^ considered. The polarization-direction 
correlation is of practical interest only in the case of an 
observation of the linear polarization of у rays and for 
thi$ reason we defer the discussion of this correlation to 
Sec. ИТ. 

эт 


1. The General Double Correlation. Function 


Here, and in the following, we make explicit use of our 
choice of phases for which the reduced matrix elements 
are real.°They are not Hermitian (1.е., symmetric). 
Instead 2 


Qj4-D Gill) (=)= ce D GI ja. 


Having set up the density matrices E(mm'), the 
problem now igto relate this to the correlation func- 


tion of a simple two radiation correlation. Let us sup- 


pose that the intermediate nucleus is unperturbed, 
2 г 
Le. that (тата; тт") = 6(mams)ó(mao m). Then 


using Eqs. (2) and (13) we have 
W=}, ED (mm) E (mm!) 


= (234-1) erin (Lily )evare* (LaL!) 
х (тни А| (Л АТ 
X (7211217) G2 Le! || CG in; m, —т/) 
XC(jjv;; m, —m^?)W (ТА; viji) 
KW (731212 ; и 12) (ур, m'—m, тү: бїл) 
XD* (vo, m'—m, 72; бїз). (35) 


The summation in Eq. (35) is over пила" LaL 
упузтітотт/. Qı and 615 are the rotations correspond- 
ing to radiations 1 and 2 as explained below Eq. (5). 
We can perform the sum over m holding uz:m-—m/ 
fixed. This involves 


25 C(jjm; my —m)C(jjvs; my— m) —8(viws). (36) 


That is, и=у.=у. Finally we can perform the sum 
over р 


> Dy, ити; 63) D* (v, ит»; Rs) 
m 
=D Dy, uri; би) D (v, тәш; RI) 
Г? 
= (>, 7271; @з 104) (37) 


and Gt is the inverse rotation to ®s. The rotation 
65 16 is that rotation which carries the coordinate 
system of the first radiation into the coordinate system . 
of the second radiation. We designate the Euler angles 
of the Rs", rotation by ey. The result is 


W (ay) X: (—1)® tcr (LaLa Yevea* (Lake!) 
X (fall Lill 7) GAED Gel! Lol 9162 152417) 
XW (77111; vja) (77121 ; vja) 
XD(v, тети; ау). (38) 


The sum is over Li, Ly’, Le, Le’, 71, то, and v. This is the 
form of the general double correlation as given Бу Racah 
(65) and equivalently by Lloyd (57). 

It is of interest to note that the sum performed in 
Eq. (37) furnishes a direct proof of the conjecture of 
Falkoff and Uhlenbeck (26) since it shows in particular 
thst only the angles of the reference axes attached to f, 
measured with respect to f» are significant in the corre- 
lation.? In other words, one may arbitrarily pick either 
of the radiations to define the coordinate axes without 
loss of generality—the- principle of spectroscopic sta- 
bility in another terminology. This fact has been ex- 
tensively discussed in the literature from many points of 
view, see especially (44) and (26, 53, 51, 71, 75). It 
should be noted further that the density matrix may 
or may not be diagonal for this choice of axes, the di- 
agonality being irrelevant (75). 


>. 


9 In fact, if only propagation vectors are measured, the only non- 


ignorable angle is 8 which is the angle between f; and f», the unit 
vectors in the propagation directions. Sed paragrazh (2) below. 
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For the important cases where the intermediate state 
is not unperturbed (hfs, for example), the correlation 
calculation is more difficult but the methods are the 
same. We shall discuss these cases in Sec. ТУ. 


| 2. Direction-Direction Correlation 


1% Of greatest interest is the angular correlation in 
_ which one observes only the propagation vectors f; and 
fs of the two radiations and, as discussed in subsection 
TI-A, for this case =72=0 in Eq. (38) and а and y 

are ignorable. Then, using 


` 4x ү! 
р. 1212 0; а80) = 9) үз" (8, а), (39а) 


20 


` and thus 
4 D(v, 00; a80) = P, (cos8) = P, (t1: 6), 


where P, is the Legendre polynomial, Eq. (38) becomes 


W (8) 2 X (— ас LL) (2222) 
X (Та) 12712) Gal all 3) 
х) GILL ; vja) 
XW (jj LL?" ; vj) P, (cosp). 


The sum is over v, Гл, Li’, Го, and Ly. As discussed in 
subsection G below, > is an even integer in the range 0 
to the smallest even integer of the set 2 (1) шах, 2(L2) max 
or 27. Here (Z1)max is the largest value assumed by Ly 
and/or Гл’ and similarly for (Г) max. 

Equation (40) refers to the correlation in which the 
emitted radiation is a superposition of different angular 
momentum states. This case may occur not infrequently 
in the emission of а particles (Sec. 111-В). Also, in the 
case of unfavorable parity change in y-ray emission, а 
superposition of magnetic dipole and electric quadrupole 
has been observed to occur in several instances. Perhaps 
the more interesting case is the one in which only one 
of the transitions is not pure and consists in the super- 
position of only two angular momenta Lı and Ly’, 
say. Then the correlation function becomes 


W (8) = Wr(8)2-W rr (8)2-W та (8), 


(39b) 


(40) 


(41) 


where 


И’ (В) = (—)* (7: Ll * Gili» 
ху Oo (LiL) cy (1515) wW (771А1„; »j 1) 


XW (177215; vj2)P,(cosB), (41a) 


11 (8) = (—) (5: Lol] 7)? 011) 
XD оо) о (Гаа) (Та, уул) 


XW (77141; vj2)P,(cosB), (41b) 
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Wr is the correlation function which applies when the 
first transition is pure with radiation angular momen. 
tum Гл. Similarly, Wrz applies when the first radiation 
angular momentum is Гл’ only. Wrrr is an interference 
term which (see subsection II-F) does not contribute to 
the total intensity. In this term the minimum и--2 
The maximum value of > is the smallest even integer of 
the sets 2(LiLsj), 2(1А1-0), (1-11, 2L» 2j) in 
Wr, Wrz, and W rrr, respectively, (see subsection П-Е). 
As written the correlation function W is not normalized 
so as to be necessarily positive definite. However, the 
insertion of a factor (—)#~’? will insure this. 

It will be observed that for both transitions pure the 
reduced matrix elements are merely scale factors so 
that in this case the correlation function can be written 


W(8)— (— 2+7 У) со (Гл) сьо (ГГ) 
XW (GjLia; vj) W (77121; vj:)P.(cosB). (41d) 


The result for the double correlation given in Eq. (40) 
shows that a useful representation of the correlation 
functions for different radiations is obtained as follows: 


` (a) we adopt a standard cascade, viz, the y — cascade. 


For a transition in which a у ray is emitted the c,o(LL/) 
will be denoted by c(LL'; у). (b) For any other type 
of particle (x) emitted, the co(LL") will be denoted by 
c(LL';x). (c) We define the particle parameters 
b,(LL’; x) Бу" 


b,(LL'; x) - (LL ; x) /e (LL; y). (42) 


From the discussion following Eq: (20) we have in this 
case (т=0) for the tensor parameters of radiation of 
type x 

R(vq, LL’; х) = (=) + (v, q0; co (LE; х). (42а) 


Therefore an alternative definition of the particle 
parameters is ? 1 


b,(LL’; х) = R(vq, LL’; x)/R(vq, LL’; y), (425) 


and it is to be noted that the ratio is independent с? 4. 
(d) The correlation function as written in Eq. (41 а, b, с) 
may be expressed in the form 


W-Y W, 


Ln 


(43) 


where 2-1, II, IIT, and each of these may be written 
in the form 


W:=> A,P, (cosp). у (43а) 


In Sec. III-A results are given whereby the coefficients 
A, for the standard у— у correlation may be 1m- 
mediately obtained. We denote these coefficients by 

In subsequent applications involving pure radiations it 15 
sometimes convenient to adopt a normalization in which bo (LL; % 


=1. This, of course, can always be accomplished by redefining 9» 
as (LL; x)co(LL; y) /e(LLs y)co(LL; а). 
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A, (ут). Then, if а radiation (x) replaces the pure y, 
the correlation function is 


W (В) = 2 26, (Lele; А, (yy)P,(cosß). (43b) 


When the mixed y-radiation is replaced by the radiation 
х, the coefficients A,“ and 4,UD are merely multiplied 
Бу 6, ([1[1; x) and 5,(Li Li’; x), respectively. For the 
interference term we first note that 


(Ue iy CL) 89) 


as 1s shown in Sec. III-A. Therefore the factor by which 
A,U7D is to be multiplied is 


Lb (LL ; x)+b,(L'L; x) ]. 


(c) For the correlation of radiations x and y the corre- 
lation function is obtained by performing the steps 
given in (d) for each particle. Thus, for the x— y corre- 
lation with both radiations pure the correlation func- 
tion is"! 


Wau (8) =>) b, (Lala; 2), (LL; y) 
XA,“ (vyy)P,(cos8). (45) 


Of course, the choice of the y—y correlation as the 
standard one is arbitrary. We could have chosen the 
а— а correlation which, from the point of view of 
analytical simplicity and availability of numerical 
results, would have been almost equally suitable. 
However, the fact that the parity restriction precludes 
the mixing of even and odd Г, militates against this 
choice. Fór y-rays the parity for given L depends on the 
character of the radiation (electric or magnetic) and 
mixtures of all L, L’ pairs (consistent with angular 
momentum conservation) are permissible in principle. 
Of course, in the case of y rays LZ 1 and the omission 
of the L=0 value is a slight disadvantage when one 
wishes to consider the emission of radiations with a 
mixture of L—0 and a nonvanishing Г (in the emission 
of а or В particles, for example). However, in this in- 
frequently occurring case direct use of Eq. (40) can 
Бе made. 

n Тэ 


F. Symmetry Properties of the Double Correlation 


The double-correlation problem shows a number of 
symmetries, which are the consequence of (a) the 
“Hermitian” character of the matrix elements, (b) the 
invariance of the interactions [ Eq. (4) | under reversal 
of coordinates and/or time reversal and (c) the special 


и For the К conversion-conversion correlation the validity of 
Eq. (45) is based on the fact that the lifetime of the K shell hole, 
formed after the first conversion, is much shorter than the life- 
time of the intermediate nuclear state, (62). Therefore, when the 
Second conversion-transition occurs the atomic state is initially 
the same as for the first conversion transition. 1f this were not the 
case, there would be appreciable interference contributions be- 


tween the two alternative ways of reaching the final state corre- огт, This point has already b 2 : i 
spondi i f emission of the two К = ^* Р у been discussed in Bec- c 
{тол бо пто Hesse ош tions II-C and -D above. г кы cur Y 
E 
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symmetries characteristic of particular observations, 
(for example, observing only a direction of propagation). 
Consider first the Hermitian symmetry. From Eq. (1), 
particularized to simple double correlation, (S (mama ; 
т.т) а unit matrix), we find that the Hermitian prop- 
erty requires the correlation function for /1(11) (£2) js 
to be identical with that corresponding to j2(L2) j (Li) ji. 
That is, initial and final states as well as first and second 
radiations may be reversed without any change in the 
correlation. This “degeneracy” is present even when the 
intermediate state is perturbed (Secs. IV and V-B). 
In the tabulation of the coefficients for the double cor- 
relation, given in Sec. III, use is made of this symmetry. 
This symmetry property was apparent from Eq. (2). 
This property, it can be seen, holds even for non- 
Hermitian Z/ operators. For example, in the case of 
no spin-coupling considered here, the correlation 
function is given by the trace of the product of the 
two density matrices; i.e., И = Ir(EXE?) = (ЕЕ) and 
the density matrices E! and Е? are defined in precisely 
corresponding ways. The symmetry is not entirely ob- 
vious in Eq. (38) but can be readily checked by using 


Он (EE) = (=), A 


which is directly derivable from the definition given in 
Eq. (12), and the unitary character of the rotation 
group matrices D”. It must be emphasized, however, 
that this symmetry was built into the theory, so to 
speak by our definition of the reduced matrix elements. 
Thus, Lloyd [ (56) and especially (52) | writes the re- 
duced matrix elements so that they always appear in 
the form (j,||Z||7;) where j; and 7; respectively, refer 
to final and initial states in each transition of the cas- 
cade. This differs from our convention only for the 
second transition of the cascade. Using the fact that 
Hermitian conjugation of the reduced matrix elements 
introduces a factor (—)2/—*£, one finds that for the 
second transition 


(7122178) Gs) = C770 Gs Lell ОИ. 


Consequently, with Lloyd's definition of the reduced 
matrix elements one must introduce a sign change in the 
interference term rr; when the second transition is a 
mixture with |L;— [| an odd integer—the practical 
case (and the first pure), but no sign change if the first 
transition is a similar mixture (the second pure). This 
point is emphasized because the sign of the reduced _ 
matrix element product (7:12:17) (jEr) (with 
|L/—L;|-1) can be measured and any attempt to 
compare a calculation of this phase on the basis of some 
nuclear model with the measured result must take into | 
account the definition of the matrix elements used in the. 
analysis of the experimental data. 22 
The invariance of the interaction to time inversion = 
allows us to conclude that the relative phase of the - 
reduced matrix elements appearing in Eq. (58) is 0 


MA 
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In order to derive the properties of W (f; f») under 
coordinate reversal (8-эт-8), we shall assume (а) 
that the parity is a good quantum number and (b) that 
our measurements do not distinguish between right 
and left-handed coordinate systems. The only possible 
cases where the latter would not apply involve measure- 
ments of circular polarization of y rays and/or polariza- 
tion of spin } particles and these cases are not particu- 
larly amenable to experiment. In the case where only a 
direction of motion is observed, the tensor parameters 
of the radiation involve D(y, 40; 0 which under reflec- 
tion is multiplied by (—)". Since this must be identical 
with the tensor parameters before reflection we deduce 
that » is even. The correlation is therefore symmetric 
around B=47. If the second condition is violated (im- 
agine for example measuring the circular polarization of 
gamma-rays), then the argument is invalid, and in fact 
odd values of и enter. In contrast to some arguments 
hitherto advanced, the good quantum number property 
of the parity is insufficient to guarantee that only even и 

enter the double correlation. For linear polarized 
gammas, the measurements are unchanged by coordi- 
nate reflection and thus > is indeed even in this case. 
The complexity of the double correlation, that is the 
number of Legendre polynomials with »>0 that enter 
Eq. (40), has been the subject of much discussion in the 
literature, (24, 79, 80). In the formulation above the 
allowed values for и are determined by the properties 
of the Racah coefficients, so that this question is solved 
in detail. The Racah coefficient W (abcd; ef) vanishes 
unless we satisfy the triangle conditions (abe), (cde), 
(acf), and (bdf). A triangle condition such as (abe) 
implies that a, b, and e can form a triangle (including 
the case of vanishing area). As a result, we see from 
Eq. (40) that v is restricted by 


(1) 0€»€2j, 
(2) 0<><2(Тл)шах, 
(3) 0S » € 2(L2) max. 


In the light of the density matrix formulation these 
rules are fairly obvious. For a radiation of multipolarity 
2L, we can define tensor parameters of rank at most 2L. 
Since these tensor parameters determiné the tensor 
parameters of the intermediate state, it is clear that the 
rank of the tensor parameters of the intermediate state 
is less than or equal to the minimum of (2L, 2j). 
Finally, the tensor parameters of the intermediate 
state determine the tensor parameters of the second 
E radiation, which must therefore be the minimum of 
О 2(Lr, Г», J): If 7 is a half-integer then j in the above is 
= replaced by 7—3. Of course, for 7-3 one always has 

_ >= only and therefore an isotropic correlation func- 


E f course, @n experimental determination of the 
E. xim 15 difficult if the coefficient of the Legendre 
_ polynomial ‘with maximum v is small. However, the 
ор it 04-Р is almost always sufficiently large to 
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give an observable anisotropy. Thus, if isotropy is ор. 
served one can conclude (a) in the case of y emission 
(or conversion electrons) /= 0 for even-mass nuclei anq 
j=} for odd-mass nuclei; (b) for particles which сад 
have L=0 (о particles, 8 decay, nucleons) either one 
of the 7.8 has a zero value or 7--0 or 5 depending on the 
mass number of the nucleus in the intermediate state, 


G. Relation to the Falkoff-Uhlenbeck Method (26) 


It is useful at this point to show the relation of the 
present methodology to the procedures, of Falkoff- 
Uhlenbeck. Falkoff and Uhlenbeck consider the angular 
correlation problem in two steps, wherein each transi- 
tion is represented in terms of the emission of a particle 
current multiplied by suitable weight factors (the rela- 
tive probability of transitions between various sub- 
levels of the nuclear states involved, see Eq. (47) 
below). In the case of gamma emission, this current is 
the familiar Poynting flux from an array of multipoles 
all with the same magnetic quantum number. Since the 
Falkoff-Uhlenbeck procedure considers the radiation 
with a well-defined magnetic quantum number, emerg- 
ing from a completely defined initial state, it is clear 
that the intermediate state similarly has a fixed mag- 
netic quantum number. Consequently, their procedure 
is more restrictive than the procedure given in the 
foregoing, in that it does not make provision for coherent 
processes in general. Lacking the flexibility to handle 
coherent processes, the Falkoff-Uhlenbeck procedure 
forces one to link the two successive emissions via an 
incoherent intermediate state, which is simply enough 
accomplished by letting one or the о.Пег of the two 
radiations define the quantization axis for the problem, 
subject only to the restriction (necessary in the Falkoff- 
Uhlenbeck method) that the choice must diagonalize 
the density matrix (see discussion at the end of II-E). 
It is for this reason that the “choice of axes"held such a 
central position in their work. 

'To show the relation of the two procedures in more 
detail let us consider the double correlation problem 
for the unperturbed intermediate state. The correlation 
is then f 


W (fi- 5) =© 25 Gum | Hy (f) | jm) [2 
х (тн. (6) [т |. (46) 


>С 


Here we have made the sums incoherent by taking 

f; (for example) to define the quantization axis. Falkoff 

and Uhlenbeck now introduce the function 

Б | Gom H E| jm) |? 3 
-|С(АЬ7:та,т-тл) ит”) (47) 

for a pure multipole transition. Hence — 

W(f-b)e » [C(jhj;m,m—m)fp 


тутот 


ХЕ" (0) ГС (312; т, энэ т) PF ra (6), (98) 
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again for pure multipoles and unpolarized radiations. 
The result for polarized radiation can be obtained from 
Eq. (50) below. In this form the angular correlation 
problem has a very simple physical interpretation. 
Equation (48) states that the populations of the sub- 
levels m of the intermediate state are determined by the 
current associated with the first radiation, Fz,7—7:(0), 
multiplied by the Zeeman intensity coefficients [C( j; Lj; 
my, m—my) Р. The subsequent radiation is the product 
then of the flux of the second radiation, Fz;(8), the 
Zeeman intensity coefficients and the population of the 
intermediate sublevels: obtained from the first transi- 
tion. Of course, as pointed out earlier, it is equally valid 
to choose f; as the axis of quantization. 

The connection with the density matrix formulation 
is easily seen to be 


ЕУ [С (ра, my m—mi) BFrz"-"(8) (49) 


mi 


It is more convenient to consider Eq. (47) (generalized 
for mixed multipoles), however, to define the mixed 
flux Fre (49). Introducing Eqs. (4), (5), (7), (9), 
yields 


FL (В, a)=2 (Я (3219 
XC(LL'»; M, -М)(—)м 
хе > a* (Lu, т)а( 7ш, т) (—)" 
XC(LL/v; —u, u')D(v, Ou’— и; f) 
5 =È a (LLY (AL) GU) 


4т \} 
х ( ) (=) =Y, (Ba) 
2v4-1 


Dy X(—1)"C(LL'v; М, —M). (50) 


The Fr; of reference (49) is normalized differently 
and is, in fact, the above without the reduced matrix 
elements. 

This form for the generalized Ррдг?! shows a number 
ofvitrceresting features. (a) In order that the use of the 
Falkoff-Uhlenbeck procedure be correct, it is necessary 
that the choice of axes diagonalize the density matrix. 
This will not be the case unless т= 0. (An example when 
TzÉÜ is ап experiment detecting linearly polarized 
y-rays.) We must thus'"choose the other radiation to 
define the axis, if it has 7—0, or if not, apply the more 
general techniques discussed earlier. (b) 'The integrated 
intensity from the Буг М (Ва) consists of only the 
term with у=т=0. Since C(LL'0; M, — М) vanishes 
unless L=L’ we see that only the Еу (8), i.e., the 
"self terms," ccatribute to the integrated intensity. The 
interference terms affect the angular distribution but not 
the total intensity. This was shown first by Casimir 
(18). As shown earlier, >this resujt follows from the 
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general correlation function given in Eq. (38). (c) One 
of the central problems for angular correlations is the 
determination of the particle parameters of the radia- 
tion, depending on the с, (/./7). From Eq. (50) it is 
clear that the problem of determining P; (Ва) is 
completely equivalent to that of determining the 
с, (LL). In practice, the formulation of a radiation 
problem in terms of the emitted flux is generally simpler 
conceptually than the equivalent formulation in terms 
of the tensor parameters for the radiation. Conse- 
quently, the relation given in Eq. (50) is very often 
useful. 

It remains only to observe that introducing Eq. (50) 
into Eq. (49), and using Eq. (11) twice, reduces the 
correlation function W (fi, 55) to the form of Eq. (38). 
As noted before the radiation that is chosen to define 
the axes must have т=0 so that the Falkoff-Uhlenbeck 
procedure is not completely general even for the double 
correlation. However, the use of the Р.М (Ва) to 
define the particle parameters is nonetheless completely 
general. 


Ш. SPECIAL CASES OF ANGULAR CORRELATION 


In this section we take up the correlation in the case 
of specific radiations. We consider in turn the tensor 
parameters for (a) gamma radiation (b) alpha particles, 
(c) conversion electrons, and (d) 8 particles. It follows 
from Sec. II-E that from these results one can immedi- 
ately obtain the correlation function for the double 
cascade in which any pair of these radiations (e.g., 
y —*y, 8—7, etc.) are emitted. The numerical results are 
presented in the form of tables given below. 


А. Gamma Radiation 
(1) General Properties 


We shall describe the photon field by means oí the 
vector potential, which we shall treat as the “wave 
function" for the light quantum, (42). The tensor 
parameters of the quantum, according to our general 
recipe, are then found from the transcription of the 
measured plane wave states, taking proper account of 
polarization; into the spherical eigenfunction states 
natural to the description of the nuclear process. The 
intrinsic (unit) spin of the photon will be described by 
the wave function xı”, the sharp momentum of the 
y-ray by є‘, The transverse nature of light waves 
allows P to be +1 only, measured in a coordinate sys- 
tem attached to the direction of motion. Thus P is a 
polarization index (P— — 1 corresponding to right cr- 
cular polarization). Because of this restrictión, а polari- 
zation measurement determines the spin state to be a 
linear combination of these two basic states, with com- 


plex coefficients, that is, A А 
> 


ол, >? зл) 


А convenient description of an Gs БӘК: is 


x,— axi bxr!; 


(рг тг” 
. 
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х=); рб, Зи; Оба) хи“. (52) 


Of course, п= 2-3. The Euler angles b, a constitute а 
full description of a completely polarized quantum, and 
are, of course, closely related to the Stokes parameters, 
as shown in detail later. Setting the first Euler angle in 
Eq. (52) equal to zero merely fixes a nonessential con- 
stant phase. Consider now the wave function (vector 
potential) for a circularly polarized plane wave quan- 
tum travelling along the s direction” 


реку (214-1) (Ат) (Kr) Yr. (52а) 
1 


Using the vector addition model we write 


UV P= Y? CUL; ОР, (53) 

Len, 

where а 

; ФиР= й У CML; Р—т,т)Ё:Р-"хү. (53а) 

Thus 

xiPetX#= (213 3 [ (54-1) ji (Kr), a 

L 
HL jna(Kr), ra 

—PQL-JL-1)j;(Kr)?,;] (54) 


— № Eq. (54) the first two terms correspond to an electric 
‘multipole vector potential and the last term to a 
= magnetic multipole potential. 

Tf we rotate the coordinate system, so that the wave 
propagates in an arbitrary direction f, we note that 
the spin direction rotates (rigidly) with the propagation 
- direction so that we rotate the Ф; ;? as a single entity. 


“байан т X, GLEDIDQ, MP; 6) 
X(A*(LM)+(—P)A™(LM)). (55) 


The A*(LM) and A"(LM) are the usual (standing 
wave) vector potentials, (42), normalized to (z?5K)-! 
quanta-sec, redefined only to the extent of a phase. 
ог magnetic multipoles (m) this phase is 12, for 
ectric multipoles (e) it is $71, since we require that 

"(LM)- (—1)-*4*7(L— М) in order to make 
the reduced matrix elements explicitly real. 
present, it 15 experimentally feasible to measure 
npolarized and linearly polarized gamma-rays 
onetheless we shall not specialize our treatment 
‘outset to these important cases alone but rather 
ndle a general partially polarized gamma- 
and specialize at the end to the relevant 


у the notation we observe that 
a 


| by A, Eq. (52а) gives 
Al) for PEA. Е 
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cases. Let us represent the result of the polarization 
measurement by the vector Р; that is to say, a vector 
with the Euler angles a, b as azimuth and polar angles 
respectively, in а coordinate frame attached to the 
direction of motion. Note that this polarization vector 
is not along the direction of the electric field vector, Е. 
Then our measured state is represented by 


боек) = Y, (ОТА) (В, и; B) 
1.Ми 

XD(L, M2u; &)LA*(LM) —24A"(LM)]. (56) 
We write the phase (— 20и), that occurs for magnetic 
multipoles only, in the form [m(—)”]#+* when т is the 
parity of the radiation. Here m= (—)^*' for magnetic 
multipoles and m= (—)^ for electric multipoles. Then 
we can treat all the multipoles symmetrically 


(xe)! ту; ОТАН), bu; B) 
xD(L, M2u; 9)[=(— ) PHA x (Г, М), (57) 


where A7 (L, M) — A*(L, M) and A" (L, M) for r= (—)1 
and (—)#+*1, respectively. The sum is over L, M, y, 
and m.!? 

The tensor parameters of the radiation, with parity 
a good quantum number, are obtained as described in 
Sec. II-B and one finds" 


R(vq, LL/v) = [ QL4-1) (2L’+1) 1 
хх (—) G+») Lo cca!) L^ (— ) L— Mq iu! 
XC(LUv; M, — М”)8(4, M — M") 
X D* (5, Фи”; PDG, 3и; P) 


X D*(L', M'2u; &)D(L, M2u; 8). (58) 
The sum is over M, М”, и, u’. Now 
D*(5, зи’; PDG, зи; P) 
—36(un^)--3| P | (—)'-*D (1. 00; )5 (uu) 
+2-4|P| (—)##D(1, 025; 8)8(u, —4^). (59) 


То account for partial polarization, we have assigned 
a magnitude to the polarization vector, 0< |P| $1 
such that |P|=0 corresponds to unpolarized гу гау» 
and |Р | «1 corresponds to completely polarized уса: 

Using Eq. (9) we find that the tensor parameter 
consist of three terms 


R(vq, LL’) = RrA- Rrrt- Вии. (60) 
The first term is 
R= (=) HE (224 1)(2L'+ 1) 
XC(LL'y;1—1)D(v, g0; t) (608) 


3 The distinction between the numeric т (occurring in Eq: (57) 
and elsewhere) and the parity symbol should, be fairly ору 
есу 7 occurs in the tensor parameters (vg), it refers 
parity. 

№ Since the tensor parameters refer here to у rays, we have ЗЭХ 
pressed the radiation index у and to emphasize the parity ass 
pendence the x symbol is put in еу:Чепсе in the R(vQ)- 


ат =. 
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for у an even integer. This is the polarization inde- 
pendent term. 


pe (=) ӨР (27-1) (20/4 1) | 
XC(LLIv;1—1)D(1,00; 8)D(v, 40: t) (60b) 


for v an odd integer. This is the “circular” polarization 
contribution. 


Ктп= (-)н231Р| (21: 1) QZ--1)] 
XC(LL'y; 11)[D(1, 01:89) 0, 42: 6) 
-(-УР(,0-1:4)0, 4—2; 601 


This is the linear polarization contribution. There is 
no restriction on v at this stage of the calculation, but, 
since the reduced matrix elements are explicitly real, 
the R(vq) are restricted to be “real” in the sense that 
Ко (4) = (—)-*R(v— 0) (see IT-C). This condition im- 
plies that у is an even integer in Rrrr. 

The tensor parameters for the most general partially 
polarized гү quanta have thus been obtained. Having 
introduced a magnitude for P to describe the degree of 
polarization, it is now clear that this description in terms 
of P corresponds to the Stokes parameter description of 
a quantum of unit intensity with polarization vector P 
in the Poincaré sphere (29). 

For the cases of interest we have first unpolarized 
y-rays; | P| 20. Then 


R(vq, LL’) = (—)* ^ (214-1) (2174-1) 


(60c) 


XC(LLv;1—1)D(v,q0;f) (61) 
where v is an even integer, and 
Co(LL/) => (—) C (LEv; 1—1) 
XLQL-0)QL-4-1). (62) 


If linear polarization is measured, the Euler angles 
of P are a, b=7/2, so that D(1, 00; P)=0 and 
D(1, 0-1; $8) ===2 ‘=. Then one finds 


Ю (а, LL’) 
= Гогаль) н 
>XC(LL'v; 1—1)D (v, 90; f) 
ягә aC (LL'v; 11) (eD (v, 42; ®) 
--e-ieD(», q—2; &))]. 


The first term is simply Rr which is polarization inde- 
pendent. The second term is the contribution of the 
linear polarization, (Rrzz). It should be noted that the 
tensor parameters for linear polarization, in contrast 
to the unpolarized case, depend explicitly upon the 
parity of the radiation. It is this feature w hich motivates 
one to perform the more difficult polarization measure- 
ments, and shows, incidentally, that a polarization- 
polarization correlation (in which one measures the 
polarization of both quanta) has essentially nothing new 
to offer over the simpler direction-polarization correla- 
tions (60). The origin of this dependence on parity is 

not far to seek, since it is simply ап expression of the 


(63) 


^ 
э 7» 
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duality theorem for multipole radiation. Changing the 
parity of the radiation but keeping L, L’ fixed takes 
cm multipoles, which by duality, takes ЕН, 
Н-›- E, thus changing a Бу 180°; this reverses the sign 
of the linear polarization term, Rrrr. The usual linear 
polarization angle (defined by the E vector) is here ja. 
Since D(L, 4-2; аду) = e/^*e*?* d(L, g2;8) (where 
d(L, up’; 8) is the Jacobi polynomial), one sees that the 
polarization angle a can be absorbed into y, i.e., 
у-у а. This introduces the usual polarization angle 
into the formalism above, see Eq. (73) below. 


(2) Correlation Function for Unpolarized Radiation 


Only the first term in Eq. (63) for the y-tensor param- 
eter enters and using Eqs. (40) and (42a) the y—y 
correlation function is 
ШОРЛОГ GALAD Gol al) 

XCALi»; 1— 1)C (EsLs! v; 1- 1) 
XW (jjLiLr ; vj) W (331215 ; vja) 
XEL +1) (2Ly' +1) (21-1) (2L +1) 8 


XP,(cos8). (64) 


The sum is over Li£Li', Lele’ and v. 
For the cascade emission of a mixed 2/1 plus 2’ pole 
and a pure 27? pole the correlation is, explicitly, 


W (В) = (АА! [Аг (jill Ly’! IDE “WIT 


ИИ ое, (65) 
where 
wy= (2Ly4-1) QLa-1) 
> 25 С (Lii; 1- 1)C (LLa; 1—1) 
»20 
XW (731111; vj) W (371212; ујз)Р,(соѕ8) (ба) 


is the correlation function for a pure 221 — pure 2/? pole 
cascade, wrr is the same as wr but with L;' replacing 
Lı and 

WII = ГОГ 1) (2Ly'+ 


х XCaL/!»; 1—1)C(L-La; 1—1) 
y>2 


XW (jjLiLy' i vj) W Га; vj2)P(cos8) (65b) 


1) POE 4-1) 


is the interference term. See also Eqs. (70, 70а, 70b, 
70c). The correlation function for two mixed radiations 
can Бе teadily obtained from Eq. (64). In practice the 
y-ray mixture wil be а 22 and 2/2! pole mixture. 
Then if Lı=L, the first term of Eq. (64) refers to the - 


2L pole radiation and the second to the 27? pole. — 


From (Appendix A11) 
C(LL0; 1—1)W (74:04) 6:9: 
= (= HOLA Qj ut 2 


s 


Taste I(a). Ёх(17:7) for Integer spins. 
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0.7071 —0.3536 
0 0.4183 


0 0 


јл 
ny 0 1 
1 
2 
3 
4 
5 


0 0 


- 0.0707 


—0.4183 
0.3464 


0.1195 

— 0.4330 

0.3134 
0 


0 
0.1443 
—0.4387 
0.2944 


TABLE Ib. (2717) for D) spins. 


ў 0 1 


3 


RENNES uL 


1 0 — 0.3535 
2 —0.5976  —0.2988 
3 0 — 0.4949 
4 0 0 
5 0 0 


0.3535 

0.1281 

— 0.1237 

— 0.4477 
0 


-0.1010 
0.3415 
0.2268 

—0.0448 

— 0.4206 


"TABLE I (c). F4(27:7) for integer spins. 


0 1 


2 


3 
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TABLE I(f). F«(37:7) for integer spins. 


PUR 0 1 2 3 4 
ра а... 
3 13056 —0.9792 0.5440 —0.21 16 0.0593 
4 0 0.4214 —0.7585 0.6895 —0.3831 
5 0 0 0.2420 —0.6049 0.6979 


TABLE I(g). F2(47:7) for integer spins. 


j 0 1 2 3 4 
1 0 0 0 —0.4203 0.6010 
2 0 0 —0.7257 | —0.0726 0.4288 
3 0 —0.8763 — 0.5258 | — 0.0956 0.2995 
4  —0.9687  —0.8234  —0.5554  —0.2101 0.1447 
5 0 —0.9000 --06825  —0.3787  —0.0437 
TABLE I(h). F4(4717) for integer spins. 
s 0 1 2 3 4 


— 1.069 


0 0 
0 0 


0.7127 
0 —0.4467 


— 0.3054 

0.6700 

— 0.3044 
0 


0.0764 
— 0.4467 
0.6087 
— 0.2428 


TaBe 1(4). Е» (3717) for integer spins. 


1 


0 


—0.7171 
—0.6495 
—0.7835 


0 


TABLE I(e). Е4 (3.17) for integer spins. 


3 
1 
0.0891 
0.0355 


2 

3 h 

4 0.1453 
5 0 


2 


— 0.4243 
— 0.1793 
—0.2742 
— 0.4701 
—0.7360 


2 


—0.1336 
— 0.1066 
— 0.0484 

0.1159 


3 


0.5303 
0.3287 
0.1443 
— 0.0855 
— 0.3680 


3 


0.0891 
—0.0355 
—0.1012 
— 0.0773 


4 


—0.0297 
0.1044 
0.0132 

— 0.0852 


related to the ratio of reduced matrix elements by 


Ini 
In 


ё= 


or pure multipoles is parity independent, the case 
mixed multipoles gives a parity determination only 
onere that a Mr, Ery mixture is much more 


З (74| 1244-1177 


(sal Lal] 7)? 


(67) 


0.2811 
0.0374 
— 0.1408 
— 0.2592 


0 0.1718 
0.4112 —0.1371 
0.3017 — 0.0901 
0.4814 0.0802 


— 0.3436 
— 0.2866 
— 0.2860 
— 0.2239 


TABLE I (i). (4717) for integer spins. 


1 2 3 4 


0.0218 0.0356 
0.0674 —0.0034 — —0.0346 0.0104 0.0243 
0 00387 —0.0290 —0.0190 0.0242 


Е 


— 0.0392 — 0.0198 


TABLE I(j). Fs(4717) for integer spins. 


№ 0 1 2 3 4 


4 —1.4809 1.1847 —0.7539 0.3770° —0.1450 
5 0 — 0.3893 0.7785 —0.8384 0.5989 


tion markedly and the correlation measurement 53 à 
sensitive method for the determination of mixture ratios. 


Equations (64) and (65) define the standard y zY - 


correlation. In particular Eq. (65a) is the “standard 


y—y correlation for pure multipoles. We write the latter 
in the form 


10 (В) = х A,P, (cosf) (68) 


and renormalize so that 40-41 corresponding to unit 
value for the average of the correlation function @. 


Then 
A,=F,(Lijij)F,(LojeJ), (69a) 


where 

Бл) (о 1-1) 7 b 
XC(LLv; 1—1)W (jjLL; vfs) (999) 

so that also Fo=1. . a 
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TABLE 


CORRELATIONS OF 


for halíf-integer spins. 


NUCLEAR 


RADIATIONS 


I(k). Fal jij) 


bv 
IN 1/2 3/2 5/2 7/2 9/2 11/2 13/2 
3/2 0.5000 — 0.4000 0.1000 0 0 0 0 
5/2 0 0.3742 -0.4276 0.1336 0 0 0 
7/2 0 0 0.3273 —0.4364 0.1528 0 0 
9/2 0 0 0 0.3028 — 0.4404 0.1651 0 
11/2 0 0 0 0 0.2876 — 0.4425 0.1738 
13/2 0 0 0 0 0 0.2774 — 0.4437 
"TABLE I(l). Ёс (2717) for half-integer spins. 
ЄТ 
IN 1/2 3/2 5/2 7/2 9/2 11/2 13/2 
3/2 — 0.5000 0 0.3571 —0.1429 0 0 0 
5/2 — 0.5345 —0.1909 0.1909 0.3245 —0.1909 0 0 
7/2 0 — 0.4676 —0.0779 0.2494 0.2962 —0.2182 0 
9/2 0 0 -0.4325 -0.0197 0.2752 0.2752 —0.2359 
11/2 0 0 0 —0.4109 0.0158 0.2890 0.2596 
13/2 0 0 0 0 —0.3962 0.0396 0.2972 
TABLE I(m). F4(2717) for half-integer spins. 
эл 
ONS 1/2 3/2 5/2 7/2 9/2 11/2 13/2 
5/2 —0.6172 0.7054 — 0.3968 0.1176 —0.0147 0 0 
7/2 0 —0.3581 0.6367 —0.4775 0.1736 — 0.0253 0 
9/2 0 0 — 0.2684 0.5857 —0.5124 0.2102 —0.0338 
11/2 0 0 0 —0.2237 0.5505 — 0.5309 0.2359 
13/2 0 0 0 0 —0.1970 0.5254 —0.5418 
TABLE I (n). F»(3717) for half-integer spins. 
Хал : к 
ТУЛ 1/2 3/2 5/2 7/2 9/2 11/2 13/2 
3/2 0 —0.6000 0.1500 0.5000 —0.2500 0 0 
5/2 — 0.8018 —0.4410 0.0267 0.4009 0.4009 — 0.3341 0 
7/2 —0.8183 — 0.5455 —0.1637 0.2182 0.4474 0.3273 —0.3819 
9/2 0 —0.7569 -0.4129 -0.0275 0.3028 0.4541 0.2753 
11/2 0 0 -0.7191 -0.3319 0.0522 0.3476 0.4504 
13/2 0 0 0 —0.6934 —0.2774 0.1040 0.3744 
TABLE 1(0). Р (3711) for half-integer spins. 
ы Э 1/2 3/2 5/2 7/2 9/2 11/2 13/2 
4-0 у? 0.1543 —0.0772 —0.0772 0.1029 —0.0444 0.0070 0 
» > 7/2 0.1709 —0.0190 —0.1076 —0.0069 0.1019 —0.0627 0.0121 
9/2 0 0.1281 —0.0660 —0.0932 0.0278 0.0935 —0.0735 
11/2 0 0 0.1067 —0.0849 — 0.0778 0.0469 0.0850 
13/2 0 0 0 0.0940 — 0.0940 — 0.0653 0.0585 


It is clear that for the numerical tabulation of the 
pure у— у corrélation it is most economical to tabulate 
only the Р, and this gives a complete numerical descrip- 
tion of the correlation. In Tables I(a) through 10) we 
give numerical values for the F, for L=1, 2, 3, 4 and all 
the necessary > values and for 71-00, 1, 2, 3, 4 and 
755 (integer values). In Tables I(k) through I(t) 
we give F, for the same range of L and > and for ай 
half-integer values of j; in the range 3 to 13/2 inclusive 
and for all pertinent j € 13/2. 


э 
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In using the tables one selects an F value (for each v) 
corresponding to each transition and then the correla- 
tion function is completely defined by, Eqs. (68) 
and (692). 

For the correlation in which one y-ray is not pure we 
can use the normalization given above if the intensity 
ratio ô is introduced in Eq. (65). The cerrelation furic- 
tion is simply «ы, 

Їй-гтөгч-00т:4-20 0111, + (70) 
where à? is the ratio of intensities ofthe 24 росе to that 
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TABLE I (p). F«(37:) for half-integer spins. 


NG 2 372 5/2 72 9/2 11/2 dan | 
| 


0.652 —0.8704 0.6528 —0.3165 0.0989 —0.0183 0.0015 

92 : 03077 —0.6714 0.6994 —0.4304 0.1614 — 0.0344 
11/2 0 0 0.1998 —0.5533 0.6916 —0.4918 0.2075 
13/2 0 0 0 0.1498 —0.4793 0.6741 — 0.5287 


"TABLE I (а). Е (477) for hali-integer spins. 


р а 


DX 1/2 3/2 5/2 7/2 9/2 172 13/2 
3/2 0 0 —0.6071 0.2429 0.5409 —0.3091 0 
5/2 0 —0.8113 —0.3245 0.1711 0.4898 0.3924 —0.4130 
7/2 —0.9274 — 0.6889 — 0.3397 0.0482 0.3734 0.5059 0.2867 
9/2 — 0.9358 —0.7444 —0.4558 —0.1155 0.2127 0.4466 0.4861 

11/2 0 — 0.8890 — 0.6326 —0.3175 0.0122 0.3001 0.4770 

-0:8573 —0.5572 —0.2266 0.0934 0.3521 


TABLE I(r). F4(47:7) for half-integer spins. 


X 1/2 3/2 5/2 7/2 9/2 11/2 13/2 

5/2 0 0.2976 — 0.2976 —0.1082 0.2976 — 0.1602 0.0291 
7/2 0.5128 0.0733 —0.2597 —0.2131 0.1235 0.2474 — 0.2188 
9/2 0.5322 0.1693 —0.1762 —0.2786 — 0.0800 0.2065 0.1893 
11/2 0 0.4434 0.0171 — 0.2509 — 0.2363 0.0087 0.2372 


0.3906 — 0.0651 —0.2744 —0.1916 0.0668 


TABLE I(s). (4717) for half-integer spins. 


5/2 7/2 9/2 


—0.0071 0.0317 —0.0259 
9/2 0.0492 —0.0213 —0.0269 0.0195 0.0172 —0.0292 ' 0.0167 
11/2 0 0.0320 —0.0326 —0.0123 0.0264 0.0061 —0.0284 
0.0240 — 0.0348 — 0.0024 


TABLE I(t). Fs(4717) for half-integer spins. 


ji 
DE 1/2 3/2 5/2 7/2 9/2 11/2 “13/2 
9/2 —0.6623 0.9633 —0.8429 0.5187 —0.2316 0.0741 —0.0162 
11/2 0 —0.2624 0.6460 —0.8075 0.6460 —0.3533 0.1330 
13/2 0 0 —0.1497 0.4791 — 0.7336 0.6904 —0.4315 


—= Р “1 


е 2% pole and l In Tables П (а) through II (I) numerical values of the 


3 Ну =) Л, © 
wr Y, A (LiLo) P, (cos), 704) Coeflicients G,(LL/j1j) are presented for v=2, $, 9 
5 429) P, (cos) (102) L=1, 2, 3 with //= L4-1 and the range of jı and 7 18 
а (ГӘР, (созд), (105) the same as Table I. In the table headings the first 
5 i argument in G, is the value of L. Special cases of the 
A Ea (Соз) ола mixed correlation were considered by Ling and Fal- 
: Кой (49). 


(27-1) (214-51) (21/1) 

PA NA 
В (сон), . (100) (3) Correlation Function for Linear Polarization- 
Direction Correlation (45) 


The correlation function which applies here was e 3 
in Eq. (38). In order to make direct use of the results 0" 


this section we evaluate the e,, from the tensor param 
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"TABLE II (a). С:(17:7) for integer spins. 


CORRELATIONS OF 


NUCLEAR RADIATIONS 749 


"TABLE II (d). G:(3717) for integer spins. 


NT js 
JIN 1 2 Ed 4 xX 1 2 4 1 
| 1 0.1581 0.0707 0... ite a 0 con 002220808 
2 — 0.1080 0.0707 0.0756 0 2 0 0.0246 — 0.0213 0.0027 
3 0 — 0.0926 0.0423 0.0704 3 0.0145 — 0.0203 0.0193 — 0.0105 
4 0 0 — 0.0809 0.0289 4 — 0.0114 0.0168 — 0.0180 0.0141 
{ 5 5 0 0 0 -0.0725 5 0 — 0.0125 0.0161 —0.0155 
TABLE II(b). G2(2717) for integer spins. Tage EH (e). G,(371j) for integer spins. 
ы! ^ ji 
DAE гу 3 3 4 * 1 2 3 4 
0 —0.0617  —0.0369 0 2 0 -0.0331  —0.0382 | -00109 — — 
2 — 0.0404 0.0432 — 0.0132 — 0.0382 3 — 0.0386 0.0180 0.0194 — 0.0190 
3 0.0296 -0.0378 0.0279 0 4 0.0317 —0.0242 — 0.0033 0.0221 
4 0 0.0298 — 0.0322 0.0195 5 0 0.0295 —0.0138 — 0.0106 
5 0 0 0.0284 -00279 . -..2г2 їг? паи ПИ. P 
E rr. TABLE II(f). Gc(3717) for integer spins. 
TABLE П (с). Gs(2717) for integer spins. = Е о 
- a pat З т 
Л ING I 2 3 4 
ЁС 1 2 3 4 = = — ED 
3 0.0429 0.0429 0.0259 0.0101 
2 0.0753 0.0604 0.0246 0.0047 4 — 0.0429 —0.0153 0.0206 0.0286 
3 — 0.0667 0 0.0472 0.0332 5 0 — 0.0288 — 0.0236 0.0071 
4 0 -0.0507 -0.0171 0.0346 Ё x RM 
5 0 0 — 0.0409 — 0.0224 c Ы 


eters. By making use of (see Eq. (20) et seq.) 


R(vg, Шт) = (—)7***», D(v, qv; 05, (Шт), (71) 


and we have used the fact that we are concerned only 
with linean polarzation (therefore 6t appears instead 
of f). Comparing Eqs. (71) and (63) we see that 


су (14/т)-(-у на (21-1) (21/41) 8 


С(1179:1-1) 
> Х, » (72) 
: i(—)"  C(LLv;il) 
where the uppper line in the bracket refers to 7—0, 
and the lower refers to т= 2-2. Also с'= 1 for magnetic 
and 0 for electric radiation and the prime in c^ denotes 
> „е 2" multipole. 
| Für pure multipoles in which the polarization of the 
first (241 pole) quantum is observed and correlated with 
the direction of a 242 pole quantum, we obtain the 
correlation function 


NO CaL; 11) 
| W3(8, e) Y: A, P,+ (=) 
| pur. | мин C(LiLw; 1—1) 


(7-2)! 25 
ХЇ 51) со82ФРД(со88)|, (73) 
(СЕЛ 
e ^ 
where 4, is defined in Eq. (69а and b) and с, refers to 
radiation 1. In Eq. (73) e is the angle between the 
polarization vector and the, normal to the f; — f» plane 


and Pj is the associated Legendre polynomial; in the 
second term of Eq. (73) v> 2. The explicit dependence 
on the character of the radiation will be noted. Equiva- 
lent results have been obtained by Zinnes (81) and 
Lloyd (58). 

The ratio of vector addition coefficients can be ex- 
pressed in the form 


C(LLv;11) 2v(v+1)L(L+1) ЕІ n4) 
= / 
C(LLv; 1—1) v(v+1)—2L(L+1)l (z4-2)! 


with у even, so that with Table I numerical results for 
the correlation function for linear polarization can be 
readily obtained. Special cases have been considered by 
Falkoff (25). 

“If the linear polarization of the second quantum is 
measured, the correlation function is obtained by inter- 
changing / and Z2 which affects only the ratio of vector 
addition coefficients given in Eq. (74) and the phase 
(—)* if the radiations are of different character. Desig- 
nating this correlation function by И», what will be 
observed is the average correlation function 


W= тә 721 2, 


where 7 is the over-all efficiency for detection of 
photon 1 in:the polarization sensitive detector and 
photon 2 in the polarization insensitive detector, while 
ne: is the over-all efficiency for the photons interchanged. 


The importance of the relative over-all detector efficiencies тг 
and na сап be seen as follows. If the efficiencies age the same (sc 
that W~W,+1W,2) the polarization sensitive term in Я will be 
absent if ^ 

>(>-Е1)—2/%(Г-Е1) = DRE) 2 
»(»4-1)—211(114-1) 7.84141 
LI : ^ 2 
s. Ы = 
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Тави II (g). 6:(17)7) for half-integer spins. 


9/2 


29 а E. - : : 
3/2 —0.1118 0.1000 0.0764 0 0 
УЗ 0 0.1000 0.0535 0.0732 Ж 0 0 
7/2 0 0 — 0.0863 0.0345 0.0677 ON. 0 
9/2 0 0 0 — 0.0764 0.0246 0.0628 0 
11/2 0 0 0 0 — 0.0691 0.0187 0.0586 3 
0 0 0 0 0 —0.0635 0.0148 


"TAnrE 11(1). бз (21у) for hall-integer spins. 


3/2 5/2 7/2 9/2 11/2 13/2 


3/2 0 0.0535 — 0.0286 —0.0391 0 0 0 
5/2 0.0261 — 0.0405 0.0344 —0.0049 — 0.0366 0 0 
7/2 0 0.0302 —0.0349 0.0231 0.0031 — 0.0332 0 
9/2 0 0 0.0292 —0.0299 0.0168 0.0066 — 0.0305 
0 0 0 0.0275 — 0.0262 0.0129 0.0082 
0 [U 0 0 0.0259 — 0.0234 0.0102 


TABLE II(i). С(2717) for half-integer spins. 


3/2 5/2 7/2 9/2 11/2 13/2 


5/2 —0.0753 0.0225 0.0551 0.0308 0.0070 0 0 

1/2 0 — 0.0578 — 0.0111 0.0402 0.0339 0.0096 0 
9/2 0 0 —0.0452 — 0.0205 0.0300 0.0334 0.0109 
11/2 0 0 0 — 0.0375 — 0.0235 0.0233 0.0320 
0 0 0 0 — 0.0322 — 0.0243 0.0187 


1 TABLE II(j). G»(37:7) for half-integer spins. 


2 
5/2 7/2 9/2 11/2 13/2 


0 — 0.0298 0.0119 0.0234 0 
ф 5/2 0 —0.0195 0.0225 —0.0149 —0.0020 0.0215 й 
7/2 —0.0094 0.0165 —0.0193 0.0164 — 0.0074 —0.0063 0.0193 
9/2 0 — 0.0122 0.0166 — 0.0167 0.0123 — 0.0035 — 0.0079 
- 11/2 0 0 —0.0126 0.0156 —0.0145 0.0095 — 0.0013 
0 0 — 0.0124 0.0145 —0.0127 


"TABLE II (k). С.(3717) for half-integer spins. 


3/2 


5/2 7/2 9/2 11/2 13/2 


0.0405 0.0078 — 0.0282 — 0.0238 = 0 
7/2 0.0295 — 0.0317 0.0045 0.0222 — 0.0122 2002 — 0.0092 
9/2 0 0.0310 —0.0183 —0.0078 0.0208 —0.0037 —0.0223 

x 11/2 0 0 0.0280 —0.0104 —0.0122 0.0178 0.0009 

: / 0 0 0 0.0251 —0.0057 —0.0137 ` 0.0150 


TABLE II (I). С6(37:7) for half-integer spins. 


5/2 7/2 


M 00512 0.0292 ‚0142 0.0039 
=@ —0. 0128 * 0.0268 0.0178 0.0060 
0 —0:0244 -0:0242 0.0030 0.0227 0.0188 
0 —0.0187 —0.0236 —0.0023 0.0190 
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for all possible и; the (-F, —) sign refers to the case of radiations of 
(different, same) character. This actually occurs for 

(a) radiations of opposite character and I=L, 

(b) radiations of the same character, and Lı, /2-1, 2 or 2, 1 
and for no other cases.” In both cases there is an over-all parity 
change in the cascade. Therefore, if there is no polarization effect, 
with equal efficiencies, there must have been an over-all parity 
change (61), but the converse does not follow. That is, it is not 
true (as has been stated (61)) that the cascades in which a polar- 
ization effect is observed (215—751) correspond to no over-all 
parity charge. It should be recognized that when the detector 
efficiencies are unequal there will also be cases in which the polari- 
zation can cancel, or nearly cancel, accidentally. No conclusions 
should be drawn in such a case and the relative detector efficiencies 
should be varied? ` 


As mentioned above, when one of the radiations is a 
mixture, the correlation function depends on the parity 
change in the transition in which the mixed radiation 


‚ is emitted. To determine the parity change in the transi- 


tion in which the pure radiation is emitted one may 
make a polarization-direction correlation, observing the 
polarization of the pure radiation. Of course, unless one 
can devise detectors for which the efficiency is zero for 
the mixed radiation going to the polarization sensitive 
detector, it is also necessary to consider the case in 
which the polarization of the mixed radiation is ob- 
served. We therefore consider these two cases. We con- 
sider a Мы, Erı+ı (or alternatively, Ezı, М1л+1) 
mixture. The pure radiation is again a 27? pole. 

(а) Polarization-direction correlation with polariza- 
lion of pure radiation measured —From Eqs. (38) and 
(72) we find for the correlation function 


Wa =r +8114 260111, (73a) 
where 5° is the intensity ratio 7(Z;+1)// (L4) and 
r= A (LiL), (LaLa; ВФ). (73b) 


^ 


This is the polarization-direction correlation for the 
pure 271-риге 212 pole. Here we define 


Ф,(12/:80)-Р,(сол8)--(-1) 99 


X 


со52оР (соѕв). (73c) 
у) 

The notation is the same as in Eq. (73) and the parity 
index о(1/) is determined by the character of the 2” 
pole. Thus, in Eq. (73b) the phase (—)*€2? is —1 for 
M 15 radiation, 1 for Er; radiation. In a similar way Фи 
is the correlation function for а pure 27r" pole-2”* pole 
and is obtained by replacing Г, by Lı+1 in Eq. (73b) 


УС? 


їг, A,(Ly+1, Le), (Lele; 8€) (73d) 


{5 Aside from the trivial cases (7-0 or $) there is one other case 
Which leads to complete isotropy; viz., a cascade in which л=%, 
= with pure quadrupole emission (9). 
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and 15111 is the interference term 


Ürrr= (—) PAL 27--1)(214--1) 214--3) 0 
x2 G,(LiLit- 17:7)8,(127:7)9.(Г21г: Be). (13e) 


In Eq. (73e) vz 2. 

(b) Polarization-direction correlation with polariza- 
tion of mixed radiation measured.—An entirely similar 
procedure gives for the correlation function 


W= By -Herr + 2 rrr’. (730) 
Here, 6 is as in Eq. (73а) and 


Ш As (LiL) P, (L111; ВФ) (73g) 


rr =} At 1, L)O, (Lit 1, Lit1;8¢), (73h) 
which are the polarization-direction correlations for 


pure multipoles and 


Фит = (—) E (27-1) 2LF 1) (22,43) 
KD С,(1АГА--171)Р, (125737) 


KP(LilLi +1; Be) + (13i) 


which is the interference term. Again in Eq. (731) 
v2 2. In Eq. (73i) one needs (52) 


C(LL/v; 11) сЕ 
СОЛЕ Е 


| c-pen, (3j) 


where L4-L'--v is an odd integer. Equivalent results 
have been obtained by Zinnes (81). 

In the actual observation the quantity measured is, 
of course, the weighted average of W, and Wa with 
weight factors given by the over-all detector efficiencies 
for the pure radiation and the mixed radiation going 
to the polarization sensitive detector, respectively. 'The 
results given above have a common normalization and 
can be averaged directly. 


B. Spinless Particles 


The only spinless particle in which we are interested 
is the alpha pàrticle and the specific results given here 
apply to this case. However, for other nuclear particles 
(neutrons, protons, deuterons) for which only directions 
of motions are observed, the results given here could 
apply equally well in the manner indicated below. 

'The determination of the tensor parameters for 
alpha pa?ticles is a very simple problem, as one might, 
expect, since the only possible measurement is the de- 
termination of a direction of motion, uncomplicated Бу 
any spin polarization questions. Let us first omit con- 
sideration of the charge of the emitted particles. Then 
the physical measurement determines thas the particle 
is in the plane wave state, еїК-ї and in accora with the 
discussion of Sec. П-С, the tensor parameters of the 
radiation are determined from the «transformation to ' 


LI 
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752 
angular momentum eigenfunctions. Using the well- 
known Rayleigh formula we have 

ект т Y jitY (т) Vr" (6) 


1т 


= (0141) ]jiKr) D, m0; ОРУ. 


lm 


75) 


( 


The tensor parameters, R(»q), of this radiation are 


R(»q, Шт) = 4s (UHH (=) 


m 


XD* (V, q—m, 0; HD(I, m0; f) 


XC(Wv;mg—m). (76) 
| By use of Eq. (9), we find that 
| Rog, Пт) = Ax QI-1) Q4-1) (7)? 
XC (Il'v; 00)D(v, q0; t). (77) 


In order that parity be a good quantum number for 
the radiation (as indicated by the variable m= (—)! 
= (—)! in the notation for R(vq)), we must require that 
l and I’ differ by an even integer. Since the vector addi- 
tion coefficient, C (Wv; 00), vanishes for /--/'4-vz£even 
integer we see that и is even. 

In terms of the с», of Eq. (12) we find 


= 6(70) —)'LQIH-1) 27--1) CQ»; 00). (78) 


If we now consider charged particles the changes that 
occur are of two kinds. Firstly the discrimination against 
the emission of high angular momentum particles will 
become less marked, because of the Coulomb barrier, 
so that the interference of different angular momenta 
will be more pronounced. This effect!® is, of course, 
contained in the physical parameters (the relative size 
of the reduced matrix elements) and does not influence 
the tensor parameters above. The second effect is to 
introduce phase shifts, 69:09, multiplying the /th 
spherical wave of our basis.? 

The result for charged, spinless particles (alpha 
| particles) is found to be 


Cor (ex) =4тб (70) (— J'e 17^? [ (274-1) (27-1) Fè 
ЖС(Ш»; 00). (78а) 


For a single angular momentum, the phase shift 
difference drops out. However, for those cases in which 
more than one angular momentum is important the 
phase shifts will remain and may change the correlation 
functions appreciably. We consider explicitly only the 
former case. Since we have^ chosen the gamma-ray 
correlation to be the standard directional correlation, 
the most/useful parameters are the 6,, defined in Eq. 
(42). Using the results of the preceding section we find 

^ 16 This question is discussed at length by Н. A. Bethe, Revs. 
Modern Phys. 9, 69 (1937), see Sec. 72. 

_ И We may cchsider the Coulomb potential to be screened, so as 
to elimjnatc the logarithmic terms. In the final result the limit 


ог zero screening can be taken. Also from Eq. (78a) below it is 
‘that the logarithmic term would drop out in any case since 


Ra re 
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for pure multipoles (unique orbital angular momen. 


tum /) that (normalized to bo= 1) 
b, (Il; a) = — C (llv; 00)/C (llr; 1—1) 
21 (14-1) 


724041) (8-1) АШ 


The а= у correlation, for example, is then 


| 21(1+ 1) Р 
IMS) == _ COS | 
W4—,(8) > XE v D) e (cos8), (80) 
with А, from Eq. (69a, b) with / replacing Lı or L, 
according as to whether the а particle 18 emitted in the 
jj or jj» transition. 

The results can be extended to the emission or ab- 
sorption of a nuclear particle with a pure angular mo- 
mentum in the following way. If / is the particle angular 
momentum, i its intrinsic spin and 7 the target nucleus 
then the channel spin s is any of the values consistent 
with 

s—i4 I. 


Assume for the moment that only a single value of s 
need be considered. The correlation is then the same as 
for а particles if jı, the initial state angular momentum 
is replaced by s. For the more realistic case wherein 
more than one channel spin is relevant, the correlation 
is an incoherent sum over s of such contributions with 
weight factors corresponding to the relative probability 
for the occurrence of the channel spin s in the assumed 
pure compound state. An example of this procedure is 
given in reference (11). 


C. Conversion Electrons 


For heavy elements in which conversion electrons are 
more prevalent than у rays, it may be advantageous to 
measure the correlation with such elecirons. The prob- 
lem of correlations involving conversion electrons, m 
either or both transitions, has been considered by 4 
number of authors. A preliminary discussion was ‘given 
by Fierz (31) and nonrelativistic approximations ?p- 
plicable to electric conversion of s electrons үеге con- 
sidered by Berestetzky (10) and Gardner (38, 39). 
An approximate but incomplete consideration of mag- 
netic conversion was also given by Gardner (40), see 
also Ling (50). The relativistic treatment of the con- 
version of an s electron was given by Rose, Biedenharn, 
and Arfken (68) and numerical results were give? for 
the K shell when the conversion transition is рше. FOR 
mixed conversion transitions the results appeared n ү 
later publication by the same authors (70). At preser 
all numerical results in a relativistic calculation are 
limited to K conversion correlation (69, 68). 

The internal conversion process is viewed 2 3 
ejection of an extranuclear electron, originally х X 
stationary state (say the K shell), via the electromag 
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magnetic field which is excited by a nuclear transition. 
The tensor parameters of the radiation are nonetheless 
the tensor parameters of the nuclear gamma radiation 
for we have but substituted, in place of a direct observa- 
tion of the gamma radiation, an indirect observation 
of its effect on the surrounding electrons. The tensor 
parameters of the gamma radiation are thus determined 
by the coupling of (a) the tensor parameters of the 
ejected electron-fixed by our observation of a plane 
wave state with a definite direction of motion but un- 
observed spin orientation, and (b) the tensor parameters 
of the initial state of the electron, which are quite simple 
since this state is random. 

The first problem is to determine the tensor param- 
eters of the final state of the ejected electrons. For the 
moment, let us neglect the effect of the Coulomb field 
on the motion of the electrons. 

The observations imply that the ejected electrons are 
detected in plane wave states, e'¥:D,, where we have 
taken the direction of motion to define the z axis and 


the D, are Dirac plane wave spinors (with т= + taken 
to be spin "up," ie, along ће = axis and r=—, 
spin down"). In relativistic units and with K=p 
—p/E+1 0 
0 : /E+-1 
Di=| р (81) 
0 1 


Since the spin is not observed, we must average over 7. 
These plane wave states can be expanded into a sum of 
Dirac spherical eigenfunctions, ¢,“, (references 68, 67 
and Eq. (83) below) and the result is 
5 
А 


т ү? 
= ( ) = (Am |] 1-9 
p(E+1) t : 
ХГ-5001 гс. 
к= (34-5) dor j—LFi and / determines the parity 


(67). The sum is'over all positive and negative integers, 
except zero. The notation is 


к 


(82) 


о S(k)=sign of к= +1 
1(к) = |к]-Е&[5(к)— 1] (82а) 
Зо» j=|x|-3 


фл o Me v С (83) 
T —S (к) (E- jro (рт) 


WEL ClUj en DV" (83а) 


X47 in Eq. (83а) is a Pauli spinor and y is the eigenvalue 
of the z component of the total angular momentum /. 
The total energy Е--(07--1). Е 

For convenience we give the following properties of 
the central field spinors which are used below 


(o: L-4-1)x, ^ — rx.” 
ох = X 


(83b) 
(83с) 
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and e is the usual Pauli spin operator, L the orbital 
angular momentum operator. 

If now our measuring axes are taken to be arbitrarily 
oriented with respect to the direction of motion of the 
plane wave (but the spin still quantized along this 
direction of motion), we must consider the above equa- 
tion in a rotated system of coordinates. Since the $^ 
transform like wave functions with total angular 
momentum j= (к —1, we find 


(ei: D, =—— ULL 


: 28 
Га(Е--1у «= 


XC—5()J-1DG, ит). (84) 


The prime again denotes rotated. 

The tensor parameters for the electron in the con- 
tinuum are now readily seen to be (discarding a factor 
2x /[ p (E4-1) ) 


R(vq, кк) = У (—) 4 60-9 C(CTY'v; и, 0) 

un'r 2 

XLESG)S (^) л Le" D*O, n7) Dj, ит) 

= “9—1 (— yer xx l3D(v, gO; f) 

хХУ[-.5(к)5(к) 1С (7; т, —т). (85) 
f is the unit propagation vector for the electron and 
= |к'\—%. Using now the identity (212- 1)!C (13 j ; 07) 
= |k[[— S (x) 7, one readily works out the sum over т 
from 


У[-—.5(к)5 (к) Cj v;z, —7) 


= 1214-1) ок) 

XCl'v; ИИ; $v). (86) 
Hence the tensor parameters of the ejected electron can 
be written in the simpler form 


R (vq, xx!) = О-о (— улан? 

XE (2/+1) (214-1) Ha | 35 G.S (^) 

XC(v; 00)W (1j j’; 1v)D(v. gO; f). (87) 

So far we have calculated the tensor parameters for 

the field-free case. If there 15 а central field, decreasing 
more rapidly at infinity than a Coulomb field, then the 
only effects are to modify the radial part of the base 
wave function ¢,* and to multiply these functions by a 
phase shift e“*. The tensor parameters are then 


R(vg, s p [ (214-1) (224-1) |x] J 
X(—)r 7060-109 expp2(A,— Ay) ] 
XS (к) (KNCU v; 00)W (Lj j' ; 19) 
‚ XD(v,q0;f). (88) 


For the Coulomb field the well-knowr? logarithmic 
term in the phase shift enters, but this clearly drops out 
in the above expression since only differentes of the 
phase shifts enter and the logarithnsic в = inde- 


» 
a. е >: 
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. pendent of к and the phase shift difference is therefore 
independent of r. Hence the above expression applies 
to the Coulomb case as well. The phase shift A, 1s equal 
to 6,(Z)—6,(0) in the notation of reference (67) and 
the arguments here refer to the atomic number; thus 
А, vanishes in the case of no field. The phase shift 
8,(0) = 3a [3 (1--5 ()) — |x|]. The absolute sign of the 
phase shifts (the relative signs are unique) in Eq. (88) 
above is determined from the requirement that the 
Green's function for the emission of the electrons corre- 
sponds to outgoing waves at infinity. Strictly speaking, 
this method of deriving the tensor parameters from the 
field-free tensor parameters is ambiguous in regard to 
the absolute sign of the phase shifts. A more thorough 
derivation which treats this point in detail is given 
in (68). 

Since the tensor parameters of the initial state 
(к= — 1) are R(vq; in)=5,0540 it is now a simple matter 
to determine the radiation parameters, using the pro- 
cedure discussed in connection with Eq. (17b). The 
result is - 


| R(vg, Пт) = У |k ИЛЬ; Lj’) (Lo) 


XO*(K'L’o')R (vq, kx’). (89) 


The Q(kLe) are the reduced matrix elements for the 
electronic transition from x;— —1 to к by an outgoing 
2” pole electromagnetic field and parity (—)"#°. These 
are defined explicitly in references (68) and (69). 
The same sign and normalization conventions are used 
here. The с parameter (Sec. III-A) is used in the Q's 
in lieu of the parity symbol т. Since for pure multipoles 
we have two possible к values for the final state (к= Г, 
—L-—1 for electric multipoles and x= — L, L+1 for 
magnetic multipoles), there will always be coherent 
mixing of the final states, and thus the Coulomb phase 
shifts, as well as the relative size of the electronic matrix 
elements, will become important. In general, exact 
calculation of these matrix elements using Dirac wave 
a functions for the Coulomb field is consequently essen- 
= tial [see further, (68) ]. 
32 The radiation tensor parameters for a pure 22 multi- 
(о--07) are then 


n Га) = У [GH-0 2741) хк | (Lo) 
XQ*(k Lo) (—) 2+! 60-19 
_ Xexp[i(A.— A) JC (Iv; 00) 
| XS(95(c)D(», g0; DW (1707; 3») 
ы ХИ(171]';%›) (90) 


A 


poles the allowed к values 
cases, /(к)= Г. The 
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above equation then takes the simpler form 


R(vq, LLe) 

- (2L-+1)(—)” HC (LLv; 00)D (v, 40: f) 
х(12|10(146)| W*(LLL-4L— 3; và) | 
+(L+1)?|Q(—L—1Le) [?W?(LLL+3L-+4; 3) 
—2LUA- D Ке (еже | 

ХО(-2-1, Le) W*(LLL—$L 5: ид). (91) | 


T 
| 


The occurrence of C(LLv; 00) shows that и is an even 
integer. If we use the relation 


v(v+1)—2L(L+1) 
2L(L4-1) 


C(LLy; 1—1) = C(LLv; 00) 


for и even and the explicit formulas for the Racah 
coefficients (see Appendix, A8, A9, A10) then R (vq, LLe) 
takes the form 


2L(L+1)(2L+1) 
9(94-1)--21(1--1) 
х (—)2+9C (LLv; 1-1) D(x, q0; f) 
2 вЫ ) 
4(21++1)? 
(2L4-1—») QL4-24-») 
4(2L4-1)? 


R(vq, LLe) 


+ |Q(—L-1,L,e)|* 


»(v4- 1) 


ES Reļ (c^*Q (LLo) ses 


xQ(—L-—1,L, е] (92) 
or 
R(vgq, LLe) = {(—) (21-1) 
XC(LLv; 1—1)D(», 00; É} 
о бо € 
2(21--1) 2030 | 


TIE 
2 - 2(2L4-1)2-2(L4-1) (2L-- 1) 
Ло 2 
(ео) (93) 
ote at 


where we have used the definition 


б e*LO(LLe) 
иг еїё—1-10(— 1—1, L, e) 2. : 
2 =| н] 09 
COLOR 
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The term in curly brackets in Eq. (93) will be recog- 
nized as just the tensor parameters for pure 22 pole 
y rays. We can therefore write, after a little algebraic 
manipulation, that the particle parameter 5b, for con- 
version electrons [see Eq. (42b) | has the form 


[@(= у= 
2L(QL4-1) 
| v(v4-1) ik 


1, L, e)|? 


b (Le) = — (T. [*4- L(54-1)) 


яя m 
^ 2L(L41)—»(v4-1) 2L4-1 


[АНТ | 
L(L+1)+ |T]? 
51) 1 
ве 1+ 
ILE) T 
алар 
оъ) ОР 


Р ce(L)b,(LLe). (95) 


In this last equation the conversion coefficient, с. (Г) 
(aside from a factor-reference (69)), has been inserted, 
so that the b,(2Le) may be normalized to Бо= 1. Thus 


v(v4-1) JL, 
E ui 
ГОГ) S 0 Ей) ЭЧЕП. 
[147,2 


хээ 
1(1-Е1)--1Т1 


The tensor parameters for pure magnetic multipoles 
may also be put in this explicit form by similar manipu- 
lation, involving explicit formulas for the Racah coeffi- 
cients given in the Appendix (Аб, АЗ, А9, А10). The 
result is 


Кир, Пт) = (С) ОГА) 
XC(LL»; 1—1)D(v, 90; £)) 
ES Кож 
3 2(L+1) QL--1) 
[ v(v+1) 
21(1--1)— (2-1) 
L(L-1) |1-Ты|? 
21-51 аг 
= (4, LL; ү)с„ (2), (ГГ). 


multipole conversion 


1+2] 75:19) 


(96) 


The notation is cm(L)=the 2% 
coefficient (69), that is, 


a 


c (L)— [Q(-L, L, m)|* 


20-13 ary i X (LHItL|Tnl*) (96а) 


OF NUCLEAR RADIATIONS 755 
and 
E ети, BS 72 
= —— (96b) 
je e®-40(—L, 23 n) 
Therefore, 
»G-F1) 
b,(LLm) = 14-— 
2L(L- +5689) 
ZATI 1-1, 
— ------. (97) 


21-51 ТЭГ E 


From Eqs. (95а) and (97) it is clear that for both 
electric and magnetic transitions the normalized coeffi- 
cients b,(LL; e/m) for v>2 are readily obtained from 
the corresponding coefficients ba(LL; e/m) by the re- 
currence formula 

v(v4-12)LLGOA-1) -3] 
3[2L(-4-1) —»(v4-1) | 


X [b2(LL; е/т)— 1], 


b,(LL; e/m)=1+ 


(98) 


As a result, one need tabulate only the coefficients б». 
Tables ИТ(а)-ПТ() give b2(ZL; e) and 6 (145) for 
the K shell for 12 values of Z in the range 10-96, 5 or 6 
values of the transition energy (=kmc*?) and L=1 
through 5. 

'The experimental problem of observing correlations 
with conversion electrons is somewhat complicated by 
the multiple scattering that 15 necessarily present with 
thick sources. If thick sources are necessary, therequisite 
corrections can be made as described by Frankel, (32). 

‘For purposes of extrapolation the following limiting 
cases may be of interest. For small & values, in the case 
of b2(LLe), extrapolation toward threshold can be made 
with the aid of the nonrelativistic limit 


L(£+1) 
LEI) —3 
For the magnetic transitions, the 
limit for b2(LLm) is Z, k dependent. 


The high-energy limit can be obtained by using the Casimir 
approximation [asymptotic forms of the radial Dirac functions 
are used (67) ]. One finds immediately that 
1) i 

ГЕО 


bo(LLe) = (oZK1; E«1). 


“nonrelativistic” 


О(к, І, m)Ne-?*(x (ёк, —L4 ôk, L+1) 


1 
AS L-1) e 
where М is an irrelevant normalization constant. Thus 
T.—— (L4-1) and Ты—ә1. As a result one finds that both b,(LLe) 
and 6,(LLm) approach the value unity (68). This implies that at 
high energies the conversion electrons for pure multipoles give the. 
seme correlation function as the corresponding LEUTE with a 
photon replacing the conversion electron. 
For Z=0 arbitrary А one finds 6,(LLm)=1 (for all E. ала 


121, : 
слаже, 


а, 


O L, )Ne-P*(ed-1) 


b:(LLò=1+ 
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7 AW, Е . by Coefficients for Z —40. 
TABLE II (a). b» Coefficients for Z= 10.^ TABLE шин bz Coeflicients for "n 
раар = — === Шон === = ——— 
Pa 1 1.8 d 
k 0.3 0.5 1.0 1.8 3.0 5.0 20 k-03 ; 5 ” T мээн A 5.0 
0000 757 7 Os UD а cui = EU 2143 0 
5 e 96 “1703 211 1216 КУЙ Ж 19246 1.8333 1.5863 1.3298 1.1703 10207 
He 09 00270 11458 10737 (10316 № 1.3008 1.2662 1.1764 1.08 1.0400 10174 
Е 13200 13000 1.2376 1.14558 1.0737 (10 ) 11:71:15 108 
PEE xo а оп 108 Гю ПЫШ 10804 10485 (10209 (10075 s 
it 010288 09551 0970) 09875 1003) 09063 М 04009 (05350 (00898 0.7008 0.8583 00005 
M. ‘OIE | AX :0035 1. M. 12298 1.1787 1.1205 1.0831 1.0586 1.0398 
M» 1.0291 1.0186 1.0100 1.0058 1.0035 1.0020 М» 9 | у 1 
2 5 10850 10668 1.0454 1.0317 1.0228 10160 
M. 10115 10073 10040 1.0024 1.0015 1.0010 M, 10 8 
М 10070 1.0045 1.0024 1.0015 1.0009 1.0006 М. ! 0486 І 0387 1.0266 0186 1.0136 ! 0096 
M, 10050 10032 10017 1.0010 1.0007 1.000 M; 1. .0262 1. “0061 
* Er, М1, designate electric, magnetic 2I pole transitions, respectively. Аве ©. ба Coefficients for Z e 64. 
"TABLE III (b). b» Coeficients for 2= 20. 
k =0.3 0.5 1.0 1.8 3.0 5.0 
k=0.3 05 10 2: m 50 тә 18231 —15966 —1.0000 —0.3273 0.1936 0.5624 
ee 2 70000 -02077 0.3730 0.7138 Æ, 1.8868 1.7698 (14083 1.2660 1.1402 1.0737 
i 19527 118850 16717 14004 12044 10913 E, 1.2764 12293 1.1303 1.0564 1.0241 1.0113 
at ee д j ў 2 7 0546 1.0200 1.0067 7 
12219 1.1290 1.0632 1.0270 Е 1.1347 1.1068 1.05 1.0027 
т i 11 10126 Е 1.0765 1.0579 1.0269 1.0085 1.0022 1.0007 
ИИ ОО  101M 1000 М. олот 03244 046 0.6231 0.7174 отом 
л ОШО үл 05 0830 М 13024 12518 11863 11390 1.1054 1.0778 
Ma 0.7685 0,8430 0.9119 0.9488 0.9696 0.9830 М. 1.302 2518 11863 11390 1104 1. 
Mi 10931 1.0637 1.0369 1.0226 1.0144 1.0087 М. 1.1094 1.0919 1.0686 (10514 1. 1.0295 
Mi 10361 10248 1.0145 1.0001 1.0061 1.0038 М. 1.0613 1.0521 1.0393 1.0297 1.0228 1.0172 
М, 10214 10149 1.0087 10055 1.0036 1.0024 Ws 1.0403 1.0846 1.0064 10200 1.0154 1.0118 
M, 10149 10104 1.0061 1.0038 1.0026 1.0017 
TABLE III (f). ba Coefficients for Z= 64. 
TABLE III(c). b» Coefficients for Z — 30. 
COUTE ———————————— k =0.3 0.5 1.0 1.8 3.0 5.0 
2235 ро x ae 22 50 Е -18129 —15819 —1.0000 —0.3661 0.1293 0.4972 
Е —1.8452 —1.6292 — 1.0000 -02411 0.3260 0.6815 Æ 1.8400 1.6084 1.4152 1.2131 1.1162 1.0668 
Е, 19411 1.8631 1.6338 1.3679 1.1877 1.0874 Ез 12444 1.1876 01.0905 1.0344 1.0149 1.0085 
Es 13105 1282; 12018 1.1009 10518 1.0225 Æ, 11082 1.0768 1.0311 1.0088 1.0027 1.0019 
E. 11625 11466 11022 10531 (10232 1.0090 № 1.0540 1.0354 1.0122 1.0025 1.0006 1.0010 
№ 1.1000 1.0003 1.0615 (10308 10126 1.0045 М, 00800 0.1954 0.3566 0.4842 0.5837 0.6736 
М 05810 0.6951 0,8130 0.8830 0.0261 0.9560 М, 1.3410 1.2952 1.2312 1.1811 1.1446 1.1131 
М 11616 1.1206 1.0755 (10401 1.0328 1.0210 M, 11220 1.1064 (10840 1.0660 1.0527 1.0415 
Mz 1.0623 1.0460 1.0292 10193 1.0132 1.0091 М, 10677 1.0596 (10474 1.0375 1.0299 1.0236 
M. 1.0362 (10271 (10172 1.0114 1.0079 1.0054 Му 1081 1.0392 1.0316 1.0251 1.0201 1.0159 
M; 10246 1.0186 10119 1.0079 1.0055 1.0038 
i 
For a mixed conversion transition the tensor param- — 21 21-12) 
р -3(1--1) 
eters are found from Eq. (89). We specialize now to a (214-1) QL--3) 


magnetic 2” and electric 2 mixture. If we choose the 
unprimed variables to refer to the magnetic multipole, 
к is restricted to —L, L4-1 (and о=1) while x’ is re- 
stricted to 7--1, —L—2 (and o’=0). Куд) then con- 
sists of four terms which, by using Eq. (A7) of the 
Appendix, can be reduced to 


R(vg)LL, L-4-1, == (—)2] 

= (—) +D (v, q0; DC(LL--1v;1—1)9 (99) 
and e 
81042 J to шог 
В 17451) (2L-4-3) 52 
ХО" (1441, L+1, өўе'@-=—мн)--0(— Г, L, т) 
XQ*(— 1—2, L4-1, e)eià-1-3-2-» 
ойе! L, m)Q* (L--1, T 1, e) 


Же (А-а) } 


Х(0(-1, L, m)e-2—Q(L+1, L, теч} 
Х(0(24:1, L1, ден В 
-HQ(-L—2, L41, е)её-1-) (999) 


Comparing these results with the tensor parameters 
for mixed multipole y rays, [Eq. (602)], and Ma 
again that the y-ray reduced matrix elements are real, 


we find 2 


XRe([Q(— L, Г, те -ь 
—Q(L4-1, L, m)e^rn] = 
х LO(L+ 1, L+1, e)eiárn 


LOG), o nene dye (100) 
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Coefficients for Z — 72. 


1.8 3.0 5.0 
E, —1.8041 —1.5693 —1.0000 —0.3986 0.0735 04368 
E. 1.7801 1.6155 1.3348 1.1678 (10068 10615 
Ез 1.2039 1.1423 1.0572 1.0194 10096 10074 
№ 1.0772 1.0480 1.0147 1.0031 10017 10027 
E, 1.0311 1.0171 1.0038 1.0004 10000 10021 
Mi 0.0152 0.1104 0.2520 0.3687 04615 05460 
М. 1.3647 1.3242 1.2645 1.2158 — 1.1781 11455 
Ма 1.1296 1.1160 1.0950 1.0773 (10637 10517 
M, 1.0716 1.0645 — 1.0533 — 1.0436 10358 10292 
M; 1.0464 10422 1.0352 1.0289 10238 10195 


TABLE ПІ(Ь). bz Coefficients for Z— 78. 


k=0.3 0.5 1.0 1.8 3.0 5.0 
yon 1.7968 1.5592 1.0000 0.4240 0.0288 0.3861 
Es 1.7133 1.5325 1.2672 1.1339 1.0832 1.0584 
Ез 1.1621 1.1023 1.0344 1.0111 1.0075 1.0082 

74 1.0499 1.0269 1.0059 1.0013 1.0024 1.0042 
E; 1.0149 1.0065 1.0007 1.0007 1.0022 1.0036 
Mı —0.0189 0.0589 0.1808 0.2838 0.3652 0.4365 
М» 1.3789 1.3427 1.2874 1.2408 1.2039 1.1717 
М» 1.1343 1.1220 1.1025 1.0855 1.0719 1.0601 
М, 1.0739 1.0676 1.0573 1.0479 1.0403 1.0336 
M; 1.0478 1.0440 1.0376 1.0316 1.0266 1.0222 

TABLE III (i). 5» Coefficients for Z=83. 
k=0.5 1.0 1.8 3.0 5.0 

Е —1.5499 —1.0000 | —0.4460 — 0.0103 0.3399 
Ез 1.4467 1.2083 1.1073 1.0734 1.0569 
Ез 1.0680 1.0188 1.0071 1.0078 1.0100 
Ey 1.0125 1.0016 1.0016 1.0041 1.0062 
Es 1.0014 1.0003 1.0020 1.0040 1.0053 
Mi 0.0347 »0.1279 0.2166 0.2853 0.3407 
Ms 1.3562 1.3051 1.2609 1.2255 1.1944 
Мз 1.1265 1.1083 1.0922 1.0789 1.0673 
M4 1.0698 1.0603 1.0514 1.0439 1.0373 
Ms 1.0453 › 1.0394 1.0338 1.0289 1.0245 


Here one цѕе the геви that interchanging L and L+1 
in Q changes.this factor into its negative complex con- 
jugate. 

"This result can be greatly simplified by the introduc- 
tion of the T, and Tm given earlier for the pure multipole 
case; as well as the explicit introduction of the conver- 
sion coefficients c, (L4-1) and c, (1): 


BILL, L-+1, r= (—)*] 


Ls 26. L(L+2) 7} 
= Cm | ore 
[ee(L+ 1)m (2) ] Е 


ОАЕ л! 
Rel С) (1+ ) (- ) | 
D SS т. 


х 23 (101) 
1+1 
1 1 
(в) ot 


(242) (1+1) Л 
| Te]? 


Taere HI(j). bs Coefficients (ог Z=88. 


Ё =0.5 1.0 1.8 3.0 5.0 

Б —1.5404  —1.0000 —0.4687 — 0.0514 0.2899 
E; 1.3461 1.1503 1.0841 1.0661 1.0573 
E; 1.0367 1.0081 1.0059 1.0097 1.0129 
Е, 1.0033 1.0007 1.0036 1.0068 1.0088 
E; 1.0001 1.0018 1.0044 1.0064 1.0075 
Mi — 0.0012 0.0820 0.1548 0.2086 0.2457 
М» 1.3678 1.3214 1.2803 1.2468 1.2176 
Мз 1.1302 1.1137 1.0985 1.0858 1.0745 
М, 1.0718 1.0630 1.0547 1.0475 1.0410 
M; 1.0465 1.0411 1.0358 1.0312 


Taere ПЇ(Е). b» Coefficients for 7=92. 


k=0.5 1.0 1.8 3.0 5.0 
£i = 1.5321 —1.0000 | —0.4875 — 0.0856 0.2470 
Ез 1.2581 1.1081 1.0696 1.0631 1.0596 
Ез 1.0172 1.0044 1.0081 1.0128 1.0166 
Е; 1.0004 1.0022 1.0064 1.0097 1.0114 
Es 1.0015 1.0043 1.0069 1.0086 1.0095 
Mi — 0.0160 0.0511 0.1105 0.1522 0.1743 
М» 1.3758 1.3335 1.2951 1.2636 1.2362 
М; 1.1330 1.1179 1.1036 1.0912 1.0805 
М, 1.0731 1.0651 1.0572 1.0503 1.0440 
M5 1.0473 1.0424 1.0374 1.0329 1.0287 


TABLE 11101). 5» Coefficients for Z 96. 


k=0.5 1.0 1.8 3.0 5.0 


Ei — 1.5231 —1.0000 | —0.5069 | —0.1213 0.2013 

К» 1.1701 1.0734 1.0603 1.0634 1.0643 
E; 1.0050 1.0042 1.0115 1.0173 1.0207 
pon 1.0013 1.0057 1.0103 1.0132 1.0146 
Es 1.0046 1.0075 1.0098 1.0112 1.0117 
Mi —0.0253 0.0258 0.0719 0.1019 0.1106 
М» 1.3828 1.3446 1.3093 1.2801 1.2548 
Mz 1.1354 1.1214 1.1081 1.0965 1.0862 
Mi 1.0744 1.0670 1.0596 1.0531 1.0471 
Ms 1.0480 1.0435 1.0389 1.0346 1.0306 


where we have defined 


O(L+1, L, m) 


—— - eit" (101a) 
IQ(L4-1, L, m)| 
0(241,143,9 _ 


s — (101b) 
IQ(L4-1, L+ 1, е)| 


This is just the result given in reference (70). The 
b,’ here defined is that coefficient by which one multi- 
plies the cross term in a mixed 22, 22+ multipole y-ray 
correlation to convert this term into the corresponding 
term of^a mixed conversion electron correlation. It 
should be noted that this coefficient is independent of >. 

Just as for the pure multipole cases, we normalize by 
dividing out the conversion coefficient terms, in this 
case removing [c.(Z+1)¢n(L) |. Let 


KL, LA, w= (—)#]=5/ (E, L+1, s) Eee des (D) 


Then the correlation function for a cascadé involving 
a mixed conversion electron (Eri, M ; mi ure) and a 


a 9 
Р a - 
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Tapte IV(d). Mixed conversion particle parameter b for р 8 


758 
ое IV(a). Mixed conversion particle parameter 0 for k=0.3. 
a *y _————— 

24 7. =1 2 3 Э... ae е 

ы 10 —0.1928 —0.1899 —0.1898 — 0.1909 

20 — 0.1989 —0.2083 —0.2166 —0.2243 

30 —0.1979 —0 2287 — 0.2491 —0.2669 

| 40 -0,1804 — 0.2536 — 0.2905 — 0.3225 

54 —'—0.1483 — 0.2916 — 0.3692 — 0.4311 

64 — 0.08891 — 0.3130 — 0.4353 —0.5235 

{ 72^ —0:006616 —0.3200 — 0.4825 — 0.5857 

р 78 0.08017 --0.2072 — 0.4953 — 0.6059 


Taste IV (b). Mixed conversion particle parameter b for k=0.5. 
_  ———— 


7 L=1 2 3 4 
10 — 0.3094 —0.3032 — 0.3016 — 0.3020 
E 20 —0.3203 —0.3288 —0.3365 — 0.3447 
30 —0.3244 —0.3567 — 0.3772 — 0.3958 
40 —0.3198 —0.3877 — 0.4251 —0.4576 
54 — 0.2924 — 0.4383 —0.5106 —0.5658 
64 —0.2490 — 0.4759 — 0.5785 —0.6460 
72 -0.1908 -0.5003 — 0.6242 —0.6947 
78 —0.1266 —0.5126 — 0.6486 —0.7094 
83 — 0.05448 -0.5077 -0.6527 -0.7118 
88 0.03913 -0.4913 —0.6447 — 0.6951 
92 0.1322 — 0.4610 — 0.6231 —0.6728 
96 0.2419 — 0.4144 —0.5895 —0.6410 


ААА 


Taste IV(c). Mixed conversion particle parameter b for &— 1.0. 


————— 


2 L=1 2 3 4 
10 — 0.5417 —0.5324 — 0.5291 —0.5287 
20 —0.5557 —0.5643 — 0.5715 —0.5792 
30 —0.5623 — 0.5948 — 0.6150 . —0:6324 
40 —0.5593 — 0.6267 — 0.6610 — 0.6869 
54 —0.5324 — 0.6665 —0.7209 — 0.7563 
64 — 0.4902 — 0.6867 -0:7552 — 0.7903 
12 —0.4370 —0.6976 —0.7697 —0.7986 
78 —0.3822 —0.6966 —0.7694 —0.7907 
83 — 0.3246 — 0.6882 —0.7620 —0.7792 
88 —0.2547 — 0.6717 —0.7461 —0.7596 
92 —0.1892 .—0.6490 —0.7241 —0.7404 
96 —0.1148 —0.6272 —0.7056 —0.7181 


pure y multipole is 


W (В) = I mcm (D)W » (8)-- Тесе (L-- 1) W (8) 
zE2 (Iel m) Ccm (L)ce (1+1) OW (8). 


Here the conversion coefficients can be taken from refer- 

ence (69) since only a common factor has been dropped. 

In Eq. (102) Zm and Z. are proportional to the intensities 

of the magnetic and electric radiations in the mixed 

transition (Eq. 67) and the sign in the third (inter- 
. ference) term depends on the nuclear structure and 
- must be regarded as an adjustable parameter. This sign 
- is the same as in the mixed у-рите y-correlation. In 
— Ва. (102) Wm is the correlation function for a pure 
_ magnetic 22 pole (Mz) conversion electron replacing the 
d radiation 


ыы: 2 
=» (в) => b,(LLm)A,P, (cos), (102a) 


(102) 


A 


2 L=1 2 3 , | 
10 —07533 —0.7473 —0.7451 олдо 
ЮУ: Бото -0785 (2008 
30 0700  —0.7906 0.8075 058200 
40 20.7504 -08063 | —0.8314 058492 
54 0.7104  —0.8159  —0.8506  —0.8675 
м 0654 | -08100 | —08505 | —0.865] 
72 -0.5958 —0.7979 —0.8400 — 0.8501 
в 05365  —0.7819  —082488 ^ —08317 
83 04768  —0.634 | —08075  =0.8129 
$8 — —040/8 —0.7411 | 0.7868 —0700] 
92 — 0.3453 —0.7170 — 0.7640 —0.7703 
06  —02763 | -06955 | —0.745&. ^ —07489 


TanLE IV(c). Mixed conversion particle parameter b for k=3,0 


2 L-1 2 3 4 

10 —0.8826 —0.8805 —0.8805 — 0.8813 | 
20 — 0.8829 — 0.8900 —0.8977 — 0.9033 

30 —0.8770 — 0.8981 —0.9101 -0.0181 | 
40 —0.8614 —0.8991 — 0.9148 —0.9236 | 
54 — 0,8149 —0.8878 —0.9093 — 0.9170 | 

64 —0.7564 —0.8674 —0.8926 — 0.8990 

72 —0.6895 — 0.8443 —0.8717 — 0.8761 | 
78 —0.6255 —0.8230 —0.8525 —0.8544 

83 —0.5623 —0.8009 —0.8325 —0.8339 

88 —0.4897 —0.7758 — 0.8101 — 0.8108 

92 —0.4248 —0.7535 —0.7903 —0.7912 

96 — 0.3540 —0.7296 —0.7696 — 0.7705 


TABLE IV (f). Mixed conversion particle parameter b (ог k=5.0. 


7 1-1 2 3 4 

10 -0.9507 -0.9501 -0.9509 — 0.9521 
20 — 0.9481 —0.9531 — 0.9572 — 0.9604 © 
30 —0.9410 —0.9511 —0.9579  . —0.9632 
40 —0.9263 — 0.9463 — 0.9549 —0.9590 
54 —0.8835 —0.9266 —0.9382 —0.9410 
64 —0.8271 —0.9014 —0.9162 —0.9184 
72 —0.7591 — 0.8759 — 0.8940 — 0.8941 
78 —0.6915 — 0.8508 — 0.8721 — 0.8722 
83 — 0.6229 — 0.8266 — 0.8514 — 0.8523 
88 — 0.5430 — 0.8004 —0.8202 | —0.8296 
92 -0.4712 —0.7763 :—0.8085 © —0.8110 
96 —0.3931 —0.7527 — 0.7888 — 0.7909 


Similarly W, is the correlation function for a puré elec- 
tric 229 pole (Ezy) conversion electron replacing the . 
mixed radiation 7 


со с 


(8) = 35 5, (52-1, 1-1, e) A,P, (cosB), (102b) 


and here А, is obtained from Eq. (69а) Бу replacing 
Lı by 141. The interference term Wem is given ™ 
Eq. (70c) if one sets а= L, Lj — L4-1. 

Of course, as mentioned above, the interference ten? 
(which is absent in the total conversion coefficient 
constitutes a sensitive indicator of mixtures. Numer ica 
results for this mixed conversion correlation coeficient 


ГГ, L+ 1, т-1(-) аге given in Table IV (а)-ТУ (0: 


. . В e 

Corresponding to the discussion of limiting cases for the po 

conversion transitions one may examine the coefficient р in- 
the mixed conversion transition for these limits. It is 0 


Боч 
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terest to inquire whether in the high-energy limit the conversion 
electrons in a mixed transition behave like photons as was the 
case for the pure transitions. To examine this question in a general 
way we consider the high-energy limit of R(vq). By use of Eq. (89) 
and the notation e= (—)’, one sees that 

R(vq, LL')- LN [2(—)7 ка (ТЛ) L'(£/4-1)] о, 0:0 

ху |01--1)094-1) P e | K+ (&^4- e) 
кк’ 


X (ôx, eL-]-«, — (L--1)) (xr eL' 4-87, -olL 4-1) 
XCl'v; 00)W (HUJ; 3))W (L3L/j'; iv). (89а) 
There are three cases to consider: (a) electric 22-е]есігіс 277 
poles, (b) magnetic 27-magnetic 2"' poles (for both of these L—L’ 
is an even integer), and (c) electric 24-magnetic 2” poles (here 
L—L' is an odd integer). We note that for all cases we have 
|к| Gcr е) 9 SG) LG 1). 
Consider the E— Е case first. Then /= L, [= L' and we have 
В, 147: EE)|N |s(—)£*« 
XLL(L+1) QE4-1) Z/ (72-1) QE 4-1) CLL»; 00) 
X DG», 40; t) E SQ) G)W*(LjL'j' ; i») 


=}|N (VA (274-1) (2L'+1) ECOLE»; 1-1) D(v, 90; 0, 
where we have used the results 


5 ` EE RE L(L+1)+L'(L'+1)—r(v+1) 
2 SOSW (17177: В) = 
29909 60 ос 31(1:14:1)1/(17-Е1) 


апа 
сеть) = OA E PME DR иш 


21Г1,(1г4-1)12(17--1) ]* 


for v an even integer. 

From Eq. (61) we find therefore 

R(vq, LL'; EE) N [2R (vq, LL’; у) 

using L— L’=even integer. 

Exactly the same results holds for the magnetic-magnetic case 
if we first emplov the identity given in (Аб) of the Appendix 

The E— M case presents по additional difficulties if we use the 
identity giVen in (A7) of the Appendix. Using this one gets 
R(vq, LL; E- M)—1|N |2(—) 

XLQL-F-1) СЕ»; 1—1)D(», 40; f) 
=—3|N|?R(gq, LL’; y). 

(The use of the identity (A7) shows, moreover, that the b,(LL’; 
Ё-М) are а\уауз independent of >. We found this to be true 
earlier for the special case of Er+ı— Mz mixtures.) к 

Collecting our results, we can now assert that the high-energy 
conversion electron correlation is exactly the same as the correla- 
tion aith a photon replacing the conversion electron, except that 
all cross-terms involving electric and magnetic multipoles have the 
of bosile«sign. 

The 4=0 limit for the Ez,:—f;, mixture is found to be 

4 ay 


в [Ета 


The nonrelativistic limit is 2, & dependent. 


_ D. Beta Radiation 
1. Description of the Problem 


The problem of determining the particle parameters 
b», for В radiation is analogous to the determination of 
the b, for internal conversion electron emission, as 
treated in 111-С above. In the latter case, one considers 
а bound electron, a К shell electron to be explicit, 
making a transition to anjoutgoing wave state. In the 
В-Чесау case the initial ŝtate is considered to be a 
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Dirac particle without charge or rest mass, a neutrino, 
which undergoes a transition from a plane wave state 
into an outgoing wave electron state.!* The fact that the 
initial state is characterized by zero charge and rest 
mass does not change the formalism of III-C in any 
essential way. The physical measurement in both the 
8-decay and internal conversion cases is the same, 
namely, one observes the direction of motion f of the 
emitted electron. 

The direction of motion of the neutrino and its spin 
polarization are, of course, unobserved. Consequently, 
the initial state is random, exactly as was the case for 
the conversion problem. In contrast, however, we can 
no longer confine our attention to an initial state with 
к=—1. 

The simplicity which arises in the conversion of ап 
5 electron (к= — 1) is twofold. First, the fact that к is 
fixed removes a summation and second, this particular 
value of x (for which j— 2) allows considerable algebraic 
simplification. Equivalent remarks would apply for 
фу electrons (к= 1). 

From the point of view of precedure, however, there 
is a one-to-one correspondence between the treatment 
of the two problems, although the greater complexity 
of detail for the 8-decay problem tends to obscure this 
parallelism. The origin of this complexity is to be found 
in the difference in the interactions. Whereas in the 
conversion problem one has a field interaction (electro- 
magnetic) with known coupling, in the 8-decay problem 
one deals with a point interaction (between leptons and 
nucleons) with essentially unknown coupling. This 
coupling must be some combination of the five rela- 
tivistic invariants that can be formed with the four 
Dirac spinors, corresponding to the four spin $ particles 
involved, 1.е., contraction of the covariants scalar (5), 
vector (V), tensor (7), axial vector (А) and pseudo- 
scalar (P), (47). We shall consider only pure invariants 
in the following, although the treatment of mixtures 
would add no difficulty in principle. 

As a model for the 8-radiation problem, let us con- 
sider the essential steps involved in the conversion 
problem. By making a multipole expansion of the 
electromagnetic field, and with the justifiable neglect of 
the finite size of the nucleus, one separates the interac- 
tion into a sum of terms, each of which is factorable into 
a product of nuclear and electronic matrix elements 
(76). The separate terms in the expansion are charac- 
terized by their transformation properties, indicated by 
Land т. The analogous Step for the 8-radiation problem 
а ^ ^ 

13 We follow the customary formulation of the theory in which 
the emission of ‘wo particles is equivalent to the emission of a 
particle and the absorption of an antiparticle. Thus, for negative 
electron emission the initial state is actually an antineutrino 
(charge-conjugate neutrino) state. To discuss positron emission 
one applies the charge conjugation operator to entire system 
and, as is well known, this is equivalent to revers sign of 
external field, that is, Z is changed to —Z in the гц for the 
negative electron case. 5 


For the present problem there is no distinction between Юй 
and Majorana neutrinos. 9 ЗАГ 


Bes 


the _ LEN 


сур 
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is effected by an expansion of the point interaction 
(a 6 function) into spherical harmonics, Eq. (104), 
with appropriate modifications for each of the five in- 
variants, 5УТАР, as required (see Eq. (103b) and the 
discussion following). However, / and т do not consti- 
tute a sufficient description of these “multipoles” and 
an additional index а is used to distinguish between 
them: Having separated the nuclear and electronic 
matrix elements by this procedure, the tensor param- 
eters, and hence the particle parameters b, (8), follow 
exactly as in 111-С. | 
The procedure whereby the 8-decay process 15 de- 
scribed as an analog of the conversion process clearly 
necessitates the use of the angular momentum repre- 
sentation, in contrast to methods previously used 
(27, 37, 47). This is, understandably, the natural repre- 
sentation for angular correlation problems. Analogous 
to the ordering of the contributions of the various 
possible multipoles in the electromagnetic (or conver- 
sion) problems by the retardation expansion, is the 
corresponding ordering which here leads to the usual 
'classification in terms of orders of forbiddenness of the 
B-transitions. The results obtained below appear most 
most directly in terms of a notation different than that 
already familiar in 8-decay theory and therefore tables 
of transcriptions to the customary notation are given. 
The 8— x correlation has been treated by Falkoff and 
Uhlenbeck (27) who considered free electrons. The for- 
malism for the case of electrons in a Coulomb field was 
given by Fuchs (37) and that paper also gives explicit 
results for the Z dependence valid for light nuclei. For 
heavy emitters results of sufficient precision require 
numerical evaluation!? of certain combinations of elec- 
tronic radial functions, see Table VII and Table 10 of 
reference 37. 


2. Explicit Calculation 


The Hamiltonian density H for the -decay interac- 
tion, corresponding to the emission of negative elec- 
trons, 15 taken to be a scalar formed by the contraction 
of covariants made up of the lepton and nucleon wave 
functions, evaluated at the same point in space. The 
most general form for H is 


H=> С.(%ху*|О,|%х;): (230312) (103) 


In Eq. (103) the sign: means contraction. The * symbol 
is the Pauli adjoint, ¥+=ip*y,. The interactions О, are 


о ЧИ A^? JP 
5 1 vu “Үкү, Ver YYYY. 


Of course, in Eq. (103) above the О, operators appearing 

are in the separate nucleon and lepton spaces, respec- 
tively. 

__. The C, can, be taken to be real constants. Since we 

shall treat enly pure interactions, we can take C,— gà, 


4 (1032) 


19 This work has been undertaken at this laboratory. In addition, 
t is necessary to change the sign of the phase 6 which appears in 
the орда галав оЁ геїегепсе (37). 
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where g is the coupling constant. The у, are Dirac 
operators; the Greek indices in Eq. (103a) run from 1 
to 4. А product such as 7,77; implies that all combina. 
tions of u, v, т are to be used, subject to р> у> т. 

It is our aim now to classify the operators in the ny. 
cleon space by their rotational properties (L) and parity 
(т). One can accomplish this most easily by the follow- 
ing two steps: (a) Formally separate the nucleon and 
lepton spaces by introducing the delta function 
&(ry—r;) (integrating over the lepton space), and (b) 
by classifying the interaction О, by their 3-space rota- 
tional properties. This latter step is easily accomplished 
by introducing the Dirac direct product notation for the 
тү”, i.e., y рз, Ук= pan x. Under 3-space rotations the р 
transform as scalars, the о as a vector. Under reflections 
(тор=рзР, where P, mean space inversion), рз, e are 
unchanged, while p; and p» change sign. The interac- 
tions O, become in this representation 


SERVI T. АЕР 
Scalar 1 р; ip, рі 
Vector pos 1р19 1рзс 
10 


(103b) 


In order to avoid possible confusion we repeat that the 
“scalar” and “vector” here refer to the transformation 
properties of the constituents of the О, operators under 
3-space rotations and not under Lorentz transforma- 
tions. The phase i is fixed by direct substitution of the 
p and e operators in (103a). А real phase (+1) has been 
ignored since it disappears under contraction.? Next one 
introduces the expansion for the delta function 


1 
6(ty—r1)=—(ry—r1) E Ys) (x) Y 2" (1). (104) 
T5 L,M 


For the “scalar” part of the interactions, i.e., those 
with the operators 1, рь, this provides the desired multi- 
pole expansion since we may write for the nucleon 
operators 


1 
peo 
Dk 


| f (уг ре 9)... (104) 


Here the integration is over the common lepton angular 
variables. This operator is а function of их, it will be 
observed, but it is customary to evaluate it at 7х= 0 
the nuclear radius. In the sequel we shall refer to the 
first part (the coefficient of the term in square brackets 
as the nuclear operator and the term in square brackets 
will be referred to as the lepton matrix element. 

For the “vector” part of the interactions, one uses 
instead of the delta function the unit dyadic delta 


2 An alternative way to fix the phase 7 is to check the require 
ment of commutability with the titne reversal operator Же” 
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function: 


> 1 
16(гу— rz) =-6 бут) У. 
d 


У, М.Г, 


ХФ, ,(ту)ФМ , (тг). (105) 


The orthonormal vector functions ФМ, ; have the 
operational definitions 


Фра 10211) (074 л), м (105а) 
uL [L(A-1)) LY v (105b) 

ФМ Lp La (1--1)(21--1) 3 
X(GV—(L--1))Y,V. (1050) 


An equivalent definition of these vector eigenfunctions 
was given in Eq. (53a) except that, for convenience, the 
phase 1! appearing in that definition has been omitted 
here. (The magnetic quantum number M which re- 
places P in that definition is not restricted to the values 
+1.) Here L is again the rotation operator, —irx V. 

Using this formalism the operators corresponding to 
(104a) for the “vector” parts become 


1 
| 7 


pk 
11 | 
ФЭН... 
S Dk | TL STN, 


э 


(1054) 


The terminology, nuclear operator and lepton matrix 
element, already introduced applies here also. 

For low values of J, L<3 the operators o: %™ у z are 
the familiar tensor operators which appear explicitly in 
KonopinskitUhlenbeck (47). The correspondences are 
given in Table V. The great advantage of using the 
functions o- ФМ z is that by means of the operational 
definitions, Eqs. (105a, b, c), one can readily evaluate 
the lepton matrix elements, 20 (V,*| (1 or p;)e- Ф|). 

"For.clarity, the various interaction operators are 
tabule&ed below in Table VI. These operators are 
characterized by their rotational properties (7) and 
their parity (т). Since this is insufficient to distinguish 
them completely, a third index a is introduced as shown 
explicitly. . 4 

The lepton wave functions are plane waves at in- 
finity (using once more the technique of a screened 
Coulomb field so that the concept of a plane wave is 
meaningful) and we again go to the spherical eigen- 
function representation. The coefficients of the expan- 
Sion, in the now familiar way, lead to the tensor param- 
eters of the electzon and neutrino [ Eq. (88) |, the latter 
being trivial since the neutrino state is random. We 
denote the electron quanttm numbers by к, и; the neu- 
trino by x,, ду. We must n9w evaluate thelepton matrix 


Taste V. Correspondence of operators.* 


Interaction Operator K-U $ 
у 7M 8 0 
ә үм, Вг 1 
74772: 2 

y pY", 1 0 
г 1, 

72 7 

зүг qo а 1 

p:;9- D, „| ХЭГ 2 

‚фм Bo Xr 1 

i CP, , ТР 2 
20222777 Ba-r 0 

Фи, Ва 1 

pio D te A 2772 2 

Ва 1 

oD") | B? fr 2 

SB /? 3 

о-ФМ , Ba-r 0 

И ‚фм 12:43 1 
pio DM, , Тул 2 

ipf", 7 0 

рзт-ФМ{ | o-r 0 

с 1 

PT- DM, ri Врт 2 

577718 3 

м уз 0 

Р, pY", 15234 1 
RE 27775 2 


з Whereas the operator given here is associated with the use of the Pauli 
adjoint (in forming matrix elements) the К —U equivalent is associated with 
the ordinary Hermitian conjugate nuclear wave function. 


elements 


М (к,; Lra) 


-| f 22:2::1242) (106) 


TL-R 


The operators О. are explicitly given in Table VI. 
Making use of the operational form of the ФМ, ; 

one readily evaluates the (lepton) matrix elements, 

M (кк,; Lra). It is convenient to split off the magnetic 


quantum number dependence, i.e., to define reduced 


TABLE VI. Lepton operators.* 


==(-—12 ж=(-10 

а Operator a Operator 
Sore TT А Р pY", 
To ig-M, L То’ ipo- DM, Los 
y piY Mg A ip F", 
Ao 1p;0- Фм; L Vs pg, у, 
Ti ipo- DV, ү Ht io Dy г.у 
TAa ip10 - ov, 1-1 5 TRE ig. M, 1-1 
Vi p:3- DM, pu Ay ipt- ФМ, үү ^ 

En p20- DD, г] AL; 


ee Mp y 


* The indexes in the first and third columns, on the T, V. and A symbols 

refer to the three Ф functions introduced in Eqs, (105a, b, c). The prime dis- 

tinguishes the two operators of different parity lor give. I 
я 9 23 


LII > - 
^ 
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(b) т= (—)r" 
P 
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TABLE VII. Reduced matrix elements." 
() CD 


о 

V — (fuge tgo) («| L] — 9) | 

(кА-к) (вк) (| L| —kv).\ 0 1 

—i(k o) (вы pf) («| L| —kv).Vo К 
(А1 кк) egol L+ Hrt) Y] L| =) 7 
(кю) gas C7 ТАк) ](к|1.| —ю)\ 21 
[f fes Ак) — gs Co 1-994) Js] L| —Kv) A à 
[fef (кк) (кк) Ј(к| L| — K) \ 1 


iffe gio) (к| L| x») 


i( frf g«go) (| L] kv) F 

1(к›—к) (fxfs— gg») GPALORE 

= (к=к) (7/6) («| L|) 0 р i 
вю (к ко L— 1)- gef (кю НЕЁ») Ny 
(кк L)— /ө  (кг-к-1 (| 1, к») А zy 1 
-4 fgs (—к-Ек›-Е++1)--к/%»(к—к›-Е L+ 1) ](к| Гк), 
iL figo (k— 14 -L) (кк L) («Г к). У 


a N =, 1)H-Q — 9) EYELUA-1) QL4-1) 13. 


.. matrix elements О(кк,: Lra) (the analog of the Q(xL) 
of III-C). 


M (кк, Ето) = О (кк; Lra)C (Lij; М). 


Table VII gives the explicit forms for these reduced 
matrix elements. In Table VII the f, and ёс are radial 
wave functions for the electron which are given ex- 
plicitly in reference (67). The notation differs from that 
used in (67) only in the use of x as an index. Note also 
that the normalization is to one particle in a sphere of 
unit radius. Moreover, in Table VII, f and g are evalu- 
ated at R. The radial functions with x, as index refer to 
the neutrino. The identification of the radial functions 
— can be made by the definition 


ХА 


(107) 


Spee 


nich may be compared with Eq. (83), noting that for 
neutrino Е=р, (E—1 and E--1—E). 


n 


== pa ! 
(—)5 = | 
XC (Il,L, 00)W (715, ; 3L), 


(108) 


‘1,=1(k,) and similarly for 7 and j,. 
that (—x|Z|—x,)=(k|L|x,). The 
trix element with —x, replacing к, 


п= (—)#and r= (—)#+, can be considered together by 
introducing the notation 6--7-(-) 9 Then the reduced 
matrix elements in Eq. (108) have the common form 
(«| Z| 6x,). 

The formal work of determining the tensor param- 
eters of the nuclear transition is complete, upon using 
Eq. (89), which couples the electron and neutrino 
tensor parameters, noting that now an additional sum- 
mation, over к», is required 


R(vq, Lra; Гта)= У, О(кк,; Lra) 
ХО*(к/к‚; 2/то/)| e | W (7701; Lj’) 


XR(vq, кк’; el), (109) 


where the tensor parameter for the В-рат с INC 
xk’ ; el) is given explicitly in Eq. (87). The summation 15 


over all ку, which thus sums all states of the neutrino < 


with equal weight but incoherently. The electron states, 
on the other hand, are seen to interfere coherently, 25 
15 to be expected. 

The reflection symmetry (that is, symmetry about 
90° in the angle between the two radiations) follows 
from Eq. (109). From Eq. (108) one sees that 


1(k)-+-1(6x,)+ Г. = even integer 
with 6=7(—) and 


Lc)--1(9'k,)4- L’= even integer 


with 2/—(—)7^. From the results of Ш-С, the tensoE 


parameter for the electron vinishes unless 


U(k)-+1(x’)+ v—Áeven integer. 
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Moreover, L— L' and 6—6’ have the same character 
(are both even or both odd). Therefore it follows that 
у is always an even integer which guarantees the reflec- 
tion symmetry (since v is always the degree of the 
Legendre polynomial in the correlation function). 
This result is a direct consequence of the fact that the 
f-transition is characterized by a definite parity change 
т (so that no interference between т and — т is possible) 
and that only a propagation direction f is observed. 

At this point we may verify from Eq. (109) that isot- 
гору 18 obtained in the following two cases: (a) the 
limit of zero>electron momentum (since this implies 
that О vanishes unless к= +1; but then 7(x)=4 and the 
Racah coefficient W (j j,vL'; Lj") with j= = vanishes 
unless »—0, which means isotropy). (b) If the energy 
spectrum has the allowed shape (this implies that the 
energy correction factor (47) is independent of the 
electron momentum, which in turn implies that к= +1. 
Hence и--0 as in (а). 

One can reduce the large number of nuclear operators 
that are seen to occur in the 8-decay problem to manage- 
able proportions, by making the customary “order of 


TABLE VIII. Order of forbiddenness classification.* 


z-(-1)b т=(—1)^1 
Order of Order of 
а forbiddenness а forbiddenness 
ХУ L Р LET 
To L To L41 
V L A L+1 
Ao 7L Vo L+1 
Ti L+2 Ty E-1 
Thi E T'4 L—i 
у" © 1+2 А; 11-1 
Va Jr, Ал 1—1 


a The operator їп each case is as in Table VI. 


forbiddenness" expansion. The physical basis of this 
is twofold: firstly, the lepton matrix elements, 
О(кк,: Lra), are functions of the small parameters (рК) 
and (qR), i.e., the ratio of the nuclear radius to the 
electrop and neutrino de Broglie wavelengths, respec- 
tively? At least in the small Z limit, one can classify 
Ше»О in terms of the lowest order of (pR) and (qR) 
occurring. Secondly, some of the nuclear operators 
involve the off-diagonal operators (in the Dirac space), 
ру and p»; hence since small and large components of the 
nuclear wave function are thereby coupled, the nuclear 
matrix elements are of the order v/c (where v is the 
nucleon velocity). This is a small quantity of the same 
order as (pR) ог (qR). We shall evaluate the “order of 
forbiddenness" in the Z— 0 limit and assume that this 
same ordering holds for 270. Table VIII lists the 
results. 

It will be observed from Table VIII that the well- 


known correlation between order of forbiddenness and 
A 


i 2 
2 That is, р and 4 are the єРсїгоп and neutrino momenta, re- 
spectively. 9 


y 
^ 
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TABLE IX. Interfering operators for the Lth 
forbidden transitions (x= (—)2).% 


Inter- 
action 


NND 2-5: 
Г ips 7, ууу; p3Y 1; рй. D, 11; pug тыл 
Т im", r ip, 0 PYS ia p; ipa DM, 143 

ipo PH, i Duty іс-Ф MO, 51.15 io- PY; n 
A ip D", ri ip Y MU, 1; ips MI, рр; 20210777 
Р ҮМ, 


Operators 


with a cross fx) are generally omitted as small 
h the same parity and L but two orders of for- 


parity is obtained. That is, successive orders of for- 
biddenness are characterized by opposite parity change 
and the allowed transitions correspond to parity change 
“по? (т= 1). 

Specification of the order of forbiddenness and the 
nature of the interaction (5УТАР) does not uniquely 
select a nuclear operator, as is also well known. In 
general, interference between various operator matrix 
elements occur, and this is illustrated in Table LX. In 
this table interferences occur for a given pure inter- 
action wherever there is more than one entry (V, T, A). 
These interferences are of two types. (a) Interference 
between operators of different rotational properties 
(indicated by the first subscript on Ф“ г). This type 
of interference is the analog of the Er, Му, multipole 
mixtures in the case of electromagnetic radiation. (b) 
Interference between different operators of the same 
rotational properties. Interferences of type (b) occur in 
the total intensity of 8-emission whereas those of type 
(a) are present only in angular distributions (37). 

For the T and A interactions, for given L, there is a 
single operator io-®™”;.; which does not interfere 
with any others. This is the unique matrix element case 
in the Gamow-Teller interactions. 

Having determined the R(»q, Lra; L'sa') by Eq. 
(109), it is now a straightforward matter to define the 
particle parameters b, for 8-radiation. The first step is to 
weight № (vg, Lra; Г/па’) by the reduced nuclear matrix 
elements 


R(vq, LL’; В) = У Mx (Exa)M x* (то!) 
XR(vq, Lra; та). (110) E 3 


The nuclear reduced matrix elements, Mx(Lza), are 
defined.as usual to be 


(Y j^] Ot EO Wr j^) > 4 
=My(Lra)C(J'LS; М) (р, М--ш). ап) 


Here the primed Y functions refer to initial state and 
unprimed W’s to the final state. The relative р 
these reduced matrix elements are real, 1€.-ALy‘ 
XM x*(L'zo') is a real number, see Sec? Il. The 
parameters are then obtained fromsEq. (425). — 


764. 


Matrix element product 
First forbidden 


«Jj 


2 
(1-1) 


Й 


BU. 
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"TanLE X. Partial particle parameters for 8 radiation. 


ROSE 


b, 


Matrix element product b, 
325 


ap 2gp 
bo=-| — (9-52) —- — 
4L 3 9E 


P 24 2: 
буе--1---1--- 
6 \3Е Е 


q—-—4in J Br 
1 


2 
f б 
(1-1 
1/9 Р 
IE IE by-| -+— tE 
230 213 ЗЕ 


b= — p?/3E 
2 
Т: |» 
(L-1) 


IE 
Үд 


171 2 gp? 
ь=-| – (92-2) — 
416 9E 
2/6 
(сне 
3NE 
та п ds 
b;-—| —+-+— 
6\3E 4 Е 


| 1 p 
i de] 
Tm 213 Е 


bo= р/6Е 


b=- 
4 


ce 


2 


Same as 


2 
(1-1) 


«| fos 


The determination of the 5,(8) is complicated by the 
coherent mixing of different operators, for different o, 
having the same /, and т, and the same order of forbid- 
-denness. Table ЕХ shows that this occurs for the V, T, A 
interactions (for example, То and T., mix as do V 
and V). 

In order to give explicit results for the parameters 
b, it would be necessary to evaluate the nuclear matrix 
ements My(Zma) in the cases where interference 
бсш. Then the b, are obtained at once from Eqs. 
Б), (109) and (110). In the absence of information 


to the usual artifice of treating these as adjustable 
ers. Inthe cases where there is no interference 

reatrix elements with different L values, the 
elements which occur in the angular correlation 
those which occur in the total intensity. 


МАЕ: 


^ The cross terms which occur in Table X are to be taken only once since a factor 2 has been inserted in the corresponding by. 
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First forbidden—continued 


1 
У |Ви | сэ) О 
E 4 
7 
б---Р 1 
240 


fox: 


У |Ви| лэ) 
Ч 


jf 


Second forbidden 


5:2 | Ra? |2 гэ) bo= 
ij 


q—>—q in IZ: 
(Le) А г 


Same аз È | Bij? |? 
17 


fox 


g+p' : 1 p 96? 23 
+—@———(@ 
120 36 90Е m 


о 


Same as 


2 
(1) 


——— M ыы 


-4-6-т2-064409) 
2 @ бю 


3p--7g Tq] 7 
+é == |Н 
3E 61 8 


3 q 3 
b= i-e - 
604 E 2L 


a ee 


Thus, the pertinent matrix element could be empirically 
determined from an analysis of the В spectrum. Jn 
any case it is important to define partial parameters 
b,(LL’; Baa’) as follows: 


С 


К (09, Lra, Іта!) 
Rog, LL';y) | 


b, (LL’ 5 Ваа’) == (1 12) 


When there are по interferences (for example 5, Д 
interactions and the favorable parity change transitions 
for Gamow-Teller interactions) these parameters, de- 
fined by Eq. (112), constitute the factors by which ane 
үх correlation is modified. When interference 8 
present, the required parameters are weighted sums 0 
the partial parameters of Eq. (112) with weight factors 
given by the product of та{ых elements appearing "i 


Eq. (110). | 


л 
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TaBLe X.— Continued. 


Matrix element product 4 
Ма рго b, Matrix element product by 


Second forbidden—continued мн — — M 


5 Second forbidden continued 


[2 | 2 | Жу 2 A 
V: fex Same as | охг| Es $ "ta T 
24 | | і q4 ғ 
| | | 4\з Ej 16 
2 | Re; |?) g>—q in È | К: |? 
= 2 | Я oe) 
gum —— = 
У |А5Г ас Same аз У | B;;|? 360\Е 2E 2 
ij Ч 
1 P 5 q 
> 111 ЭХ 1 4 | |5 TA; | 4 Byes 25) TRES 20» 
È RgAs* е = г А | Eja lij Aij | ха 2 pttp 14 
= анны) | NDS S 12017 ЕЗ E 
1 | Eo 
+ et) | CE 
201 | 2 
РР 7 UN d | 2 
b Az (e 2 ++) 
30LE 6 Е/ 4. | 20N3. ЕВ 2 
1 pi 
в=-—— NETS 
; Ас 
208 120 Е 
Th 2 | A; єє гэ) Same аз È | B;;|? 
ij ij 1 
uM б 2 152 а-э 2-р (P+P)+— see 
У |Ти”Ї сэ) 2-Р 24-9)---29Р 
ij 2 3 ? 2 
шык ( ыг 
qp 2 32804. 3 
4--(84-0) 3780 3 
Е 
11%‘ 
Е 5 1p 569 (m - 
А He qg-gpg4-—4-— 15120 
9 120 6 РУ xy Ju 
se 1 4:2 |Т: |2) q—-4in X |Т? |? 
5 1 13 
" ie (22 
240 4 r 155541 3) Заше аз 2 15:22 
гр 3 x 
. д:---1-(-4-04-- “Р: D | Ви 351 єг. Same аз Х | R|? 
: 601 6\ 2 E 222012) 779) 2 ЫН 
Pending numerical work in progress we give the The matrix elements 


analytical results of Fuchs (37), valid for light elements, 

forthe b, (LL/ ; Baa’) in Table X below. In this table the | " Ї 228 f Ва, f Bud [ет fo 
notation in common use has been employed. £ is the 

total energy of the electron (E= (22-1)! and q= Eo— E, 
where Ep is the end point energy). The Coulomb field 
effect is contained in the terms with £=aZ/2R, where a 
is the fine structure constant. When no entry is given д > 

the corresponding parameter ($,) is zero. In the table f т, fos, f oXr, f BeXr, f Bysr, Ї «Ха 
the pseudoscalar interaction, ysr, has been grouped > 

with the first forbidden case although in actuality the by themselves give a very weak correlation (6 Db). 
pseudoscalar interaction can only enter in mixtures The matrix elements 2 

and from this point of view it might more appropriately à 4 
be classed En second forbidden (in “harmony with Ви, Bf Ais, As, Sin, C 

the discussion above). A similar remark applies to by themselves give a correlation which is virtually Z 


by themselves give isotropy as expected. Since #1, 
especially for heavy elements, the matrix elements 


Lal Вит. | : independent and large. The remaizing matrix elements 
E det хэн 
gei т = 2 
СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar à Es 
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In 766 рт 
are characterized by a correlation intermediate in 
7 magnitude. 


In Table X above interference terms of type (b) are 
explicitly given. For interference terms of type (a) we 

Е distinguish two cases; namely, (1) those involving 
р interference with a rotationally symmetric operator 
| (L=0) like Во-г, ог ү? and (2) those involving inter- 
ferences between operators for both of which 1720. 


1 This procedure is necessary because in the standard 
correlation (y—y) there is no counterpart for the first 

| сазе. i 
E Interferences involving one operator with L—0 are 


given by Fuchs (37) for the following cases: В;; with 
J'Be:r, Bi; and Ло-т, By; and Sys. In these cases 
we give the results in the form of the B—y correlation 
function. Noting that for the B;; operator L=2, we find 


р И’ = B? SS, A,b, (Bij) P, (cosB)--5M Co 
+2BM DF 2(Ljj)P2(cosp), 


where Fs is given in Eq. (69b), (note that jı= j) and 
and B*—)55|B;|*, Mo is the matrix element of L=0 
operator and 5,(B;; is obtained from Table X. The 
constants Со and D for each case are as follows: 


13: Mo= [бог 


І 24р ур 
5 “9 ЙГ : Е ) i 
= нан ENS: 
3 
p= Go (i- 5). 
18, 28, 


For the axial vector interaction with Мо=.Ло-г the 
constants are obtained by changing q to —q in the 
above. The remaining operator gives 


D-6(9/2). 


For the other interfering terms we can express the 
ї sults most simply by giving the values of the partial 
— —particle parameters b, as before. The cases considered 
— were interferences between B;; (or B;) with L=1 


Eoo 
(2; L) b, (Bi) P. » 
22 1,7) b, (И WP, LIST 2M 1Bb,/A 2Р 25 


ОМ”: 


22 


C. BIEDENHARN AND M. I, 


n Public Domain. Gurukal Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


ROSE 
where Js 
Ad + DIG 025) Fs js j) 


is obtained from the mixed-pure y—y correlation, ‘The 
coefficients bx’ are 


лу ыў йр 


j Ял ; Р i Ё 
m= [вох г, b= ==: ) 
4(30)}\2 ЗЕ Е 
pop 


M= foe by! = = 
à 4(30)! E 


A: B |Bult. 
ij 


Dd oq 3 
m= fox фе ( + ) 
4(30)}\2 ЗЕ Е 


As was pointed out by Fuchs (37) the existence of 
these interference terms can give rise to a situation in 
which the energy spectrum has very nearly an allowed 
shape and a strongly anisotropic correlation. An ex- 
ample would be one in which JS Ba dominates. Alter- 
natively, it is possible to have an almost isotropic 
correlation together with a strongly energy dependent 
correction factor for the В spectrum. 

In all cases the normalization is such that integration 
of the angular correlation function gives the energy 
spectrum for the В transition, that is, bo is, to within 
an energy independent constant, equal to the usual 
energy-correction factor. Therefore, “the iitegrated 
angular correlation is obtained by integrating the prod- 
uct of the angular correlation function and the allowed 
energy spectrum over the appropriate energy range. 


IV. MAGNETIC FIELD EFFECTS IN 
ANGULAR CORRELATION. 


In this section we wish to consider three questions: 
(a) the effect on the angular correlation of the mag- 
netic interaction due to the electron shell, (b) ше role 
of an applied magnetic field in the angular correlatioa 
when no hyperfine interaction is present, and fe) the 
spin decoupling effect of an external magnetic field. 
In connection with (a) the fundamental assumption is 
made that the nucleus is coupled to a system which 
remains in a stationary state throughout the nuclear 
cascade. Our concern here is to indicate at least qualita- 
tively, that the hyperfine interaction does affect the 
correlation function in an important way. The primary 
point of interest in connection with (b) is the possibility 
of measuring the gyromagnetic ratio and the magnetic 
moment (sign and magnitude) in the short-lived inter 
mediate state. As would be expected; the elimination 
of hyperfine interaction in this case must be accom" 
plished by the use of suitab!e prepared sources 5116 
the Paschen-Back „effect discussed in (c) impose? _ 


Digitized by Агуа Samaj Foundation Chennai and eGangotri 


ANGULAR CORRE LATIONS 


geometrical requirements which make the measurement 
considered in (b) impossible, 


А. The Correlation Function with Spin-Coupling 


'The starting point for all the effects here considered 
is the formalism developed by Goertzel (42). One con- 
siders the nucleus as part of a larger System (atom or 
ion) from which the radiations are emitted. The energy 
levels in the cascade are designated by the labels A, B, 
and C for initial, intermediate and final levels, respec- 
tively. Due to the spin-coupling these energy levels 
will now be nondegeherate; the substates of A, B 
and C are designated by o, 8, and y, respectively. 

While it is not essential to specify the nature of the 
radiation emitted, it is convenient, for concreteness, (0 
discuss the emission of y rays. Then in the first transi- 
tion the radiation emitted is described by the index p, 
the second by o—these indices giving the propagation 
vector and polarization of the emitted photons. With 
only slight changes we follow Goertzel's notation (but 
with units such that 4=1, and with a different sign 
convention on the time dependence) ; then the equations 
of “motion” for the probability amplitudes are 


ids — Eala У (a| Н,|В)6в», 
Bp 


7 


(113а) 
ibg, — Єводв H} («| H,18)*a«4-5; (11957222 (1135) 
« үс 


léyos = еее (8|Н.|э)“5в,, (1 13с) 
8 

where a, b, and c refer to initial, intermediate, and final 

state, respectively. Also 


Евр = EBT Wp, Erpa = Ey twp Од (113d) 


where o, and w, are the quantum energies radiated, 
while ee, ев and e, are eigenvalues of the zero-order 
Hamiltonidn where she latter contains everything but 
the radiation operators Н,, Но. 

With the initial condition 


(1=0), 


Where is a random phase, the above equations can be 
solved"to give с(1= х). This is conveniently done, for 
example, by the Laplace transform method (76). Thus, 
introducing 


‚ AQ | ст, да 
0 


e. а= е 


and similar definitions for B,,(s) апа Суг (5) in terms 
of bg, and суг, respectively, Eqs. (113) become 


WA = ieta tY («| H,|B) Bsp, (1142) 
Bp 
ВУ) (| Hs |B)*A«- F2; Н.С», (114b) 


1 
оа (6| Hs | v)* Pos 1 140) 


э 
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Here 


Wi=IS— Eg, (10:5-18--Єфр, 1да==18— єє. (1144) 
Neglecting all but the first terms оп the right-hand side 
of Eqs. (114) gives А to zero order, В to first order, and 
C to second order in the radiation coupling. This result, 
which gives the correlation function of Eq. (114) with 
S (тата ; т.т!) - à(m,m,)8(m;m,/), contains no ra- 
diation damping and hence no spin-coupling effects. 
Using these results in Eq. (114) to obtain 4 to first 
order, thence В to third order and finally C to fourth 
order, one obtains the desired final result for C,,,. 
Carrying out the inverse Laplace transform we find 
Immo 

t 


eta (al H,18)* (BH, y) i etate 


е A ‚ (115) 


«8 (web we— ва, y VY A) (t — es 4 — Vy n) 


where €a,7=€a— €y, etc., and?! 


5 SCIAT Я 
VA (116a) 
Bo Wa 
| (8| Hs)? 
Үв=і ==: (1165) 
үт 103 


These quantities are real and independent of s and of 
the sublevel labels a, 8, respectively (76). The total 
transition probabilities from levels А and В are in 
fact 2y and 2ув, respectively. 

Averaging over the phases ġa with 

(i bata) y= баа 

and summing |c;,,(2)|? from (115) over all polariza- 
tion states of the emitted radiations gives finally the 
correlation function for propagation directions defined 
by the unit vectors f,, f4: 


W (fp, t.) 
do, f do; У) (|lim Corpo Ji 
@ F toe 


_ (a|H,|8)*(8| Hal )* («| H,| 8) (8| HL] y) 

= Ж, Doe E З 
а88”ү 14-Тєваєт 

(117) 


Here, &,, denotes the polarization average for the two 
radiations. Irrelevant constant factors have been dis- 
carded in obtaining Eq. (117). We have introduced the 
mean life of the intermediate state 


т=1/2үв. (118) 
As expected on physical grounds only the interme- 
diate state lifetime enters. The scale of tile coupling 
ш Goertzel’s Eqs. (4a) and (4b) and also his Eq. (5) contain - 
misprints. p 7 шоог 


` == 4 
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effects is clearly defined by the comparison of the 
“multiplet” splittings вв’ and 1/т in corresponding 
units. Comparing with the no spin-coupling case of 
Sec. IT we see that the effect of this coupling is to intro- 
duce the energy denominator (14-1єаагтул, It. will be 
noted that even if the coupling is extremely large, 
eao (Bx£B"), the result expressed by Eq. (117) 
would: imply that the correlation is not completely 
eliminated. In this case the terms 8-8” would yield a 
“minimum” correlation which would, in general, be 
less anisotropic than the no spin-coupling case, but 
would not be isotropic. This is not surprising in view of 
the assumptions made. The spin-coupling is expected 
to attenuate the córrelation due to the transitions tak- 
ing place between substates of different nuclear spin 
orientation in the intermediate nuclear state. However, 
these transitions (or, speaking classically, precession) 
of the nuclear spin vector does not represent a complete 
loss of information. In some actual experimental cases 
it is observed that the anisotropy actually disappears 


10 


0 


LOW MSH 207 25 30 


тАУ 


35. 40 45 50 


Fic. 1. The solid curves give the minimum attenuation factor 
(Q2)min versus the intermediate state spin 7, see Eq. (124a). The 
numbers affixed to the curves give the value of Je. (Q2)min gives 
a lower limit for the attenuation of the correlation for dipole 
transitions or for j « 2. The dashed curve gives the full attenuation 
factor Q» as a function of rA» for J.=} and j—1 (r=intermediate 
state lifetime, Av—hfs doublet splitting). For J,—1, Q,=1 
—[1— (O)min тА 14-(тАУ) ГЭ for any 7. | 


(within the accuracy of the measurements), and it 
may be concluded that the above assumptions are 
invalid. 


- 


В. Magnetic Interaction 


Here we consider an isolated atom (or ion) and repre- 
sent the coupling by the usual hyperfine interaction 
aj: J, where J, is the angular momentum of the electron 
shell, assumed constant. The labels 8, В” correspond to 
the zero-field quantum numbers Р, zr, wheré in the 
customary notation F=j+ J. and m is the eigenvalue 
of F. а 

527: We introduce the density matrix as in Sec. П 


_ E? PENS, X («| Н, 8) (e H,|8), 


e 


(119) 


1 9(08)-. Э (v1 5|8)*(y| H. 8^), 


E | Г 
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and write Eq. (117) in the form 


EO (887) EC (88) 


Hips : 
88” 1--Тєввєгт (120) 


'The reality of the result in Eq. (120) follows from the 
Hermitian property of E(? (as does that of Eq. (117) 
from the Hermitian property of the matrix element 
occurring therein). Since the matrix elements of H, and 
Н, are diagonal in all non-nuclear quantum numbers 
the density matrix is very easily written in terms of the 
decoupled (strong field) representation. In this case we 
introduce the projection quantum numbers m and y 
for the nucleus and electrons, respectively. Then, for 
example, 


EO (тт) = (—)?7"(2j--1) 22 C(jjv; m, —m’) 
XW (GILL; vj) D(x, m'—m, 0; 6) (121) 


for a pure 27 pole. In Eq. (121) v is even and, as usual 
the transition is represented by 7, j. We shall write 
f; and f» for f, and &, respectively. The density matrix 
in the weak field representation 1$ obtained by the usual 
unitary transformation defined by the vector addition 
coefficients С(7/.Ё ; mp) (and тв=т- и). A straight- 
forward calculation gives 


E(Fmpy ; F'my) 
= (reme (2FH) (2+1) Qj4-0 X 
XC(LL»; 1—1)C(FF'v;—mpmy) 
XWGjFP'; wIWGjLL; vj) 


XD(v, —^mg0;t), (122) 


where 
Ampr=mrp— mr". 


Inserting Eq. (122) into Eq. (120), suraming over 
mr (keeping Amp fixed) and using 


У C(FF'v; ть, —mg)C(FE'»; mp, — mr) = (0), 


mE ay 
we find Y 
W*(jjFF';vJ) = 
vas X Que oria ^^ 
FF’ Amr 1--Тєрр/т 


XC(LiLw; l= 1)C(L-Ləv; i= 1) 
XW (1711; vja) W (771212; v j2) 
XD* (v, —Ать0; t1) D (v, — Amg0; f2). (122a) 


Carrying out the sum over Az as before and comparing 
with Eqs. (65a) and (68), we recognize that the correla- 
tion function can be written in the form 


MW, A,O,P, (cos), (123) 


which differs from the ordinary y— yY correlation by 
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the additional attenuation factors Q,. These are 
1 W*(jjFF'; vJ.) 

Орч» OF Rar ЕИ А 
27.1 FF’ 1+ (epp)? 


In Eq. (124) a normalization factor (2J,--1)? has 
been inserted so that Qo— 1 and 0,(т--0)-41. The re- 
sult given in Eq. (124) was originally given by Alder 
(4). It is clear that this result also applies to correla- 
tions with mixed radiations. 

In order to obtain an idea as to the order of magni- 
tude of the h?perfine coupling effect one may insert 


(124) 


а 
ere = [FG 1) - F'Q?-1)]. 


Then, for particular values of 7 or J, and of и one can 
evaluate the sums in Eq. (124). For numerical results, 
however, it is easier to use the Racah Tables (13) and 
perform the sums arithmetically. A few cases are shown 
in Fig. 1 [see also (4)]. Here the “minimum” correla- 
tion factors (Q,)min are shown: 


1 
(= 25 QF-F1yW?(jjFF;v»J.). (124a) 


VH fel us 


From Fig. 1 we may draw the qualitative conclusion 
that, even if the assumption of a stationary state for 
the electronic shell is valid, the magnetic interaction 
produces a small alteration of the correlation only for 
J,—i апа 32,5 with the additional restriction that at 
least one,of the»radiations be a dipole. Hence we can 
conclude that, in general, the effect is not a minor one. 


€. External Magnetic Fields 


Here we shall assume that Л.=0. That this situation 
can be realtzed in practice is made highly plausible by 
the results of Aeppli el al. (1, 2). We are interested in 
the possibility of using an external field to measure the 
nuclear gyromagnetic ratio and for this purpose two 
methods have been suggested”: 


55'Th*same result can also be obtained in an essentially equiva- 
lent manner by transforming the radiation matrix elements with 
the unitary (vector addition coefficients) transformation to ob- 
tain [see (42) and Eq. (2)] 
5(тата’; mms!) S6(ma—m«', ть тл!) 5 (татна) 
эх ^ 
S(mm'm') = (2J 4-1) (1+ errr)? 6 (um, т’) 
: : : AU AE 
XC(J.F ;mu)C (GF ;m'u') C(GJ«P' ;т''и)С(77,Ё;т'+т'—т,и ) 


and the sum is over F, F’, и, и". Application of the algebraic rela- 
tions of the Racah coefücients [Appendix Eq. (A5) | yields the 
result given in Eq. (124). It is also possible to generalize the fore- 
going to other radiations х, y. It is easily seen that the only change 
is the insertion of the parameters 5,(x) in the density matrices 
Eq. (121) and Eq. (122) and 5,(x)b,(») in Eq. (1222). Thus, 0, is 
independent of the nature of the radiation. du 

з А third method, which would utilize an sf field so that a 
resonance one would observe a maximum attenuation in aiir 
гору, is actually impractical. The intermediate state Мене аш 
the available rf power аге suc’ that only a very small and prob- 
ably unobservable effect would take place. 
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(1) The delayed correlation (54). 
(2) The average correlation in a field. Of these two 
methods (2) has been successfully applied experimen- 
tally (2). 


(1) The Delayed Correlation 


2-9 


One measures the coincidence rate per d! (steradians-? 
sec!) in the case that a time delay between ¢ and +01 
is introduced between the successive radiations. The 
spin precession in the presence of a magnetic field 
clearly alters the angular correlation only if а nonzero 
time delay exists. Conversely, without a field the time 
delay only aftects the total intensity but not the angular 
correlation of the radiations. 

The perturbation theory formalism leading to the 
correlation function in this case is very similar to that 
discussed in subsection A of this Section but with the 
following alterations. We observe the first radiation at 
time її, say. Then / is taken as the time origin for the 
emission of the second radiation. If we designate the 
interval between /; and the time at which the second 
radiation is observed by / we have as initial conditions 

ba, bg, Суре 770: 1=0 
to use with the equations of motion 


V» Ba, — iba, OHE (8| Н„| у)С 
тс 


WC rpe У, (8| H,ly)*Ba,, 
8 
and 55, is obtained by a solution of the equations for 
Aa and Bg, in which only the matrix elements of И, 
are involved. The desired probability is then 


d { A 
-f Сл (D ав. 
dt 


The result for the probability that radiations 1 and 2 
be emitted in the direction 21e: and 2»c», respectively, 
with a time delay / to /+dt is, per dí, 


. 


Wallig; 92€»; 0) 


55 (а21.18)*(а Ii 87) (8| Ha] y)* 


т 
==ё “© 
т 


аВВ’у 
X (8'| Н.Ггү)е аа"... (125) 
In the external field Б> 
ea = ux gH /h) im— m!) es(m— т’), (1254) 


where w is the Larmor frequency, их the nuclear mag- 
neton, g the nuclear gyromagnetic ratio in the inter- 
mediate state, and » is the projection of the nuclear 
spin on the quantization axis (s direction, of magnetic 
field). Here а, 8, 8’, ү all have the significance of nuclear 
magnetic quantum numbers for the appropriate states. 
In particular, 8, 8’=m, m’. а a 


E ^ 


LP 2 » 
^ 


| 770 jU С. 


Since a rotation around the quantization axis through 
an angle а multiplies the product of the elements of the 
two density matrices in (125) by giat? it follows that 


1 
Walig; дез ) = -e7 Wo (91615 9s, ete) (120) 
А сай 


ү? whiclt is Lloyd's result (54). The delayed coincidence 
correlation may be regarded as the result of imparting 
P to the instantaneous (or zero field) correlation По a 
precession around the external field with the Larmor 
frequency. In this form the result seems an almost self- 
evident application of Larmor’s theorem. 
E Expressing the Wa correlation function in the usual 
| form we find?! 


4r А, >. 
Was Y 
T > 2041 м 


Ж Y,” (fi) үү (Бе "Ме. 


(127) 


As опе may expect, the delayed correlation contrasts 
with the average correlation (see paragraph (2) below) 
in that it provides a possible means of measuring g 
without measuring the mean life т. However, this is 
only a formal difference and does not correspond to any 
essential difference in experimental techniques involved. 
We note in passing that interchanging the propagation 
directions f, and f» is equivalent to changing the sign of 
со or to changing the direction of the field. Hence, the 
— sign of the g factor is determinable only if the over-all 
— — detector efficiencies changes when f; and f» are inter- 
changed. In addition, if the radiations and the field are 
- сорапаг, then reversing the directions of f; and f» is 
equivalent to changing the direction of H. Since re- 
versing the directions of f; and/or f» does not change 
Wa, it follows that a determination of the sign of g 
requires non-coplanarity of f;, f; and H. A particular 
case of coplanarity is coincidence between H and either 
© f; or f. In this case the effect of the magnetic field dis- 
appears. This result is of interest in connection with the 
question discussed in IV-D below. 


(2) Average Correlation 


—— Jf an external field is applied and the correlation 
measured without regard to delay time (that is, all 
coincidences are accepted), the correlation function is 


: Y, (6) Y, (t) 
ПЧ шу; V 


f^ A, 
f rax (128) 
E 


» 29--1 м 


from the irrelevant factor 4r, Eq. (128) is equiva- 
о the result given by Alder (5)?5 A convenient 


or 6797 is, or course, of no conse- 
tion. It is, however, needed for the 
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way in which to carry out the measurement is the аг- 
rangement in which the magnetic field is perpendicular 
to the plane of the radiations. In this case 


пт В, 
W=} ——— — -—[cos2né-- 2novr sin2n¢ ], 
n= 


о 1-4 (2noo7)* (129) 


where ф= фт — ¢ is the angle between f, and f» and the 
coefficients В, are given by 

kmax A o% (2k+ 2n) \(2k— 2n) ! 
ken 235 ((844018-201 


В„= (2— 5,0) (1294) 


Here 2k= v and 21, = 2kmax = Vmax. These are, of course, 
just the coefficients of the zero-field correlation when 
expanded in соз2иф. The same remarks relative to the 
sign of g made under (1) apply here. Thus, for equal 
over-all efficiencies 


27 Be 


Y; — с0521ф, 
n=0 1+ (2nwor)? 


(129b) 


while with unequal efliciencies the sign of g is deter- 
mined. Thus, if the efficiency for the arrangement f; in 
the direction 4т, от and f» in the direction $7, v» is m2 
while 72, corresponds to &($т, v») and Ё(5т, фі), the 
observed correlation would be 


В» 
W=} — 
n 1+ (2297)? 


712 — 7121 


x С 2 пот 22 (129с) 


71127 21 


Since the zero-field correlation should serve to de- 
termine the intermediate spin 7, the magnetic moment 
in this excited state can also be measured. Such a 
measurement, first suggested by Brady and Deutsch 
(17) and by Sunyar et al. (74), has been carried out by 
the Swiss group for the case of the Cd!!! cascade" (2). 
It is clear that this method requires a measurement of 
the intermediate state lifetime but where 1615,15 not 
feasible it is not to be expected that any other method 
will be workable. 


D. Paschen-Back Effect 


In Sec. I reference was made to the fact that it would 
be highly desirable to be able to eliminate the magnetic 
(and quadrupole) interaction by using a strong field. 
In this paragraph we wish to discuss the requirements 
which such a procedure would have to fulfill. In 90118 
so we assume that we deal with an isolated atom (ion) 
recognizing that in an actual experfinent а different 
situation may apply in some cases. It will be sufficient 
to consider that the spin par: of the zero-order Hamr- 
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interactions between external field and electron mo- 
ment, (b) magnetic interaction between external field 
and nuclear moment, and (c) hyperfine coupling be- 
tween electrons and nucleus. If the spins can be de- 
coupled under these circumstances then, as will be 
clear from the following, it will follow a fortiori that 
any weaker couplings like the quadrupole-electric field 
gradient terms will cause no trouble. 

The discussion is conveniently divided into two parts: 
First, we show that if there is a strong Paschen-Back 
effect on the electrons (electron Zeeman energy>>hyper- 
fine splitting} then there is no first-order effect on the 
matrix elements in Eq. (117). Starting from the strong 
field representation in which m and и are good quantum 
numbers, the matrix elements are transformed by an 
infinitesimal unitary matrix 


S=1+o, о<&1, 


where ø is antihermitian and has zero diagonal matrix 
elements. Also с is diagonal in mp=m-+u. Clearly в 
is of order a/g.H where the hyperfine energy is 
aj: Je and u, is the magnetic moment of the electron 
shell. 

Now the argument consists in showing that only 
diagonal matrix elements of с enter in modifying Eq. 
(117). Since we are concerned with first-order effects 
we consider one matrix element at a time. Labeling 
the perturbed states by m and д and designating the 
perturbed and unperturbed wave functions by Ф and 
®, respectively, the unitary transformation in question 
may be written in the form 


Y (mg) = У (mp| mp)b rds". 
ти r 
Then, 
(e| 3|) => (3| Их|т)6(йли) (эш тр), (1302) 
mg 


+ 9 


(8| Н-|у)- X; (m | Ts |һь)8(и/дэ) (m'u|mg), (130b) 


(414,8)- 3, Gm] тш?) 
224 x (тит), (130с) 


» m 
(8'|Нь|у)= У (|н |) (шз) 
227) 
X (n'a! тд), (130d) 


where the subscripts 1 and 2 on the magnetic quantum 
numbers refer t» the initial and final states, respectively. 
If we consider the first term perturbed, the transforma- 
tion coefficients in the remaining three matrix elements 
must reduce to the elements of the identity transforma- 
tion. Thus 
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Hence, since z4-u — m--g, 
т=т, (131а) 


and only diagonal elements of (mp|mj) enter. In an 
entirely equivalent fashion one can show that 


m =ñ, p' =f, - (131b) 


by considering the second matrix element (13057 to be 
transformed and the remaining ones unchanged, and 
similarly with Eqs. (130c) and (130d). It follows then 
that to first order there is no change in the matrix 
elements. 

We now consider the energy denominator in Eq. 
(117). If the matrix elements of the spin-dependent 
zero-order Hamiltonian are evaluated in the m, и 
representation we need consider only diagonal matrix 
elements; off-diagonal matrix elements will all be of 
second order in a/u,/f compared to the leading terms. 
Then the difference of two diagonal elements ез— eg 
will contain three terms corresponding to the three 
interaction energies listed above; electron and nuclear 
Zeeman energies and hyperfine energy. Among other 
terms there will be those for which u.— u^, and the usually 
large electron Zeeman energy difference will vanish in 
this case. The spins will then be decoupled only if the 
nuclear Zeeman energy splitting is large compared to 
the hyperfine splitting. Clearly, this demands imprac- 
cally large fields. 

However, if one of the radiations is parallel to the field 
this requirement on the field is considerably relaxed. 
Then starting from state A (or C) with a fixed nuclear 
projection quantum number m, ог mz and considering 
the fact that the radiation carries ой --1 unit of angular 
momentum with respect to the field direction, the value 
of m in the intermediate state is fixed : 


m-mj-l or т=тә+1, 


depending on which of the two radiations is parallel 
to the field. Since the two polarization states of the 
quantum do not interfere and are added incoherently 
only one of these possible values will occur. Conse- 
quently, we now have m=m’. Since the energy matrix 
is diagonal іп 77-нд, it follows that u— u' and ез= eg; for 
all pairs of states. Consequently, the energy denomina- 
tor reduces to unity and all first-order effects vanish. 
The magnitude of the second-order effects shows that 
the criterion for a strong field is that the electron Zee- 
man energy be large compared to the hyperfine splitting. 
That is, if the over-all hyperfine multiplet is Av in cm-!, 
one must require that X 


(H/2X10:Av) 53, (132) 


where И is in gauss (42). In many cases fields of order 


m'—A, рд; отт, paps тет, ш"=р’. 5Х10 to 10* gauss would presumably be adequate. 
Д j qae Of course, if such a procedure were successit one would 
From these results it foll¢ws that not have the opportunity to measure the-int mediat 
Al “л ate magnetic moment. icationjof the Paschen- - 
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- Back effect would, of course, necessarily be confined 
to the у= у correlation. The only attempt to carry out 
such an experiment was made by Frauenfelder e! al. (36) 
for the Ni? y—y cascade. No effect of the magnetic 
field was observed, and it appears that condition (132) 
is not fulfilled in this case. Vole added in proof.—A 
decoupling experiment with a metallic In! source has 
also given a negative result. This problem has now been 
beautifully clarified by the experiments of Albers- 
Schönberg, Hänni, Heer, Novey, and Scherrer [Phys. 
Rev. 90, 322 (1953) | and the work of A. Abragam and 
R. V. Pound (unpublished). The quadrupole coupling, 
which is in general quite significant, and in particular 
important in the In metal, will attenuate the correlation 
unless one of the radiations lies along the symmetry 
axis of the single crystal source. The importance of 
quadrupole coupling has since been discussed by A. 
Abragam and R. V. Pound [Eq. (1a) and Phys. Rev. 
90, 993 (1953) | and by Alder, Albers-Schónberg, Heer 
and Novey (to be published in Helv. Phys. Acta.). 

Finally, we may inquire into the stringency of the 
parallelism requirement. How accurately must this be 
fulfilled? To investigate this point, we consider the 
relevant part of the correlation function; viz., 


Y," (f) Y," (f) 


з= ——— ———, (133) 
мк 14M (Zi Z5) 


where Zi—iuwgx(H/h)r, 7›= 2iaurz2u$ are the iol 
products for the nuclear Zeeman and the hyperfine 
energies. If we neglect the hyperfine energy, $ would 
become 
Y,M (f) Y, (f) 
So= >> —————— —. 


Ми 1--2:М 
We therefore consider the difference 


MZY,” (€) Y?" (6) 


A$-$— $ = = ое E 
Me (1-2. М)[1+ (Zi Z2)M] 
m» А 
Mu 
Then for J.=}, u— 3-5 2 
Y,™ (f1) Y, (f2)2M¢? 
Y (1342) 


(--23ИХ (14-М217-2201- 
The case of interest is | |221, |Zı|~1 and then 


e ҮМ уу (6) c ^ 
2 Амб-2-------, 134 
2 1ZM 9) 


ince 40$= 0, it follows that А 5-0 м where Ө is the 
- Пе between the ficid and the (nearly parallel) radia- 

tion. Thysgat worst, А8--0. It is seen that this con- 
- clusion is equally valid for arbitrary J.. It is also valid 
(1342) without the assumptions leading to 


Ic 


= 
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Eq. (134b). Consequently, the parallelism requirement 
is not very stringent. 


V. TRIPLE CORRELATION 


The principal results of this paper are contained in 
the description of double-cascade process (Secs. | 
and III) where, when unpolarized radiations are op. 
served, we deal with a two-vector problem. In the fore. 
going the only exception was the process of correlation 
in an external magnetic field wherein a third direction 
is introduced. 

There is another important exception 2nd this соп- 
cerns the case in which three radiations are involved, 
'These need not all be emitted radiations (thus, an ab- 
sorption can equally well replace the first emitted radia- 
tion), and one need not observe all three radiations, 
For example, in the case of non s proton, or neutron 
capture the compound nucleus formed after capture of 
the nuclear particle may decay by a cascade of two (or 
more) y-rays, say. Then the correlation of the second 
y-ray with the incident beam constitutes a special case 
of a three-vector problem or a triple correlation even 
though the correlation does not depend on the direction 
of the unobserved intervening radiation. Alternatively, 


there are several cases reported in the literature, [for: 


example, (66)] in which there are three у radiations 
observed in cascade. The correlation between all three 
(11) or between the first and third (8) will often be of 
relevance. The latter observation which, in some cases, 
may present no greater difficulty than the more usual 
type of measurement involved in double correlation, 
is useful in that it provides confirmation of assignments 
of angular momenta and parity obtained fron: observ- 
ing the correlation between successive radiations taken 
in pairs. In a few cases the correlation of first and third 
radiations may resolve ambiguities resulting from the 
analysis of double correlation measurements (8). 

The correlation between three propagatior directions 
represents a complicated problem both ‘from the ex- 
perimental and theoretical point of view, and it is 
probable that only the special cases discussed below will 
be of major interest. In the following we presefit ‘the 
formalism for the general case of three у rays іп саѕсай2 
and then proceed to the special cases. The case in 
which one of the y ray emissions is replaced by the 
absorption of a nucleon of nonvanishing orbital angular 
momentum has also been treated (11). Here the main 
complication arises from channel-spin degeneracy, and 
this complication would be aggravated if one considered 
a correlation such as d— p—¥ [proceeding by compound 
nucleus formation rather than stripping (142) ]. 

We consider the triple y-cascade in which three рше 
multipoles are emitted. Note added in roof —The ex- 
tension to triple correlations with mixed multipoles 15 
straightforward. (See R. K. Osborn and M. E. Rose, 
Oak Ridge National Laboratory Report No. 1560 and 
M. E. Rose, Oak Ridge National Laboratory Report 
No. 1555.) The nuclear anzular momenta will be 
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denoted by jo, 7, js, and 7; in order of ascending 
energy (or the emission problem), and we consider 
emission of 22%, 271, and 272 poles in "temporal" order. 
The cascade is thus designated by Jol Lo) jal Li) ja (L2) jz. 
In view of remarks made above consideration of the 
added complication with mixed radiations does not 
seem worth while at present. The envisaged process can 
then be interpreted in terms of the formalism alreadv 
established in Sec. II by treating the intermediate 
transition 71(L4) j» as constituting a link between the 
first and third transitions. It thus provides a certain 
coupling coeificient of. the form S (mum ; m,m,/). The 
two end links 70(76)7) and 75(15)7а are characterized 
by density matrices of the form 


У; C(jaL] ; тот mo)C(joL3 ; mm’ — my) 
тор : 
XD(L, m—mo, P) D* (L, m' —ms, P) 
= 5 (у= т PC (Г; mo, m— mg) 


mo Pro 


—_— —M 


XC (JoLj; mo, m —ms)C (LLvo; m— mo, тот") 
XC(LLv; P, — P)D (vo, m—m’, 0) 
=2(2j+1) 5 (—)*®%-^С (1 у. 1—1) 
20 


XC(jjvo; —m'm)W (14.77: vojo) 

XDí(vs, m—m',0) (135) 
by use of the Clebsch-Gordan series Eq. (9) and the 
usual Racah relations (see Appendix). In Eq. (135) vo 
is even and the notation is, in part, descriptive of the 
first transition. For the first transition ј= ji, L= Lo 
| while for the third у= js, L= L» and јо is replaced by 7». 

Of course, the arguments of the D matrices are fo and fz, 
respectively. ша! cases Р= 41. 

For the intermediate step, the second transition, one 
obtains the coupling coefficient 


5 
S (mymy ; mam») 
=DD С( 478) myma— my)C (j31a jo; m'm? т!) 
De. ^ 


XD(L, тот, P;f)D*(L,m;—my;P;f) 
= 2(— ут’ та’ У C(LiLin; 1- 1) 
xı 


| 
on 
XCALw;m;—mymi-—m») 
D 22 . с 5 , I^ 
22 => > ЖС(ЛГТАУ ть ma—mxy)C (julajs; тү тә —my) 
> >> 
XD(vi, тот — my my, 0; f) (136) 
and и, is even. 


Discarding scale factors we obtain for the correlation 
function | 


W( tt) » 
=} (—)m#m’C(LoLov; 1—1)C (Lili; 1—1) 
XC(LsLava; 1— 1)ИГ(1 207171: vojo) 
| XW (ГГ jojo; voja)C (лю; — mimi) 
| XC(jojavs; —ms'ma)C (Libri; mo— ma, mi —m») 
XC(frLrjopmyms—m)C (ајә; тет фт) 
| XD (vo, mi—m1’, 0; fo) 
X D(vi, m2— тз! — m+ my’, 0; В) 
X:D* (ve, ту-тг, 0:5), (137) 


‚ Using this result in (138а) опе obtains* 22 
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and the sum is over vs, vy, v», (all even) and ту, my’, 
Mo, m». 
We define 
ui zm m 
тэг 


and perform the sums over тү and т» keeping ш and pa 
fixed. This summation is performed by repeating appli- 
cation of the Racah relations (Appendix Eq. (A5)) 
and after a somewhat lengthy but straightforward cal- 
culation we obtain for the triple correlation function the 
result 


14171212) = 3:Ек(Гл2071)РЁ» (0 273172) 


ЖГ( 17112; VgVyV2) A voviva (fo, f; 6), (138) 


where the sum is over vo, vi, v» and the notation of 
Eq. (69b) has been introduced. Also 


P (ya ja; vovw) 
= = (бум ч (Тал E D CCS 
n 


KW (vor jojo; voX)W (wALiji; 7224) 


KW (у АЈ»; vola), (138a) 
and 
Ао (в) = X C (vivov2 ; M3 — ит, ui) 
х Геи (fo) Гея (Ys). (138b) 


The limits on the А sum in Eq. (138а) are given by the 
triangular inequalities defined by the Racah coefficient 
(see Appendix). Equation (138) is the general form for 
the triple correlation of three pure multipole у rays. 
Aside from the fact that one can choose the polar axis 
along any one of the unit vectors f; fı, or f» (which 
eliminates one of the summations in Eq. (138b) the 
result is clearly rather cumbersome and involves labori- 
ous calculations before numerical results can be ob- 
tained. For this purpose the tabulation of reference (13) 
is helpful. In the following we consider certain special 
cases which may be of interest. 


А. Correlation with Intermediate Radiation 
Unobserved (8) 


If the correlation between only the first and third 
radiation is observed, the appropriate correlation func- 
tion is obtained from Eq. (138) by integration over 
fj. Then, from Eq. (138b), we find и=0, us—y and, 
using the addition theorem for spherical harmonics, 
А.о») reduces to : 


2-1 


цуг P, (fo - £2)6 (vove)6 (v0 
кту” нд) 


(139) 


(v ио). 


Г= (—)*"[Qr+1) 02)-41)(21:4-1) ГҮ, 
XW (плз; Ls), (140) 


T4 - » 
a: 5 
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Е 283 А in which ei first and/or third radiations are dj 

1 T 1a). efficient аз [Eq. (142)] for the case in which either the f 1 5 are dipole, 
ae Ое Ee di). The double entry at the top of column 3, for example, means that аз is the same for the 
decay schemes i--1 (1) 7441 (1) ja(1) 7s and js (1) з G) 81 (1) ЛЬ as explained in the text. In general the number in paren. 


theses following AsAsA1 is ô, the difference in spins of the lowest state—sce Eq. (142b). 


АзАзА1 
j o0 о 10 0 20 001 0 11 л Dm 002 20 0 0 12 
21100 ТЭ 11 21 7200(22) 00 —2(—2)) 7 222002 
0—10(-1 0—20(—2) —100(—1) [ ow c» =1 210), E 2905) 
—1—20(—3) -1-21(-2) 2—20(—4) 
ES EE a 0 0 596 т 0.1250 yw 
V S ЛЕ cE 2 EC : 
Ци.) M О ? 0 VR 0 -00179 0.1607 00 
1 — 0.0625 0.0875 0.0750 0.0125 — —0.0250 1 0.0175 E -160 .0357 
3/2 0.0320 0.1280 0.1143 —0.0080 — 0.0400 3/2 0.0280 TET oomi 2150 0.0571 
2 0.0875 0.1500 0.1375 —0.0250 —0.0500 2 0.0343 0.005 01530 ОТЫЛ 0.0714 
4) 5/2 0.1202 0.1633 0.1524 —0.0376 — 0.0571 5/2 0.0383 0.0100 0520 0167 0.0816 
Ёс. 3 0.1406 0.1719 0.1625 —0.0469 —0.0625 3 0.0409 0.0143 КО Y 7 0.0893 
E 7/2 0.1542 0.1777 0.1697 —0.0540 --0.0667 7/2 0.0428 0.0179 ХИ 01000 0.0952 
à 4 0.1636 0.1820 0.1750 —0.0595 — 0.0700 4 0:0441 0.0208 ОШ 3 : 58 0.1000 Ї 
Е 9/2 0.1704 0.1851 0.1790 — 0.0639 —0.0727 9/2 0.0451 0.0233 0.091: 01650 0.1039 
[ 5 0.1755 0.1875 . 0.1821 —0.0675 --0.0750 5 0.0459 0.0255 0.0964 0.1642 0.1071 
f 11/2 0.1794 0.1893 —0.0705 —0.0769 | 11/2 0.0465 0.0274 0.1007 0.1099 
4 6 0.1824 0.1908 —0.0730 — 0.0786 б 0.0470 0.0288 0.1 042 0.1123 
DL. 13/2 0.1848 — 0.0751 13/2 0.0302 0.1073 
7 0.1868 — 0.0769 7 0.0314 0.1099 
E 0.2000 0.2000 0.2000 — —0.1000 --0.1000 « 0.0500 0.0500 0.1429 0.1429 0.1429 
h 0 1-1 0-11 TOO 030 0 2-1 m Seu 0—12 210 10 2 20-1 
=й = -20(- -2(-1) —2 -1) 0-1-2(-3) -20-1(-3) 10-2(- 
1-1 00) -1 100) 00-1(-0 0-1 P 1-20(-1) 0 1-2(-D 10(—1) AR oza 10-20 
0—2 —1(—2) 2 9 00) 20 10 
0 ... 0.1250 —0.1750 ue 0 0.1250 0.2143 0.0357 —0.1250 
1/2 0 — —0.0400 —0.1600 0 1/2 0.1600 0.2041 — 0.0143 —0.1314 
1  —0.0875 0 —0.0875 —0.1500 —0.0600 1 0.1714 0 0.1964 —0.0357 — 0.1286 
3/2 —0.1120 0 —0.1051 —0.1429 — 0.0857 3/2 0.1749 0 0.1905 —0.0470 —0.1238 
2 -01200 -00175  —0.1125  —0.1375 --0.0082 2 0.1754 0.0250 0.1857 —0.0536 —0.1193 
5/2 —0.1224  —0.0320  —0.1156 —0.1333 —0.1047 5/2 0.1746 0.0457 0.1819 —0.0579 — 0.1151 
3 —0.1228 —0.0429 — 0.1169 —0.1300 | —0.1083 3 0.1733 0.0613 0.1786 — 0.0607 —0.1114 
7/2  —0.1222  —0.0510 —0.1172  —0.1273 —0.1104 7/2 0.1719 0.0729 0.1759 — 0.0627 —0.1083 
4 —0.1213 0.0573 —0.1170  —0.1250  —0.1114 4 0.1704 0.0819 0.1734 — 0.0643  --0.1056 
9/2 —0.1203  —0.0622  —0.1166 —0.1231 —0.1118 9/2 0.1690 0.0889 — 0.0654 — 0.1031 
5 —0.1193 —0.0662  —0.1161  —0.1214 —0.1121 5 0.1677 0.0946 — 0.0663 — 0.1010 
11/2 —0.1183 — 0.0694 —0.1155 11/2 0.0991 —0.0670 
6 —0.1174  —0.0721 — 0.1149 6 0.1030 — 0.0676 
13/2 — 0.0744 13/2 0.1063 
n —0.0763 7 0.1090 3 
©  —0.1000  —0.1000 —0.1000 -0.1000 —0.1000 © 0.1429 0.1429 0.1429 —0.0714 --0.0714 


—1 20 


0—21(—1) 


10 1 
—10—1(-2) 


] relation functions assume the simple form 


22223 


108152 
2—1—1(0) 


—0.2500 
—0.2000 
—0.1714 
—0.1530 
— 0.1403 
— 0.1310 
— 0.1239 
— 0.1181 
—0.1136 
— 0.1099 
— 0.1067 


—0.0714 


121972 


-2 
=ц 


—0.0671 


—0.0714 


—102 


2) 20701) 
1 —2(—1) - 


1(1) 


0 

0.0036 
—0.0029 
—0.0101 
— 0.0167 
— 0.0223: 
— 0.0270 
— 0.0309 
— 0.0343 
— 0.0371 
— 0.0396 
— 0.0417 
—0.0714 


-1-12 


—2 11(0 


== 
—2—21(—2) 


0. 


U 
—0.0071 
—0.0143 
-0.0204 
-0.0256 
-0.0297 
— 0.0333 
— 0.0364 
— 0.0391 
— 0.0411 
—0.0714 


where В is the angle between fo and Б, In Eq. (141) N 


` is a normalizing factor fixed so that (W),— 1. 


N= (=) git о). 088) 
From the Racah inequalities ive find that upper limit 


[С 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


ANGULAR CORR ELATIONS OF 


on v is 


Унах 72 min(Lo, Le, ji, ўз), (141b) 


the multipolarity of the unobserved radiation does not 
affect ушах. 
We write the correlation function (141) in the form 


W(8)— 5; а,Р,(соѕВ); ау=1. (142) 


Tables XI(a) and (b) contain numerical results for the 
coefficients a, in the case of cascades for which Lo, 1819 
1552 (dipole, quadrupole only), and the only cases 
omitted are those in which a dipole crossover would be 
competing with a quadrupole transition. In such cases, 
it is assumed, the triple cascade would be improbable. 
In Tables XI we have adopted the notation 


АЛ, (142а) 


and £;=1 when A;=0, --1 while /;=2 when А;=-Е2. 
In Tables XI the coefficients a; and a4 have been given 
for various possible j; (usually ground state angular 
momentum) and a particular set of A's, represented in 
the order A;3A5A;. The tables have been made more com- 
pact by noting that different sets of A's correspond to 
the same a» (or a4) if the spin of the lowest state is js’ 
(instead of 73). The triad of numbers A;A2A; at the head 
of column are used when the lowest state has a spin 
given by the first column. For the additional entries 
Лз АД (ô) appearing immediately below A3424, the 
results for a»(a4) apply with the lowest state spin 
given by 
=. (1425) 

Table ХГ(а) refers to transitions in which either Lo or 
[2=1 so that умах = 2. The entries are the a» coefficients. 
In Table XB(b) both Го and /»%=2 and a» and а; are 
given. The extension of these numerical results is easily 
obtained by using Table I and the Racah coefficient 
tabulation of reference (13). | 

It is interesting to note that in at least two cases an 
observation of the first and third radiations removes an 
amlsiguity which would be present if only successive 
radiations were observed. For example, consider the pair 
of Чесау schemes jo, Ju јә, 3=0, 1, 1, 2 and 0, 2, 1, 1, 
respectively. For each of these а= — 0.250 for the cor- 
relation of the first two y-rays and — 0.025 for the cor- 
relation of the last two. However, for the correlation of 
the first and third у rays а= —0.0250 and 0.1250 for 
the two levels schemes, respectively. A similar resolu- 
tion of ambiguity applies in the comparison of the 
levels with jo, 71, Jo 73:53, 3/2, 3/2, 5/2 and 5, 5/2, 
3/2, 3/2. 


B. Parallel Radiations 


Ап alternative procedure, whereby corroborative 
evidence may be obtained for the angular momentum 
assignment in the triple cascade, is to observe the radia- 
tions with one pair of them parallel, or antiparallel. 
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TABLE XI (b). Values of the coefficients аг and ац for both first 
and third radiations quadrupole. The notation is the same as in 
Table XI (a). 


7 20 2 
-20 —2(—4) 
az a 

0 0.0510 — 0.0060 
1/2 0.0671 —0.0013 

1 0.0765 0.0015 
3/2 0.0826 0.0033 

2 0.0867 0.0045 

х 0.1020 0.0091 


Let the two parallel (or antiparallel) radiations be 
designated by the indices р, 4 and the other radiation 
by the index r. Then taking the polar axis along f, or 
f, we find that u;— 45-0 in all cases and hence 


|I 
(4х)? 


XCvivovs; 00) Р,„(соз8,) (143) 


for both parallel and antiparallel radiation (since ай и 
are even). Here 8, is the angle between f, and f, or f, 
and и, is vo if f; and f» are parallel, v, — v; if fo and f» are 
parallel, v,— v; if f; and f; are parallel. No further sim- 
plification is possible. Apart from scale factors the 
angular correlation function is now 


17 (8,)= У; Ею (Гол) 


ХЕ» (Геза) Г (ла; vovivz) 
Ж[@и-Е 1) Qvi4-1) (2v2+1) ]! 


XC(vivovs; 00) Р,„(соѕ8,). (144) 


The complexity of the correlation function depends on 
which pair of radiations are made parallel (or anti- 
parallel) since ymax may be different for vo, vi, vs. If 
the first two radiations are parallel (v,= >») 


(Ушак? min[ min(Lo, j94 La, j^, La]. 
If the first and third radiations are parallel (v,— v1) 
(v1)max=2 min[min(Lo, 71) 3- min (Ls, 72), £41 


as is shown in reference (8). Also, if the second and third 
radiations are parallel (v,= vo) 


(vo)max— 2 min[ Lo, ju min (Laj) +L]. 


If one of the intermediate spins jı, j2 is 0 or 4, then 
isotropy results whenever the 0 or # spin “joins” the 
radiations f, and f, (or £j). Thus if j2=0 ог $ one ob- 
tains isotropy when the first and second radiations are 
parallel and if 7,=0 or 4 the correlation is isotropic for 
the second and third radiations ратайе, However, un- - 
less both jı and j2=0 or 3, the correlation ‘vith first and 
third radiations parallel will not, in general, be isotro 


T A Sg 
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- any one of the у rays is replaced by another particle is 
obtained from the above by the usual procedure of 
insertion of the particle parameters: b»o(x) if the first 
у ray is replaced by another particle, and similarly for 
the other transitions. If one of the particles is a proton 
or neutron, the procedure described in Sec. II (B) 
should be followed. Some special cases for ће —y— Y 
correlation have been worked out in reference (8). 


APPENDIX: VECTOR ADDITION AND RACAH 
COEFFICIENT RELATIONS 


"Throughout the text repeated use is made of a num- 
ber of symmetry relations and other properties of the 
vector addition coefficients C(jij2js; mms) and the 
Racah coefficients W (abcd; ef). These are given below. 


]. Vector Addition Coefficient 


Interchange of the angular momentum quantum 
numbers is made by use of the symmetry properties 


C (J1j2js5 түт») 
= (—) iti C mj qam) 
= (=) HC (515273; =т=т») 
= ("ели 
XC(Jijajo; т, —тз) 
= (=) ил 
ХС(7з7271; — mam) 
= (=) jg D/Gjd- DT 
ХС(727а71; ma—ms). (А1) 


The explicit form for С(Ши; 00) (with /+//+-»=2¢ 
=even integer) is 


A (Il v)g! 
C (Iv; 00) = (=) (2v4- 1) 1 — — — — — ——, (A2) 
(g—1) (2—1) \(g—») ! 
where fone m Чэ 
aay [n] | 
(ЕР! 


| The vector addition coefficient which occurs in the 
y-ray correlations is 


ео 
2 [/(1-Е1)!' (4-1) }} 
XC(ll'v;00). (A3) 
C (j10j5; m0) Sis. 
ES 2. Racah Coefficients 


In all cases 


Га 


һе Racah coefficients vanish unless the triads abe, 


=W (acbd ; fe) = (—)**-«-"W (ebcf;ad) . 
= (z) W (aefd jbc), (A4) 
* 


гт 
^ 
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and others obtained by combining the operations 


indicated. | 
'The Racah recoupling is accomplished by means of 


Сјај; тато) С (jjaja; made ms, Ma) 
=F (2s4- 1)! (27-5 D) C (72725; mama) 
XC(fis ja; my, Mobs) М (71727478: js) (A3) 


and variants of (A5) obtained by using (A1) and/or 
(A4). In Section III(C) we make use of the relations 


(202-1) QI'4-1) ]1C (Wv; 00)W (1777, 39): 
=[(2L+1)(2L’+1) J|CCLE^v; 00) 
XW (2.1/7; 3v), (Аб) 


where /=/(x)= |x| +305 (x) — 1], (SQ) =sign of к) and 
1 =1(k’) with 

КГ and) Epl 
апа 

к'=—1/ and 1/-1 


In (Аб) v is an even integer and j= |x| — 3, = |к'|—1 


C(LL'v; 1—1) 


LAA 15(хЭ L iSQ) 
E 6c 
JE? арч! 


"XEQL4-1) (2174-1) (21-1) 01 4-1) ]: 
XSS (&)C (I'v ; 00)W (10777: àv) 
xW(QjL'j;i, (АТ) 


where the notation is as above except that now 


к=1 and —L-—1 
к= — 1! and L’+1. 


Also 

(2L— v) (2E4-v4- < 

W2(LLL—4L—3; yi) =— , (A8) 
412(21--1у 

21--1--и)(21-82--9) , 
W(LLL+3L+3; жуг ы шшс 7, (49) 
; 4(L+1)?(2L+1)? 

1 ма 

W*(LLL4iL—3; зээ ОЧ). a (A10) 

AL(LA-1) 01-41). 


If any parameter in И” vanishes the value of the Racah 
coefficient is - 


W (abcd, Of) = (— )**e/[ (204-1) (2+1) баьбеа. (A11) 
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I. INTRODUCTION 


Е the short summary article by Taylor (Ta52)! is 
excepted, for at least ten years there has been no 
review published in the - periodical literature, either 
descriptive or discursive by nature, on the subject of 
experiments in atomic penetration. The present article 
is therefore intended to remedy this lack, without going 
into the detailed description of all such phenomena that 
can be found in the definitive chapter by Bethe and 
Ashkin in the^book, Experimental Nuclear Physics 
(Be53). However, since the closing date on experi- 
mental data for that article was 1951, and since at least 
a few special topics deserve more detail than could be 
practically included in that chapter, the present article 
wil attemPt to supplement it and bring the experi- 
mental picture more up to date. 

The scope of this article will be limited to the pene- 
tration of charged atomic particles through matter, 
thereby excluding experiments done with mesons or 
electrüns. From the point of view of theory, this is not 
an important distinction, since except for a few special 
modifications the accepted basic theory is as good for 
one kind of charged particle as another. However, it is 
just these modifications which also make the experi- 
mental téchniques—between the use of protons and 
electrons for example—different enough to warrant a 
separate writing. Those theoretical topics pertinent to 
the measurement of penetration parameters, the value 
of these parameters, and factors affecting the accuracy 
or interpretation of the experiments, will first be dis- 


* Closed June 1953. as 

t Member of National Reseirch’ Council Committee оп Pene- 
tration of Charged Particles in Matter. le h 

! References in parentheses are given in the Bibliography- 


cussed; this will be done at the risk of repeating other 
reviews, but is included for the sake of coherency. 
There will first be a general discursive section on the 
phenomena involved; this will include discussion on 
stopping by ionization of a medium with presentation 
of the Bethe-Bloch equation and of its validity ; discus- 
sion of range relation and definitions and calculation 
from stopping power; the general effects of fluctuation 
phenomena; a short presentation of some phenomena 
that are not related directly to ionization of single 
atoms, but affect the penetration to a more or less sig- 
nificant degree depending, e.g., on the energy of the 
incident particle: polarization of the medium, charge 
exchange phenomena, chemical binding, scattering, etc. 

As remarked above, Taylor has reviewed the 1952 
status of range-energy relations and has included an 
extensive bibliography; therefore, this article will not 
attempt to present a comprehensive coverage of the 
literature (except for work completed since Taylor’s 
article and prior to June, 1953). The usefulness of the 
range-energy relations, as such, becomes small in the 
low-energy region, since the preparation and storage of 
suitable absorbing foils, while possible, becomes a 
major undertaking. Therefore, the discussion of experi- 
mental work in this article will be split into two parts: 
“low energy," or less than an arbitrarily set 2 Mev 
(protons), and “high energy,” or greater than 2 Mev. 
The range-energy relations will be given only casual 
mention in the low-energy part, while measurements on 
absolute stopping powers will receive brief treatment 
in the high-energy part. The point_of view for the high- 
energy sections will be that of the expezimenter who 
wishes to determine beam energy and energy spread by 
means of absorption curves. 
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Il. DISCUSSION OF PHENOMENA 
A. Physical Basis of Stopping 


While the physical basis of the stopping phenomena 
has been well understood for some time (Bo48), dis- 
crepancies between theory and experiment can be 
ascribed’ to the mathematical difficulties involved in an 
accurate collision theory. Stated concisely, the problem 
is: а charged particle with a given kinetic energy passes 
through a region containing atoms of one kind or an- 
other. What is the energy of this particle when it leaves 
the region? An obvious simplifying assumption is first 
to consider the region as made up of many isolated 
atoms, calculate the contribution of a single incident 
particle-atom collision, and then sum over all atoms. 
This approximation will turn out to be justified for all 
but the highest velocity incident particles. In the second 
place, the numerical value of such a sum must be in- 
terpreted as some kind of average value, since each 
collision will lead, not to some definite, final state of the 
collision pair, but rather to a probability describing that 
state; hence, the kinetic energy of the particles in a 
beam that has passed through such a region will be dis- 
tributed according to the laws of chance, and for a com- 
pletely unambiguous interpretation, the essential 
parameters of this distribution (the “straggling”) must 
be known. Having granted that collisions of the incident 
particle with single atoms can be summed in an inter- 
pretable way, it must still be assumed that the incident 
particle retains its identity and description: an incident 
proton can pick up an orbital electron and spend some 
of its time as a neutral atom at low energy or be lost 
through a nuclear reaction at high energy. , 
The collision occurring between one of the atomic 
electrons and the passing particle (the energy trans- 
ferred to the nucleus being—usually—small) is con- 
sidered in the actual calculation of the energy trans- 
ferred to an atom by ionization. For this calculation the 
Born approximation may be used: obtain the matrix 
element for an electronic transition (induced by the field 
of the passing particle) to a given final state, average 
over all initial and final electronic states, and then sum 
over all electrons in the medium. Since the chance 
that the final electron state will be in the continuum 
is large, and since these states are easily observable as 
ionization current, the stopping process is said to pro- 
duce ionization energy loss. However, part of the energy 
of the incident particle clearly goes to electronic transi- 
tions between discrete states; with the subsequent 
emission of photons; indeed, after the moving’ particle 
has lost sc much energy that it has little chance of 
ionizing an atom, it still moves far enough to produce 
many atoms in excited states. For this reason the ob- 
served range (defined below) will differ according to the 
type of detector Gsed: an experiment that measures 


i a АЕ PAGE 5 On 230 Б 
— ionization (e.g., with an ionization chamber) will give 


! ightly shorter range than one using, say, а scintilla- 
counter, -which responds to excited atoms. The 


ALLISON AND $. D. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


WARSHAW 


assumptions made for the Born approximation are that 
the change of momentum during the collision be small 
which can be shown (Мо49, Во48) to reduce to ЩЕ 
condition that Zvo/v is much less than unity, where 
vo &'/h is the Bohr velocity, or, in energy units (for pro- 
tons), that Æ in Mev is greater than 0.02522. Hence, for 
all but the lightest elements (Z less than 10) the low- 
energy (proton Æ less than 2 Mev) application of the 
theory, even ignoring such extraneous effects as charge 
exchange, is quite dubious. At very high energies, in the 
full relativistic form the formula would predict a con. 
tinuous increase in the rate of energy less, but for the 
breakdown of the approximation of isolated atoms in 
the stopping material. For collisions at distances larger 
than atomic dimensions, some account must be made of 
the effect of neighboring atoms of the stopping material; 
polarization, of the entire medium by the incident 
particle pfoduces a decrease in the field of this particle 
that is effective in the transfer of energy, with aconse- 
quent decrease in the “energy loss. However, since the 
distant collisions play ай important role only at high 
energies, in thenonrelativistic case there should be only 
a small effect, with the important exception of stopping 
in materials containing a large fraction of conduction 
electrons. The polarization phenomena should be ex- 
pected to become significant (A.Bo49) when Йод 
(where w4?=w?+(1—a)y?, wa corresponding to the 
binding energy of an isolated atom, «Z1 a numerical 
constant, and »?— 4z16/m, with п the electron density). 
Thus in the case of the light elements (beryllium, car- 
bon), there can be a relatively large effect even at 
moderate energy. At extremely high energy the effect 
of polarization is to make the stopping power a con- 
stant function of energy rather than a continuously 
increasing one. (See Be53, Fe40, Ha48, Sc51, 5152). 


B. Simple Theory of Stopping 


'The theoretical factors most generally applicable to 
experimental use are the mean range, the average rate 
of energy loss, the specific ionization, and the straggling 
parameter; these are all related in a fairly stra.giicfor- 
ward way, this being made clear from the simplified 
classical theory, in which the differential cross.secfion 
for the transfer of energy between T and T--dT is 


2ne'z? dT 


? 
mr Т? 


(1) 


do — 


where e is the electronic charge and z is the atomic 
number of the incident particle. Thus, the average rate 
of loss is obtained by integrating the produc: Тав (the 
maximum value being 7,,—2m?, the minimum 
order of the mean excitation potential 7) over all pos- 
sible transfers, the specific ionization'by integrating oe 
over all transfers that result in a free electron-ion Pa) 
the mean square deviation in energy loss by integrating 
Tdo over all possible transfers, etc. The mean range 


of the © 
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‚ (see below); and 
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is obtained in a simple way from the mean rate of 


loss as 
а 0 


Jie = | dE(dx/dE). 


E 


(1^) 


The mean square deviation from the mean ran; ge (if 
we assume that the distribution is Gaussian) can be 
shown to be (Bo48) 

E 


yi f Р(48/4х)-44Е, 0) 


0 
where P =4rne's?. 


Actually the distribution in energy loss is not strictly 
Gaussian, but is rather such that greater losses than the 
most probable are favored, when collisions between 
ша of the same order of magnitude of mass are 
considered as contributing to the net loss. Thus, the 
ionization loss of electrons. or the nuclear collision loss 
for protons leads to a distinctly non-Gaussian distribu- 
tion. However, in the high-energy range, nuclear colli- 
sions contribute little to the stopping and for the 
electronic collisions the most probable and the average 
energy loss are very nearly identical. If one uses the 
accurate quantum-mechanical theory, the result of the 
integration over all possible energy transfers gives the 
average rate of loss as (Li37) 


D 


dE _ dretz? 2m 
—-— xz (= —105(1— 8°) — ғ) -cx| 
ёс. mv if 
(3) 


where thé relativistic correction term has been included. 
In Eq. (3): N is the number of atoms of the stopping 
material per cubic centimeter; s is the atomic number of 
the incident particle; Z is the atomic number of the 
stopping material ; 8— particle velocity/velocity of light; 
Cx (1/7) 16 a correction term for binding in the K shell 


mE , р 5 
> > ЧЁ? = sea [v/ (7- в) vo 
г M (Z—c) Ry 


whers yo=e?/h, with с a screening constant (approxi- 
mately 0.3 for light elements) such that (2— о)с gives 
the effective source strength of the field in w hich the 
Kelectrons move. Here Г, the mean excitation potential, 
is a measure of the least (on the average) energy that 
can be transferred to a bound electron. A good part of 
the experimental work in the field has been concerned 
with measurements of Г, which is assumed to be a 
velocity independent parameter and shown by Bloch 
(В133) to be proportional to the atomic number Z for 
high Z materials. In terms of more easily calculable 
constants the first factor in (3) can be written 


Bra? Ry-s В, 
ЕР 


PARTICLES 


. 


THROUGH MATTER 


TABLE II-I. Ск(1/9): Correction for K-shell binding 


in light elements.? 


Proton 1 


energ —— Ск 
Меу (7 —0.3)27 Be C Al 
0.6 0.0414 0.895 0. 900 
0.8 0.0311 0.780 0:972 “7 
1.0 0.0248 0.680 0.081 ШЕ 
1.2 0.0207 0.596 0.951 t.e 
14 0.0177 0.531 0.901 ee 
1.6 0.0155 0.475 0.852 0.380 
1.8 0.0137 0.421 0.300 0.552 
2.0 0.0124 0.390 0.758 0.613 
2.2 0.0113 0.359 0.716 0.700 
2.4 0.0104 0.330 0.678 0.767 
2.6 0.0096 0.310 0.638 0.820 
2.8 0.0087 0.288 0.597 0.861 
3.0 0.0083 0.270 0.570 0.892 
4.0 0.0062 0.208 0.451 0.975 
5.0 0.0049 0.160 0.361 0.880" 


п М. С. Wals 
taken as 0.7, 


з. Rev. 88, 1283 (1952), 


The ү at decimal is, of course, 


* From the curve of Fi 
for the three elements 
doubtful. 

b Above this energy 


the correction in Al is less than 1 percent. 


where M is the rest mass of the incident particle, со the 
Bohr radius, у the Lorentz factor 1/(1—582)!, and Е 
the kinetic energy. 

In the low-energy range, the Born approximation for 
heavy materials would fail, since the inner electrons 
move at very high velocities compared to the incident 
protons, and a correction for binding in the inner elec- 
tron shells must be applied. This is done by subtracting 
the number Cx from the logarithmic term in the Bethe- 
Bloch formula. These corrections have been calculated 
most recently by Walske (Wa52) and earlier by Brown 
(Br50), and still earlier given by Livingston and Bethe 
(Li37) in their 1937 review; in all of these, the correc- 
tion is given as a function of the particle velocity in 
units of K-shell electron velocity.t Some representative 
values from Walske's article are given in Table II-1. 

The Bethe-Bloch equation then stands as an approxi- 
mation valid in a restricted energy range (which differs 
for different particles and materials) and requiring the 
measurement of a parameter, the mean excitation 
potential; further, this parameter is velocity dependent, 
at least at.high energy, because of polarization phe- 
nomena (and incorporating this effect into the excitation 
potential), although at most energies it is relatively 
constant except ВЯ binding corrections. 

For protons in the energy range 20 kev toabout 2 Mev, 
there is no satisfactory theory, and recourse must be. 
made to empirical data. Below 20 kev the statistical 
theory ‘of Fermi and Teller (Fe49) has not been directly 
verified (however, see Sec. III). In heavy materials, а 
crude statistical argument (Bo48) gives a Z!/v depend- 
ence of the Sepp power at lower energies. Experi- 
mental agreement with this is ие (Wa49). _ 


{It should.be pointed out that in the widely used tables calcu- 
lated by Aron (Ar51) the wrong Cx correction, was evidently 
used: instead of calcula tng the ratio vf/ox, ин в > Е 
four times this value. 
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for monoergic protons would have such a form that the 
derivative dV/dx, where N(x) is the number of par- 
ticles counted for absorber thickness х, would be а 
Gaussian. However, in practice this is almost never the 
case. If the mean range is defined as above, such that 
one-half of the incident beam travels a distance greater 
than Rn and one-half less than Rm, then clearly because 
of small-angle multiple scattering of the beam (that is, 
angles small enough so that the detector still sees the 
entire beam) the observed mean range being the pro- 
jection of many short segments of trajectory, each - 
randomly oriented to the axis of the beam, will be 
smaller than the “true” mean range. The effect of 
scattering is most significant, of course, near the end 
of the range. Following Mather and Segré (Ма51) the 
difference between observed and true ranges may be 
written as 


0-(10-2 RADIAN) 


2 
| 
| 


9 


Ros >i coste 51 (1-—) =Rn— F107, (4) 


where 1, is the distance between the ith and (i+1)th 
small angle collision, and 0; the direction with respect 
to the beam axis after the 7th collision. An approxima- 
tion of the value of 0; was obtained from William’s 
formula (Wi45), 


Zm 
(82) — — log(Eo/ E;). (5) 
М 


By"assuming that R is roughly proportional to 52-79, 
writing the sum as an integral and intégrating, we get 
(Rm—Rovs)/Rm= 7/6440. It is, therefore, of the order 
of 1 percent for copper. 

Other authors (8151) have used somewhat more ac- 
curate expressions for the mean square scattering angle 
with a resulting formula for the renge correction that 
differs in form from the above expression but only by а 


0.(10-2 RADIAN 


AE (ENTROY Lost m uev) 
(b) 


+b). The effective rms (unprojected) scattering angle 0, 
tion of energy lost in the scattering material. 


ítall, the measurement of range may be 


5 to pass through and identifying 
Зуу the mean range. Ву defini- ° 
> thickness Rm of material 


x Fic. 1с. From reference 19153: Fractional beam loss as & func- 
а; X : Fractional bea 5 Deut 
d pye been absorbed tion of detector and source geometry; Rı= source radius; ideae 
пе 1dea a sorption curve tector radius; pw= S05, with S— sou-ce-detector distance. 
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small amount numerically. This is 


a 


(0°) = || 7.РС(фо)”“4х, (6) 
—Rm i 


where P is defined above, G=2 log181Z-3, x is the resid- 
ual range, and р, v are the momentum and velocity of 
the incident particle. The range correction is then 
&R/R—ZPG/C, where it has been assumed that 
„ (pv) *= Cx. For Al, C—2.6X 1075, for Cu, C=8.9 10-5, 
A full discussion of the multiple scattering theory 
(Ro41, Gr50, Sc50, Mo51, Be53) is beyond the Scope 
of this paper. The correction is, in most cases, small, and 
relatively large errors in the correction are of little conse- 
quence. However, for aid in the interpretation of some 
experiments, it is useful to have an estimate of the beam 
spread as it is passed through relatively thin targets. 
То this end we have calculated curves for the mean 
square angle of scatter (at several high energies) as a 
function of the energy lost in the target, using an ap- 
proximate form of Moliere's (Mo51) expression for the 
scattering angle, and Aron's table for the energy loss. 
Both of these are sufficiently accurate for this purpose. 
Moliere’s expression gives an angle which is not properly 
identified as the spread of a Gaussian distribution in 
scattering angles. His distribution function has a leading 
term which is Gaussian, but there are also higher order 
terms (making the resulting curve slightly greater for 
small angles and smaller than Gaussian at larger angles) 
resulting from a smooth transition from multiple to 
single scattering. Following Hanson, ef al. (Ha51) let 
0. be the*l/e width of an effective Gaussian distribution, 
fit to Moliere's theory. Then as given in (Ha51) 


2 6,.°=6,?(B—1.2), (7) 
where 
à 25 årNZ (2 хе 
t=. 598 728 Em 
pe 


27% X? Zw 
^ эб 2= С) [113+3.76(—) | 
и 0.885 раз 1378 


& В the'thickness of the stopping material, and B(6,/8.) 
is the auxilliary function tabulated by Moliere (see also 
reference Be53). The group of curves in Fig. 1 gives 0, 
for several elements and energies. In this connection, 
the evaluation of particle loss resulting from the multiple 
Scattering that has been made by Dickinson and Dodder 
(13153) is of interest. Figure 1(c) gives the calculated 
fractional loss as a function of detector radius Rə, the 
foil radiu$ R;, and the average normal displacement 
рь=50,, with S the foil-detector distance. (These 
curves were actually calculated with Moliere's Cas 
but the difference, for this application, is negligibly 
small.) 1 
At higher energies, nuclear collisions may occur which 
attenuate the beam intensity, thgreby changing the 
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Fic. 2. Experimental high-energy nuclear absorption cross section 
(for protons) versus atomic weight. 


shape of the absorption curve, and thus the point согге- 
sponding to the mean range. If №, is the initial beam 
flux, then Rm would be the thickness x of the absorber 
for which the flux N is 1s; if the fraction / is atten- 
uated, 1— f remaining, then this point should be at 
(1— f)No/2. The fraction f may be calculated from the 
data of Kirschbaum (Ki52) which is shown in Fig. 2, 
giving бар, as a function of the nuclear mass А. In 
Kirschbaum's work, the cross section was measured by 
observing the average slope of the integral absorption 
curve for a beam of protons passing through a variable 
thickness of absorbing material. The point just to the 
left of the knee of the curve was taken as the running 
point for attenuation measurements. The cross section 
is then given at the average energy of the beam in the 
attenuator. The significance of this type of measure- 
ment in the interpretation of nuclear reactions is beyond 
the scope of this work, but the use of this technique 
makes the results directly applicable to the correction 
for range. (Also on Fig. 2 the data of Perry (Pe51) and 
Bernardini, ед al. (Be51) are shown, with some evidence 
of a different slope.) While an exponential fit to the 
energy variation probably has no theoretical sig- 
nificance, for present purposes it is convenient to 
represent Kirschbaum's data by the empirical relation 
тзъз= то exp(— Е/е), where оо=ято*АЗ is the geometric 
cross section (ro 1.37 X 107? cm) e— 400494 Mev, and" 
E is thé average energy of the protons in the attenuater. —— 
The absorption curve is very steep near the end of the — 
range so that the range will be insensitive to rather 
large errors in the determination of f—0.9R,,7,5,, where 
Кы is expressed in atoms/cm? and the factor f 
"an approximately correct “running poifit2” I 
Л, of course, should be the contribution fron Ў 
Coulomb scattering, which will depend on the ge 
of the experimental arrangements. 
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C. Fluctuation Phenomena : Straggling 


The statistical nature of the stopping produces also 
а fluctuation in the distance traveled by the incident 
particle before being stopped as well as a corresponding 
fluctuation of the total energy loss by the particle. This 
is because the number of collisions necessary to reduce 
the particle energy to zero will vary, since the energy 
that may be transferred in a single collision is dis- 
tributed between a minimum and a maximum value. 
For incident electrons, all of the energy may be trans- 
ferred in a single collision, so that the distribution in 
range may show many particles with very small range; 
for protons the maximum is only about 1/460 times the 
initial energy, so that the differential range distribution 
should be sharp and nearly Gaussian. The standard 
deviation, or, from the rectified mean range due to 
straggling was obtained experimentally by Mather and 
Segré (Ma51) by measuring the Bragg ionization curve 
for 340-Mev protons in various materials; the mean 
range was obtained by assuming a Gaussian distribution 
of range about the mean, with a spread measured by 
св, and by fitting this curve to the measured curve 
near the end of the range. They found that the center 
of the Gaussian fit the data best where the ionization 
was 0.82 times its maximum value. For elements from 
Be to Pb, слехру varied from 0.91 to 1.90 g/cm’, while 
the theoretical value cp¢theoret) (see above) varied from 
0:65 to 1.35. The difference was attributed to a small 
but significant energy spread in the initial beam which 
was then calculated to be 0.5 percent. These authors 
also found that the distribution was not truly Gaussian, 
but rather slightly skewed toward shorter ranges. 

The same group had earlier measured орех) Ш 
copper and again determined that agreement with 
theory was good if the beam spread was only about 
0.5 percent. In the same year Bloembergen and Van 
Heerden (В151) determined the straggling parameter s, 
for protons from above 35 Mev to 115 Mev in lead, 
aluminum, and copper from integral range curves. 
The parameter here is defined as the difference between 
the mean and extrapolated range, where the extrapo- 
lated range is determined by the intercept^with the К 
axis of the tangent drawn on the absorption curve at 
the №/2 point. Comparison with theory was made 
by calculating or (theoret), including the effect of multiple 
scattering as well as the range straggling effect; o., the 
contribution from scattering, is а function of the mean 
square deviation of the normal angle from. thé beam 
direction near the end of the range. The quantity 
(вед? R¢theoret)) agreed well with G^ R(exp) with о, calcu- 
Jated from the formulas given by Livingston and Bethe 
_ (1437). (It should be noted that 5 is related to e; by 
7/2)10 5 if å Gaussian is assumed.) 

The válue of the range straggling is generally small. 
“їе value for gr given above (Eq. 2) and sub- 
m the Bethe-Bloch formula, while neglecting 
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the variation of the logarithmic factor, one finds 


cp 4m 1 
Re M log (2mv/T) (8) 

for light stopping materials, and 
oe / Re =3m/4M (8) 


for heavy materials, where m/M is the ratio of electron 
to incident particle mass. These, relations have been | 
verified for practical purposes (the straggling is of the 
order of 1 percent) by Madsen and Venkateswarlu 
(Ma48) at low energy. At high energy, Tobias (То51) 
using 190-Mev deuterons in aluminum finds a straggling 
effect of 0.017 or about twice the theoretical value 
given by Wilson (Wi47) in the expression, 


сп/ = 0.24(E/ Mc) (Mc?) (9) 


which was derived by approximating the logarithmic 
factor above with а power function (J/c’= rest energy 
of proton in Mev). 

'The extrapolated range may be expressed in terms of 
the mean range and the straggling parameter by ex- 
panding R(N) in a Taylor series (where unit flux is 
incident) ; 


dR 
R(N)2 R4 (N—3) (Z) ; 
АХ / N=; 


if a Gaussian of spread ор is assumed, then 


3 


R(N)=R,,+ () бе í (10) 


The slight amount of skewness found by Mather and 
Segre can, perhaps, be quantitatively explained Бу the 
calculation of Caldwell (Ca52) whoobtaired (using the 
work of Lewis (Le52)) values for the theoretical integral 
range distribution of fast (2-500 Mev) protons in 
aluminum to show how the distribution differs. fom 
Gaussian. The difference is small: for 200-Mev protons 
in aluminum, the lengthening of the mean range because 
of this is only 0.021 percent. Since, however, this calcula- 
tion is better than the range straggling curves pub- 
lished in previous reviews, Caldwell's curve is repro- 
duced here (Fig. 3). 

The energy loss straggling theory has been worked 
out by Landau (La44) and improved by Blunck and 
Leisegang (Bl49); these authors give the distribution 
in energy loss for not too thick slabs of stopping ma- 
terial. A first approximation to the loss straggling 15 
given by Bohr (Bo48) as the spread of a Gaussian dis- 
tribution, with the resulting spread, independent 0 
particle velocity; this neglects the effect of collisions 
which, though infrequent, result in relatively large 
energy transfers and produce a tail on the loss curve 
favoring larger loss. ‘his corresponds to the tail on the 
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range distribution mentioned above, with shorter range 
favored. The distribution given by Landau contains 
this effect, which, however, is small enough so that 
most conventional energy measuring equipment is not 
able to resolve the components contributing to the 
smear. Using a calibrated proportional counter with 
pulse-height discrimination, and 32-Mev protons, Igo, 
Clark, and Eisberg (1653) were able to show the 
“Landau” effect in fair agreement with their measure- 
ment. Experiments with electrons verify this distribu- 
tion and the effect is much more striking (see Be53). 
At lower proton energy, the simple Bohr formula is a 
fair approximation for *not too thin" (but not thick 
enough to make a large energy loss) absorbing foil. 
This has been shown by Madsen and Venkateswarlu 
(Ma48b) working at energies under 2 Mev with beryl- 
lium and mica as foils and using the resonance radiation 
from aluminum and fluorine targets as energy indicators 
(see Sec. 111). 

While in principle the measurements of absolute 
stopping power with finite resolving power equipment 
should be corrected by a fold of the resolution curve 
in the Landau distribution or some other appropriate 
distribution, the corrections at high energy are shown 
to be small, and therefore the fold has not been made. 
At lower energies somewhat simpler techniques have 
been used; these will be discussed in the section on 
results of measurement in the low-energy region. 


D. Other Related Phenomena 


At the extreme low-energy end of the picture, the 
increasing dominance of collisions of the incident par- 
ticle with entire atoms of the stopping region, large- 
angle Coulomb scattering, and charge exchange phe- 
nomena make experimental determinations of the 
range in even gaseous materials rather uninterpretable. 
While the range in centimeters can be extended at will 


by using the gas at variable pressure, the first two effects 


“produce large energy loss and hence a large range 


stfaggling, with no resulting ionization, and reduce the 
previston enormously. Furthermore, loss by ionization 
is becoming less important since the effective charge of 
the moving particle (see below) is approaching zero as 
electrons are picked up. 


L.oCharge Exchange Phenomena 


Although charge exchange phenomena are properly a 
separate subject for discussion from stopping or range 
relations—with which this article is largely concerned— 
in order that low-energy experimental data on stopping 
be understood, it is necessary that some attention be 
paid to the charge state of the incident beam. Further- 
more, while very early work in this field has been pub- 
lished (see, for éxample, reference Ru33), much of the 
early results failed to give quantitative or reproducible 
values for the parameters involved in the theory. More 
recently, interest in this, field has been stimulated by 
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Fic. 3. Curve from reference Са52 for the straggling about the 
mean range as a function of energy. Z is the atomic number of the 
stopping material, z of the incident particle; and M is the ratio of 
particle to proton mass. 


studies of the ranges of fission fragments, in which case 
the charge exchange collisions and “hard” collisions 
play an important role. The practical desire of experi- 
mentalists to obtain multiply charged ion beams for 
accelerators has also stimulated recent work. Therefore 
a brief description of the existing theory of charge ex- 
change will be given in this section and a fairly complete 
summary of recent measurements (performed largely Бу 
the Chicago group) will be given in Sec. III, on low- 
energy measurements. 

А proton moving through material can capture an 
electron into a bound state; subsequent to this capture, 
the moving hydrogen atom can then lose its electron, 
the experimental picture then being one in which stop- 
ping power measurements are being made with a “раг- 
ticle" that is sometimes a singly charged proton and the 
remainder of the time a neutral system with a relatively 
widely separated proton-electron pair. If the cross sec- 
tions for capture and loss were known, the relative frac- 
tions of time that the system is in either of these states 
could be calculated, and if the effective stopping power 
of the neutral system can be determined, then the 
measured energy loss of an incident low-energy proton 
can become interpretable. Thus, using a simple estimate 
for the stopping power for a neutral hydrogen atom§ and 
estimates of the cross sections for capture and loss given 
by Bohr (Bo48), Warshaw (Wa49b) argued that except 
where the capture cross section (с) and the loss cross 
section (0:) become nearly equal—for proton velocity 
approaching то, about 25-kev energy —Eq. (3) could be 
used without introducing any essential modification 
from this source at lezst. Indeed, it has been argued Бу 
Isenbetg (1550) that bound states of hydrogen atoms in 
metals cannot exist, which would make the motivation 


$ The effective charge for the neutral atom will be zero for dis- 
tant collision, impact parameter 2»Bohr radius. For the close 
collisions, the effective field of the electronic collision partner will 
be screened by the bound electron of-the hydrogen atom. The — 


* choice (stopping for Н?) =0.46 (stopping tor H^) corresponds to an 


effective electronic charge of about 0.7e (i.e., а * screening con- 
stant" of about 0.3). The estimate was made, however, by actually 
using, in the matrix element for the energy transfer, the potential 
of the (15) hydrogen atom, rather than of a bare proton. 


2 "E. 
sa 2: 


H 


Mora MM EE ^ 


P uM 
igitized by Arya 


"786 S. К. ALLISON 
| for such an analysis also nonexistent, except for the 
— case of stopping in gases. The case of the stopping of 

highly charged, massive particles like fission fragments 
-. has been discussed by Knipp and Teller (Kn41) and 
| most recently by Bell (Be53a) who obtained values for 
the effective charge of the fragments and compared the 
results with recent experiments. 

Boh? has pointed out that for heavy stopping ma- 
terials, those electrons will be captured whose orbital 
velocities are comparable with v, the incident particle 

1 velocity, in which case neither the classical nor the 
quantum-mechanical (Born approximation) calculation 
is accurate. However, to obtain an order of magnitude, 

| Bohr applies Eq. (1) and using a statistical argument to 

H select those electrons which, after a collision resul3un 

[i in their removal, will be captured into any bound state, 


he estimates 
c,— 4rags5ZX(vo/ v). (11) 


References to more accurate early calculations for cap- 
ture cross sections have been listed by Hall (Ha50). 
Of these, that by Brinkman and Kramers (Br30) gives 
a variation like 072 for capture from a 1S state into a 
1S state for ovo. In an actual experiment, of course, 
capture need not be 15—15, and the sum over the differ- 
ent possibilities (Mo49) modifies the exponent to a 
smaller value. However, as will be shown in Sec. III, 
the Brinkman-Kramers theory gives much too large 
values, a discrepancy which can be attributed to failure 
of the Born approximation in the experimental energy 
region (8152), but which, as has been pointed out by 
Bates and Dalgarno (Ba52) and Jackson and Schiff 
(1453), is more likely caused by an incorrect choice of 
interaction potential. The first authors do not include 
the contribution to the cross section for capture into 
excited states, and while their energy variation is 
nearly what is observed, their magnitude is about 1.5 
times too small. Jackson and Schiff do, however, obtain 
quite good agreement with experiment. 
The loss cross section can be estimated more directly, 
the problem being essentially that of the ionization 
energy loss, but now in a coordinate frame moving with 
the incident particle. Again using Eq. (1) and integrat- 
ing over the range /ь<Т< o, where Гь= Ку is the 
binding energy of the electron, one gets 


3 Er -13 с1= 4ray Z (2--1)2 (00/2), 


« 


(12) 
—— where the term linear in Z can be shown (Bo48) to 

unt for the nuclear interaction. This formula is to 
be viewed as good for light stopping materiale. Bohr 
gues that for intermediate Z materials, where screen- 
g may play a dominant role, one gets, to an order of 


ide 
(12) 


is expected that for protons the ratio о/о." 
nearly independent of Z and rapidly in- 
S25 kev. This is actually rather close to 


o= mao Z iz (vo/v) : 


NT iA. 
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2. Collisions with Nucleus 


For the nuclear stopping contribution to energy. loss 
the classical theory (Bo48) may be applied. Since fhe 
transfer of energy to a single heavy nucleus can be 4 
large fraction of the proton energy, a distribution in loss 
more nearly like the Landau type (La44) than Gaussian 
may result. No measurements seem to be available at 
present which could refer specifically to the nuclear 
stopping contribution; for particles as light as protons 1 > 
and alpha particles, nuclear stopping effects play a very 
subordinate role, becoming significant, however, for more ' 
massive particles like fission fragments (8048, Bg40). 


3. Chemical Additivily ; Effect of Phase of 
Stopping Substance 


This discussion of related phenomena will conclude 
with a short discussion on the stopping properties of 
compounds. Much of the experimental work has been 
stimulated by studies of the effect of radiation on living 
systems, in which the energy absorption takes place in 
a medium containing several atomic species. It is then 
necessary to inquire whether the average absorption 
can be represented as a sum over the different atoms 
even when these are chemically bound to each other. 
If strict additivity were correct, the stopping power 
could be represented—adding energy increments along 
the path—by Eq. (3) with an effective ionization poten- 
tial, defined by 

Ya. log; 
107: ан — 
EA 


where the compound has the formula Aaj Aat 

Дау. In at least one theoretical calculation for the 

stopping properties of compounds (Hi38) the use of | 
the additivity property has been indicated. Several | 
measurements at low energy and one measurement at 
high energy differ on the presencz or absence of the 
additivity rule. The careful work by Thompson (Th52), 
using 340-Mev protons from the Berkeley cyclotron end 
a variety of organic compounds (containing C, Н, О; N, i 
and Cl) as targets to slow the protons to 200 Mev, 
shows that to at least 1 percent the relative stopping 
power is additive; however he found small (1522, less 
than 1 percent with a stated experimental precision of 
better than 1 part per 1000) but measurable deviations 
from the additivity rule, these deviations depending, 
for example, on the molecular structure of the com- 
pound (see Table 11-2). In Thompson’s work relative 
stopping ratio S=(R/A)ou/(R/A), where A is the 
atomic weight and R the range in grams рег Square 
centimeter. This is a molal stopping power relative to 
copper and he shows that, theoretically, for the com- 
pound AaBs, S— aS 4--bS p, and is nearly independent 
of energy as long as the Bethe-Bloch equation is valid. 
The conventionally defined relative stopping Powe 15 
the ratio of stopping cross sections (energy loss per 
atom per unit area) generally.relative to air. 
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Another recent measurement of the stopping by 
compounds has been that of Wenzel and Whaling 
(We32, also Fr51) who obtained the stopping cross 
section in the low-energy range (20 to 500 kev) of D;O 
ice to about 4 percent accuracy ; this measurement dis- 
agreed with previous measurements (Cr42) taken on 
Т.О vapor but does agree with the Hirschfeld and 
Magee calculation for water. These authors conclude 
that additivity might be indicated except for the un- 
certainty in the knowledge of theoretical values; they 
point out that there is evidence that the stopping de- 
pends on the phase of the stopping material (that is the 
assumption of isolated noninteracting atoms is not 
valid). However, the theory shows that there should be 
little effect on the stopping due to molecular binding, 
hence (except for polarization phenomena which would 
cause denser media to be less effective, per unit mass, 
than the equivalent gases, but only slightly) there 
should be no difference between the phases. Several 
measurements with alpha particles in water, including 
the old experiments of Michl (Mi14) and Phillip (Ph23) 
and the more recent measurements of Appleyard (Ар51), 
show a difference between condensed and vapor phases 
of about 15 percent. These experiments have been 
criticized by de Carvalho and Yagoda (Ca53) who, 
using a photographic method, concluded that the differ- 
ence between water and ice stopping properties is non- 
existent, and that the measured relative stopping power 
for each agrees with an additivity theory. They give 
the measured integral molecular stopping power of НО 
as 1.56--0.02 at 5.3-Mev alphas, and for RaC’ alpha 
particles as compared with a computed 1.54. Other 
evidence favoring the additivity rule is given by Ellis, 
Rossi, and Failla, (El52) who measured and compared 
the stopping power of CH», in thin foil and gaseous form. 
They used Po alpha particles and, after passing these 
through acetylene gas to a windowless ionization cham- 


ber, interposed a foil of polystyrene and observed the 


changes of ionization. Within the experimental un- 
certainty of about 5 percent, the indication is that the 
> > 


„ TABLE П-2. Effective stopping power of bound elements.* 


я 


S mass 

Ele- Molal stopping stopping. Теп 
ment Binding rel. to Cu rel. to Alb ev 
rete 0.047974-0.0007 2.647 15.3 

н Saturated 04797 2-0. .6: : 
Unsaturated 0.04879--0.0001 2.692 128 
С Saturated 0.24627--0:0002 1.141 6761 
Unsaturated 0.24674--0.001 1.143 66.5 

Highly chlorinated* 0.2509 +0.0008 1.162 57.5 

N — NH, NO; 0.2785 2-0.0025 1.106 885 
in ring 0.2870 0.002 1.140 68.1 

о —о— 0.3187 0.002 1108 87.6 
- 0.3226 --0001 1.122 786 

C АП 0.6335 --0004 0.994 151.9 

ЕЕ H'———— ee 


? From Thompson's thesis, UCFL-1910. 

b Converted from molal stopping power, 
and Segré, Table IV-1 

о Using Ja1=151 ev. x 

4 Compare 58.5 ev given by (Pr52). 


using Cu/AI value from Bakker 
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stopping properties of solid and gaseous phases are 
equivalent. Furthermore, the measured stopping power 
agreed with theory. 


Ш. METHODS OF MEASUREMENT AND RESULTS 
IN THE ENERGY REGION 25-2000 KEV 


This section is intended to be a summary of the re- 
sults of experimental investigations on the stopping 
power of matter for particles of atomic mass and of 
kinetic energies in the range 25 to 2000 kev. Following 
some general remarks concerning range-energy relations 
in this energy region, part A will deal with the stopping 
powers of metals and solids, part B will summarize the 
stopping powers of gases, and part C will deal with 
experiments on charge exchange. 

As already remarked, in the lower part of the energy 
interval with which this section is concerned, the range 
measurements begin to lose their usefulness as a method 
of measuring energy. The stopping powers of solids for 
the moving particles becomes so great that the prepara- 
tion of foils through which they can pass, although 
possible, becomes a major effort in itself (see Sa52 and 
Gr52), and the use of a set of such delicate foils for 
range determinations is impracticable. Although the 
range in centimeters can be extended at will by using a 
gas at variable pressure as the stopping medium, the 
“range” in the lower-energy interval becomes notice- 
ably dependent on the geometry. If no collimation of 
the rays is attempted, the straggling of the range is 
detrimental to precision. This straggling arises from the 
increasing dominance of collisions in which the momen- 
tum and energy are shared with an entire atom of the 
stopping medium, producing no ionization but resulting 
in large energy loss and large change in direction. The 
loss of energy by ionization of the stopping medium is 
fading out of the picture because the effective charge 
of the moving particle, due to electron capture, is 
approaching zero. Hence, if particles are accepted for 
range measurement which can have suffered significant 
deviations|| in direction, an appreciable fraction of their 
energy loss has occurred by a process in which the loss 
of energy in a single event is large related to the total 
energy. Thiis, to a certain extent, we approach the be- 
havior of high energy photons in passing through mat- 
ter, where the entire energy of the photon may be lost 
in a single event, and one does not speak of a range, 
but merely of an exponential diminution with distance 
(St52). 5 3 

Furthermore, in such uses, the “range” will depend 
on the method used for detecting the particles. They . 
may retain their ability to eject secondary electrons 
from a sensitive surface after they have ceased to be 


able to ionize a gas, and hence their “secondary-elec- _ : - 
"tron-ejecting range" may be greater than. their “gas- 


lonization range." 


|| See Bo48, definition of б, Pp. 20,47. = 
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A. The Stopping Power of Metals and Solids for 
Protons, Deuterons, and Helium Ions 


Much of our present knowledge of the stopping power 
of metals and mica for protons and helium ions in the 
energy region 25 to 2000 kev arises from a series of 
experimental investigations carried out at the Uni- 
versity of Chicago, in Copenhagen, and at The Ohio 
State University.{] The stopping power of 10 ice has 
been measured for protons and deuterons in a part of 
this energy range at the California Institute of Tech- 
nology (WeS2). 


1. Measurements by the Chicago Group 


The investigations at Chicago published by Wil- 
cox (Wi48), Hall and Warshaw (Ha49), Warshaw 
(Wa49a, b), and Kahn (Ka53), were all carried out in 
essentially the same manner, using, with small varia- 
tions, the experimental equipment shown in Fig. 4. 

Protons, deutrons, or He* ions were accelerated in a 
Cockcroft-Walton accelerator, for the lower-energy 
ranges, or, in the case of Kahn’s work, ina 2-Mev van de 
Graaff generator. The desired ionic constituent of the 
accelerated beam was magnetically sorted and directed 
to a scattering target, or in some cases to a target 
giving disintegration particles for which stopping power 
measurements were to be made. The particles scattered 
at 90°, or those from the nuclear disintegration, were 
passed through a compartment in which a foil could be 
placed in their path at the will of the investigator. On 
leaving this compartment, the particles passed into a 
cylindrical electrostatic analyzer in which their energy 
was determined from the applied potential necessary to 


TO CATHOOE 
FOLLOWER 


^ 


E т 
Iton, Cooper, and Harris (private communication). 


A ы 


ALLISON AND S. D. 


2 СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


WARSHAW 


bend them 90? and focus them on a slit, behind which 
was some sort of particle detector. 

The reason for the use of the scattered beam for 
passage through the foil rather than the direct beam 
from the accelerator is essentially a practical one, 
Although foils which can transmit the direct beam 
from the accelerator can be produced, they are very 
apt to be fractured, especially in the preparatory stages 
of an experiment, in which the beam is being focused 
or the accelerator tube is in unsteady operation. There ds 


no necessity to conserve intensity in such experiments, : 
223) 


and the loss of it in scattering is unimportant. To avoid 
loss of homogeneity in energy in the beam on scattering, 
a very thin, 0.008 mg/cm*, layer of gold evaporated on 
a solid beryllium backing was used. The intensity of 
scattering from the light beryllium is so low with respect 
to that from gold that it is negligible, and furthermore 


the Be-scattered protons only retain 80 percent of their: 


energy (see Wi48, Fig. 2) and are not seen at all in the 
experiments in which beams are transmitted by foils 
which remove 10 percent or less of the incident energy. 

The procedure for measuring the energy loss was quite 
simple. With the high-energy ion source in steady 
operation, the energy profile of the scattered beam was 
obtained by varying the potential on the electrostatic 
analyzer; see Fig. 5. The foil was then swung into the 
scattered beam, and the energy profile of the scattered 
particles which is transmitted was again obtained. In 
most cases, the foil was then swung out of the beam 
and the energy profile run again, to make sure that the 
kevatron or van de Graaff voltage had not drifted during 
the “foil in" measurement. The energy loss AE in the 
foil was measured between the ordinates of symmetry 
of the foil and no-foil curves. Strictly speaking, as 
Landau (La44) has calculated (see Sec. IT).there should 
not be an ordinate of symmetry in the foil profile even 
if one exists in the no-foil profile. Kahn (unpublished) 
investigated his profiles using the»results ої Landau’s 
work and estimated that the nonrandom error** intro- 
duced into his dE/dx values through lack of symmetry 
in the foil curves was negligibly small сотрагей to 
errors from other sources, such as determination of foil 
thickness. By choice of appropriate foils, the energy 
losses were kept to approximately 10 percent бї che 
original energy. 

The major source of error in the Chicago stopping 
power measurements was the determination of fol 
thicknesses, which for metals were on the» order 0 
0.1 mg/cm?. The early work of Wilcox (Wi48) proved 
to be mainly valuable in showing, unfortunately 1m 
retrospect, that commercially rolled or beaten foils are 


not always reliable for measurements of the present 


type (see Ha49 and Wa49b). This point will be returned 
to later. A technique for the preparation of evaporate 


^ [ 

** There is no error introduced ut all if the results of measure 
ment are taken to be the “most probable loss" rather than ауе 
age loss." The *most probable" will, of course, be slightly 1655 
than the "average." 159 
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metal foils has been described by Warshaw (Wa490a), as 
follows: 


5 

“Carefully cleaned glass slides were first coated with a weakly 
adherent plastic film by Immersion in a 5 percent solution of 
pyroxylin in a 50 percent mixture of ether and alcohol; the slide 
was withdrawn in such a way that the excess liquid could drain off 
The concentration of the pyroxylin was not found to be critical, 
but best results were obtained when the liquid flowed easily and 
was still just concentrated enough to form a barely visible coat on 
the glass when dry, (Pyroxylin is sold as “Parlodion” by the 
Mallinckrodt Chemical Company.) The coated slide was then 
placed in a vacuum evaporator, on a wire rack at a convenient 
distance from the source, and, using standard evaporation tech- 
niques (St45), covered with metal. After evaporation, the edges 
of the film on the glass xere roughed with a sharp knife, and the 
film cut across at about 2 cm intervals. The slide was then im- 
mersed at about a 45° angle to the surface of a dish of distilled 
water. The surface tension of the water was usually enough to 
peel the plastic film off the glass, carrying the foil with it, and 
leaving the foil and backing floating on the water surface. If the 
Parlodion solution was too dilute, the water generally failed to 
disengage even the edges of the foil; it was then necessary to soak 
the slide in an ether-alcohol mixture for a few minutes, and free 
the foil completely by working at the edges with a wire loop for- 
ceps. However, if the foil were freed under the surface of the 
liquid, it generally curled up, indicating that it was deposited 
in a highly strained state. This, of course, made mounting difficult. 
Small local strains also developed, very often, around dust par- 
ticles and water bubbles in the plastic solution; therefore absolute 
alcohol was used and the solution prepared as dust free as possible 
and stored in a clean, glass-stoppered bottle. 

For mounting the foils, it was convenient to use a small brass 
frame, about 1.5Х2 cm, with a 2 mm wall. This was placed under 
the floating foil and raised carefully so that the surface tension 
would not cause any rupture. The last few wrinkles were removed 
with the aid of a soft brush dipped in alcohol and the foil then 
washed free of the plastic by dipping it, mounted on the frame, 
into the ether-alcohol, at right angles to the liquid surface." 


Three methods have, at various times, been used by 
the Chicago group in measuring foil thicknesses. 

(a) Weighing.—Kahn determined the mg/cm? of his 
foils by weighing a known area on a тісгођајапсе.|ї 
Simultaneously with the deposition of the evaporated 
metal for the foil proper, a deposit was collected through 
an aperture of known area on a weighed platinum foil, 
а subseguent weighing of which indicated, by differ- 
ence, the number oi mg/cm? laid down. The glass micro- 
Scope slide for the receipt of the foil itself, and the 
platinum foil were rotated over the source of evapora- 
tien gnany times during the deposition, to insure uni- 
formity of deposit. The deposits were 2.856--0.006 cm* 
in area, and the error in determining the amount of 
evaporated metal by weighing ranged from +1 percent 
for 200 micrograms of deposit to +0.5 percent for de- 
posits of thecorder of 1 milligram. 

(b) Interferometry —For this purpose, 


“a mirror from a Michelson interferometer was placed in the 
evaporator bell jar at the same time as the coated side, aud in as 
nearly the same geometry as possible, but with half the mior 
covered hy a shield. The deposit of metal on half the mir. ёр 
corresponded to the amount deposited on the glass Si ыг inges 
were obtained with yellow (Na-D) light and the re tiv EE ispl xd 
ment of the two sets of fringes—one set from each half oft icm or 
—then gave the linear thickness of the foil in half зү E neth, 
units, after the displacement was first estimated using w g 


Tt Туре FDJ, manufactured by Wm. Ainsworth and Son, Inc., 
Denver, Colorado. 


> 


, 


CC-0. In Public Domain. GurukuPKangri Collection, Haridwar 


PARTICLES 


THROUGH MATTER 789 
CA - | 
| 
| ` 
ga *^ NO FOIL 
| 
о | 
2 ST Ч! 
< 
2) 3 
E FOIL 
8 
о 
2L 
| 
PROFILES 504 AND 5b 4f | 
| 
| 


о! ! L 1 П 
78 4 4 2 по 8 5 164 
POTENTIAL ON ELECTROSTIC ANALYZER iN Kv 


Fic. 5. Analysis of the incident (no foil) beam and the trans- 
mitted (foil) beam in the experiments of Kahn (Ка53). The 
energies of the protons focused on the detector (Fig. 4) are ob- 
tained by multiplying the abscissas by 45.23. 


to determine the integral number of fringe displacements, It was 
found most convenient to make an enlarged photograph of the 
fringes, and determine the displacements from this with a traveling 
microscope. The probable error, obtained by measuring a large 
number of displacements separately, was about +2 percent, The 
linear thickness was then converted to mg/cm? by using the usual 
bulk density of the metal." 


The use of the bulk density for the conversion of the 
interferometric thickness to mg/cm? may be ques- 
tioned; there is some metallurgical evidence that for 
surface deposits considerably thinner than the present 
foils, a density 10 percent less than for bulk metal should 
be used.§§ For the foils used in this work which were 
several thousand atomic layers thick, there is less reason 
to expect a density uncertainty. To investigate this 
point, Warshaw estimated the amount of metal in his 
foils, whose thickness had been measured interferomet- 
rically, by quantitative chemical analysis, as follows. 

(с) Gravimetric chemical analysis.— This could, of 
course, be used as a primary method of thickness de- 
termination, but Warshaw (Wa49a) used it to verify 
his use of bulk metal density in connection with the 
interferometric method for thickness. Foils which had 
been deposited on the glass slides for interferometric 
measurements were subdivided into accurately defined 
areas, which were then dissolved off in acid, and quan- 
titatively analyzed by titrating the 8-hydroxy quiniline 
precipitate against standard bromate, according to well- 
known methods (Ko36). The accuracy of such a chem- 
ical determination was about --1.5 percent; when üsed 
in connection with the interferometric thickness meas- 
urements, it indicated that the density of the evaporated 
foil was not more than 2 percent lower than the density 
of the bulk material. 


The possibility that surface films may form over the - 


$} L. Schultz, Institute for the Study of Metals, University of 
Chicago (private communication). « 
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- foils in the vacuum, increase the loss of energy, and thus 
introduce systematic errors, is always present. It will 
lead to values of the stopping power which are too high. 
Unfortunately, it is not always, or in fact, usually, 


x possible to weigh the identical piece of foil which was 
1 introduced into the vacuum before and after the de- 
| termination of АЁ. А run may be discarded as bad if the 
р ДЕ from a given foil appears to increase in magnitude 


with time in the vacuum, but this does not dispose of 
the possibility that the surface layers are laid down 
almost instantaneously upon introduction into the 
vacuum. It is known that heating the target before 
4 bombardment will greatly reduce the rate of accumu- 
i lation of any deposit (Ha38, Br51, page 965), but heat- 
| ing of the thin foils in the vacuum was not attempted in 
11 the work of the Chicago group. In the work of Kahn 
(Ka53), the van de Graaff accelerator was evacuated 
with а mercury vapor diffusion pump, trapped with 
liquid nitrogen. The foil chamber and electrostatic 
analyzer were evacuated from a separated system with 
an organic oil (not a silicone) diffusion pump. A valve in 


Y the high-vacuum line between pump and foil was al- 
V ways closed except when the pump was trapped with 
i liquid nitrogen. А series of measurements carried on for 


four days on the same foil showed no increase in АР, 
but the most that can really be said concerning the 
Chicago group experiments in this respect is that all 
precautions were taken to minimize the deposition out- 
side of actually heating the foils. 


2. The Copenhagen Experiments 


The experiments in Copenhagen on the stopping 
power of solids for protons have been carried out by 
? Madsen and Venkateswarlu (Ma48a, b), Huus and 
Madsen (Hu49), and Madsen (Ма53). The technique 
"used by these investigators for the measurement of AE 
was quite different from that of the Chicago group. A 
van de Graaff generator was used as a proton source 
and a target material was selected which showed sharp 
resonances for gamma ray or neutron production. When 
a foil was interposed in the beam, it was necessary to 
j increase the energy of the proton beam to excite the 
- .. gamma rays or neutrons, and this energy increase gives 
— the energy loss in the foil. Madsen found the following 
resonances to be useful for such measurements, one 
criterion being that the material show no other reso- 
nances in the immediate vicinity: 


at 339 kev ahd at 660 kev; 
at 630, 986, and 1255 kev; ^ 
at 860 kev; 


С125(р, n) at 1974 kev. 


neütrons or gamma rays were detected by standard 
ing technieuer=> у 

jls wére placed in a rotating holder which could 
se them in the proton beam or leave it 
the measurement of the initial energy. 


75 


5 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
Хм $. ОЛ 


WARSHAW 


Besides the foils, so-called "sandwich targets" were 
prepared and used. Madsen describes these in the 
following way : : 


“Оп three or four discs of the supporting material (copper ог 
or silver), a layer containing the energy indicator (fluorine 
aluminum, or chlorine) was evaporated. One or two discs Were 
removed from the evaporation chamber, while the stopping sub. 
stance (Be, Al, Au, Ag, or Bi) was evaporated on the energy 
indicator layer. In this way, heating of the foil is avoided and а 
greater beam current can be applied. Moreover, à decrease in 
intensity of the radiation from the energy indicator, caused by 
scattering, is thus prevented." 


Although the sandwich targets had certain advantages, 
a satisfactory absolute measurement of their thickness 
was not obtained, and the energy loss of such targets 
was always compared with that from a free foil of known 
thickness in order to obtain the target thickness. Having 
done this at а certain energy, the calibrated sandwich 
target could then be used for stopping power determina- 
tions at higher energy. l'or instance, with an aluminum 
indicating layer, the thickness of the sandwich foil 
could be found by comparison with a free foil at the 986- 
kev Al(p, y) resonance, and then the sandwich target 
used for measurements at the higher, 1255-kev reso- 
nance in aluminum. 

In addition to measuring the stopping power of his 
foils, Madsen recorded the energy straggling of the 
beam caused by the randomness of the stopping process 
within the material. This resulted in an increase in the 
width of the resonance curve of the indicator when the 
foil was in the beam. Although the presence of energy 
straggling was obvious in the curves taken by the 
Chicago group, no record of it was kept. 


3. Experiments at Ohio State University 


Measurements of the stopping powers of metals and 
gases for protons in the low-energy range have been 
carried out at Ohio State University under the direction 
of J. N. Cooper (Ch53). The technique usec-was that 
of Madsen and Venkateswarlu (Ma48a, b) and the 
proton energies were in the region 450-1100 kev. Com- 
mercial foils of copper and nickel have been used, and 
the results indicate curves of dE/dx which run parallel 
to those of Kahn (Ка53), but are from 3 to 5 percer: 
lower in.2E/d« value for the same energy. Such a dis- 
crepancy is uncomfortably large, but not seriously 
outside the combination of internal consistency and 
systematic errors with which stopping power work is 
now being carried out. The use of commercial foils has 
been criticized by Warshaw (Wa49b), who found that 
the apparent stopping power, for protons varied as 
much as 30 percent in foils of the same weight per unit 
area where a large area was taken for weighing purposes 
and the beam sent through a randomly selected small 
area in the larger one. Mention is made below of @ 
technique used by the Ohio State group to investigate 
the consistency^in thickness of their commercial foils. 
We may also note that the stopping power for protons 
measured by Wilcox from commercial gold leaf prove 
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to be approximately 15 percent low after evaporated 
gold foils had been prepared and used 


э 


4. Correction for Foils of Finite Thickness 


Since all foils used in dE/dx measurements are of 
finite thickness, there can, of course, be no sharp 
quantitative distinction between “thick” and “thin” 
foils. But it is of some use to make the rough distinction 
that a foil which, in a given experiment, absorbs more 
than 20 percent of the incident ion energy should be 
thought of as “thick,” for that ion and energy. The 
prevailing practice “is to measure the energy loss 
Es— E, and to set the quotient (Ey— Ej)/t— — (dE/dx), 
assigning the energy 4(H)+E,)=E,, as the energy to 
which the measurement of dE/dx pertains. If the varia- 
tion of dE/dx with energy is rapid in the interval 
Еу Es, such a procedure is only approximate, and we 
will now inquire into the validity of the approximation. 
If an analytic expression is known or assumed for the 
variation of dE/dx with E, the correction can be cal- 
culated.;The following rather general treatment of the 
problem is the suggestion of Harvey Casson. 

Let it be known or assumed that 


dE/dx— —1/ f(E), 
so that we have, on integrating from x—0 to х=/, 
Eo 
= f J(E)dE. 
Et 
The problem may now be stated: find an effective energy 
E, (with Ey» Ес» E;) such that 
(Ey — E,)/t=AE/t=— (dE/dx)z,; 


from this and the definition of f(E), 


в) - | rapa . 
"t “АВ 2 G 


Now let Е-БЕс (1-6) and expand f(E) near Eo, for 


smail є, in the form 
Г) = Ане" 


If we substitute this expansion in both the right and 
left sides of the above integral, we get, on integrating, 


5 У Ане"= 


2 E”. 
n+1 


This can be put into the form of a series expansion of e, - 


- as a function of AE by.successive differentiation with 


respect to AE and observing that e,—0 for АЕ=0. 
If one equates coefficients to a Taylor expansion of 
: ? 
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Fic. 6. Schematized spectrometer and spectrum for determination 
of dE/dx from scattering. 


(АЕ), one then gets 


AE А» / AE 
e=} (+= ( нэ 
Es 6A1\ Es 


or, to second-order terms, 


А. AE 
E,— z (1 CE fe ) 
12А 1 72727 


If we take dE/dx= — (А/Е) logbE, expansion of f and 
substitution of coefficients gives 


1 (B+2) АР 
Rem р (13) 
24 B(1— В) BE, Ex 
where 
B=logbE. 


If, however dE/dx~E"} (as in Bohr's estimate for low- 
energy stopping in heavy elements), 


1 AB 
E-E( = ! (13) 
48 ЕЁ» 


In any case, the correction is clearly small. 


5. Stopping Power Determined by Intensity of Scattering 
and by Displacement of the Scattering Edge 


Wenzel and Whaling (We52) have used a technique 


for measuring the stopping power of solids which dos 
not involve the preparation of a foil. The particles — 
whose stopping power is to be measured are scatter 
from a thick target, and some of the scattered p 
are accepted into a moméntum (magnetic) or 
(electrostatic) analyzer. The —-«ntng rate | 
scattered particles passing through the anal 

pends directly on the stopping power-of the 
material for the beam particles. Е igure 6 illus 
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- essential features of the method. The scattered particles 


emerging from the target at angle @ to the primary 
beam will have a continuous energy spectrum because of 
stopping losses in the target, with an upper energy 
limit Emax, where 


. Emax= Eob(m, M, 0), 
and , (14) 
ф(т, M,0) $1, 


because of momentum transfer to the target nuclei on 
scattering. The analyzer will transmit a narrow energy 
spread 9E of scattered particles, and let us assume that 
the analyzer field is set so that the interval 6£ is located 
near an energy Еа ЛЕ, where AE/Emax is small, 
that is, near the upper energy limit of the continuum. 
More precisely, ôE is the spread in energy accepted, 
from a point in the target, by the analyzer at a single 
field setting. This àE, multiplied Бу (48 /4 5) 1 and by a 
suitable geometric factor depending on the inclinations 
of the incident and scattered ray to the normal to the 
target face, will determine the thickness of a layer (in 
general, buried beneath the target surface) in which the 
measured scattering originated. 

In order to obtain reliable dE/dx values, cases must 
be chosen in which the scattering cross section is known, 
and this usually means that beam particle and target 
must be chosen such that one can be sure that pure 
Rutherford scattering, uncomplicated by nuclear force 
fields, is taking place. The differential scattering cross 
section is then (12414) 


do 


dw 


еу? [со{#-Е (cosec'à— (m/ М)?) 1° 
( ) с086680-------:-:------, 


mv (соѕес20— (m/ M)?)! 
do is the differential cross section per target nucleus 
for scattering into differential solid angle dw at 
scattering angle @ in the laboratory system. 
т; М are the masses of the projectile and target nuclei, 
respectively. 
s;Z are the atomic numbers of beam and target 
nuclei. 
v is the speed of the projectile nucleus in the 
laboratory system. 
9 is the scattering angle in the laboratory. 


Both experiment and detailed calculation show that 
the continuous energy spectrum is quite flat near its 
‘upper energy limit at Emax, and if the analyzer is set 
so,that AE/Emsx~1 percent, the counting rate îs inde- 
pendent of АР, 

The solid angle of acceptance of the analyzer 9, in 
steradians, can be calculated from the geometry of the 
pstrument, or may be found experimentally by quanti- 
ative.scattering experiments in which the pertinent ~ 
E/d» valués are known from foil measurements. 

is not advisable to give a general formula for dE/dx 
m this method, ‘where magnetic or electrostatic 


м € 
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analysis, in different target geometries, may be deen 
A simple case is an electrostatic analysis with an 1 
strument aperture of such a shape that all the scattered 
particles which are accepted leave essentially at the 
same angle to the target face normal. (Such is not the 
case, for instance, in the spherical analyzer of Allison 
and Casson (А153).) Also, for simplicity, we consider а 
target geometry such that incident and scattered rays 
make the same angle with the normal to the target face, 
Then we have 

ôn/No=N r(dE/dx)™ * (da/ do) - àE-Q, (16) 


where 


ёп/ № is the fraction of the incident beam particles 
detected per second as focused, scattered 
particles; 

is the number of target nuclei per cm?; 

is the energy interval, in electron-kilovolts, ac- 
cepted by the analyzer from a point in the 
target, at a given field setting. 5£ is calculable 
from the orbit characteristics and object aper- 
ture dimensions of the instrument; 

is the stopping power in kilovolts per cm of the 
target material for beam particles of energy 
(Emax—AE) ; 

is the differential scattering cross section, 
Eq. (15); 

is the solid angle or acceptance of the analyzer 
in steradians. 


N T 
68 


аЕ/ах 


do/do 


nh 
ге) 


Variants of this equation, suitable to their own instru- 
ments, have been given by various experimenters 
(We52, Sn50, Br51). 

Wenzel and Whaling (We52) have also used a method 
for dE/dx in solids which depends on the displacement 
of the scattering edge at Emax (Fig. 6) in case a layer of 
material of Z different from that of the thick target 
forms on its surface. This effect is 6ften seen in scatter- 
ing experiments in which a layer of carbon’ is forming 
over the target surface because of imperfect vacuum cén- 
ditions. In their experiments DO ice was formed,or-the 
face of a copper target cooled with liquid nitrogen. The 
Z's in the DO are so low that the Coulomb scattering 
is small compared to that of the copper substrate, but 
also, and of more importance, there is the fact that the 
relatively large momentum and energy transfers to the 
D and О nuclei throw the energies of the particles scat- 
tered from them well below Emax for the substrate. 
Thus, after energy or momentum analysis, the copper 
scattering edge is free of contamination from D ог 
scattering, as from the bare target. If one can be sure 
that layers of frozen material are formed which retain 
their same thickness during the time necessary for 
several experimental runs, the shifts of the coppe 
scattering edge’ to lower energies are directly, inter- 
pretable as relative values of dE/dx for the surface 
layer at different beam energies. 
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6. Discussion and Tables 


With the exception of the results on beryllium and 
mica, all the Copenhagen data are based on dE/dx 
values obtained from commercial (rolled or beaten) 
metal foils. We will first discuss the data on beryllium 
and mica foils, which were specially prepared in the 
laboratory for the measurements. 


Data Obtained from Foils Prepared in the Laboratory 


Beryllium.—The data of Madsen, ef al. shown in 
‘Table III-1 were taken on weighed, evaporated foils. 
Hence, the technique of foil preparation was similar to 
that of the Chicago group. Furthermore, there is in 
general good agreement between Kahn and Madsen 
where their data overlap. In the region 500 to 1150 kev 
the largest discrepancy is at 1133 kev where Madsen’s 
value of 203 lies 5 percent above Kahn’s curve of 
dE/dx in kev cm?/mg vs energy. At 455 kev Madsen 
reports a dE/dx value of 377 kevX cm?/mg from a Be 
foil in which the loss of energy was 230 kev or 40.3 per- 
cent of the incident proton energy. At 436 kev, Kahn’s 
value for dE/dx is 347 in these units. Madsen’s results 
show that the energy straggling for this determination, 
compared to the energy, was very much larger than 
for his other determinations on beryllium, and we have 
not attached sufficient reliability to it to modify the 
Kahn-Warshaw curve in its vicinity. 
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Unfortunately, in the case of beryllium, the absolute - 
error in Kahn’s data may be the greatest of all his ex- 
periments because of his difficulties in obtaining a piece 
of foil large enough for a reliable weight determination. 
Kahn states that the error in absolute value may possi- 
bly be 15 percent. In the region above 1150 kev, near 
1276 kev, the dE/dx value of Madsen is 11 percent 
greater than that of Kahn, and this has caused us to 
raise the stopping power values in this region close to 
the results reported by Madsen. The combined data 
of Madsen, Kahn, and Warshaw has been used to con- 
struct the beryllium curve of Fig. 7 and the beryllium 
data in Table ПТ-7. 

Mica.—Mica, of course, is a substance of possibly 
variable composition; the variety used by Kahn is 
properly known as muscovite. Foil thicknesses were 
measured gravimetrically in both researches, but Mad- 
sen investigated his foils for homogeneity using an 
interferometric method due to Tolansky (То45, То47). 
The stopping power values obtained by Madsen in the 
region 400-1100 kev lie slightly above a smooth curve 
through Kahn’s points, the largest discrepancy being 
6.7 percent for the values of 1072 kev. Madsen’s point 
at 1279 kev lies exactly coincident with Kahn’s value 
of 143 kevXcm?/mg at 1245 kev, and we interpolate to 
Madsen’s point at 2000 kev with considerable con- 
fidence. Values from Kahn and Madsen appear in 
Fig. 8 and in Table III-7. 
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curve. On the other hand, data from both of the evaporated foils 
fell оп the same curve (within the standard deviation of all 
points), and furthermore, within 8 percent of the average of the 
curves obtained from the commercial foils." 
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Fic. 8. Data of Kahn and Madsen on stopping power of mica. 


In fact, Madsen's dE/dx values from commercial 
aluminum and copper foils fall seriously off Kahn's 
curves, typical discrepancies being that Madsen is 
11.4 percent low at 689 kev in aluminum, and 17 per- 
cent low at the same energy in copper. In view of our 
experiences with rolled foils, we have disregarded the 
absolute values of the Copenhagen results on aluminum 
and copper. The relative values at different energies, 
however, are much more reliable, and we have used 
Madsen’s relative dE/dx values at 1993 and 1022 kev 
in aluminum (ratio 0.643), and at 2002 and 1012 kev 
- — jn copper (ratio 0.623) to establish a point for these 
opping powers at the upper limit of our energy range. 
taking the absolute values at the lower voltages from 
Kabn's curve, we find a dE/dx value of 112 at 1993 kev 
for aluminum; and 75.4 at 2002 kev for copper. We 
һауе used these adjusted results of Madsen’s work to 
conti ue Kahn’s curve to the upper energy limit. 
’s dE/dx values for gold, based on commercial 
-some~ases adjusted to gold from measure- 
bismuth, agree well with Kahn’s data on 
ed foñs, which, in turn, join on smoothly to 
s gold zalues. The agreement may possibly 
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in 10 energy in foil E/dx ^. а 
(kev) (Rev) 30 221 mg” j 
58 368 252 
9567 387 250 
42 681 "182 
70 695 185 
38.5 1005 167 
59.5 1016 "157 
72 1020 ` 150 
82 1025 164 
31 1270 13522 
53 1281 139 
23 1986 100 
2 37 1993 ^o 98 
37 ^ 1993 . 100^ 
39 1994 ^ 1055 
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^ 5 3) 722 "TABLE 11-1. Stopping power of beryllium metal for protons P 
Data Obtained from Commercial Foils (С. В. уп, et al. from evaporated foil)" s 
'The Copenhagen data on АЪ Cu, Ag, and Au all = = à CR = ЕЕ 
1 1 1 0 р / 1088 Mean proton 
depend, in their absolute value, on stopping powers up uad Mean Praon dE 
measured in commercial foils. In some cases Madsen (kev) (kev) кеу Xem?/mg 
used “sandwich” foils in which a layer of the stopping 230 455 37 
substance was evaporated over a layer of detecting 3 m 2 
material on а solid mounting. However, the thickness 64 662 288 
of these “sandwich” foils was always determined by 69 665 282 
comparing the energy loss (or sometimes the st raggling) E ДИЗ 25 
with that produced by a weighed commercial foil. = 48 1010 216 
The Chicago group has had trouble with commercial = 09 2 б 
foils in the past. Warshaw (Wa49b), who investigated 128 00 205 a 
the reliability of commercial aluminum foils for dE/dx 2 2 
measurements, reports as follows: 12 1133 m s | 
u . four rolled and two evaporated foils were used to de- 42 1276 188 
termine the stopping power in aluminum. The surface densities 108 1310 177 
of the commercial foils were determined by accurately weighing 39.5 1392 178 
known areas (about 50 cm?). The resulting curves from the com- 5 
mercial foils deviated as much as 30 percent from the average 0 Шүр 16 
ә м 


be fortuitous, because in the Chicago laboratory the 
stopping power for protons obtained by Wilcox (Wi48) 
in а commercial gold foil was 14 percent lower than 
Warshaw and Kahn's evaporated foil values, and Wil- 
cox was led to incorrect (Ha49) conclusions regarding 
deuteron vs proton stopping powers using different 
commercial foils of gold. The extended region of agree- 
ment in gold between the Copenhagen and Chicago 
results has led us to decrease our estimate of the re- 
liability of Warshaw's three highest energy points ori 
gold, and to draw the dE/dx curve above them. We 
have extended the curve to 2000 kev with considerable 
confidence. 4 
Kahn did not take data on silver, and unfortunately | 

the data obtained by Madsen on commercial foils do 
not overlap those of Warshaw. In view of the fact that 


TABLE III-2. Stopping power of aluminum metal for protons. 
(C. B. Madsen, e/ al., from commercial Al foil.) (These values ran 
about 11 percent below those recommended in Table 111-7,) < 


Energy loss Mean proton a 


a U 
a “Sandwich” target calibrated from commercial foil. 


22 
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TanLE 1-3. Stopping power of copper metal for protons. 
(C. B. Madsen, et al., from commercial copper foil.) (These data 
run 14-20 percent below those recornmended in Table IT-7.) 


Energy loss 


[ A Mean proton 
in foil 


energy in foil dE/dx 


(kev) (kev) kev Xcm?/mg 
73 376 149 
90 384 155 
60 690 122 
70 695 121 
53.5 1012 109 
53.0 1012 106 
56.5 1014 98 
46 * 8 1278 94 
51 1281 88 
35 7 1991 72 
46 1997 79 
414 1994 70 
54 2001 645 
56 2002 672 


a "Sandwich" target, Cl indicator, calibrated at 860 kev. 


Madsen’s values of dE/dx from commercial foils of Al 
and Cu do not lie on the Kahn-Warshaw curves for those 
elements, we have not used his silver values to extend 
Warshaw’s silver points to higher energies, but have 
tabulated them separately. 

Tables III-1 to 111-5 contain the experimental results 


TABLE П1-4. Stopping power of silver metal for protons. 
(C. B. Madsen, et al., based on commercial silver foil.) (This is the 
only available experimental data on Ag above 350 kev.) 


Energy loss Mean proton 


> in foils energy in foil dE/dx 
(kev) (kev) key Xcm?/mg 
«59 369 137° 
60 37 143 
60 370 143 
51 365 142 
84 381 142 
209 445 138 
22.8 641 1015 
^ 22.6 641 96 
32.5 a>’ 646 1148 
> > 36 678 100 
x ^ 44 683 100 
ae 64 692 108 
ЕСС 880 934 
33 1003 91 
34.7 1004 82 
э 
38.5 1005 80 
. 40 1006 82 
53 1012 90 
130 ` 1051 86 
15.9 ^ 1263 719 
15.9 1263 71» 
` 29.6 1270 68> 
29 1989 59 
47.5 1998 59° 
90 „„ 2019 60 


а “Sandwich” target, fluorine indicator, calibrated at 660 kev. 

b “Sandwich” ET aluminum indicator, calibrated at 986 kev. 

e “Sandwich” target, chlorine indicator, calibrated at 860 kev. 

d “Sandwich” target, chlorine indicator, calibrated at 1974 kev. 
1 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


795. 


Taste 111-5. Stopping power of gold metal for protons. 
(C. B. Madsen, et al., from commercial gold foils.) 


Energy loss 


€ : Mean proton 
in foil 


energy in foil dE/dx 


(kev) (кеу) kev Хст?/тд 
38.5 359 85 
42 360 81 
44 366 825 
41.9 651 71^ 
42.9 652 725 
49.4 655 70» 
27 999 60 
30 1000 58 
31 1001 61 
49.5 1009 59 
29.6 1270 509 
29 1988 43° 
28.7 1988 436 
34 1991 41 


'sandwich'' target; fluorine indicator, calibrated at 660 kev. 
т t; aluminum indicator, calibrated at 986 kev. 
target, chlorine indicator, calibrated at 860 kev. 


on dE/dx at present available to us from the Copen- 
hagen group. 

At Ohio State University (Ch53) measurements of 
stopping powers of metal foils for protons have been 
carried out using the shift-in-resonance technique of 
Madsen. The foils used were those commercially avail- 
able from the Chromium Corporation of America, and 
varied in surface density from 0.67 to 2 mg/cm?. The 
thickness variation from point to point on the thin 
fois was tested by allowing alpha particles from 
polonium to traverse a small area of the foil and ob- 
serving the variation in range as the point of trans- 
mission was varied over the foil. The conclusion was 
reached that if the average thickness of the foils, as 


TABLE III-6. Data of Chilton, Cooper, and Harris (see reference 
Ch53) on the stopping power of nickel and of copper for protons. 


Nickel Copper 
Proton kev Xcm? Prob. Proton kev Xem? Prob. 
energy error energy error 
(kev) mg 50 (kev) mg 96 
527 172.3 1.5 446 171.1 
704 ~ 148.7 2.0 532 160.0 
718 150.1 3.0 603 152.0 1.5 
739 142.8 2.0 713 141.6 1.5 
741 141.7 2.0 755 138.7 2.0 
755 145.6 1.5 812 133.2 1.5 
757 146.5 1.5 949 121.5 2.0 
915 1284 3.0 996 116.0 1.5 
935 125.8 22.0 1006 113.3 2.0 ~ 
941 133.7 2.0 1050 114.5 2.0 
949 128.5 2.0 e 
951 128.5 2.0 
977 129.1 3.0 
1000 127.5 2.0 + 
1007 122.0 2.0 
SS) ж =“ 
1046 120.6 2.5 а" - 
1047 122.1 2.5 2 
1057 120.9 20 2 
Я 5. PEDES 7 2.6 
> гүй 
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~ determined by weighing known areas, was used, the 
variation in thickness would not account for more than 
a 1 percent error in dE/dx. 

The results of the investigations on Ni and Cu are 
given in Table III-6. The measured dE/dx values lie 
from 4 to 5 percent below those on the Kahn-Warshaw 
curve (in the case of copper) as shown in Fig. 7 and 


Table 111-7. 


7. Stopping Power of Solid 10 for Protons and Deuterons 


Stimulated by the interest in the cross sections of the 
(d, d) and (I, d) reactions, Wenzel and Whaling (We52) 
have measured the stopping power of 0:0 ice for pro- 
tons and deuterons by the methods previously described. 
The results, stated in terms of the molecular stopping 
power in electronvolts per molecule per cm? are be- 
lieved to contain a probable error of 4 percent, and are 
given in Table III-8. 

It was found by experiment, as indicated by theory, 
that the stopping powers for protons and deuterons of 


TABLE III-7. The proton energy loss as a function of energy. 


AND 


S. D. WARSHAW 
Тави 111-7А. Conversion factors for expressing stopping powers 
of metals in various units. 2 


Units desired 
kev Xem? ev Xem? 
Given я и : 
units mg atom erg/cm kev/cm 
Ац 1 32710718 309Х10:7 193Х 102 
КеуХ спа? Ag 1 179 168 105 
——— Cu 1 106 143 89.3 
mg Al 1 44.8 43.2 27.0 
Ве 1 15.0 29.6 18.5 
3.06х 1019 Au 1 9.46% 10° 5.91 10" 
evXcm? 5.59 Ag 1 9.39 5.86 
— 9.43 Си 1 13.57 2 8.47 
atom 22.2 Al 1 9.66 6.03 
66.7 Be 1 19.87 12.35 
3.2410! 1.057107"! Au 1 6.243 & 108 
5.95 1.065 Ag 1 6.243 
erg/cm 6.99 0.737 Cu 1 6.243 
23.2 1.035 Al 1 6.243 
33.8 0.503 Be 1 6.243 
5.181075 1.692X1078 1.602 107? Au 1 
9.524 1.706 1.602 Ag 1 
Кеу/ст 11.20 1.181 1.602 Cu 1 
37.0 1.658 1.602 Al 1 
54.0 0.809 1.602 Be 1 


—— KKkRtas KC asm y yj jygSCmCmamamasamam 


Proton dE/dx (kevXcm?/mg) 
energy Mica 
(kev) Be (Muscovite) Al Cu Au 


= 
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the same speed are equal. Thus, the table may be used 
for the stopping power of D;O ice for deuterons, by 
assuming that the value given for each proton energy 
applies to deuterons of twice that energy. 


8. Recommended Low-Energy Stopping Power Values for 
Protons in Metals and Mica; Formulas for 
Interpolation and Extrapolation 


Figures 7 and 8 and the numerical values in Table 
III-7 present a set of dE/dx values for protons in metals 
and mica, obtained by averaging weighted values from 
the experiments of Warshaw (Wa49b), Kahn (Ka53), 
and the values communicated to us from Copenhagen 
by Madsen. The data of Chilton, Cooper, and Harris 
(Ch53), given in Table III-6, were received at too late 
a date to be included in the averaging process. In copper, 
where there are serious discrepancies between (126 16- 
sults of Kahn and Madsen, the data of Chilton, 6 alc 
lie slightly below, but close to, Kahn’s results. It-seems 
reasonable to suppose that the recommended values in 
the figure and the table are correct to within 5 percent. 

Light elements —Еог the light elements, the fastest 
moving electron may still have lower speed than that 
of the moving ion for relatively low energy (see Sec. П), 
and therefore it is expected that the Bethe-Bloch equa- 
tion for stopping power, with values of 7 empirically 
fit, can be used at these low energies. Further, the con- 
stancy of these values of 7 can be used as a test of the 
validity, and therefore usefulness, of the theory. ——. 

Beryllium.—Table III-9 shows considerable vara- 
tions in the value of Z for Веди the region 1000-2000 
kev, when 7 is calculated from experimental values. 
However, the fact that I is in the argument of the 


= 


Е 1 
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Taste 111-8, Molecular stoy 


sping power of 00 ice for protons.* 


э Stopping р 
"Уу XC 


Proton energy С 2 A 22 
(kev) molecule 
18 15.6 1015 
20 17.4 
50 20.4 
40 22.6 
50 23.5 
60 24.0 
70 24.1 
80 24.0 
» 100 237 
125 23.0 
200 » 20.1 
300 16.0 
400 13.3 
500 11.6 
540 11.2 
«See reference УУе52, 


logarithm makes it quite sensitive to fluctuations in 
the experimental value of dE/dx. Madsen and Venkates- 
warlu (Ma48a) found that /= 64 ev gave the best fit 
to their data between 500- and 1500-kev proton energy. 
A value of /—57 ev will fit the curve of Fig. 7 to within 
3 percent in the range 1600-2000 kev and can be recom- 
mended for cautious interpolation and extrapolation in 
and beyond this region. Using this value for 7, we obtain 
the following formula for protons in beryllium, with .E 
in kev, 


dE д 
--(КеуХ cm*/mg) 
4х ^ 
6.385 X 10? 
‚== log, (3.818X 10-2B) 
E 
2 1.597 X 10! m 
5 +—— Cr, E>1600 kev, (17) 
E 


УЛС к values from TableII-1. The K-correction term 
» affects dE/dx by 4 percent at 2000 kev, and its effect 
slegreases above this proton energy. 

Aron (Ar51) has computed stopping powers for 
protons in beryllium from 1 Mev to 10* Mev using 
1= 59 ву [and, of course, for the higher energies, 
the relativistic Eq. (3)] The value of 7 used by 
Aron was consistent with that found in the experi- 
mental work'of Mather and Segré (Ma51) on the range- 
energy relation for protons in beryllium at 340 Mev, 
and we see that the value of 7 appears to be essentially 
the same at 1600 kev and 310 Mev. Aron's calculated 
numerical values of dE/dx for a given Г are slightly 
different (2.3,percent higher at 2 Mev) than those 
calculated in this report (see note insSec. П). е 

As previously mentioned in this report, the ехреп- 
mental errors in the stopping experiments on beryllium 
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are unfortunately large, and better data might re-. 
veal a more constant value of / than is exhibited in 
Table ITI-9. 

Aluminum.—If one uses a value of [= 162 ev for 
aluminum, the nonrelativistic Bethe equation for 
dE/dx for protons in the metal becomes (Е in kev) 


dk 
— (КеуЖ cm?/mg) г 
dx 
6.94105 
-—— C Jog, (1.344 10-2E) 
Е 5.34 10° 
цаа 


Ск. (18) 


v 


This expression, with values of Cx from Table 11-1 will 
fit the numerical values of the data at 1400 and 2000 
kev within 5 percent. Bloembergen and van Heerden 
(ВІ51) found /= 159 for 70-Mev protons in aluminum, 
and Mather and Segrè (Ma51) found 7—148 at 340 
Mev. The value indicated above as fitting the data 
around 2000 kev is nearer to the value found for 70-Mev 
protons (see Sec. IV). 

Heavier elements.—In the case of the heavier elements, 
nickel, copper, silver, and gold, the simple stopping 
power equation cannot be used in the energy region of 
this section, and thus a theoretical guide for interpola- 
tion and extrapolation is not available. 

It may be noted that there is a large discrepancy 
between the dE/dx values of Pb for 1- and 2-Mev pro- 
tons as calculated by Aron (Ar51) and as inferred from 
measurements on the nearby element, gold. Assuming 
that the stopping power in evXcm?/atom varies as 
Zi, and using the observed values 56 and 42 in kev 
Xcm?/mg for gold at 1000 and 2000 kev, one finds the 
stopping power in these units for Pb should be 54 and 40 
in kevX cm?/mg at 1 and 2 Mev, respectively. Aron's 
calculated values are 71 and 51. 


9. Stopping Power of Gold for Helium Ions 


There is need for more work by experimental physi- 
cists on the stopping power of metals and solids for 
helium ions. At high energies, above 2 Mev, where the 
moving particle is always He^*, the atomic stopping 
powers should be calculable from Eq. (3), with the 7 
appropriate to protons. There is, however, no theory at 
present capable of including the lower-energy region 
where the forms He’, Не! also appear in the moving 
beams. 


TABLE III-9. J from experimental data: beryllium. 


Proton energy dE/dx Teate- 
(kev) (observed) fev) + 
1000 DINER T ы n 
1200 185: — Zur А 
1400 166 anit 
2000 140 50 Р 
s a5 5 $ стр 
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The only direct measurements of stopping power for 
helium ions in solids in our energy region are those of 
Wilcox (Wi48), and these unfortunately are vitiated 
in that the commercial gold foils he used evidently led 
to errors in related experiments (Wa49b, На49). 
Fortunately, however, Wilcox published values of the 
loss of energy of protons in these same gold foils, and 
through the recent reliable data for the stopping of 
protons in gold we are able to deduce what the effective 
thickness of his gold foils was. In this way the data 
of Fig. 9 were computed; Wilcox’s original dE/dx 
values have been increased about 14 percent. Because 
of the uncertainty of the correction and the evidence 
of some internal errors of measurement from the spread 
of his points at higher energies where the disintegration 
alpha particles from Be*(p, a)Li* were used, there may 
well be 15 percent error in the results summarized in 
the figure. 


B. The Stopping Powers of Gases for Various Ions 


The first direct measurement of the stopping powers 
of gases for ions of energies within the range (20-2000 
kev) of this report seems to have been made by Cren- 
shaw (Cr42). The beam of protons or deuterons, of 
kinetic energies in the range 60-340 kev, was passed 
through a differentially pumped gas absorption cell, 
and the effect of introduction of the gas in lowering the 
energy of the transmitted beam was determined by 
magnetic analysis of the emergent particles. This early 
work has been repeated and extended by several in- 
vestigators with greater accuracy than in the original, 
and Crenshaw's data will not be included here. 


400 


300 


STOPPING POWER OF GOLD FOR 
ALPHA PARTICLES 


WILCOX, PHYS, REV. 74, 1743 (i948) 
CORRECTED 


200 
О USING с-ВЕАМ FROM ACCELERATOR 


© YSING c's FROM Be*(p,«)Li® 


” 


< Фет 10 15 
< «KINETIC ENERGY OF PARTICLES IN MEV. 
opping power of 


old for Alpha particles; 
b Seq, IITA) 1 | 


from reference Wi48. 
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As discussed above, the range, as a quantitative 
measure of energy, loses much of its significance in the 
energy region under consideration. Evans, Stier, апд 
Barnett (Ev53) have shown that if ions of Het, N+ 
Net, and А+ in the energy region 20 to 250 key а 
admitted to various stopping gases, the range which {5 
measured is a function of the geometry, and, if an ion- 
zation chamber of too small an aperture is used, the 
result in gm/cm? may appear to have a pressure de- 
pendence. We shall therefore emphasize in this report 
what can be learned about dE/dx itself, although, as we 
shall show, the present measurements give only the 
energy loss resulting from electronic impacts, whereas 
the losses due to atomic impacts in which large ex- 
changes of energy and momentum occur, become in- 
creasingly important as the mass of the moving particles 
increases. 


1. Methods 


(a) Methods used by the Chicago group.—Figure 10 
indicates schematically the technique used by Weyl 
(We53). The gases Hz, D», He, №, and Ne were at 


TO DIFFUSION PUMP 
1 


то ANALYZER. | - - qe TO JONES 


суо EMITE ЗЫ Рр Р РЫ - 


NEL 
GAS IN 
— TO MECHANICAL 
ЕЕ РОМР 
DRY ICE 
TRAP 


Fic. 10. Schematic of the gas absorption cell and associated 
equipment used by Weyl (see reference We53) for measurement 
of dE/dx in gases. $ 


separate times fed into the low voltage arc of the Cock- 
croft-Walton accelerator, or *kevatron," for short. The 
accelerated ion beams were magnetically analyzed and 


the singly charged components Н+, Hs+, D+, Het, Nt, - 


or Ne* were directed toward a gas absorption cell which 
the beam then traversed. After passing through <he 
gas cell which could either be evacuated or filled. 
with the gas whose stopping power was to be measured, 
the energy of the emergent beam was measured by 
electrostatic deflection in a 90? cylindrical analyzer 
(A138). а 

The gas absorption cell consisted of а thin-walled 
cylinder 2.54 cm in internal diameter and 76.53 cm 
long, with holes in its ends 0.038 cm in diameter so that 
the ion beam could enter, traverse it longitudinally, and 
leave. The cell was enclosed in a larger tube 5.40 cm 
in outside diameter, and compartments at both ends 
of the cell were designed so that the pressure could be 
, reduced in stages from approximately 0.5 mm in the 
cell to less than 10-5 mm Hg in the kevatron itself, and 
in the electrostatic analyzer. Thus, the only matter 
traversed by the ion beam from the low voltage атс 


^ 


| 


а 


мн 
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to the ZnS scintillator at the object focus of the cylin- 
drical electrostatic analyzer was the gas whose stopping 
power was being determined. The pressure of the gas in 
the cell was measured by a sensitive McLeod gauge. 

Weyl adopted a simple procedure which made the 
energy analysis of the beam after traversal of the gas 
cell independent of slight fluctuations in beam intensity 
The 0.038-cm diameter entrance aperture to the absorp- 
tion cell was so small that fluctuations of intensity 
within the focal spot of the beam affected the current 
through the cell. The outer plate of the cylindrical 
electrostatic, analyzer, which would normally be 
grounded, was connected to a 60-cycle ac supply. The 
phase of this biasing ac could be shifted, and the im- 
pressed wave had an amplitude of 250-volts rms sym- 
metrically above and below ground potential. Thus the 
ion beam leaving the analyzer was kept in 60-cycle 
oscillatory motion across the exit slit in front of the 
ZnS scintillator. 

The output of the photomultiplier (see Fig. 4), which 
was activated by the light from the ZnS, was connected 


GAS CELL 


Fic. 11. Gas cell for dE/dx measurements as used by investiga- 
tors at the Califcrnia Institute of Technology (see reference Du52). 
A, Monoenergetic proton beam. B. Target (gold plated on copper). 
C. Baffles tg prevent scattering from the walls. D. To manometer 
and gas handling equipment. E, F. Aluminum foil windows. С. 
Limiting aperture, 0.131-cm diameter. 


to the vertical deflection plates of a cathode ray oscillo- 
scope, and the horizontal sweep of the scope was driven 
by the biasing ac. By shifting the phase of the ac with 
réspect to the phase,of the 60-cycle ac on which the 
ké¥etron was operated, an oscilloscope trace with a 


-single extremum could be produced. (More compli- 


gated curves resulted if the sweep was in arbitrary 
phase relationship with the ripple in the kevatron high 
voltage.) Fluctuations in beam intensity moved this 
extremum Vertically, but only its horizontal location 
was needed to measure the beam energy by electro- 
static deflection. The energy loss in the gas was de- 
termined by first adjusting the phase of the detector 
voltage so that a single peak appeared on the oscillo- 
scope screen at a given (marked) abscissa, with no gas 
in the cell; the analyzer voltage for this condition then 
gave the initial energy. As gas was admitted to the cell, 
the peak moved-horizontally and the shift in analyzer 
-voltage required to bring the peak back to its original 
condition was taken as the energy loss. By using the 
analyzer constant (19.77 kev/kv) and correcting the 


a 
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RELATIVE COUNTING RATE 


FOILS | 
+ 
GAS 


И, | 
i90 200 20 220 230 240 250 260 270 
ENERGY OF INCIDENT PROTON BEAM (Kev.) 


Fic. 12. Gas stopping power measurement by the California 
Institute of Technology group. “Gold”: energy analysis of scat- 
tered protons from a gold target, see Fig. 11. “Foils” : same spec- 
trum degraded in energy by passage through foil windows. 
“Foils plus gas": additional energy loss when gas is introduced to 
the chamber. 


McLeod gauge reading to 0°C, the stopping power was 
calculated. 

(b) Methods used at California Institute of Technology. 
— Recently a group of investigators (Du52) at Pasadena 
have made measurements on the stopping power of a 
large number of gases for protons. The energy region 
covered was 30-600 kev. The gases were contained in an 
absorption tube 7.3 cm long, the entrance and exit 
ports being closed with aluminum foils each 4.5Ж 10 
mg/cm? in thickness (Fig. 11). The protons which 
were measured were scattered from a gold layer backed 
by copper, and the shift of the high-energy edge | 
(Fig. 12) produced by admitting gas to the cell, through 
which the scattered beam passed, indicated the stopping 
power. A correction must be made because the gas has 
lowered the energy of the protons striking the second 
aluminum foil, and hence its stopping power has been 
changed (see Table III-7). The energy of the scattered 
beam which emerged from the absorption cell was de- 
termined in a magnetic momentum analyzer. 

(c) Method used at Los Alamos.—Phillips (Ph53) has 
measured the stopping power of various gases for pro- 
tons in the energy range 10-80 kev. The gases were con- 
tained in an absorption cell (see Fig. 13) by the use of 
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- SiO foils (Sa52) over the entrance and exit holes. 
These foils caused an energy loss of from 5 to 10 kev in 
the proton beam. For gases and energies where the 
energy loss in the cell was large at reasonable pressures, 
the chamber could be shortened to 4.86 cm in length; 
otherwise a length of 11.65 cm was used. 'The beam 
passed through 3 circular apertures 0.5 ст in diameter, 
two а{ the entrance and exit of the absorption cell, 
and one in front of the energy analyzing device. 


Taste 11-10. Stopping powers of the noble gases for protons in the energy range 


А № 
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The foil at the exit port of the absorption cell was 
mounted on a sliding valve so that it could be com. 
pletely retracted from the line of motion of the beam, 
allowing a measurement of the loss in energy in the 
entrance foil alone. An investigation was made of the 
bowing out of the foils when gas was admitted to the 
cell, and it was found that the effect added 0.26--0).03 
cm to the length of the cell as defined by the planes of 
the window-supporting frames. 


20-1000 kev. Atomic stopping 


powers in (ev X cm?/atom) X 107. = с 

Proton ay Refer- 

See) Reter He Ne А Кг Хе (Кеу) ence He Ne А Кг Хе 
20 Ph53 4.83 23.3 26.0 437 Ch53 26.3 
30 Ph ЗИ 272 30.0 441 Сһ53 264 
4 Phs53 6.51 ... 30.0 33.4 DUO 450 Du52 3.42 10.15 15.55 20.9 29.8 
j 152 0.07 10.6 314 35.6 50.0 
10 Wess m 10732 e ee 476 С353 14.81 
50 Phs3 707 у. 314 355 2 500 0052 318 9.58 147 19.9 28.6 
50 Du52 6.97 11.9 33.4 38.3 52.6 5 " 

50 Wes3 E 33 ө 55 516 Ch53 Zr .. 20.75 
517 Ch53 9.38 ... Uy 
60 Ph53 7.26 t 31.6 36.6 519 Ch53 8.91 14.28 
60 Du52 7.22 12.8 34.3 39.8 53.5 
60 Wes3 ... ... 33 et 527 Ch53 21.30 
70 Ph53 7.33 e 30.7. 36.9 536 Ch53 ... ... ... ee 24.1 
70 Du52 7.33 13.45 344 40.5 53.5 538 Cu53 ... te ee ... 25.1 
70 Ууе53 22 tet 33 .. : 
550 Du52 2.99 9.09 13.9 19.1 27.4 
80 Ph53 7.41 ө 29.2 37.2 E 
80 Du52 7.37 13.95 34.1 40.5 53.2 567 Ch53 13.71 
80 Wes3 3nn ... 33 .. 
600 0452 2.81 8.65 13.3 18.4 26.4 
90 Du52 7.37 14.3 33.5 40.3 52.0 ® @ 
90 №е53 t te 32 ... .. 662 Ch53 U 11.67 ee 
Ч 665 Ch53 e ee 18.07 
100 Dus2 730 146 326 398 50.6 668 Сһ53 7.88 nec e 
100 We53 DE ee 31.5 tee eU 
675 Ch353 17.95 
150 Du52 6.37 14.6 28.2 35.0 45.2 679 Ch53 ee оз mE 20.72 
150 Wes53 ... ee 29 E E 679 Ch53 tee mE ЫГ 19.85 > 
190 We53 5.4 713 Ch53 12.39 
200 Du52 5.55 14.10 24.5 30.7 41.8 730 Ch53 7.27 ? 
200 №е53 ... ... 25.5 ... zm 733 Ch33 7.26 
250 Du52 4.91 13.20 21.6 27.4 38.6 743 Ch53 
250 №е53 . ... 22 ef ee 748 Ch33 
_290 Ме53 . 44 750  Ch53 
300 Du52 4.41 12.34 19.5 25.1 35.8 778 Ch53 
300 — Wes3 z 07 у s 33 
. 929  Ch53 2 
= 350 Du52 4.01 11.50 17.9 23.3 33.4 930 Ch33 883 
Wes3 ~ 588 18 seg = Aone 932 Ch53 a 
We53 3.7 941 Ch53 
943 Ch353 
60 PO 314 3 
16.5 see ... 969 Ch53 
971 Ch53 
"is 22.65 
14.87 22 988 Ch53 хэ 5.86 
226 ee 989 Ch53 NK 
5 * 992 Ch53 6.30 


_ CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
e 


г 


5 


э 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


PASSAGE OF 


HEAVY PARTICLES THROUGH MATTER 801 
TABLE Ш-11. Stopping powers of 
ү the gases hydrogen, oxygen, ni i i 
Base drogen, oxygen, nitrogen, and air f 
ЖОНГ h 30-1000 key. [Stopping powers т (evxem*/atom) 109 ^ ее 
Proton a; ЭЭЖ === = Басс —- 
energy Refer- Proton 
(kev) елсе Н: LUN Air 0; | ERG ps ТА Ns ^ir 7) 
20 Ph53 1 ^ Ee ee е ——— - 
5.11 13.0 ZE 11.17 300 Du52 2.91 11.2 11.56 11.99 
30 Ph53 5.58 4.5 а "mg 300 We53 d pu 112 35 
30 Du52 5.84 E 5 | 3 
3 ус ын 6.1 15.5 "* | 30 052 26 080 ОБА 
e 15.5 350 Wes3 229 23 10.3 28 
40 Ph53 / 5 
i). 16207201: ын yu. 39 | 40 р 235 9.34 99 10.23 
40 We53 VAT 16: 165 1 | 400 We53 ... ao 9.6 MR 
50 Ph53 6.51 16.2 Ж ng | 406 Ch53 9.30 
50 052 ги 102 ўа. 1 3 406 Ch53 9.32 
50 Уус53 хэс 17.5 450 Du52 2.14 8.62 9.05 9.45 
LE E 450 Wes3 Be 237 8.9 e 
60 Ph53 6.51 16.7 -. 5 c hs. Р 5 
60 Dus2 645 18, 17.7 169 NOR г” E A 
60 We53 3 17.5 Boc 500 Du52 1.97 8.08 8.39 8.84 
t j 501 Ch53 Esc 842 23 26 
70 Ри 6.32 m X 153 50 TE 
70  ' Dus2. Go B 17.9 1715 кару ii ia 
70 We53 en n 16.8 .. 541 Ch33 7.62 
80 Ph53 5.58 15.2 550 Dus 8 7.6 7 
80 Du52 6.23 18.5 17.9 17.15 y: KE P is: A is 
80 We53 E x 17.2 2 600 Du52 1.70 7.21 7.51 7.91 
90 Du52 6.04 18.25 17.72 17.25 648 Ch53 6.47 
90 We53 зав soc 17.6 zd 648 Ch53 6.87 
100 Du52 5.83 17.9 17.5 17.17 716 Ch53 6.40 
100 We53 > 552 17.3 2 717 СҺ53 6.15 
150 Du52 4.70 16.1 15.98 16.13 748 Ch53 5.98 
150 We53 255 27 15.5 en 
К 914 Ch53 5.09 
200 Du52 3.90 14.2 14.2 14.70 
200 We53 ce = 13.5 cac 942 Ch53 --- 5.05 
> > ү 
245 We53 3.05 973 2 4.80 
" $ 974 7153 5.30 
250 Du53 3.33 12.5 12.74 13.26 
250 *Wes3 ses 596 12.3 23 1001 Ch53 4.85 


The &nergy analyzing device was a beam decelerator 
which had been previously developed for other work. 
The device measured the deceleration voltage which was 
required just to bring the charged ions of the beam to 
rest; a procedure which was possible because of the low 


~ voltages used in the experiment. 


^ (d^ Measurements at the Ohio Stale University.— 
Measurements of the stopping power of gaseous nitro- 
gen,-Ne, A, Kr, and Xe have been made at Ohio State 
University *(Ch53) with protons from their van de 
Graaff generator. The energies lie in the interval 400 to 
1000 kev. Details have not yet been published concern- 
ing the gas absorption cell used. The energy loss 
measurement was by the displaced resonance technique 
which they used in their foil measurements, and which 
was also used by Madsen (Sec. III-A). 


2. Results end Discussion of the Measurements ~ 
on the Stopping Powers of Gas& for Protons 


The results of various recent investigations of the 


kev are given in Tables 111-10 to 11-13. The Chicago 
group (We53) and the group at Pasadena (Du52) have 
each measured the stopping powers of argon and air 
for 30-450 kev protons, and there is remarkably good 
agreement between their results, which were taken in 
quite different geometries and with different energy 
analysis technique. 

In general the results from the Ohio State group 
(Ch53) agree well with the Pasadena group where they 
overlap, but there is some discrepancy in the stopping 
power of xenon as measured in the two investigations. 
Near 450 kev the Ошо State values are some 10 percent 
less than those from Pasadena. Since most impurities 
in xenon would lower the stopping power of the mixture, 
in the absence of other information it would seem 
prudent to give the greater weight to the results 
showing higher stopping power, i.e., those ~from 
Pasadena. Peng) C ee 

The measurements from Los Alamos (Ph53) show а 
more systematic divergence from those of other in- 


stopping powers of gases for protons of energies 20-1000 vestigations. In the case of 4e Stopping power of argon. 
л к, > 
` ох 2 т 
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"TABLE 1-12. Stopping powers of various inorganic gases for values, by approximately the same percentage. Corre- 
rotons in the EY rane 20-600 kev. Molecular stopping powers spondence an d discussion between the investigators 
маг 22211111: involved has up to the present given no clear теавой for 


р Dt the discrepancy. The close agreement on argon and air 
roton à ё 
аку Refer- EN чо CO, NO Ck between the Chicago and Pasadena groups would Seem, 
ev ence D 3 з à Ads N? 


6 о at present, to give superior weight to their results. The 
Sec 9a ce 39 - 0m Los Alamos results on protons in helium and hydrogen 


30 Du52 297 gases are much closer to those resulting from the work 


30 РЫЗ — «236 >. 372 с 146 of other investigators. 
КОО О 320 250 326 442 470 =: The question may be raised as to whether the energy 
1 40 PhS3 О 4111 1284 losses measured in these experiments include those 
3 50 0152 33.6 261 345 468 486  -- arising from all possible events in tae gag In the next 
| S0 PhS3 5 ото) c 489 e 1324 sub-section of this report an argument will be pre- | 
p КОШО жї оо... sented indicating that these experiments, because of | 
2 p Bae 277 ^^ 450 .. 1340 | their good geometry, measure only those losses which : 
& i - are incurred in interactions with practically free elec- | 
Г О 344 276 366 202 RD 134 trons, and exclude those events in which a large momen- 
| mo NL C tum is transferred to an atom of the gas. 
90 Du52 339 27.5 36.6 505 510 
100 0052 335 273 364 505 297 25) 3. Slopping Powers of Gases for Particles 
[К ВЭ Heavier Пан Proton | 
290 pus 08 d 21 Ер 320 P А Cockcroft-Walton accelerator or а van de Graaff | 
generator will accelerate any positive ion which can be 
d Dus? UM 192 220 ve 10 o produced at its high-voltage electrode, and, using a 
450 Dus? 151 139 189 270 266 = low-voltage capillary arc, beams of He*, N*, Ne* ions 
5002 1527 1107 13:0) 176 252 250 +- are readily obtained. If,as in Weyl’s apparatus (Fig. 11), 
LE 2 160 297 235 -- there are no foils in the path of the beam, these ions can | 
600)  Dus2 123 -. 15.7 224 222 = be passed through а gas in a differentially pumped | 
Е chamber and the resultant degradations in energy | 
studied. Thus, Weyl (We53) has obtained results on 
Taste III-13. Stopping powers of certain organic gases for. the loss of energy of ions heavier than protons which 
о АБИ БО О рык Da have passed through a gas without having undergone 
EMEN any large angle deflections. These results are shown in 
Proton Table 11-14. 


H сн. Gun CO Gi In the experiments with these heavier ions, à phe- 
-a о. Л цв)  Domenon becomes outstanding which is already ob- 
397 474 544 126.0 servable to a considerable extent with hydrogen beams, 
105 pa 57.4 133.0 namely, the great diminution in intensity of the trans- , 
212 202 ор Ba mitted beam when gas is admitted to the absorption | 
40.8 48.0 58.0 1344 cell. This of course means that with the ions of higher Z 3. 
40.0 46.7 56.7 133.5 the occurrence of nuclear scattering, with its “iarge | 
38.9 45.0 55.5 1317 angular deviations and higher energy losses, is becam- 
33.6 38.5 48.8 * 1165 ing more and more prevalent. The recent work a4 Oak 
A 290 dd 1020 Ridge (Ev53) shows clearly the marked spreading ОЁ 
22.0 259 32.0 79.8 the beam when such heavy ions are stopped in a gas. 
235 HA 22 | Weyl's gas absorption tube was 74 cm long, 222 cm 
214 262 663 in internal diameter, and the entrance and exit aper- 
nI 4 23 Эс tures were circular, and 0.038 cm in diameter. Under 
17.2 209 ^ $39 these circumstances an event in the gas which deviated 
feo ЛЕ БҮ the ion as much as 5X 10-4 radians from its direction of 


motion would remove it from the beam. Bohr's rormula 
(Bo41) for the contribution to dE/dx from the screened 
s-M4amos results are always lower nuclear, or “hard,” collisions is 

asadena average, by amounts vary- 4Е 
The Los Alamos values for 


Ane Z2 ! ger erg cm* 9) 
e ИЕС == m— log uv—— FI 
so lower than the California ах |“ъвага" — My 2227 atom 
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where 2, Z are the atomic numb 
ticle and the stopping nucleus, 
the àtomic mass of the nucleu 
mass of nucleus and particle; 
particle in cm/sec; and авт 

particle and nucleus when the 
set a limit to the action of the n 
be calculated with sufficient ac 


ers of the moving par- 
respectively; M is now 
5, and и is the reduced 
„v is the velocity of the 
15 the distance between 
electronic screening has 
uclear charges, aser may 
curacy from the formula 


азег— а0(2142-1), 


їп which ао 15 {һе Воһг radius. The formula for losses 
by ionizatior?of the medium has been given as Eq. (3). 
Although the square of the nuclear charge of the moving 
ion apparently appears in the numerator in the expres- 
sion for both types of interaction, it is actually the ionic 
charge that is effective in ionization of the medium, 
and the nuclear charge that is effective in nuclear scat- 
tering. The'latter is not energy-dependent, but in the 
electronic collisions we are dealing with a function of 
the ion energy which tends to zero at the lower veloci- 
ties where the moving ion has been neutralized by the 
capture and retention of electrons from the stopping 
medium. Thus, for heavy moving ions of relatively 
high kinetic energy but low velocity, the loss of energy 
by "hard" collisions assumes much importance, al- 
though we must remember that even a neutral moving 
atom has a possibility of ionizing the medium, as 
pointed out above (Sec. II-D-1). 

At kinetic energies of a few hundred kilovolts the 
moving ions of He, N, and Ne are to a considerable 
extent singly ionized; their effective Z for ionization of 
the medium lies between 0 and 2. Thus, we cannot 
neglect the contribution of “hard” scattering to the 
total energy loss in an experiment in poor geometry. 

This means that if monoenergetic neon ions were 
liberated isotropically from a point in an atmosphere 
of argon gas, and note made of the average energy of 
the пеой ions which passed in any direction through a 
spherical.surface in the gas centered on the source, the 
Stepping power of the argon gas would appear consider- 
ably greater than that observed in Weyl's experiments. 
Many of the neon ions would have suffered large angle 


deviations with high energy transfers to argon atoms 


Vitia the spherical volume. E 

Calculation of the stopping power for hard collisions 
of neon 101$ in argon at 400 kev from Eq. (19) gives 
15X 10-15 eyXcm2/atom. Weyl's observed dE/dx from 
electronic collisions was 86Х 10:15 and at most 85 per- 
cent of this energy loss would go into a type of collision 
producing electronic excitation in the gas. It has been 
pointed out (A153) that this may be a factor in explain- 
ing the*lowered efficiency of heavy ions in producing 
scintillations (presumably by electronic enounters) in 
sensitized crystals. 


The energy Toss in hard collisions falls off rapidly as- 


the deviation in the collision decree P 
words, as the impact parameter increases. ү i the 
shown (Bo48) that the contribution to dE/dx from 
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"hard ” Scattering may be neglected in cases in which the 
deviation in path of the ions is less than an angle 6,’, 
where this angle is given by 


8 = Stnin/@ А, (20) 


where Smin is the closest approach of the two nuclei in a 
head-on collision and is given by М 


Зат 22Ze*/uv?, (21) 


TABLE 11-14. Electronic stopping powers of various gases for 
helium, nitrogen, and neon ions.* Atomic stopping powers in 
(evX cm?/atom) X 1015, 


Kinetic 


Moving energy Gas 
ion (kev) Н: Не Air Argon 

150 8.6 10.2 30.6 
175 9.4 11.0 43.3 57 
200 10.2 11.7 33.7 60. 

Helium 250 11.0 13.2 36.3 66. 
300 11.4 144 38.5 71. 
350 11.9 15.5 40.5 75. 
400 12.3 16.7 42.3 79. 
150 12.7 16.7 ... ... 
175 13.3 17.7 mele “++ 
200 13.8 18.7 52.6 90 

Nitrogen 250 " «152 20.5 59.0 102 
300 17.0 22.2 64.5 114 
350 17.7 23.7 70.0 125 
400 18.5 25.0 74.5 135 
150 .. 10.5 2 
175 6.9 11.8 z 
200 7.3 12.8 ... 63 

Neon-20 250 7.9 14.3 46 70 
300 8.8 16.0 50.5 77 
350 9.6 17.5 54.5 83 
400 10.3 18.0 58 86 


? See reference We53. 


TABLE Ш-15. Conversion factors for expressing the stopping 
power of gases in various units. * 


Given 


units Units desired 
(kevXcm*) — (evXcm?) 
— — ergs/cm kev/cm 
mg atom at N.TP* at NTE. 
н; 1 1.673 10715 1440х 1070 0.0899 
(КеуЖсш?) Не 1 6.615 2.881х 10-20 0.1786 
— Air 1 24.05 2.070х 1079 1.293 
mg Argon1 66.29 2.855X10~ 1.782 
5.977X107 Н. 1 8.610х107 5.375X 10/5 
(evXcm?) 1.505 Не P 4305 2.688 
------ 0.4158 Air 1 8.610 5.375 
atom 0.1508 Argoni 4305 2.688 2 
6942x109  1162x10* Н. 1 ^ 
erg/em 34.95 2.323 He Е 
at N.T.P. 4.828 1.162 Аче. wf 
3.498 2.323 Argon 1 
11.12 1.861Х 10-17 1.602x 10? 
kev/cm 25509 3.722 ché» 1, 
at N.T.P. 0.7734 1.861 : 
0.5612 3.722 


a М.Т.Р. means 0°C, 760-mm Hg. 
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where р is the reduced mass of the two colliding atoms. 
Тог neon ions of 400-kev kinetic energy in argon we com- 
pute that 0, = 6.3 X 107° radian. Since, as we have seen, 
an angular deviation greater than 5Х 107 radian would 
throw the ion out of Weyl’s detecting system, 1t 15, 
a forliori, certain that only electronic impacts were 
involved in the stopping power he measured. Table 
111-16 gives an idea of the influence of the mass of the 
moving ion on the fraction of the energy loss due to 
“hard” collisions. 

Another interesting feature of the results for the 
heavy ions is shown in the fact that, for example, the 
stopping power of helium gas is the same for helium 
or neon ions at 150-kev kinetic energy, although the 
nuclear charges of the moving ions differ by a factor of 
five. According to present theories, the proper inde- 
pendent variable to use in discussing stopping power is 
not the energy but the velocity. We should thus com- 
pare the electronic stopping power of helium gas for 
helium ions at 150 kev with its stopping for neon ions 
at 750 kev. If the effective Z's of the two moving ions 
were the same, the same electronic stopping power 
would be found. A rather hazardous extrapolation of 
the data would indicate that the stopping power of 
helium for 750-kev neon ions would lie between 25 and 
30 (in units (evXcm?/atom) X 10"), compared to the 
value of 10.2 observed for helium ions. The square root 
of the ratio, 1.6, might give an indication of the rela- 
tive effective charges of neon and helium ions moving 
through helium gas with the same velocity (about 
2.6. 108 cm/sec). This highly qualitative comment is 
made with the thought of foreshadowing the kind of 
conclusion that may be drawn in the future if more 
abundant and more precise data become available. 

If we compare the stopping power of hydrogen gas 
for nitrogen and neon ions we are studying a case in 
which the two moving ions have quite dissimilar outer 
electronic structures, in contrast to the two noble gas 
ions mentioned in the preceding paragraph. Nitrogen 
ions of 280-kev kinetic energy have the same velocity 
as do 400-kev neon ions (about 2X108 cm/sec). The 
stopping power of hydrogen gas for such nitrogen 
ions is observed to be 16 (in the above units),,to be com- 
pared with 10.3 for neon ions of the same velocity. The 
higher stopping power for the lower atomic number 


TanLE III-16. Estimate of the ratio of energy loss in hard 
collisions to that in electronic collisions in argon gas. (Estimates 
ax 400-kev kinetic energy.) 2 


—————————————À. 
7 ЕЕЕ 


DEC LL aaa 


Computed 


: dE/dx for 
" “hard” Observed Ratio of 
x crt collisions. dE/dx from “hard” to 
Moving алт X10» (еу Xcm?)/ electronic electronic 
ticle ст atom X10! encounters losses 


Н 0.12 
0.04 25 0.2 
0.25 79 0.3 

15.0 87 17.2 
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must be due to the relatively loose structure of the 
outermost nitrogen electrons, in contrast to the rela- 
tively tightly bound noble gas structure of neon, * 

'The charge exchange cycle, in which a moving 
charged ion captures and then loses an electron pro- 
duces as its result a pair of ions in the stopping medium, 
and thus is a mode of transfer of energy from the moving 
ion to the gas. The cross sections for capture and loss 
of electrons by hydrogen beams in air are known 
through the work of the Chicago group (Мо50, В151, 
Ka51). These data on protons allow us to put a lower 
limit on the energy loss due to charge exclfange in such 
cases. We shall estimate this loss in hydrogen and in 
air at an energy where the electroa capture and loss 
cross sections are equal. This is 52 kev in hydrogen and 
25 kev in air. At this energy the two cross sections are 
each 6.3X 10-17 cm? in hydrogen and 24X 107 cm? in 
air. Since only one-half of the ions at this energy are 
singly charged and can pick up an electron, we have to 
divide the above cross section by two. Multiplying this 
by the ionization potential, since at least this amount of 
energy must have been given up, leads (о 0.49X 107% 
еу cm?/atom in hydrogen and 1.8X 107? as a lower 
limit to the energy losses by charge exchange in air. 
'The total measured energy loss cross sections for pro- 
tons in hydrogen and air are 6.4 and 14X 10715 (ev cm’), 
respectively. Hence, the charge exchange phenomenon 
accounts for at least 7.7 percent of the observed stopping 
power of hydrogen gas for 52-kev protons, and 14 per- 
cent of that of air for 25-kev protons. At higher ion 
velocities the electron capture cross section decreases 
rapidly, and therefore the effect of charge exchange in 
the stopping of protons becomes negligible. 

For the heavier ions, which move much more slowly 
at kinetic energy values equivalent to those.of protons, 
charge exchange is certainly an important mechanism 
for energy transfer, but in the complete absence of data, 
speculation must be considered futile. $ 


C. Capture and Loss of Electrons by Moving 10:45 
in the Energy Range 20-7000 Kev «^ 


1. Reduction of Experimental Data to Cross Sections 5 


An introductory statement (Sec. II-D) has already 
mentioned enough of the theory to motivate the follow- 
ing summary of experimental work. It'is, however, 
necessary to give some analysis for the interpreta- 
tion of observations in terms of collision cross Sections. 
'These cross sections will be expressed per atom of 
material through which the ions are passing; in the 
general form буу, the initial index represents the number 
of electronic charges on the ion before the event, the 
final index the number after the event. Thus, со ар: 

-plied to He ions concerns the loss of au electron by 2 
moving neutral He atom, while сот applied to Н J0n* 
concerns the capture of an electron by a moving; neutral 
H atom. 


f 
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Although the simplest independent vari 
setting up equations concerning the 
to be the distance along the path of the ion, experi- 
ments are almost always conducted by varying the 
pressure (р) in a vessel which encloses а constant length 
() along the path of the ion, as schematically 1 
sented in Fig. 14, and the equations given here will 
apply to the composition of а beam which is leaving 
such a variable pressure chamber. Ч 

The equations for capture and loss when only two 


able to use in 
effect would seem 


and 1) were 
given at an early date by Wien (R33) and are repro- 
duced here in terms of cross sections, rather than the 
mean free paths изе more frequently in Wien’s time. 
In the first simple case we are concerned only with 
the two cross sections eo; and ото. In the region above 
20-kev kinetic energy charge exchange in a hydrogen 
beam should be describable in terms of these only since 
we may neglect the fraction of negative hydrogen ions 


| А me | 


Frc. 14. Schematic representation of an experimental arrange- 
ment for the'study of charge equilibrium in hydrogen ions passing 
through hydrogen gas. Neutral H atoms appear in the beam 
emerging from the charge exchange space of length Land the beam 
is then electrostatically analyzed. A similar setup was used by 


Snitzer (Sn53) with magnetic analysis and helium ions. 
c 


^ 


7 


9 present (Ph53a, Ri51). Let лу be the flux of protons in 


thé beam, ло the flux, of neutral hydrogen atoms, 
Ne+n; the constant total flux of hydrogen, and 
T= Ll£p/ RT the measure of the number of gas atoms 
per square centimeter of the target. Here L is Ауо- 
'gadro's number, / the thickness of the gas target, E the 
number of atoms per molecule in the gas which is at 
pressure р, absolute temperature T; R is the gas con- 
stant 8.31X 107 erg/mol С°. Then, 


^ dno/da — 11010— 19001; 


dm/dr= — mgo H1000; (22) 
with solutions 
715511 ехр(--т (тиЕе) ть, (227) 


m=— M expl — т (zoid- 219) Н-дияз/боь 


А n . е. 29 

where yı, y» are constants of integration that um e 
deduced in the discussion of the various types ol ex 
periment. 
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10-5 107^ 
PRESSURE OF HELIUM GAS IN mmHg. 


з, 15. Typical approach to equilibrium in the charge exchange 
process. This is 340-kev He* incident on He gas in the arrangement 
of Fig. 14 with 1— 74 cm. 


In a system where there are three possible charge 
States, such as helium ions in motion, three simul- 
taneous differential equations in ло, ил, пз can be written, 
of which two are independent because no-t nyt n= №. 
Here соз and cz correspond to events in which two elec- 
trons are transferred in a single encounter; while these 
are probably small compared to cross sections for single 
electron transfers, in the absence of experimental veri- 
fication of this supposition they will be retained in the 
equations. Thus, 


dii/dz — по(то1— 921) = m(as1d- 8324-036) + Von E 
dio/ dz = — no(a014-0021-020) T-ni(s1s— 225) - Маз; (23) 
n= N — ng— i. 


The general solution of (23) can be obtained in a 
straightforward manner; in the special and interesting 
case where the boundary condition is such that for r=0, 
ny N, no(0) = п:(0) = 0, the solution may be written 


A т 
кее ыг (Еле 97+ kaet") 2168 Ew). 
№ 2 


п dne 0—5 
D ge G бё 4®— ky e) 
b b 


i 


(23) 


where 28— 232d-0213-019— 901— 902— 925; а= (со1--921) 
X (о— 029) ; = 001—021; P= S*+a"; and = (4-5)Х 
(N—¢1) — 56o ]/24; Ёз= [ (4-5) CX — 61) 2-00» ]/2q; and 
where фо, Фф: are the limiting values of the beam 
fractions as т becomes large; these are the equilibrium 
values. 

If a moving ion beam, homogeneous in velocity, 
impinges оц a slab of matter and traverses it, a charge 
equilibrium is rapidly attained which is characterized 
by the set of fractions ¢;. Figure (15) shows the ap- 
proach to equilibrium for a beam of helium ions, 
originally all Не, as the pressure was increased i2 a 
charge exchange tube containing неба through which 
they were passed. In a tube length of 74 cm we see that 
equilibrium has been attained in the emergent beam | 
when the pressure of the gas has reached 0.01-mm Hg. | 


сэ. 
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* — "TABLE 111-17, Direct measurement of the equilibrium fraction 
of protons in hydrogen beams passing through hydrogen gas 


and air." 

Energy $ м А 
(kev Hydrogen Air v 
20 0.231 0.405 
30 0.315 0.500 
40 0.419 0.545 

EESO 0.500 es 
508 0.61 
60 0.56 
00.75 0.67 
73.08 0.73 


о 


һа values are from reference В151, other values from reference Ba32, 
Values by Bartels are from a smooth curve through his data. 


'This approach to equilibrium is already shown in 
Eq. (23) but for a simpler illustration, and for later 
use, we may continue the analysis of the hydrogen 
case whose general solution is Eq. (22^). In this set, 
put no=0 and m=) for л=0 and obtain 


ny/ N — ét Фо expL—7 (тот) J, (22”) 
т/Х--ф(1-ехр-- т (0014-019) 1), 


where the ¢’s may be expressed as 


dr=o0/ (ctor), фо=тш/(то-Етш). (2277) 


The appearance of the sum of the capture and loss 
Cross sections in (2277) is important because it illustrates 
that the rate of approach to equilibrium is governed by 
a cross section sum which is larger than the individual 
cross sections involved in the phenomena. It is a 
characteristic and simplifying feature of this process 
that charge equilibrium is attained in a variable pres- 
sure tube at pressures so low that no appreciable 
diminution of energy of the beam occurs in traversing 
the length of the tube. Thus, a mathematical treatment 
need not, at the present stage of experimental accuracy, 
concern itself with variation of the cross sections with 
velocity. 

The variation of the various beam fractions with 
pressure for the case of three possible charge stages has 
already been given as Eqs. (23), with the character- 
— istic appearance of the sum of all possible cross sections. 
— The equilibrium values ф; may be expressed as 


фо= [e10(0214-020) + 020712 ]/ D, 


$1— [en1(004-001) 4-701020 ]/ D, (23") 
Фэ--Гооз(010-Г012)-Г 01:001 ]/ D, 
where 
I eis (со согоо) озо (021-007-0720) t 
Bi Я Г оз (ви 002) J- 0010: 


the cross sections involving double electron 
rs may be neglected, these simplify to 


j 90:20) 10721/ Do, 
ide ect 

pc i 701021/ Do, 
ф»= 001012/ Do, 


(2 800) 
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2. Experimental Values of the Equilibrium 
Fractions in Gases 


(a) Hydrogen beams.—The experimental work on this 
problem prior to 1933 has been summarized in (8433), 
The older work which seems most reliable in the energy 
range above 20 kev is that of Bartels (Ba30, Ba32), 
Other measurements by Meyer (Me37) do not agree 
as well with subsequent results. 

Recently equilibrium fractions were measured by 
Ribe (Ri51) for hydrogen beams in hydrogen gas, 
In his work an initially nearly 100 percenf pure proton 
beam was passed into a gas chamber in which the path 
length was 12.70 cm. The current collected from the 
proton constituent of the beam was measured in a 
Faraday cup and the decrease in this current noted as 
hydrogen. gas was admitted into the chamber. Table 
III-17 gives the results of Bartels and of Ribe. 

It is assumed, for the experiments leading to the 
values of Table III-17, that the current measured in the 
Faraday cup when there is no gas in the path of the 
beam gives the total beam flux N. If, however, this 
“Zero” pressure beam contains some neutral atoms, 
caused by imperfect vacuum or neutralization of some 
protons on the walls of the beam-defining apertures, 
too small a total beam will be indicated, and the true 
fraction of the flux which is protons will be lower than 
that measured. If the individual cross sections т and 
тоу have been measured, the equilibrium fraction of 
protons can be calculated from Eq. (2277). Ribe found 
a small systematic discrepancy between the directly 
measured equilibrium values of Table III-17 and those 
calculated from co; and бао, which was ій the direction 
to be explained by the presence of a small neutral com- 
ponent of the “zero-pressure” beam. aa 

Table III-18 gives computed values of фу based on 
cross sections measured by the Chicago group (Мо50, 
Ri51 for hydrogen beams in hydrogen gas, and Каз! 


for hydrogen beams in air). The equilibrium fractions , 


for air have been calculated from formulas given by 
Kanner (Ка51) and quoted later-in this section. _ 


сб 


. TABLE П1-18. Equilibrium fractions of protons in а hydrogen’ 
ion beam in hydrogen and air, computed from measured capture 
and loss cross sections. 2 | 
LLLI UT UT enl +, з... 2222: _ 


*Energy in kev фііп He фі їп Air 
30 22 0.530 
40 0.342 0.582 . 
50 0.487 0.643 
60 0.602 (.674 
70 0.692 0.723 
80 0.756 0.764 
90 0.796 0.800 

100 0.841 0.831 
110 0.865 0.860 
120 3 0.899 0.883 
130 0.910 ` 0.902 
140 0.933 ee 
150 0.944 
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PARTICLES 


arious charged states in a heliu 


THROUGH MATTER 


m ion beam traversing 


the gases Н», He, Air, and Argon (Sn53).* 
Топ s NU 
52 a 28 5 Не Air А 
са. БОХ Фо $i 9: Фә D $: Ф s t. Ф 
100 СО 0,507 би 050 05029215 053 ОИ 
120 d NE 0.54 - 045 22: 045 LOS mee 048 0525 728 
. 16 о ie 0.51 048 001 038 (0187 042 08 ER 
5 d 53 e 047 052 05015 034. 069 ОО 037 - 008 003 
i 180 d 0.57 0.015 043 055 0.02 028 060 0025 033 00727722 
200 о 06 002. 040 057 0025 026 O71 0,03 0.28 070 0.02 
‚ 20 ca uus 038 0.59 003 023 073 0.035 0.4 073 003 
240 Сэгс 035 0.61 0.035 021 074 005 021 0.75 0.04 
| 200 023 072 0055 032 0.63 004 019 0.75 0.065 018 0:77 0.055 
22 73 005 030 0.65 0.05 017 075 0.08 0.16 077 0.07 
300 019 — 075 006 028 067 0.06 0.15 076 0,095 0.15 0.77 0.085 
| 320 017 0.75 0:075 025 0.68 007 014 — 075 01 013 076 011 
т 340 015 0.76 0:095 023 0:69 0085 013 O74 0.13 O11 0.75 013 
| 360 013 100500 021 070 0005 042 " 073 015 0.005 074 016 
| 380 0.12 074 014 019 071 011 011 — 072 0.7 0.085 0.73 0.19 
| 400 010 — 074 016 017 071 0.12 0095 071 0.19 007 071 0,22 
| 420 0095 0.73 0.18 016 071 0.13 008 070 0.21 0.06 069 025 
| 440 0.085 072 020 0.14 O71 015 007 069 024 0.055 0.66 028 
460 008 0.70 022 013 070 0.17 0.065 068 026 005 064 030 
480 ын кы Жс 0.11 0.68 020 0.055 0.66 0.29 0.045 0.62 033 


а фо is the fraction of the total number 


(b) Helium ions.—A study of the charge equilibrium 
of a helium ion beam in the gases Нь, He, air, and argon 
has recently been published by Snitzer (Sn53). The 
original beam of He* ions obtained from a 500-kev 
Cockcroft-Walton accelerator or kevatron was passed 
through apparatus similar to that of Fig. 14, with 
magnetic deflection replacing electrostatic; the length 
of the tube was 74 cm. The equilibrated beam (with 
pressures of the order of 0.01 mm Hg) on leaving the 
tube passed into a circular chamber keptat high vacuum 
between tbe pole pieces of an electromagnet. This 
separated the three beam fractions by virtue of their 
different charge, and sent them through separate exit 
apertures; since the fractions all contained ions of the 
same avérage kine*ic energy, a calorimetric measure- 

-ment could be expected to indicate correctly the beam 
flux, without requiring an investigation of the detector 
response to the chargé of the particle incident on it. 
The use of such a detector is novel enough to warrant 
some descriptive detail. 


^ 


Each beam fraction was detected on one of three identical 
targets. These consisted of a thin walled tube of nickel foil 0.0025 
cm thick, 0.5 cm long and 0.3 cm in diameter. А No. 27A thermistor 
(а 0.05 cm dian®ter bead of a composition having a high tempera- 
ture coefficient of electrical resistance) was placed on the axis of 
the foil tuhe and received heat by radiation from it. Ion beams of 
the order of 1078 amperes produced temperature rises from 
10-50°С at the various energies used. The lower values of the 
temperature rise АТ were directly proportional to the power in- 
cident on the nickel foil; the higher values had a small radiation 
and conduction loss correction. 'This correction was determined as 
follows. The nickel tube targets were mounted on electrically 
insulating supports so that when one of the beams impinged on 
such a target a current flowed which was the sum of the rates of 
collection of positixe charge from the beam and from the loss of _ 
secondary electrons, but which was directly proportional to the 
flux of ions in the beam. Thus, relative values of beam currents and 
temperature rises could be obtained by varying the kevatron beam 
at the same kinetic energy, and the losses thus were experimentally 
determined. 


л 
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of ions which is neutral at any time, 


and the subscripts 1 and 2 refer to He* and He**, respectively. 


The results of Snitzer on the equilibrium fractions of He 
ions in various gases are given in Table 11-19 and are 
shown graphically for air in Fig. 16. 

As discussed briefly in Sec. II-D, one would expect 
than when the ratio 4— 7/2; is of the order unity, the 
probabilities of capture and loss will be equal, and 
one-half of the moving ions will be neutral at а given 
moment. This expectation seems surprisingly well ful- 
filled for hydrogen and helium ions in air. The energy 
of a hydrogen ion beam at у= 1 is 24.8 kev; for a helium 
ion beam it is 99.2 kev. At 25 kev the value of фу for 
hydrogen ions in air is 0.50 from a slight extrapolation 
of Table III-18, and from Table III-19 we see that for 
helium ions in air фу and фо are 0.50 at 100 kev. For 
helium ions moving in hydrogen, helium, or argon gas 
the y values for $1— $5— 0.50 range from 1.08 in argon 


B 


г 
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Fic. 16. Equilibrium charge fractions of He ions in 
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to 1.21 for helium or hydrogen gas. The largest dis- 
crepancy occurs in the case of hydrogen ions moving in 
hydrogen gas where the 50-50 point occurs at y= 1.44. 


3. Equilibrium Ratios on Emerging from Solids 


(a) Hydrogen ions.—The fraction of the hydrogen 
jons which are charged on emerging from metal foils in 
a vacuum has been investigated by Hall (На50). In 
his experiments protons in the energy region 20-400 kev 
were passed through a metal foil and, in the emergent, 
equilibrated beam the charged constituent could be 
deflected out of the beam by an electric field. The total 
equilibrated beam, or its neutral component, was 
measured by the scintillations caused in a КІ(ТІ) 
crystal, as detected by а photomultiplier tube. Since 
charge equilibrium is established after the penetration 
of а few atomic layers in the crystal, there can be no 
difference in its response to beams of originally neutral 
or charged hydrogen ions. The ratio of the photomulti- 

plier currents with and without the electric deflection 
gives фо, the fraction of the total equilibrated beam 
which is neutral. Halls results are given in Table 111-20. 

As we shall see below, in discussing charge equilibrium 
for emergent helium ions, most investigators have 
found that the composition of the equilibrium mixture is 
independent of the metal or solid in which it is produced. 
Hall found that he could not distinguish between the 
hydrogen in equilibria produced in beryllium, alu- 
minum, and silver foils. The composition of the beam 
emergent from gold, however, contained more neutrals 
than beams from the lighter elements. 

In discussing Hall's results, we may make the follow- 
ing remarks. His low-energy data did not take account 
of the possibility of H- in the emergent beam. According 
to Phillips and Ribe (Ph53a and Ri51), about 4 percent 
of the equilibrated hydrogen beam may have been 
negatively charged at 20 kev. Also there is some doubt 


Taste 1-20. Equilibrium fraction of protons ($1) in the total 
emergent hydrogen ion beam from metal foils.* 


Hydrogen 


lon energy Be, Al, or Ag foil qu fot 
25 0.56 0.56 
50 0.68 0.68 
74 0.75 0.75 
99 0.82 0.80 
124 0.87 0.85 
* — 39 090 ^ 0.886 
a ge 0.939 - 0.916 
1082 0.954 0.935 
223 0.968 0.952 
248 0.976 0.968 
(1—0.0159) (1—0.0164) 
"uu e (1—0.0113) (1—0.0124) 
ER (1—0.0050) (1—0.0101) 
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whether the entire equilibrating effect of a foil may not 
be due to a surface layer of foreign material. Such 4 
layer, even if only between 5 and 10 atoms thick, would 
impress Из own characteristic equilibrium оп the 
emergent ions irrespective of the foil material. Tt is 
known that in the rather poor vacuum (р $1075 mm 
Hg) used in this type of work, many metals take on a 
coating of absorbed oxygen, or even a layer of organic 
material from diffusion pump oil. Only very high 
vacuum techniques, such as the fresh evaporation of the 
foil material at pressures less than 107? mm, and its 
use as an equilibrating foil under Байеач-оц! high 
vacuum conditions would give one the right to assume 
that the effects of surface layers were being minimized. 
Such techniques have not, as yet, been applied in the 
work of the Chicago group. 

(b) Helium ions.—Following the discovery by Hen- 
derson (He22) in 1922 that alpha particles emitted 
from a radioactive source and deviated in a magnetic 
field always show evidence of a singly as well as a 
doubly charged component, this phenomenon was the 
subject of several investigations at the Cavendish 
Laboratory and elsewhere (Ru24, Br27, He25, Ja27). 
Even from the bare source (RaC’) singly charged 
а particles were always found, and slowing down the 
particles by interposing а mica foil increased the frac- 
tion of singly charged ions. Detection was by counting 
scintillations on a ZnS screen after magnetic deflection 
of the particles. The work on natural alpha particles up 
to 1933 has been summarized by Geiger (Ge33). 

Henderson (He25) extended the work of Rutherford 
on equilibrium produced in mica by using metal foils 
to slow down the particles. Except at the lowest energy 
used by Rutherford (405 kev), the equilibrium fraction 
of Не? is so small that the ratio s;/ (114-712) which may 
be computed from the experimental data, which give 
1/1», is not appreciably different from nı/N, that is, 
from фу. Snitzer found фо= 0.095 for 400-keV helium 
ions in air and we have, in Table III-21, altered Ruther- 
ford's лу/з»=0.75 to $1=0.68. We assume that 4he 
equilibrium mixture will contain approximately «this 
same fraction of neutrals. j 2 

The results of Rutherford and of Henderson are sum- 
marized in Table III-21. The remarks made previously 
concerning the effect of foreign layers on the foil 
surfaces apply here but with less force, since at the 
relatively high energies of their work a thicker surface 
layer is needed to impress its characteristic equilibrium. 

The charge composition of helium ions which have 
been scattered from a metal surface has been investi- 
gated by the Chicago group (Al53a) in some expert 
ments as yet unpublished. : 

In these experiments а beam of monoenergetic He* 
ions was allowed to impinge upon thin and thick targets 
of gold, and a thick target of nickel. The helium 1015 
scattered at 85°16’ from the beam, which struck the 
surfaces at а glancing angle of 45°, were examined ns 
spherical electrostatic analyzer. for the ratio Нен /Не". 
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The ec : 
о ions ons emerging fom fll Het in helium the method can give no information about neutrals, 
MÀ ЕЕ Е... _ Since it depends on electrostatic analysis, and in the 
energy range covered (150-450 kev) the fraction of 
neutrals cannot be ignored. 


Energy 


“21089 Material Reference cha 12: Ч The ratio He**/He* т scattered helium ions from 
406 Mica 11778 0.685 ~ metal surfaces is given in Fig. 17. It will be seen from 

Я Fig. 17 t Е + + 
350 ма PM аа hat the ratio He**/He* т ions which, have 


been charge equilibrated by scattering from a: metal 
640 Mica Ru24 0.50 surface (nickel or gold) is considerably greater than 
when charge equilibrium has been produced by passage 


787 Mica ` Ru24 0.346 
| through air. There is considerable interest at present in 
ын Е Mice 8 He25 0.156 the best method for producing multiply charged ions 
3 Че25 7 
120 on Не25 0.137 by stripping a moving ion beam; if these experiments 
1355 Mica? He25 0.138 are confirmed it would seem that, in this energy range, 
281) Эрс um passage through a foil is considerably superior to equi- 
xe pais 1е25 0.116 libration in a gas for this purpose. 
1696 Mica Ru24 0.12 Snitzer's results for air, and Rutherford's for mica 
s Sar are shown in Fig. 16,|| || giving an idea of the behavior 
1935 Mica He25 0.0610 over the range ОЛОН . Rutherford meae И 
1935 Gold Hes 0.0654 nge 100-7000 kev. Rutherford measured his 
| | ratios He*/He?7 for helium ions emerging from mica 
2323 Aluminum He25 0.0446 and assumed that these would be the ratios at charge 
2408 Mica He25 0.0389 equilibrium in air. The present evidence would indicate 
2408 Mica He25 0.0370 that this is a questionable assumption, at least in the 
2408 Gold He25 0.0415 lower-energy region. It is seen that between its maxi- 
2408 Gold He25 0.0374 erem ХЭЛЭЭ : 
mum value of about 0.75 in air at 300 kev, the fraction 
2719 Mica He25 0.0325 фі has sunk by a factor of 150 to 5Х 1077 at 7680 kev. 
2719 Gold He25 0.0356 
3406 Gold He25 0.0235 4. Measurements of the Cross Sections for 
4262 Copper Не25 0.0148 Capture and Loss of Electrons 
4440 Mica Ru24 0.0150 The equilibrium fractions discussed in the preceding 
$ if um А section give ratios of the probabilities of capture and 
56 ene 52 о loss. In order to measure the probabilities separately, 
6008 ə Mica He25 0.0079 experiments involving the transient conditions, before 
6028 боа нэн ҮНЭЭ equilibrium has been established, must be performed. 
7680 As emitted from source He25 0.0062 Most of the measurements of individual cross sections 
on Pt wire і n mai ing one of the following methods. 
7680 «Ав emitted from source Ru24 0.0050 haydee SE аш: ONE 2 
> а Зее reference Ru24, Не25. 1 T kr aa ke gos E | ШЫ: | 
b Sutherford'$ result was 0.75 for He*/(IIe* --He**); we assume that | 
Het was present to about 10 pecênt. he CHARGE EQUILIBRIA FOR HeiONS, 
Dia 0.5 METALS AND AIR. гу 
Е 1 : | «0000, Bí DC. DETECTOR. | 
Phe analyzer had such a large aperture that the electric s NICKEL, BY DC. DETECTOR [^T RSS Ї 
ЕЯ | 041-- aGOLD, BY SCINTILLATION 
currents arising from the transport of charge by the ыг E SE ШИ? 


scattered ions were of the order 107" amperes and could 
be read on a recording electrometer. Charge equilibrium 
was established among the scattered helium i ions after 
electrostatic deflection by interposing a foil in their 
path before their impact on the collecting probe. Thus, 
the same mixture of Het and Не? arrived at the probe 
irrespective of whether the charge on the analyzer was 
set for the transmission of the Не" or Нет constituent. 
A Ха1(11) scintillator was also used as a detector, the 10 20 250 350. 400 
bam n beam being depressed and reduced to the KINETIC ENERGY OF EMERGENT HELIUM на, Төд, Ч 
point where individual counting was possible. The data ^ rc 17. Charge equilibria in He ions NM mieta and 
obtained from the NaI(T1) detector and from the rela- transmitted by air. MT 
tive currents collected at the probe gave He**/He* || || The Rutherford values were шил incorrectly in а similar 
ratios which agreed to within 10 percent. Unfortunately, figure (Fig. 7) in Snitzer’s paper (see геїегепсэ 8243). 

^ 
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Fic. 18. Essentials of an 
experiment to measure со, 
сло for hydrogen ions in 
hydrogen gas. Both beams 
q decrease in intensity as gas 
is admitted. Any protons 
formed in the atomic beam 
are removed by the mag- 
netic field and any atoms 
N formed in the proton beam 
fly off tangentially (not 
shown). 


(S)RYDROGEN GAS; FOIL 


(a) Methods—(i) An arrangement similar to that 
of Fig. 14 is used. In a two component system, such as 
hydrogen ions above 20-kev kinetic energy, two meas- 
urements are carried out. The equilibrium fraction of 
protons фу, is measured by increasing the gas pressure 
until a pressure-independent mixture emerges from the 
tube. Then, at a lower pressure, before equilibrium has 
been established, a value of 1:/N is observed and the 
gas pressure noted. If one uses $od-4:— 1 in Eqs. (2257 

_ one finds these observations are sufficient for the calcu- 
— ation of the cross sections. This method was used by 
. Вагев (Ba30). 
! —  — (ii) The essentials of this second method are shown in 
— — Fig. 18, as applied to a situation in which one of the 
ionic states is neutral in charge. A mixed ion beam 
(produced, in the figure, by bringing the beam to charge 
equilibrium in its passage through a foil) is passed into 
a chamber which is in a strong magnetic field. The 
various charged states proceed through the chamber on 
orbits of different radii. A detector is placed on one of 
the beams, and gas is admitted to the chamber. There 
is a decrease in beam intensity because of the fact that 
when the charge of the moving ion changes due to cap- 
ture or loss, the new ion moves on an orbit of different 
radius of curvature and is permanently lost from the 
- beam. Thus, the new ion types are removed from the 


as imposing the condition nı=0 for all т in Eq. (22), 
leading to бло/ пойт = — соз, which means a simple ex- 
decrease in beam intensity as the pressure is 
d. This method was apparently first used by 
d (Ru24), who produced the mixed beam 
g à RaC' source with a mica foil and then 
for helium ions in air by noting the de- 


“loss.” The only criterion established by the methods 
is that something has happened to the moving ion which 
changes the radius of curvature of its orbit in a magnetic 
field. Thus, “capture,” as here observed, includes addi- 
tion of an electron into an excited, and perhaps meta. 
stable, state of the resultant ion, but “loss” does not 
include events in which an electron in the moving ion 


TABLE Ш-22. Experimental cross sections, in square centimeters 
per atom of material traversed, for electron capture and loss, ' 


^ 


HEU Hydrogen beam in hydrogen gas Hydrogen beam in air 
energy Capture Loss Capture Loss 
(kev) хи 1017 1017 X101 
31.4 255 20.8 
34.0 15.2 tee 
38.2 17.6 te ee 
40.6 ues Sir 16.0 bou 
40.8 ... ... ... 24.4 
41.4 sate тас eet 23.1 
43.0 зоо see 15.6 996 
44.5 9.1 6.7 
48.3 7.6 tee 
48.7 7.0 
49.4 95 
50.8 mE 
53.9 5.7 
55.7 fl 
56.6 
58.1 ... 
62.5 3.8 
65.6 
67.0 
70.5 De 
73.0 2.8 
77.0 ee 
81.1 1.8 
88.8 1.4 
103 0.84 
105 "m 
107 ооо 
109 0.74 
112 Goo 
114 
117 5800 
120 0.48 
122 ооо 
123 ` 
128 0.41 
142 nat 
149 0.23 
153 298 
156 500 
193 
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is excited to a state which is bound. Thus, the role of 
the well-known highly metastable states in Неї т 
these phenomena is still open for further experimenta- 
tion, and this means that the light emitted by the mov- 
ing ions must be investigated. 

(b) Capture and loss cross sections for hydrogen beams 
in hydrogen gas.—The results of the Chicago group on 
hydrogen in charge exchange are shown in Table III-22 
and Fig. 19. From these, it is clear that the capture and 
loss values are of the order of geometric atomic cross 

' sections for ү(= 2/20) near unity since ag — 8.8 10-17 
ст, where ад is the Bohr radius. 

For the case of hydrogen ions traversing air, Kanner 
found that his data on the cross sections per average 
air atom could be represented empirically as follows ч 


со (24.54—0.866Е/ Ey) X 10-17 cm?; 


cy LA exp(— 0.562Е/ Е) О 


and the equilibrium data of Table 11-18 were com- 
puted (for air) from these equations. Here, = 24.8 
kev; E is the kinetic energy in electron kilovolts. 

The two cross sections behave quite differently with 
energy; in hydrogen Montague estimated that oo 
varies as 1/ E^ where = 0.70--0.05. оо, however, has 
п= 3.5, a fivefold increase in the magnitude of the 
exponent. Thus, a fast moving hydrogen atom is quickly 
stripped of its electron and has little probability of 
capturing another. We also note that the two prob- 
abilities for hydrogen ions in air are considerably larger 
at the same ion velocity (factors varying from 2.5 to 5) 
than they are in hydrogen gas. 

(c) Capture and loss cross section for helium ions— 
'The experimental information at present available con- 
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Fic. 19. Cross sections per atom of traversed gas for capture (сло) 
and Joss (соі) of electrons by hydrogen ions in motion. 
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FABLE 1-23. Some capture and loss cross sections for helium ions == 


above 100 kev in kinetic energy." 


Ener: 
oe kev Ga Cross section 
131” Ней ou 1.72% 101% cm? (430%) 
“шл 1.72% 107° cm? (+30%) 
со 8.331071? ст? (-+20%» 
340* Helium 99 3.11077 ст? (420%) 
) Тейит es 1.4% 10-7 cm? (420%) 
72 1.2107 cm? (209) 
646 AG т\з 6.21071" cm? 
ds Air on 6.2 107 ст? 
606 : сіз 3.17107 cm? 
1996 Ай ол шыра 
44 В 220 2.381071 cm? 
0 Ао 3:565 1077? cm? 
78 А; 912 1.68% 107? cm? 
80 212072, 8435 10-2 cm? 
а Starred values from reference Sn53; other values from reference Ru24. 


cerning capture and loss cross sections for helium ions 
is due to the work of Rutherford (Ru24) and some 
incidental observations of Snitzer (Sn53) in connection 
with his work on equilibrium fractions in helium. 

Rutherford obtained oi, the cross section per air 
atom for loss of an electron by Het, using method (ii) 
as previously described. The mixed beam of various 
charge states was varied in energy from 650 to 6780 kev 
by using mica foils of different stopping powers over the 
RaC’ source. At these energies helium ions which have 
interacted with matter in their path are essentially 
only of the charge types He*, He**. Scintillations due 
to the Не! beam were observed in a good vacuum; as 
air was admitted to the portion of the path in the mag- 
netic field these diminished in number because of the 
process Het>He*+-e-. This gave the mean free path 
or loss cross section бус directly for air. In order to 
obtain the capture cross section от», Rutherford meas- 
ured the equilibrium fractions in mica, and assumed 
that these same fractions would be applicable to air, 
which is somewhat questionable. On this assumption, 
he was able to compute oz for helium ions from the 
relation [see Eqs. (23) ] бэ1--01201/фэ- His results are 
given in Table 11-23. 

Snitzer, in his paper on the equilibrium fractions 
(Sn53), reports some tests of the attainment of equi- 
librium from whick cross sections may be deduced. 
If the helium beam enters the gas chamber as He*, the 
initial rates of growth of Не? and Не*+, and decay of 
He* may be found by imposing the conditions of (23) 
for small, but not zero, values of т on Eq. (23). Then 
the initial part of the curves are given by — © 


T = 


п] N —3212; LE 

nj N-—1—z(oi21);. ` (25) 

no/ N = толо. NU ы : к’ 
229 ^ 2) 28 g 
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These equations serve to give estimates of oi and ото 
from the initial rates of change. Then from the equi- 
librium values, сот and оз! may be calculated. This is 
clearly a slight modification of method (i), previously 
described. 

№ Estimates of the cross sections applicable to helium 
ions at a few scattered energy values above 100 kev 
are given in Table 11-23. 


IV. HIGH-ENERGY MEASUREMENTS 


In the high-energy region, measurements are un- 
fortunately meager, with the methods necessarily 
differing somewhat from those used at low energies 
and, at least in the region above about 15 Mev, ге- 
stricted to those few laboratories blessed with synchro- 
cyclotrons. For purposes of verifying the theory, ex- 
periments have been largely concerned with the extrac- 
tion of the value of 7, the mean excitation potential, 
from the range and stopping power data; for use in 
other experimental work, the points on a range energy 
curve are sufficient. 

Three forms of data are available. The absolute 
stopping power, or direct measurement of direct energy 
loss, consists of passing a well-collimated beam of known 
initial energy through a slab of stopping material of 
thickness Ax, determining the energy decrement AE, 
and calculating AE/Ax. This corresponds to a popular 
practice at low energy except that magnetic analysis is 
most conveniently used for energy measurement, rather 
than electrostatic. From the value AE/Ax, the value of 
1 may be determined by fitting Eq. (3) to observation, 
and from a curve of dE/dx vs E, the range energy rela- 
tion can be obtained as described in Sec. II. 

The relative stopping power is determined by finding 
the thickness Ax, of some standard substance (air at 
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low energies, aluminum, copper at high energies) that 
reduces the beam energy the same amount as the thick. 
ness Ax of the material investigated. This can be done 
without actually measuring the energy loss, by sending 
the beam through just enough standard materia] to 
stop the particles, removing a known thickness and 
replacing the amount removed with enough thickness 
of the sample to produce the same effect near the enq 
of the ionization (Bragg) or integral range curve, Then 
if we apply Eq. (3), 


© (Z/A) log(2m?/I)—log(1— 8°) — 6% 
aie (Z/ A), log (2m2?/T,) —log (1 — 82) — 8? 


(mass stopping power), 


in which the velocity ? may be taken as the average 
velocity in Ax. d 


А. Methods 
1. Berkeley 


The data of the Berkeley group consist of the range 
measurements at 340 Mev (Ма515) and the relative 
stopping power measurements by Bakker and Segré 
(Ba51) and Thompson (Th52). With small modifica- 
tions from one experiment to another the techniques 
were as follows. 

(a) Relative stopping power.—The external beam of 
the synchrocyclotron—obtained either by electrostatic 
deflection or by scattering—was allowed to pass through 
a hole in the shielding material and collimated to di- 
ameters of the order of 1 in.; a steering magnet then 
bent the beam (about 20°) into the cave area through, 
for example, a 3-іп. diameterX40-in. long" collimating 
tube. In Thompson’s work (see Fig. 20) the beam of 
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f Thompson’s (see reference 71352) 
absorbers” were used to make the 


apparatus for measurement of relative stopping power- 
energy loss in all the samples nearly equal. 
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protons first traversed a thin ionization chamber which 
served as a beam monitor; after this chamber the beam 
entered a sample of the material whose stopping proper- 
ties were to be determined and following this an : 


« | , energy wheel with 12 slots containing step variations of 
copper of about 0.3 gm/cm? each, These were stamped with a 
circular die 4" in diameter from 12.5 mil selected copper and care- 
fully weighed. After the wheel was located a set of 4 absorbers 
working in a guillotine-like arrangement in such a way that any 
choice of these absorbers could be added or removed from ‘the 
beam path by means of remote controls at a position outside the 
shielding. Next in the beam path were a predetermined пит 


ver of 


Ё и d : и 
› copper blocks of 4" square cross-sections and varying thickness, 


У 


Each block was,milled plane, flat and parallel to 0.2 mil and 
weighed to an accuracy of about 1 part in 50,000. Finally the rear 
ionization chamber was used to measure dE/dx near the end of 
the range." Б 


The ratio of the currents from the two ionization cham- 
bers (read directly on an ingenious modification of a 
Leeds and Northrup Speedomax to a ratiometer) as a 
function of copper thickness respresented the raw data: 
the result is the end of the Bragg curve including the 
hump. The abscissa corresponding to 0.8 of the peak 
ionization value was then taken as the range in copper 
of the protons. With the thickness of the sample known 
precisely, and the measurement repeated with copper 
replacing the sample, the relative stopping power of the 
material could then be calculated. 

(b) Range.—The range measurements (Ма51Ь) used 
roughly the same experimental arrangement (now with 
1-in. collimation) with the addition that the beam first 
passed through Mather’s (Ma51a) Cerenkov radiation 
apparatus, with which a precise measurement of the 
initial velocity of the beam could be made. After the 
beam energy vias determined, the flux monitored, the 
beam passed through the copper absorber wheel, 
through a’stack of plates of the metal being studied, 
and then into the second ionization chamber. The 
range is then given as the sum of the thickness of the 
main absorber and the equivalent thickness of the 
copper absozber wheel and chamber windows (less 
than 10 percent of the main absorber), this equivalence 
being calculated from (Ва51). 


Зо 


2. Los Angeles 


> (c) -Range.—Hubbard and MacKenzie (Ни52) meas- 
ured the range of 18-Меу protons in aluminum by 
using the internal beam of the 41-in. synchrocyclotron at 
UCLA. The beam was allowed to strike a heavy target 
on the median plane of the cyclotron and a fraction of 
the upward scattered component (the “axially scat- 
tered” beam) was used in the experiment. At a given 
azimuthal distance from the target, and above the 
medianoplane, a Faraday cage was interposed at an 
accurately known radius; in front of the cage, which 
was connected to an electronic electrometer, foils of 
aluminum wers placed, one after another, in order to, 
determine the absorber thickness tha? corresponded to 
a stoppage of one-half the beam. In this experiment, 


and in those of (Sa51 and B151), the beam energy could (1947) and L. Cranberg, AECU 16702 | : 
^ 2) > шэг ч 
5 J «9 x 3 SE В 
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Fic. 21. Schematic illustrating internal beam cyclotron ex- 
periments. The “upper” experiment is similar to (Sa51), the 
“lower” to (В151). 


be determined quite precisely since the magnetic field 
was referred in each case to the nuclear magnetic reso- 
nance frequency and the accuracy of the trajectory 
from target to detector is limited only by the patience 
of the plotter.* 

(b) Absolute stopping power—The work of Sachs 
and Richardson (Sa51, Sa53) appears to be the first 
measurement of high-energy absolute stopping power. 
The cyclotron arrangement was similar to that of 
Hubbard and MacKenzie. They used the internal beam 
of the cyclotron, again with an axial deflection that 
allowed conveniently large intensities on the foil of 
stopping material and a precise value of the beam 
energy as measured by the cyclotron field itself. From 
the foil of high Z material (thorium) placed in the dee 
and on the median plane, those protons which multiply 
scattered upwards through angles small enough so that 
they were not captured by the dee, described a circular 
path inside the cyclotron, and 180? after scattering 
passed through a foil of the stopping material and then 
another 210? (20? past the scatterer, to take advantage 
of vertical focusing conditions in the cyclotron) to an 
ionization chamber detector whose radial position could 
be changed precisely from outside the vacuum tank. 
The shifts of radial position of the chamber with the 
foil “in” and “out” and a knowledge of the magnetic 
field along the trajectory (defined by a slit as in Fig. 21) 
then gave the energy loss in the foil. 


3. Harvard 


Again using the internal synchrocyclotron beam | 
Bloembergen and van Heerden (Bl51) obtained "Ше | 
range-energy relation in aluminum, copper and lead, ЗГ 
with an energy region stretching from 35-120 Mev. 
'They used a tungsten scatterer (Fig. 21) and the дэх 


49 In this connection it might Dt peed out {Васа simple — 
її 5 - 

though somewhat less accurate method of deté?mming the 2 
trajectory in an experiment of this type is the well-known floating — 
wire method, described by J. Loeb, L'Onde Electrique 27, 27 _ 
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Fio. 22. Experimental determination of mean excitation poten- 
tials: 1/2 vs Z. The errors given are orders of magnitude only. 


ward scattered component was then detected by a 
photographic plate on a radius 180° after the scattering 
event; in front of the plate was a tapered absorber made 
of the stopping material. This absorber was made in 
the shape of a 30-60 triangular wedge, about 10-in. 
long, and the position of the absorber edge was located 
on the film with light marks. The photographic density 
along the direction parallel to the scattered beam, and 
at a given radius, then (after conversion by standard 
methods to particle flux) gave directly the integral 
absorption curve for an energy corresponding to the 
radius selected. Scanning the film in the direction per- 
pendicular to the beam (along the cyclotron radius) 
yielded a measure of the energy spread in the beam, 
presumably resulting from the radial oscillation of the 
paths of the protons striking the target. 


B. Experimental Results 


From the total range (R) measurements (see Sec. II) 
the value of 7 can be calculated (Ar51) by using a trial 
value, J; from earlier experimental work, and computing 
the difference R(I)—R(I3) = К... R(T). Aron, com- 
bining the results of a number of high-energy experi- 
ments and theoretical calculations, has calculated an 
extensive set of tables of dE/dx and range as a function 
of proton energy (Аг51). Since these tables represent 
the most definitive summary of experimental data 
taken up to the date of their calculation they can be 

used for comparison of subsequent data with theory. 
The smooth curve in Fig. 22 for the ratio 1/7 vs Z 
gives the values used by Aron in kis tables. Note that 
according to the Bloch theory 7/Z should Һе corstant 
for the heavy- materials, and independent of incident 
particle energy. Hence, deviations from the theory 
should show up in a velocity-dependent excitation poten- 
tial. 22 should be noted, of course, that the value of Г is 
‘sensitive to-erxor2 in the observations, since in 


both th е absotute and relative stopping power methods 


hat is really determined is 1051 rather than J itself. 
the absolute method, the relative error 51/1 is the 


^ ©”. ^ 
- ^ 
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stopping number B (say of the order of 10) times the 
relative error in the stopping power. Since a one Percent 
error or greater in stopping is common, this means 7 
five to ten percent error in the excitation potentia] 
derived from this data. The relation between range error 
and error in 7 is (Si52) 


Ко. Е E 

6К/К-- - 

/ | R(dE/dR) J I 

In terms of the use of calculated tables for absorption 
measurements, this is fortunate, since th^ range values 
are therefore not sensitive to the chosen value of this 
parameter. For purposes of verifying the theory, it 
means that much more precise experiments will have to 
be done. 

Experimental data for protons have been recently 
obtained at 10 Mev at Birmingham, at 18/Меу on the 
Los Angeles synchrocyclotron, between 35 and 120 Меу 
at Harvard, and at 340 Mev at Berkeley. At 10 Mey 
Simmons (5152) using the external beam of the Birming- 
ham cyclotron, scanned nuclear track plates (C2 
emulsion) for range distribution of the proton beam 
after passing the beam through Al absorbers. Using 
Rotblatt's (Ro51) range-energy curve for the emulsion 
to determine the beam energy and Smith's range tables 
to convert to aluminum range, he found that Smith's 
range was about 0.8 percent too low and that 741—155 
+3 ev. 

The principal result given by Sachs and Richardson is 
a list of ionization potentials fitted by the Bethe-Bloch 
equation. Their original values for aluminum differed 
only slightly (1562-3 ev compared with 150-20 ev) 
from the value obtained by Wilson (Wi41) with a rela- 
tive stopping power technique, but they later (Sa53) 
recomputed their J using more recent numbers for the 
fundamental constants with the result 74;— 1683 ev, 
considerably different from both lewer-energy values 


from absolute measurements (Warshaw-Kahn) and - 


higher-energy values from relative measurements. The 
results of (Hu52) and (8151) snould be of comparable 
accuracy since the techniques—at least for the energy 
measurement—were so similar. Thus, the low iritiai 
energy measurement is given with a stated erros cf 
0.11 percent (18.00--0.02 Mev), and the higher initial 
energy error is stated to vary from 0.2 percent to 0.3 
percent. At 18 Mev the measured mean range 15 
477.0--0.5 mg/cm? of aluminum, compared with 468.7 
mg/cm? given in Aron's table. In the ,higher-energy 
region, there were smaller, but still significant deviations 
of the experimental from theoretical range*** of the 
order of about 1 percent greater than theoretical in the 
lower end. This results for both aluminum and соррег. 

For lead the experimental range was about 1 percent 
dower than theory. Note that the direction of the 


.*** While Bloembergen and yan Heerden compared their бн 
with the earlier tables of Smith (see reference 5147), these аге € 
sentially identical with Aron's for aluminum. 


if 
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deviation is the same in both of these last measurements 
although the magnitudes of the deviations are different 

Bloembergen and van Heerden computed the value of 
the mean excitation potential from their range data with 
the result that exp is considerably larger than that 
used by Aron. They give a corrected value for Гл (the 
corrected J corresponding to the experimental range, in 
turn corrected for small angle scattering as in Sec. 11) 
as 161 ev in the region 50 to 75 Mev and 164 ev in the 
region 75 to 120 Mev. Since the error in 74; is about 


„5 ev, the difference is possibly not significant. Hubbard 


and MacKenzie get substantially the same corrected 
value for Jai: 170--19 ev. Both of these values are 
therefore in essential agreement with the recomputed 
Тл from Sach’s data. 

No data for energies greater than 340 Mev are at 
present available, although much work at this energy 
has been reported by the group at Berkeley. In the 
series of measurements by Bakker and Segré (Ba51) the 
stopping power relative to aluminum of elements from 
H to U were determined, with the initial energy obtained 
from the orbit radius at deflection from the cyclotron. 
By use of the general method (Bragg curve) outlined 
above, the relative mass stopping power was measured 
to about 1 percent error (5 percent for hydrogen, ob- 
tained by a difference method using graphite and СН»), 
thus yielding the ionization potential to about 5-10 
percent if there were no errors in the value used for the 
potential of the standard substance (Al). For 74; they 
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used 150 ev from Wilson's (Wi41) data, which they 
stated was accurate to about 3 percent. A careful analy- 
sis of the pertinent data on air and aluminum Ваз been 
made by Bogaardt and Koudijs (Bo51) who find that 
the best value for /,;, in the region between 2 Mev and 
10 Mev is 77.5 ev, rather than the 80.5 ev used 
by Wilson. Since Wilson's 150 ev for Za, was based on 
the older value of Iais, they changed this to Z4; 151-23 
€v, an increase small enough to discount in interpreting 
Bakker and Segré’s work. Agreement with the low- 
energy data of Madsen and Venkateswarlu could be 
taken to confirm the high-energy values (but see below). 

Later in the same year, Mather and Segré reported a 
set of range values for elements from Be to Pb, again 
using an ionization chamber for detection, and with the 
initial velocity of the protons (340 Mev) determined 
precisely by Mather’s (Ма51а) Cerenkov counter 
method. Mean rectified range on the Bragg curve was 
taken at the distance (see Sec. II) where the ionization 
fell to 0.82 of its peak value. 

Also at Berkeley, the results of Thompson’s work on 
chemical additivity yields the ionization potential of 
Ho, C, №, Oo, Cl; these however, are based on stopping 
powers relative to copper, for which Thompson took 
[с.=279 ev, as in the work of Bakker and Segrè. 
The values of the mean excitation potentials obtained 
by the aforementioned authors are summarized in 
Table IV-2, and a summary of existing data is in 
Table IV-1. 


TABLE IV-1. Summary of recent high-energy data.* 


: 3 A. All elements 
Bakker-Segrè Mather-Segrè Thompson Tobias, et al. Bloembergen-van 
(Ba50) (Ma51) (Th52) (То49) Heerden (8151) 
> S(rel to Al) Range (gm/cm?) S (rel to Al)e S(rel to Al) S(rel to Al) 
Element 340 Mev 340 Mev 270 Mev 180-Mev deuterons 70 Mev 
He 2.634 2.605 2.57 
Li 1.062 SEG te eke 
Be 1.024 76.73 >29 1.02 
P C ^ 1.124 70.03 1.137 1.12 
Ne oue ... 1.126 1.10 
О» 222 565 1.108 1.08 ЭВ2 
D S AT 1.0004 79.02> 1.0004 1.000 1.0007 
j Cl Sere 2232 0.999 52 T 
ә Ее 0.906 2 ee 0.889 = 
R Cu 0.875 91.8? 0.867 0.819 
9, Ag . 0.789 EE 23 229 
695 5п 0.751 107.41 0.719 
W 0.680 ээс Me ee 
Pb 0.660 123.6 0.613 0.612 
21:17 0.630 855 f ... 
B. Results for aluminum 
Initial 2 
Observer Mex) IAY(ev) Method Value 
5 A » Ё Я 
Simmons (5152 10 1552-3 Range 0.1410--0.0001 gm/cm 
сн сн (Sa53) 18 1682-3 Abs. dE/dx 22.07 3:0.6 Mev/; gm/cm» 
^ Hubbard-MacKenzie (Hu52) 18 162--2.5 Range 0.4769--0.0005 gm/cm' 
Bloembergen-van’ Heerden (8151) 66.1! 162-55 Капде 4.774£0,008 /cm? 
Mather-Segrè (Ma51) 340 147.943 Range 79:02+0.5 gm/ cm: “л 
7 3 ини ид 
a d ES - 2 
a The complete data of (5а52) were not given in their article. * Gom 2 2 
^b Average range for two energies differing Бу <} percent. A 
о Converted from original as in Table 11-2. pa 
£ Reference VaMe, the reference material; they also give experimental range as a function of energy from 35-120 Mev. 2 
! Typical value of a set of energies. 7 - = 
л 2 ^ “л 
3 i э y 
^ B 
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"TABLE IV-2, Summary of recent high-energy measurements of 
mean excitation potentials, I (ev). 


Bloem- 
Sachs- — bergen-van Bakker- Mather- X 
Ricltarlson Heerden Segrè Segrè Thompson 
Ele- (5453) (8151) (Ва50) (Ма51) (T h52) 
1 ment 7 18 Mev 60 Меха 340 Mev 340 Mev» 270 Mev* 
H 1- 15.6* 18.04 
4 Li. 3 34.0 AS US 
B 4 60.4 A 22 
C £6 76.4 74.4 69.7 
N 7 ЮУ» Ts 75.94 
(0) 8 ЖҮ, DER. "es US 87.04 
Al 13 168 +3 162 +5 150^ 147.9 3:3 Ws 
СІ 17 у 235 ЁО VE 151.9 
Fe 26 RE 243 ; м 
Ч Ni 28 399 ЗОН Ses AS siis 
Co 29 435 370 279 309,9 +3 
Rh 45 799 25 ЗО Хал 
Аң 47 796 С 428 
Cd 48 792 22 S 
Sn 50 853 co 479 
Ta 73 1148 30 22 
ху 74 хо E 697 
Au 79 1383 LC i Үс 
у РЬ 82 78 970 758 810.7 3-12 
U 92 d 881 505 


a Averaged over the several energies given in the original article. 

b Taken as reference value, from Wilson. 

© CHr-carbon difference. 

4 Liquid target. 

o These have been recalculated using Thompson's data and Zai =151 ev. 


The values of 7/2 are also plotted іп Fig. 22. Here it 
is seen that considerable deviations occur from the 
constancy of this quantity 7/7. These deviations, it 
has been noted by Sachs and Richardson (Sa53), can- 
not be explained by shell corrections and seem to give 
evidence of a velocity dependent J. Since each set of 
values reported was taken at a different energy, and 
with varying techniques, it would be more satisfactory 
to settle this question with data taken over a fairly 
large band of energies and with the same techniques. 
However, if it is granted that the variation in J is real, 
then some general tendencies are apparent. 

It would then be advantageous to have some kind of 
semi-empirical method for obtaining the values of 7 for 
any Z and any energy. Lindhard and Scharf (Li52, 53) 
showed, using a dimensional argument and a Fermi- 
Thomas model, that the stopping number per electron, 
B= (1/NZ) (dE/dx) (m?/4re) (with the relativistic 


$5 2U ELA 100 1000 
п Л =— 


perim stopping number as a function of 
roduced from (1453). 
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terms added to the right side when necessary), Should 
be a function of 2/2 only. Following their Suggestion | 
one may plot measured values of this quantity- аз à | 
function of the logarithm of the dimensionless variable 

х= 0/07, and the result should be a straight line jf 

the Bloch formula is correct, with the logx intercept 
giving the value of Iy—I/Z, or a smooth curve in any 

event. Figure 23 reproduces the curve from this paper 

with the addition of points by Bloembergen and van 
Heerden and Thompson at high energy and Chilton 

etal. at low energy. The curve is asymptotically straight 1 

(for « $100), and if the asymptote is projected back, 

the intercept gives /o— 10.2 ev. Then, if one writes 
T=1Zf(«), f(x) -log(&Ryx/Io) —B(x) and f may be 
determined from the figure. This has been done (only 
by taking graphical differences from the smooth curves 
shown) with the result given in Fig. 24. Evidently, ав 
particle energy changes by a factor of 100, 7 changes by 
a factor of nearly 2. The maximum in the curve means 
also that a low-energy measurement of J may agree 
with one at high energy and still leave the intermediate 4 
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1) = 1/1о 2 
5 


r + 
2 vfi. 25 — 


Fic. 24. The approximate energy variation of the mean excitation 
potential: f(x) = //IoZ with Го= 10.2 ev. 


energy stopping power not exactly calculable from the 
common result. y 
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4; On Statistical Estimation in Physics 


M. Awnis,* W. CuksrON,] AND Н. PRIMAKOFF 


Washington University, St. Louis, Missouri 


L The problem of the estimation of parameters determined statistically from physical measurements is 
9 discussed. Emphasis is placed on the fundamental role played by the prior probability distribution for the 
parameter. The validity of “maximum likelihood" estimation is examined with particular reference to the 
case of the estimation of a parameter which actually has an unique but (originally) unknown magnitude. 
Situations in which the prior probability distribution for the parameter is completely unknown are treated 
and a method is described for the calculation of this distribution from appropriate experimental data. 
Many examples are given throughout from the field of cosmic radiation. : К 


NUMBER 4 OCTOBER, 


„Я 


I. INTRODUCTION 


HE current paper is the outgrowth of an attempt 
by the authors to understand certain statistical 
considerations associated with the determination of 
elementary particle parameters on the basis of cosmic- 
ray measurements. We could not discover the answers 
to several questions which appeared relevant to the 
problem in any references easily available to physicists 
and were therefore forced to work out the conclusions 
below—many of our results are no doubt implicitly or 
perhaps even explicitly contained in the literature on 
probability and statistics. Nevertheless, we communi- 
cate these results in their present form in the hope that 
others may possibly find them useful, and with the 
intention of arousing further interest in the subject. 

In physics, a situation frequently arises in which one 
desires to determine a physical quantity, which we shall 
call 0, characteristic of either a class of individual 
particles (e.g., the mean-life of a class of individual 
(unstable) particles of the same kind) or a class of 
systems of particles (e.g., the temperature of a class of 
stars); however, this physical quantity 0 cannot in any 
sense be "measured" directly. Instead, one measures 
directly another set of n quantities, 1, x», да. 2007 
which we shall сай x; which are not related to 0 in a 
simple one-to-one fashion (i.e., 0 is not uniquely de- 
termined by the set «;). What we do know on the basis of 
some theoretical consideration is the probability that 
the set v; lie in the interval dx; (ie., that, simul- 
taneously, vı is between x; and хх, x2 between x» 
and 22+-dx2, etc.) for a given value of 0. We shall 

denote this probability function by С(0; xj, ao---2n) 
Xdaxidxz---dx,=G(0;x;)dx; (In our notation, the 
quantity before the semi-colon is 2 parameter and the 
quantities after the semi-colon are variables.) However, 
having measured the set x; directly, we should like to 
know the probability that @ lies in 40 for these given 
values of the set х. We shall denote this latter 
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probability (the so-called posterior probability) by | 
H(xi, 2:74; 0)00=Н (4;;0)d0. The question now 
arises: What relationship, if any, exists between the 
two probability functions С(0; x;)d«; and H (x;; 0)d0?" 

In order to answer the question posed above, we de- 
fine another probability function (the so-called prior 
probability), P(8)d0. Р(0)40 is the probability that, in 
the type of experiment performed, 0 lies in 49, inde- 
pendent of the values of the x;. In the same manner, 
we may define the probability that, in a measurement 
of the set x;, the x; Пе in dx;, independent of the values 
of 0. We designate this latter probability by the expres- 
sion Q(xi, Хо, -Endz + -dan=O(x:)dax;. 

It is not superfluous to mention that all the four 
probability functions defined may be understood, in a 
physical context, in the sense of the corresponding, 
in principle observable, relative frequencies; the nor- 
malizability of these probability functiens with respect 
to their variables may then be demanded. It should 
also be mentioned that our whole treatment can be 
generalized in a straightforward manner tc the case of 
the existence of several parameters 01, ---, Om; the 
essential conclusions obtained below are also, valid in 
the case of such a generalization. 


| 
| 
| 


23 


IL CASE OF KNOWN PRIOR PROBABILITY ' 
DISTRIBUTION - e 


Ап intimate relationship exists among the probability е 

functions defined in Sec. І. To exhibit this relationship, 
we define a function S(0, x;)d6dx; as the simultaneous 
probability that 0 lies in 49 while the set х; lie in бх. By 
the rules of combining probabilities, this simultaneous 
probability is the probability that the x; lie in ds; for 
given 0, multiplied by the probability that 0 lies in 40, 
independent of the values of x;; i.e., 


50, z)dxdé— Р(ф48-б(#; хдйх. . (08) 
On the other hand, this simultaneous probability сап 

- also be expressed as the probability that @ Нез in 49 for 

“given values of the x; multiplied by the probability thet 
the =; lie in dx;, independent of 0: i.e., 


S (6, x;)dx;d0— Q (a;)dx;-H (x:; 6). 


(1b) 
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Combining ше results of Eqs. (1а) and (1b), we may 
write a relationship between С(0; х х: and H (s; 9)49 
usually attributed to Bayes, namely, (ti; 


О(хәН (xi; В)ах 40 = Р(0)С(0: х)40х, (2a) 
or 


H (xi 0)= P (0)G(0; x)/Q(x;). (2b) 


Equation (2b) may be written in a slightly altered form 
if we remember the normalization of Н (x;; 6). Inte- 
grating both sides of Eq. (2a) over the variable 0, we 
note that 


обедали. f Изв) = обеда 


Ч Т POG: s) х, (2с) 


it being understood that all integrals contained in this 
paper extend over the complete range of the integration 
variable unless otherwise explicitly stated. Therefore, 
we see that 


> 


OMe оо 


/[ 2056; х,)40 


We can also write an expression analogous to Eq. (2с) 
for the probability function P (8), via Eq. (2a). This is 


P@)= fe (x) H (х;; 0)dx;. (2e) 


Я 

One should now remember that С (8; x;)da; is usually. 
known on the basis of theoretical considerations. It is 
to be noted, therefore, that any statements we make 
about Д (3; 0) must depend upon our knowledge of the 
function Р(0)40. If this last function is known via some 
physical theory and/or a set of previously performed 
experiments, Eq. (2d) offers us an exact solution for 
the posterior probability function H (2;; 0)40; i.e., we 
can state what the probability is that 0 lies in 40 with 
oun measured values of the set x;. It is also obvious from 
Eq. (2d) that Н(х:;0)40 cannot be determined if 
Р(0)40 is completely unknown. In many cases, it is, 
however, not necessary that Р(0)40 be completely 
known as a function of @ in order to make statements 
with significance in a probability sense. Such cases will 
be discussed in detail in subsequent sections of this 
paper. 

We shall now examine more carefully the case where 
Р(0)40 is a known function of the parameter 6. The 
existence of the probability function H (x;; @)40 allows 


us here to answer the question, “What is the prob- . 


ability that the parameter 0 lies in 49 for a given set of 
the х;2 The answer to this question is given Бу ex- 
hibiting Н (x;; 6) as in Fig. 1(a) or 1(b). 


\ 
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Н(х,9) 


(а) 


Н(хг,9) 


(b) 


Fic. 1. The posterior probability function, 46x; 8), plotted as 
a function of б, (a) in the case where a single estimate of 0 might 
be given. and (b) in the case where no single estimate of 9 can be 
quoted. 


When H (х;; 0) has the form shown in Fig. 1(a) (i.e., а 
single, well-defined peak), there is little doubt that one 
can quote a single value of 0 which has “statistical sig- 
nificance." On the other hand, if H (x;;0) looks some- 
what as in Fig. 1(b) with widely different 05 having 
comparable probabilities, it is perhaps unwise to quote 
a single value for 0. However, in a particular case, the 
information in Fig. 1(b) could conceivably still be 
valuable. 

When H(x;;0) is well peaked as in Fig. 1(a), it is 
frequently useful to quote a single “statistically sig- 
nificant” value or estimate for 6, viz., б, with an ар-, 
proprieíely, defined standard deviation. (One should 
point out that this standard deviation is taken as the 
standard deviation of the posterior probability distri- 
bution about 6... and hence is one measure of the 
statistical accuracy of the estimate.) Of course one tan 

easily answer any questior™ congerning the prob- 
ability of @ lying within a certain range dbout fest- This 
procedure is only useful if the value of, As: and the 
standard deviation is not sensitiva to the method used 


^ ^ ^ 


culate 0.» (assuming a “reasonable” method is 
к. A “reasonable” estimate of @ is one which lies 
= somewhere near the probability maximum in Fig. 1 (a). 
— From Eq. (2b), it is evident that 77 (х:;0) might be 
. well peaked if (0) is well peaked, even though G(0; х) 
| is nota well-peaked function of 0. Hence, а "reasonable" 


estimate of @ must take into account both P(0) and 
3 More explicitly, any "reasonable" method of esti- 
'mating 0 should have a standard deviation, c (est), not 
much larger than the minimum possible value of this 


quantity (see Eq. 7). о" (б) is defined by 


eon) f Olan) (Ei; d= oHe, @) 
where 
Ї OH (хз; 0)40-50", 


1. One method of evaluating O51 is to quote б = On. p. 
“where быр. is the value of 6, for which H (х;; 0) has a 
maximum; i.e., б.р. is the most probable single value 
Е 0. The defining equation for Om.p. is 


oH 


Zeno] -0 (4) 


9 —0m.p. 


0? (B...) = — 20 sse gne (5) 


Using Eq. (3), it is possible to choose a value of 
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equation for бы. One finds 
daro n^». 
with standard deviation 
20)-8-8. В 
3. To minimize the relalive standard deviation, we * 
solve Eq. (3) for о2(0..)/6,.2, and set the derivative of 


this quantity with respect to б equal to zero. We 
obtain 


0, —02/0 ў Я (8) 
with relative standard deviation ' 
e*(0))/02 — 1—@°/@°. (9) 


Example from the Theory of Multiple 
Coulomb Scattering 


One measures the projected angles of multiple scattering of a 
particle in the » plates of a multiplate cloud chamber and from 
this scattering data, one desires to find an estimate of П = fcf for 
the particle (p=momentum, c8=velocity), assuming that II 
does not change while the particle is traversing the chamber. In 
this case the parameter 0 becomes the physical quantity II and 
the x; become фг, the projected angle of multiple scattering in the 
ith plate. 

From the theory of multiple Coulomb scattering, the probability 
that 9; lies in dài, f(ġ:)dġi, is given as 


фа: = (2«GQ) exp( —e/2GQ)de.. (10) 


Equation (10) is an approximation, good only for $;«2GQ, 
where С and О are defined by Olbert.! However we shall assume 
that Eq. (10) holds for all ф:, the resultant error in the final 
answer being less than 10 percent. A e 

In the above approximation, G depends only on the material 
in the plates, while Q depends on the material in thc plates, and in 
addition, is inversely proportional to II?. Hence we can define а 
quantity 4 independent of II by the equation 


А-(200) 
so that Eq. (10) becomes 
(Ф): = М.П ехр( —ġ: I/A?) doi, 


where Ys is a normalization factor;independent of ф: and П. . 
Since the angles of multiple scattering in the 7 pates are 
statistically independent, it is evident that ^ 


GU; $) = f(61) ($2) = f (65) "e 
= №"П" exl -7 z ёр (13) 


(11) 


(12) 


Let us now assume that the prior probability distribution for П is 
a power law, i.e., 

Ө; I< 
Nr; п>, 


where № is a normalization factor, апа y is an empirically de- 
termined constant (y~3 in many cases). H (pi; П) may then be 
evaluated from Eqs. (24) and (13). (14) yielding 


Р(П)- (14) 


H(ó;; m=” I «Ilo (15) 


2 n 
МзП* exp -5 2 m Beg: 


=. 2) cho 7 7087 
Н(ф; 11) is plotted in Fig. 2 as a function of П. 
15. Olbert, Phys. Rev. 87, 319 (1952). 
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The most probable value of II is, from Eqs. (15) and (4) 


По; < 
Imp. =, < nay 
UO (m/2)3ACZ pt n (16) 
i=] aa E 
where m=n—y. Using Eq. (3), we find that the corresponding 


standard deviation is (for No Um. р.) 


(Ia. p.) = Пе p.{2+1/m—2(2/m)i0 (0-m/2)/T (44-m/2)34. (17) 

Under the same assumption, the mean value of II, i.e., the 
estimate of II which minimizes the standard deviation, is (Eqs 
(15) and (6)) 


. T(123-m/2) 


IDA === 5 5.2)-$ 
2 enp в (8) 


with standard deviation (Eq. 7) 
m-r1T*(i--m/2) 
2 Г?(1-т/2) 


and the estimate of II which minimizes the relative standard devia- 
tion is (Eqs. (15) and (8)) 


" 1j 
e (00) ed iy 3 (19) 


Тан) AD 


II; = (П?)л,/(П)„=——— 
A 2 Г1(1--т/2) “та 


with standard deviation (Eq. (9)) 
2 I*(1-cm/2)|) 
т-Е1 T? (5-4 m/2)) 7 


Each of these estimates is shown in Fig. 2. For all of these 
estimates 


c (Il) nii- (21) 


Lim c (Пезь) = Mest (271) 3. (22) 


(For m=6, Eq. (22) agrees to within a few percent with Eqs. (17), 
(19) and (21).) 

From Eqs. (16) to (21) it is evident that for m=(n—y)>6, 
and for IIIa p. ; П.р, (И) and II; are nearly the same. If 
лт, all of these estimates are effectively independent of Р(П), 
the prior probability distribution in II, so that uncertainties in 
detail about Р(П) make little difference in the II estimates. 


We have mentioned previously that whenever it is 
desired to*ascribe a numerical value to a statistically 
determined physical parameter such as 0, it is essential 
that at least some aspects of the nature of the prior 
probability function P (8)d0 be known. We have treated 
the case іп which P(0)d0 is a known function of 6. 
It is, however, not necessary that P(0) be completely 
krown as à function of 6; on the other hand, one must 
at least know whether P(0) is: (1) a continuous func- 
tion of 0, (2) a linear combination of ô functions of 6, or 
(3) а single à-function of 0. Put in another way, one 
shoula know: (1) whether all values of 6 are possible, 
(2) whether only certain discrete values of 0 are possible, 
or (3) whether 0 has a certain unique but as yet un- 
known value. On the other hand, if P(8)d0 is completely 
unknown, steps must be taken, in general, to delimit 
at least some of its aspects. Such steps will now be 
described. А а. 


II. PROCEDURE FOR FINDING АМ UNKNOWN 
PRIOR PROBABILITY DISTRIBUTION 


In the previous section, we have assumed that the 


prior distribution in the physical parameter, Р(0)40, is 


known. This is often not the case. Indeed, in some situa- 
tions this prior distribution may actually be the chief 
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Fic. 3. A plot of М, (0), the number of times the variable x had 
the measured value x”, versus x. 


quantity which is sought. Before we outline the pro- 
cedure for finding Р(0) under these circumstances, we 
shall describe the experimental work that must be done. 

The experiment described in II (i.e., the observation 
of a set of the x; for one particular value of 0) is re- 
peated M times. If Р(0) is a function which is different 
from zero for more than one value of 6, then one expects 
that 0 will not be unique in this set of M experiments. 
Each of the experiments will, in general, correspond to a 
different value of 9. Let us assume for simplicity that 
there is only one value of x in each of the М experi- 
ments (ie, in each experiment G(0;x;) becomes 
С(0: ху): then the result of the experiments will look, 
for example, somewhat as illustrated in Fig. 3, where 
Х («Ах is the number of times that the measured 
value x falls between x//— (Ax/2) and х + (Ax/2), Ax 
being the difference between adjacent xs. Since 8 is 
not fixed during the M experiments, we do not expect 
N(x“) to be well peaked unless P(9) is well peaked. 
To convert the V ;(x(?) to a relative frequency distribu- 
tion, we remember that 


Y; Nj(x9)Ax— M, 
= 


so the distribution sought is simply 
Е;(х\Фу= N;(x)/M, 


where Е (хФ)Ах is the relative frequency with which 
х lies, between 00 — Ах/2 and x ?--Ax/2. In the limit 
of small Ax and large M, Р,(:09) becomes F(z), а 
continuous distribution in x. It is to be noted that the 
(prior) probability distribution for z, previously called 
Q(x), must now be identified with the relative бе 
quency distribution іп х, F(z), | A PT = 
The problem then is to find Р having been given — 
F(x) from experiment and knowing thé: distribu! ion. E 
function, G(0; x), from theory. By use of Eq. Qc), w 
^ ” Á 5 
a Ee an ж 


ы ' 


_ find 


Lim F,(x)=F(x)=Q(x)= | Р(0)С(0: x)d0. (23а) 
KET 


Equation (23a) is a linear integral equation of the first 
kind, and has a unique formal solution for the unknown 
function, 2 (0), viz., 


А 


Р(0)- ЇР (х'){С(@; x) yda’, (23b) 


where 


fico ;2^)7G (0: х)10= ò(x— a"). (23c) 


Thus, in the case where P (0) is unknown one must 
repeat the measurement of x (0 ло! fixed) to determine 
F(x)=Q(x) and then use Eq. (23b) to calculate Р(0). 
Of course, in the special case where P(0) is a linear 
combination of à functions of 6 or a single ô function of 
0, Éq. (23b) will simply indicate that fact. 

Comparison of Eqs. (23b) and (2e) (or of Eqs. (2c) 
and (2e)) should not lead one to the conclusion that 
H(x';0)— (G(0;x'))-!; this conclusion is obviously 
wrong, if only because H(x’;@) depends on Р(0) 

(see Eq. (2b)) and (G(0;2'"))-! does not. More ex- 
plicitly, if (2^; 0) were equal to (G(0; 4^))-!, Eq. (23c) 
would indicate that 


fae 9)С (0; x)d0— 6(х— ^), 


and this last is impossible since and G, being both 

probability distributions, are everywhere positive as 
functions of @ for any x’, х. Thus the reasons for the 
validity of (23b) and (2e) are quite different; the former 
follows from (23a) as a consequence of the 6 function 
relation between G(0; x) and {G(6; x)}—, the latter on 
the other hand follows from (2a) as a consequence of 
the interconnected definitions of Q(x), P(0), G(0; x), 
I (x; 0) in Eqs. (2). 


Example from the Theory of Multiple 
Coulomb Scattering ^ 


Many particles are observed to reach the end of their range in 
one of the plates of a multiplate cloud chamber. The problem is 
to estimate the masses and relative frequencies of occurrence of the 
different particles. We shall assume that each particle is observed 
to penetrate n plates before reaching the end of its range. 
о Annis ef al? we define a variable, лс, by the relation- 
ship. ОТА EN 


? nic ф В“, (24) 

_ where ф; is the projected angle of scattering in the ith plate, 
and R; is the residual range of the particle in the ith plate. The 
_ exp quoa 0.553 for all materials, and is defined by the equation 
Ec. R/m&-A z(/me?)lls, (25) 


еп= cB as before, m is the mass of the particle, R is the range 
particle with given II, and Az is a constant for a given scatter- 
ridge, eet Olbert. Phys. Rev. 89, 1216 (1953). 

ай ni B 
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ing material. Equation (25) allows us to write the distribution in 
mi in а form analogous to Eq. (11); 


S(ni)& (2m) 3p^! ехр{ —m?/2p*), 5 (26) 


where p is a constant for a given particle, independent of the 
residual range, and depending on the mass of the particle through 
the relation рле! ©, From Eq. (26) it is evident that p has the 
dimensions of ni- 

Let us now define the mean square value of the ni by the equa- 
tion 


2-1 p) п, (27) 
ie 
and let G(p; s)ds be the probability for given p (i.e., given m), 
that s lies in ds. Then, 


G(p; )@= f --- f Im): Лада", 29 


the region of integration in Eq. (28) being over those values of 
the 7; for which Eq. (27) holds. The integral in Eq. (28) can be 
readily performed and the result is 


С; s) = Врт" expl — (1/2)ns*/p*], (29) 


where B is a constant independent of p and s. 

Let us now suppose that we have observed М particles reach the 
end of their range in the chamber and we calculate s for each of 
these particles. If Р (509) As is defined as the relative frequency 
with which s lies between 5®— (45/2) and 5®- (45/2), the 
(normalized) F;(s?) function might look somewhat as shown in 
Fig. 4. In this case, Eq. (23a) has approximately the form (if 
М-эо and Ap—0) 


Fi(s) = P;(p(P)G(s 2; 8) Ap, (30) 
F3 
where P;(p?)Ap, is the (unknown) probability that p lie between 
pO — ^p/2 and p?--Ap/2. Here Ар is at our disposal, and since р 
has the dimensions of s, let us take Ар= As. It is evident from Fig. 
4, that the right-hand side of Eq. (30) is zero for #> №. This im- 
plies that P;(pG))«0 for some values of 7 (sizce G(p(; s) is 
always positive), but since P; (p) is a probability, Р; (o?) =0 for 
all 7. The contradiction arises because of the experimental ap- 
proximation that F;(s(?) —0 for 7» №. In other words, we can say 
immediately that P;(p‘)=0 for p) «s(? and for ps? to 
the approximation considered here, and the sum in Eq. (30) be- 
comes a finite sum over those values of p? between s and 507. 


Fi (s?) 


89 502) gi gm — s? 


^ Fic. 4. The form “hat the data ntight take ша measuremen* 


oí the multiple scattering of many particles. The relative ire: 
quency F;(s“) of different values of 50) is plotted versus 
measured 509, я 


5 
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If one places 
Ap=As, 
Pi(s@) = 
(s) = f;, Gb 
Pip) =p; 
and | 
(Ар)С (р; 59) gi, 
Eq. (30) becomes 
N 
Цус Pitiss 2221,2, 005 (32) 


where f; and the gj; are known and the р; are unknown. There 


‚ are М equations in Eq. (32) with V unknowns, so that we can solve 


immediately for the pi. Explicitly, 


Pi [ga] z Сн, (33) 


where || is the determinant of the gj: and G; is the cofactor of 


gji. In addition, the “statistical errors" assigned to the р; are ге- 
lated to the “statistical errors" in the fs by the equation 
a N 
elbi) = 18:1 Z 066(/0, (34) 
i=l 
the е(/:) being conventionally calculated from the experimentally 
determined /: (i.e., €(fi)= fi). 
Our final solution has then the form shown in Fig. 5. The 
horizontal “errors” are simply the channel widths Ap and the 
vertical "errors" are the є(р;) calculated from the «(/:) by Eq. (34). 


Example: The Measurement of Mean Lives 
of Unstable Particles 


M individual unstable particles are observed to decay in the gas 
of a very large cloud chamber. It is desired to find the relative 
abundances and the mean lives of the different species of unstable 
particles present. In this case, F;(/(?)A£ is the observed relative 
frequency with which the particle life span / lies between 
19-4А1/2 апа tM-+At/2, Р,(т0))Ат is the unknown relative 
abundante of particles with mean life т between 70 — Ат/2 and 
тФ-ЕАт/2, and 

3 G(r; 1) 2 73 exp( —//7)- (35) 


Then, exactly as in the previous example, we have, approxi- 


^ > 
pis Pi( p^) в? 


гэ: Li 


-H РЕВ ao 


Fic. 5. A possille тези of the calculation described in the text, 


aoncerning the spectrum of їпаззез incidenton a cloud 
The relative frequency of occurrence of different values ol 
рет; 09 is plotted аз a function of р). Note that the result 
is consistent with two discrete mass‘ values. 

> 


, 
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mately, 
х 
Fi) = У Риг Gr LAr, (36) 
ja 


whence, setting fi= РИ), Р (т) m pj, (Аб, UO) = gi 
Eq. (33) follows as before (analogous to the previous case, one can 
take Ar=At=life-span channel width in the F;(t9) histogram). 
If now, for example, Рут = Р, (т) дт is "large" (2:1) for only 
one т‘), one has reliable evidence of the existence of onlv.a single 
species of unstable particles with mean-life near 7». — * 


IV. CASE OF COMPLETELY UNKNOWN AND OF DELTA- 
FUNCTION TYPE PRIOR PROBABILITY 
DISTRIBUTION 

In this section we shall treat two related problems. 
In both problems, a measurement of a set of the x, ls 
made on a single system which is one of a class of sys- 
tems, the value of the parameter 0 being fixed for the 
set of the х;. It is desired to estimate the value of 0 
corresponding to the set x;. The difference between the 
problems lies in our knowledge of the (prior) proba- 
bility, Р(0)40, that 0 lies in 40. Problems of type 1 are 
those in which we have no prior knowledge whatever 
about the value of б for any of the systems. Problems of 
type 2 are those in which we know that in each system 
of the class of systems considered, the value of 8 is 
fixed and ‘the same, i.e., P(0)d0—5(0—60;)d0; however 
the numerical value of бу is unknown. 

The occurrence of situations in which P(9)=6(9—4p) 
is generally accepted by physicists as a valid descrip- 
tion of the properties of a certain class of systems (e.g., 
a certain type of elementary particles) about which it is 
known that several parameters other than 8 (ї.е., 
V,x:--) have the same value for all the systems 
in the class. The systems are then assumed to be iden- 
tical in every way and are therefore characterized by 
the same value of the 0 parameter (=). Thus in the 
example of elementary particles, 0 may be the mean 
life of the particular type of particles, 4 the mass of this 
type, x the charge, etc. 


Problem of Type 1 


А и meson enters a multiplate cloud chamber and scatters 
through angles ¢; upon traversing the » plates of the chamber. It 
is desired to find the product П = fc8 for the meson. Here II is the 
same for every member of the set ф;; however, we do not know 
the (prior) probability that II lies in dII independent of the data 
on the particular scattering angles ó;. 


Problem of Type 2 


Measurements are mode of the life spans (f) of a number, У, 
of “и mesons" selected by the parent particles (= mesons) from 
which'they'are born, the daughter particles (electrons) into which 
they decay, etc., ie., the identification of these particles as 
“и mesons" is independent of the measurements of the f;. It is 
desired to find the mean life, т, of the и mesons. Here we know 
that Р(т)4т=6(т—то)4т by саг selection or sorting ‘provedure 
but we do not know the numerical хаше of то. : 


> 


= » ` 
We first consider problems of type 1,*ie, problems 
where no independent information whatever is available 
about Р(0). The first thing thet is evident is that in 
3 "o ^e 


> ^ 
at * B 


„ВЭЙ 


— this case there is no rigorous way lo find H (xi; 0), i.e., 
there is no way to estimate 0 and to quote a standard 
deviation in this estimate which may not be grossly 
in error. To justify this statement, we need only ex- 
amine Eq. (2b) for И (хх; 0). Since we have no informa- 
tion about P (0), we must make some assumption about 
the form of P(0) in order to estimate 0 (e.g., we might 

_ take P48)— constant). Having made this assumption, 
itis then a simple matter to use one of the methods 
described in Sec. II to estimate 6, and then to evaluate 
the standard deviation in this estimate. However, Р(0) 
is here actually unknown, and may have a form which 
makes our estimate of 0 differ from the true 0 by an 
amount large compared to the quoted standard devia- 

| tion (e.g., P() may be sharply peaked for values of 0 at 
which G(@; x;) is flat and small.) Hence, we see immedi- 
diately that there is a certain degree of arbitrariness in any 
procedure one adopts in the case where Р(0) is completely 
unknown; this arbitrariness can eventually be removed 

only if enough individual measurements of the set х, 

are made so that, as in the previous section, an integral 

equation for Р (0), Eq. (23), can be set up and solved. 

Let us, however, consider a possible, yet ultimately 

= arbitrary, procedure, in the case in which Р(0) is com- 

_ pletely unknown and only one measurement of the set 

x; is available. We suggest, essentially following Laplace, 

that in this case, the least unreasonable choice for P (0) 

is P(6)=constant. We further suggest that one take 

Oost AS Om.p., defined by (see Eq. (4)) 


ӘН (xi; ?] 96 (0: =] 
———— = const— — — =0, (© 
90 8 Um. p. 90 8 в.р. S 


and that one quote a "statistical error" or "figure of 
x merit” for the estimate, «(0..р.), given by (see below— 
E Eq (47) et seq.) 


2 


* «ф.22-|-228н08 40 |. cw 


$ 
Ё 
| 


In view of the necessary arbitrariness of this ог any 
other procedure for estimating 0 when P(0) is com- 
pletely unknown, it is always well to indicate explicitly 
that Р(0) has been taken as constant in the derivation 
_ of such an estimate. | | 

- One reason for suggesting the estimate of Eq. (37) is 
that this estimate has an interesting property, observed 
any authors and by К. A. Fisher,’ in particular, 
ich allows one to resolve a certáin ambiguity in the 
oblem. The ambiguity in question is the following. 
ny physical problem, the choice of 0 is usually not 
"There may be many different physical quanti- 
one to another in a simple one-to-one 
ich might be chosen as 0. For example, in 
тадрастуе decay of a group of nuclei of 

es, 0 can be taken as either the mean life 


tributions to Mathematical Statistics hn 
Мен York, 1950). 1 
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т, or the reciprocal mean life, A= 1/7. If one assumes | 
P,(r) is a constant, this is not consistent with takin 
P.(A) constant. Indeed, Rx 
ах 

Р\у(т)= P3Q)|— 


dr 


= Р,(№)т. 


Hence, Р; (т) = constant and Р (№) = constant are two 

very different physical assumptions. | 
If опе now takes т as 0, and the corresponding P,(7) 

as constant, one can find a ть... If one takes А as 0 

and the corresponding P2(\) as constant, опе can ht | 

lady find Ал... However, it turns out that ne 

=1/tm.p. SO that the arbitrariness in the choice of the 

parameter 6 (with the corresponding P(0) always taken 

as constant) does not lead to any ambiguity in the 

estimate Om.p.. This property holds in general and is 

perhaps the strongest reason for adopting the 0... 

estimate. 


To prove the last remark we let 0=0($) be any function of ¢, 
where ф is a new parameter. We must then prove that бол р, is equal 
to 0(dm-p.), where Om р. is calculated assuming /0(0) = constant, 
and ¢m.p. is calculated assuming P¢(¢) = constant. 

би. р. is defined by Eq. (37), i.e., 


9С(0: 2 
90 0 — 8m. p. Ix 0, (39) 
and ¢m.p. is defined, similarly, by 
дф Ф —óÓm.p D (40) | 
But 
aG 9С 40(Ф) 
Z (0(9); x)  —— (0(9); 0): ——. 
a | (Ф); =) = CH); =) dà 
If d6($)/d$ does not equal zero, we can write Eq. (40) as 
aG ] 
ET] (0(Ф); xi) $=¢m.p =0, (41) 
so that from Eqs. (39) and (41), it is evident that ` 
6(¢m.p.) =0m.p.; (42) 


which is to be proved. 


We now treat problems of type 2, (P(6)=6(0—4) “ 
with 6) unknown). Almost ай physical problems 
eventually reduce to this type since, when the physical 
situation is sufficiently well understood, a large number 
of particles (or systems of particles) all with the same 9 
can be isolated. The physicist then conducts his further 
investigations on these “completely sorted” particles 
or systems of particles опу. : 

This problem is no different in principle from the one 
treated in Sec. III. We define С(0; x)dx as the proba- 


‘A general comment сап be made regarding this “completely 
sorted” situation where Р(0) =2(0—00) (бо unknown). Using го. 
(23a), one has Q(x) — /Р(Ө)С(Ө; x)d8— G(9.; x), so that if OC. 
is found by the procedure described in Sec. Ш, a previously un- 
known functional form of С(0; х) (tne probability of finding 2, 
knowing 9) may be determined. This method is clearly followed in 
deducing physical laws from experimental data. On the other 
hand, it is quite evident from Eq. (23a) that if nothing is known 
concerning (0), a previously unknown G(0;x) cannot be de- 
duced from the experimental data summarized by Q(2. Un- 
fortunately, this latter situation is usually encountered when the 
‘sorting” is incomplete. 

" 


| STAT БЕ р 
bility, for fixed 0, that the measured quantity z lies in 
dx. (For simplicity, we again assume that the set х, 
measured in any single experiment has only one 
member, x.) Exactly as before, we measure а large 
number of x's, +, ---, «9, and so can define а dis- 
tribution in х, (x) = Q(x). In this case, however, we 
know that 0 is unique, and all we wish to find is di 
unique value of 0. 

The solution for P(0) is (from Eq. (23b)) 


PO= | POGO; у, (43) 


and, of course, we would hope that this solution is соп- 
sistent with the original assumption that P(0) is a 
ô function about the unique value of 0(0= 605). Moreover 
0, can now be immediately found. If, on the other hand, 
our solution is not consistent with the 6 function assump- 
tion, we immediately suspect a systematic error of some 
kind. 

The rigorous solution to the problem, given by 
Eq. (43), suffers however from several disadvantages: 


1. It is rather laborious for practical calculation. The 
steps that have to be carried out are summarized in the 
examples done in Sec. III. 

2. It is difficult to assign a “statistical error" or 
“figure of merit" to the estimate of 9. There is strictly 
no meaningful probability statement that can be made 

| about any estimate in the case where Р(0) is known to 
| be a single 6 function, e.g., the statement, “0 has a 
probability of 0.1 to be greater than, say, 61” is ob- 
viously meaningless since this probability, by hypothe- 
sis, is either 1 or 0. However, it is still useful to have 
some number which is a “figure of merit" for the esti- 
mate. This number cannot have a relation to any state- 
ments about probability (— relative frequency), but 
instead must indicate, in some well-defined but ulti- 
mately- arbitrary sense, the experimenter's estimate of 
the, over-all precision which may be assigned to the 
value of 6. „э 


я 


>There is, however, another approach to the present 

р problem, which, as we shall see, is free from both of 
these disadvantages. In this approach one defines, 
essentially following R. A. Fisher? the “likelihood 
function," GQ; x1xs- * xar), as 


Г С(0: Xp XM) 
=С(9; x0)G(0; x9) --G(9; x), 


(к=х%); (44) 


G(0; хус. хм) is formally identical with the previously 
defined function which gives the probability that for 
given 0, the set х{==хФ lies in dx; This likelihood func- 
tion, considered as a furiction of 0 with the x; given, 
will, as we show later, have a very sharp maximum at 
some value of 6, 0—6;, if M is large enough. 6; is then 
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taken as the “maximum likelihood” estimate of the Я 


actual unique value of 6, б. More precisely, 0; is de- - 
fined by the equation 


* 


dG 


СЭ (022272 | =0, 
og ёл (45) 


formally, the same equation which defines the estimate, 
б.р. calculated from the corresponding H(x,;9) with 
Р(0) taken as constant (see Eq. (4)). A justification of 
this procedure of estimating бо by бу, based on physical 
arguments, may now be attempted as follows: j 

Suppose that the likelihood function G(0; a1, - - -, хм) 
becomes an infinitely sharply peaked function in 0 as 
M approaches infinity, 1.е., suppose ы 


Lim С(0:31...км/--60-07): 


Maan 


(46) 


(== Lim function of zi. . . Xy. 
Moe 


(In all of the examples treated in this paper, Eq. 
(46) is obviously satisfied.) Put in another way, Eq. 
(46) states that for sufficiently large М, the value of 6, 
6—0'(xy---xy), is determined uniquely by a set of 
values of the x;. It is evident from Eq. (45) that 6; as 
defined by Eq. (45) is then the same as 6’ defined in 
Eq. (46), at least in the case where М is sufficiently 
large. Hence, if Eq. (46) holds, the likelihood function 
gives (for finite M): 


(1) a relatively easy way to find the estimate 
8i(xy, ^ -, м), and 

(2) а well-defined but nevertheless ultimately arbi- 
trary “figure of merit" or "statistical error" for this 
estimate. For with M large but finite, the “width” of 
the likelihood function tells us how close we are to the 
optimum situation where G(8; x1- - -хм) becomes an in- 
finitely sharply peaked function of 0. We therefore sug- 
gest that this "figure of merit" be defined as the quanti- 
tative measure of the width of G(0; жл- - хм), іе. we 
define® 


д? -4 
e(8))& | —— logG (6; xı.. 21 | 
90° #=01 


9С -i 
: =|- Z] | . an 
902 joo, 4 


This definition of «(0) is motivated by the fact that for 
large but finite M, С(0, 21: - -хм) is well approximated 


5In Eq. (47) we have implicitly assumed that the se x ir 50 
given exactly by the measurements. “Ноуганег, if any хи 
uncertain as а consequence of the limited precision 
measurement, then the «(0) has an additional» 
This contribution is discussed in Sec. V and shown 
with proper design of the experiment, ircases of practical 
5 n var 277: 


"s >, sae 


@ 
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(as in all the examples of this paper) by 


G(0; х1...хм)2С (015 ху...хм) 


92 
Жехр А] 40-0}. (48) 
90° 0 


=6) 


Те expression for 0; given by Eq. (45) (with the 
“statistical error” given by Eq. (47)) is (for M large but 
finite) a good approximation to 6’ when Eq. (46) 
is true. However, Eq. (46) must hold in every case where 
0 actually has а unique value 6= 00, with, in addition, 
Limy x0 (xı * xar) being just equal 10 бо. For, suppose 
Eq. (46) with 6’=6 did not hold as M— %. This would 
mean that, as М о, 0 was not uniquely determined as 
Во by the set of the ху, and this is counter to our hy- 
pothesis that each member of the set of the x; obeys 
the probability distribution G(0; x) with 6—6,. Hence 
as М-эсо, the likelihood function G(0; xı: - x) must 
approach an infinitely sharply peaked function of 0 
centered at 0 (xj, +++, хм) 69, so that 6 (xi- * xar) 60 
as Mo. 

As we have mentioned previously, the physical 


quantity one chooses as 0 is not unique; thus there are 


many quantities related in а one-to-one fashion any 
one of which can be chosen as the parameter 0. The 
previous discussion shows that the maximum likelihood 
estimate of 0, 0, given by Eq. (45) is independent of 
this lack of uniqueness. However, є(01), as given by 
Eq. (47), will in general depend in a sensitive way on 
the choice of the parameter 0; thus from Eqs. (47), (39), 
(40), we have 


| (49) 
ФЕИ, 


49 ($) 
а | 
4ф 
Example: Measurement of Mean Life of a Moving 
Particle in a Cloud Chamber; the Mean Life 
Assumed Unique 


In this example we assume that by means of an experimental 
sorting procedure we have isolated a set of identical particles 
each of which has the same mean life, 1/A=1/)o. If a particle has 
mean life 1/4, then 


exp( —X)Mlt е (50) 
is the probability that it will decay in d/ at /. However, if the ob- 
serving chamber is of finite size, and if T is the maximum value of / 
that can be observed, then the probability of observing a decay 
in dt at t£ Г becomes 
5 G(N; Hdt=exp{ —X) (1 —exi$( —AT }) di, (51) 


and the corresponding likelihood function is (4071; is^the life 
span of the jth particle and 7; is the maximum value of 0) that 
could be observed) 


M 
re CS 217755 i ехр(-3 0) (1—exp{ —AT;}) 1А. (52) 
ae i= 


^ ^ = 
The maximum Jikelikood estimate of X is now given by (Eq. (45)), 


we 
^ 


f 


Moe M M 
1/M2 M X DHM X T;(exp(NT;) —1)7. (53) 
fel 2 «t 


772 . ^ 


е ^ 


ә 
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Equation (53) can be solved Гог № by a process of iteration 1, 

the case where 7;>>1/X:, the solution for А; becomes Н 
м 


1/М сал БАГ 2 Ti (exp( Ti/fuean] — 1), (54) 
ju 


where 
M 
tnean= | 2 10). 
jai 


For the “figure of merit,” Eq. (47) gives 
M 

e) =\(M— Х AT)? exp( X T;)/L1 —exp( —МмТ;} 7i, (55) 
ja 

where the effect, for given М, of the finite T; in increasing є(№) 


is clearly shown.* 
Example 
If the decay of the individual particles is detected by a counter 


with background rate b, then G(^;/)d/, the probability per 
particle of observation of a count in d/, is 


G(X; )й= (b+) exp( —N}) (bT -+-1—exp{ —^Т}) dt; 
Г” Go; odi, (56) 
whence 


M 
G(N;hi- da) = П (9-5Хехр(--М02))(0Т-4-1--ехр(-ХТ 7 (57) 
ji 


(T;2 Т = maximum possible observed value of 107250, T is de- 
termined from the time at which the counting rate is reduced toa 
value near the background rate.) The maximum likelihood esti- 
mate of А is, if b& Ar exp( —NT), 


Y T exp( CT) 
VN pr -схо( NT) SENT] 
b M 
"ELM > (1-3 9 exp(Auj) ; (58) 
AP ji 
and since for large M, 
M л Pe. - Eu 
M Ў 0) = лобода Сее Ke о 


we obtain 
T exp( CAT) 
bT-F1—exp(—XT) 


bT T 
eaa (60 
ton м ) ( , 


For small b, е(№1) is given in terms,of № again by Éq. (бода 


4 
g? 


1/\1=tnean- 


Example HS Md 


The very fact that physical situations exist in which a(‘sortifig” 
procedure can be performed to separate particles with a unique 
value of 0 implies that workers in different laboratories can carry 
out the same sorting procedure, and then estifuate the unique 
value of 6. The question arises, “How must one proceed in order 
to combine these estimates of 0 from the different laboratories 
to form a ‘combined estimate’ and what is the ‘statistical error’ ОГ 
‘figure of merit’ of this ‘combined estimate’ ?"' 

We will show how one proceeds in a simple case and quote the 
results for one other simple case. 

Consider that JV different laboratories have carried out the 
same sorting procedure to isolate 2 group of particles and WEN 
then estimated the unique value of the reciprocal mean life i 
Calling the jth maximum-likelihood estimate of Xo, (№) 28 

8 See Fretter, May, and Nakada, Phys. Rev. 89, 168 (1953); 
W. L. Alford and R. B. Leighton, Phys. Rev. 90, 622 (1953) ; М. >- 
Bartlett, Phil. Mag. 44, 249 (1953). 
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assuming that the maximum теазига 
find the likelihood function for the jth lal 
and (53) 


e time T is infinite, we 
oratory is (see Eqs. (32) 


Я J 
G;(N; f) 2M ехр(-3 X | 
k=l 
where J is the number of particles seen to d 
tory, 1.е., J-J(). 
From Eq. (61) 


kh (61) 


ecay by the jth labora- 


3 JD 
> 1/09;—J7() X t 


= (62) 
with ‘‘statistical error,” 
LANTEA); 
The over-all likelihood function is 
, E 2. a 
GA; (0) = П М ехр(-3 È ta} 
je kel 
х 
» ла exp( —^ 2 JG Adi) (63) 
1-1 
where 
N 
M= Х J(j). (64) 


j=l 


It is evident from Eq. (63) that Xi, the combined maximum likeli- 
hood estimate of №, is given by 


N 
Им=М- E JG)/09; (65) 


;"1 
and 
€(A) = MAL 

In practice, however, one does not in general know the values of 
the J (7), hence it is useful to express our result for № and e(A,) in 
terms of the (№); and « (М); ]. From Eqs. (63-65) we obtain 

N 

E Q0;/(L02;]F 
1/Хг= Pei (66) 


э i 


N 
Z (O)i/( LOAF 


and 


^^ ADJE z (0) 32/60). 


Referring 20w to the problem of combining mass values from № 


* different laboratories, we сай (pi); the maximum likelihood esti- 


matë uf the parameter po by the jth laboratory (according to 
example of Sec. ПТ, po~ (т) =“), and the corresponding “‘statis- 
tical error.” A calculation similar to the one carried out above 
gives ^ 


№ 
2 ((00;Y/ («С (ш); 1}* 


Dy] 


oec (67) 
5 (ФАО 
7-1 


апа \ 
telp) =o > (в): 3/ 02:2), 


where ре is the combined maximum likelihood estimate of ро and 
Е (ра) is the corresponding “statistical error.” ый 

We note from Eqs. (66) and (67) that the rule for combining 
estimated mass values is not. the same as the rule for combining 
estimated reciprocal mean lives. In general, the rule for combining 
the (@est);= (00); depends on the functional form of the corre- 
sponding С(@; хл, `- *; хил). 
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У. EFFECT ON THE Е 

EXPERIMENTAL PRECISION. TN Е БЇВЕСТЕҮ 

MEASURED QUANTITIES 

It sometimes arises in practice that one can easily 
derive from theory an expression for G'(05; yy, ---, yw) 
-6'( yi), where G'(0; y,)dy, is the probability that the 
quantities y; lie in dy; for given 0, but that the y; cannot 
be “measured exactly." However, one can “measure 
exactly" a set of quantities x; which are related to the yi 
through another probability distribution. For instance 
one may have 


N 
g(yi хдаж= (22)-*? TT gj 


71 


Хехр(- (x;—3)?/20 7 }dx,; (68) 


Le. each of the x; may be distributed statistically in 
Gaussian fashion about the у;. In this case, the likeli- 
hood function becomes 


G6; Хї.. ху) =С(0; xi) 


= f Я fee; yJg (yi x)dy:s (69) 
Let us now expand С" (9; y;) in a Taylor series about the 
values y1— x1, уз= x», etc.: 


х OG’ (0: х.) 
G'(8; у) G' (6; y; x)2- 32 (ул-х)) 


1-1 OX; 
N oG (0; xi) Е 
+4 (yj—xj) он КО 
1, =1 9х,дх, 


and let us introduce the additional assumption that 
g(y;; xi), considered as a function of the уу, is sharply 
peaked for y;2x;, whereas G' (8; у) is relatively slowly 
varying in the region of y;z«x;. Then, substituting Eq. 
(70) into Eq. (69) and neglecting terms above 2nd 
order in (у;—х;) in Eq. (70), we get 


N 97 (0 A 2 
G(0; x) — G'(0; x)--$ L 07— — — 


j=l Ox; 


(71) 


Equation (71) can be used in Eq. (2) to derive the 
posterior probability H (0; x;) or it can be used directly 
to estimate 0 from the exactly measured x; in the case 
when 8 is independently known to be unique (see 


Sec. IV). If @ is unique the maximum likelihood estimate 
4 g 


of 0, 01, is given by of: 
х - è 2 * 4 
0G’ (8; x;) x 0G (6; xi) pod 
| th Дор... 1 -0, (72) 
90 E 900x 7, = : 
ee 8, 
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while if 0 obeys a known prior distribution law, Р(0), 
0) is given by 


OH’ (0; x) x 0Н'(0;х) 
Бн 
90 jl 900x? 


where ° 


НЧ; =) = P())G' (0; х) / | P(0)G' (05 5040. 


j. E The relative “error” in бү, є(0:)/0: will not be changed 
appreciably if the correction terms in Eqs. (72) and (73) 
are not large, i.e., if с 2/22 is not large. If the correction 
terms are large, the formulas in (72) and (73) are in- 
adequate; therefore in either case it is of little use to 
derive from them a new formula for є(0,). In this situa- 
tion, the problem must be re-examined and improved 
methods to measure the y; devised. 


Example from the Theory of Multiple Coulomb 
Scattering. “Noise Level Scattering" 


Let us consider again the example treated at the end of Sec. IT. 
We shall now assume that each of the n measured angles of 
“apparent” multiple scattering $; obeys a Gaussian distribution 
about the corresponding "real" angle of multiple scattering Yi, 
with standard deviation о. The magnitude of о is a measure of the 
‘noise level scattering.” In this case (see Eq. (73) and Eqs. (13) 
and (15)), 


cs 
Tiġi х 
с; с = constant 


(74) 


and 


H' (D; $;) = constII" Е Z i 1 


where m=n— y as before, and we assume IIo«&IIn.y. Substituting 
in Eq. (73), and remembering that the second term in Eq. (73) 
is small, we find 


(n—2y)o2)-4. (75) 


Пар = (m/2)A( $ 2 
[ot 


Comparison of Eq. (16) with Eq. (75) shows that the estimate of 
T= cB is increased when one takes into account the noise-level 
scattering. 

The formula given in Eq. (75) does not at first glance agree 
with the formula given by Olbert.! (We have o?, where Olbert has 
203.) The reason for this apparent discrepancy is a difference in the 
definition of g from the one used by Olbert. A possible method of 

- measuring the о we have defined in Eq. (68) is given below. 

- — Allow М tracks of very great momentum to penetrate the plates 

of the cloud chamber. (The momentum must be great enough so 
that the real scattering is negligible compared to the noise-level 

g.) In this case the distribution in scattering aegles is 

‚ (68) with уг-э 4250 and Xi фи; i.e., 


408 Оя) ско(-0/22) Ses дө; 00) 


-now-be estimated from g(c;¢:) by the 

elihood (Sec. IV), and is given by 
, N 

ei (N3 > фл}. (77) 

ur ja 


A 
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VI. THE “ESTIMATE DISTRIBUTION” 


Suppose an experiment is performed in which the ; in- 
formation is available that the parameter 0 is unknown 
but fixed and unique (0=0) for the set «=x, The 
likelihood function for the experiment may then be con- 
structed, namely G(0;x;)dx; and an estimate of the 
parameter (а И, Ам), €» the maximum | 
likelihood estimate 6;= best, may be calculated. We now 
ask “What is the probability that cst lies in 40, if the 
value of the parameter is assumed to be 00?” This ques- 
tion may be answered by constructing the function 
R (00; Pest)@est which is the probability hat б, lies in 
10. for 0 assumed to be бо: (00; 6,..)d0.s, is given by 
Eq. (78): 


R (05; D |. с Га, 5 .dxnG (00: Kise XN), (78) 


where the integration over the set dx; is carried out i 

under the restriction imposed by the equation ' 
без SS Sieg: (х 1. .ху) = бе Bost. (79), 

Thus, 

К (0o; Dest) est 


. .ху) 


=| |. fas. ‚.йхуС (00; x1 


х б Chis T ost (xı ... хм)) |2 (80а) 


The probibility function А (60; Ast) will be called the 
“estimate distribution" and can be used to answer 
questions of the type: “What will be the probability 
that est is, e.g., equal to or greater Вай some% if the 
value of the parameter 0 is assumed to be бо?” This 
probability, J (бо, 62), is obtained directly from the esti- 
mate distribution К (00; бе), and is 


J (0o, 0.) = R (0o, Bes) dbest, (805) 
ба » с 
with J (o, — ®)=1. 
Using Eq. (80а), we find averages over the estimate ү 
distribution can be expressed as follows: 
(ou) [eR ars) don c. MAE 


|е . .%y)G (095 ла... хм)аал. 22: (81а) 
(бы—бву%= | (8... — 09)? R (60; Dest) dest 5 


= f dt ..©м)— 09) 


.%y) dey. . dX; 


etc. It can then Бе proved" (urider suitable restrictions) a 


7 Cramer, H., Mathematical Methods of Statistics (Princetor 3 
University Press, Princeton, 1946), Chapters 32 and 33. 1 E 


Se ___ 


аена == 


о 


А 


that Юг best= Гем (Xi, ++, ху)=б, Oost "converges in 
probability" to the true value of 0— 6; i.e. Ў 
| Lim (0)7-96). 


Non 


(81с) 
One can also show? (under suitable restrictions) that 
(бг-0679)с (8... 09)*) (81d) 


for any fixed finite № and any 0,590, Equations 
(81c) "nd (81d) constitute additional powerful argu- 
ments in favor of maximum likelihood estimation in the 
разе of an unique but unknown parameter. 


Suppose a single'charged particle which stops in a multiplate 
cloud chamber has a certain angle of multiple scattering in each 
of the plates of the chamber. From these angles of multiple scatter- 
ing (and the range) one can estimate the mass of the particle: 
0. „= mass estimate=a definite function of the multiple-scattering 
angles. One can then calculate the probability that a particle 3 
known mass, €.g., a proton, appears to exhibit а mass equal to or 
greater than the'above best, 1.с., appears to scatter as little or less 
than the observed particle. This calculation involves constructing 
the estimate distribution for б (Eqs. (80)) and hence the estimate 
distribution for the angles of multiple scattering. However, ques- 
tions of the inverse type—“What is the probability that a particle 
which scatters the observed amount is, say, a proton?"—are 
meaningless since this probability is, by hypothesis, one or zero. 


As a further illustration of the use of the estimate 
distribution, suppose a “‘sorting” has been made in two 
experiments with the result that for each experiment 
the information is available that the parameter 9 has an 
unique value (which may be different, in general) in 
the two experiments. Then the simultaneous probability 
that the estimate of 0 from the first experiment lies in 
49...0) and that the estimate of 0 from the second experi- 
ment lies in 4б?) for a unique value of 0, бо, assumed 
the same in both experiments, is 


R (0 E 0..0, Dest) dB est dese 
EIR (6% ; Best ©)аб К (8o ; Best™) db est. 


> Ехашрїе 

„ Suppose two experiments are performed on the life spans of two 
sets of unstable particles. In addition, it is assumed on the basis 
of the sorting "procedure used that within each experiment the 
particlas are identical. It is пох desired to know if the results of 
the two experiments are consistent with the assumption that the 
méan fe of both sets of particles is the same, in other words, if 
theafwa 5045 of particles are the same. The probability in ехреп- 
ment 1 that the estimate of т lies in des”) for a unique mean life 
assumed equal to то is given by Eq. (80a). We shall take this 
estimate to be a 


N 
M=N-1 5 1, 
EST 
(See Eq. (54) with Tj— c), where № is the number of life spans 
measured in experiment 1. Then 
N 
R(ro; Tost) тен = [Га ахо YI тот 


i=l 


Test) =r: =fmean 


N 
xexp( —150/70)8 (ret —N * > по) arm 
d Pun 

and by use of the integral representation of the 5 function 


&(s—a) (2)! f... explia(x—a)}de, 
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the integral over dh®- - -dty'? may be performed yielding 
К(то; Test dren) 


at (Me) ee ж 
2=\ т -^ (8-4 Хтөн то} тон 
Finally, via the calculus of residues,? 
К(то; Teer deny 
NY (сс Nf т D | drag? 
=- =: ехр —? У 
(N—1)! ) Ї gr 


-. (82) 


70 то J Тоне 


In a similar manner, the estimate distribution for the second 
experiment, again for a unique mean life assumed equal to то, is 
К(то; Test dren 


МК (y сын | dres 

= = ex Эг 
(М—1)!\ mo р то f Test)” 

where М is the number of life spans measured in experiment 2. 


Thus 


К (то; Test”, Te PP) dro dTest Y 


NN MM (re (P) (Tent?) M 
NAI) (M — s 
— Nr! 4- Мт?) | dren” тезі?) 
exp то ENG Test ү. 


so that the simultaneous probability for experiment 1 to yield 
a value of Test between те — в (тек) and Test 4-Є(тем 0), and 


experiment 2 a value of Tes between Test? — elTe”) and тез 


Feltes”) is 
1) -Fe(rew' ai en 
R(ro; Test”, тев) 


а. 27) 
Test 2) — e(7e/2)) Y тем) --(тем7) 
Халим dros". (84) 


If now this last expression calculated from the observed 4, 
1,9 (see Eqs. (54) and (55)) is “very much less than one," what- 
ever the choice of то, it is not “likely” that the mean life of boih 
sets of particles is actually the same. If, on the other hand, a value 
of то can be found for which this expression is not “very much 
less than one,” it is “likely” that both sets of particles have the 
same mean life, то. (From Eq. (83) we find that in the optimum 
situation in which Tet тез), (теж) = (тез), and то is 
taken as rest, Eq. (84) gives approximately one-half.) Obviously, 
both of the preceding qualitative statements can be made quanti- 
tative by a definite (though ultimately arbitrary) numerical speci- 
fication of “very much less than one,” and “likely.” 


Example 


Another interesting case of the use of the estimate distribution 
involves the following problem previously considered and solved 
by Sard and Sard.? In a cosmic-ray counting experiment the ob- 
served number of coincidences in a certain time interval is 7, 

8 In this problem, the integral on the right-hand side of Eq. (78) 
may be performed directly because of the simple relationship for 


Test, namely 
E 
Test = (1/%) > ЦЭ 
i=l 
In this case 
К(то) тыййтеа= ti ехр{—Мт/то) | diedi, — 


where Ше integral is the volume in N-dimensional £ space cen- 
tained between the two hypersurfaces defined by Test and Test 
+-drest. This volume is proportional to (reat) "dTest, 50 that 


Тєв N Бэ 
Rs ra) A(T) menter Neel te 


in agreement with Eq. (82). The norma izgtion constant A may 


“be determined by requiring that S R(ro; теэ/ Что 1, This simp 
method of evaluating the right-hand side of Eq. (78) will work 


whenever С (65; xi) can be written as а function of бу and бе only, - x 


NON 


ЗА. Sard and R. Sard, Rev. Sci. Instr. 20, 526 (1949). 
ЗЫ 
5) ў * ыы n 
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the calculated number of chance coincidences in the same time 
interval is В, and the parameter 0 to be estimated is the mean 
number of true coincidences in the time interval. It then follows 
that the probability distribution for x, given 0, i.e., the likelihood 
function, is Poissonian :° 


(9-8) | 
6(; x) ee ехр{— (0--8)). (85) 
The maximum likelihood estimate 080, 6, is then given by 
Ev, 9 200 2) =0; whence, 0=x—8$. (86) 
00 0-0, 


By use of Eqs. (78), (79), the estimate distribution with 0...—6; 
=х—В, is given as 
Ro; 0.) ви | (о; х)йх 
with 
Oost FBS веы-НВ-Навезь 
so that 
К (6%; Best) ви = G (бо; Oc В) вез 
x (бь4-8) 558 
(Boat +B) ! 

Thus the Poissonian property of G(@o; x) implies that К (бо; Bost) 
with 655,0; is also Poissonian in the variable 6.,:4-8. Further the 
“statistical error" or “figure of merit” assigned by Eq. (47) (060: 
is given by 


ехр(--(004-8))40 4. (87) 


e (01) = x, (88) 


‚ 50 that we can write 


bo~ (x—B) at 


in agreement with the results of Sard and Sard.? It is also possible 
to calculate (for 0,,,01— x—8) 


(Bost) =(@on+8)—8 
=f (Oest +8)R (00; best) dest — В 


=f бы exp{— 6:9) | 


(0ьь 1-8)! 
Xd. — 8 —00, 0 (89) 
and similarly 
est”) = Јак (00; Best) Best = 09-- (0:4-8), (01) 
so that 
(беь42)— Best)? =00 +8 — Best) +B. (92) 


Equation (92) can be used as a check on the internal consistency 
of the coincidence counting data. Specifically, Eq. (92) gives 
(since 0.4,—01— x— 58) 


M M 2 
М > (x0—8*»—(r E (00) —8))= MO > x, (93) 
7—1 Y y=1 


where a(? is the number of coincidences during a definite time 
interval y (say, one day). 


УП. CONCLUSION 


In this paper we have attempted to find a relation- 
‘ship between the probability functions Н (2;;0) and 
-С(0: x;)dx; defined in Sec. I. In other words, we have 
attempted to answer the questiop, “Ноу does one pro- 


1 The estimate distribution (0,5 Oest)dðest permits the defini- 
tión of the so-called “unbiased” estimate through the relation 


I= Gest) = Ї 49:ь:9с::4К (8o; Best) 
Nee cde |. fela: - -xy)G (00; x1* * -xn)dxı---den, (90) 
any. бе satisfying the copdition in Eq. (90) being called “un- 


biased.” Tkus any 05215 unbiased provided that its average over” 


the estimate distribution is equal to the true (or assumed) value 
Gof the parameter 6. Eq. (89) shows that the @es:=61 of the present 
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ceed to estimate a physical parameter 0, given a se a 
of physical data related to @ through a theoretically 
derived and/or experimentally confirmed probability 
function G(0; x;)dx;; in addition, what statistica] sig- 
nificance does this estimate and any quoted ‘еггор 
possess?” 

The above problem has, of course, been treated in the 
literature in great detail. In fact, R. A. Fisher? has 
actually constructed a “maximum likelihood” theory of 
estimation essentially independent of the prior prob- 
ability P (0). On the other hand, in the present paper we 
attempt to formulate a treatment of- estimation con- 
sistent with a partial knowledge of P (0). Specifically : 


1. If P(0)d0 is known initially, the procedure to fol- 
low is given in Sec. II. If a single measurement of the 
set x; is made, the corresponding value of 0 can be esti- 
mated and meaningful probability statements can be 
made concerning this estimate, ду; e.g., we can give 
the probability that 0 lies between @.s:-+o (best) and 
Dest— 7 (best). 

2. If P(0)d0 is initially completely unknown, one can 
always find it on the basis of sufficient experimental 
data using the procedure in Sec. III. 

3. If P(0)d0 is initially completely unknown and 
only one measurement of Ше sel x; is made, there is an 
intrinsic degree of arbitrariness in any estimation 
procedure. Nevertheless we suggest in Sec. IV that in 
this case one take all values of 0 as having the same 
prior probability and that one quote an estimate био. 
formally equivalent to the “maximum likelihood” 
estimate. The corresponding "statistical error” in д.р. 
as well as ôm.p. itself, however, are now: quantjties about 
which one can make no statements which are meaning- 
ful in the sense of probability — relative fréquency. 

4. If P(0)d0 is initially known to be avsingle 6 func- 
tion about an unknown value of 0 [P (6) = 6 (6— 8o) where 
во is unknown], and if one measurement of the set x; is 
made, the procedure is similar to taat in (3) above, but 
we believe that its justification rests on firmer groun& 
(Sec. IV). One can here quote an estimate of 6; the 
“maximum likelihood" estimate, and a "figere of 
merit" (or "statistical error") for this estimate (see а/80 
Sec. V). However, it is still intrinsic to the problem that 
no really meaningful probability statement (in the sehse 
probability= relative frequency) can be made about the 
"statistical error" associated with the estimate. On the 
other hand, this "statistical error," and indeed the 
estimate itself, possesses а, significance in the'sense of а 
suitable statement of the relative degree of belief which 
can be objectively assigned to the possible 0 values; We 
feel that such a significance is greater when 2 
=2(0—00) with unknown, than in the corresponding 
case just above where nothing is known about P 0) 
(see also Sec. VI). 4 
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proves the “unbiazedness” in general of maximum likelihood 
„estimates only ir/thelimit №5.) — * 


СЕ 


3 2 
Li P 
T O 


24, iple (М=11!) is unbiased. (It is to be noted that Eq. (81c) 
341 


^ 


, 


REVIEWS OF MODERN PHYSICS 


VOLUME 25, 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


NUMBER 4 OCTOBER, 1953 


| Virial Coefficients and Models of Molecules 
in Gases* 


TARO KIHARA 


Department of Physics, University of Tokyo, Tokyo, Japan 


A CONTENTS 


it шоч and the Third Virial Coefficients for Spherical 
1. Introduction 
2. Square-Well Potential 
3. Lennard-Jones Potential 
4. Inverse-Power Repulsive Potential 
II. Criticism of the Lennard-Jones Potential 
5. Transport Properties of Gases 
6. Stability of Crystal Structures 
The Second Virial Coefficient for Nonspherical Molecules 
7. Rigid Convex Body 
8. Parallel Bodies of a Convex Core 
9. Core Model 


TIT. 


GENERAL INTRODUCTION 


HE equation of state of gases may be expressed in 
the form 


pr= RT (1+ Bo2+Cr?+ se Э, 


where р is the pressure, v is the volume per molecule, 
k is the Boltzmann constant, and T is the (absolute) 
temperature. In this expression В, C, ---, which are 
functions of the temperature, are called the second, 
third, ---virial coefficients. These coefficients indicate 
the deviation of z' real equation of state from that of the 
ideal gas. It is a great success of statistical physics 
that these vitial coefficients have been given in terms of 
the interaction between molecules, or the intermolecular 
potential. In fact, each virial coefficient is represented 
as an integral of a function of the intermolecular 
potential. ; j 

Besides thẹ equation of state, the viscosity, isotopic 
thermal diffusion, and ather transport properties of a 
gas аїе?а1зо intimately related to the intermolecular 
petential. In fact, each one of these properties is ex- 
pressed їр terms of effective cross sections for molecular 
collisions, which are also determined by the intermolecu- 
lar potential. 

The objective of the present article is to collect in- 
formation about intermolecular potentials obtained 
from these pronerties of gases, particularly that by 
Japanese workers in recent years. In order to make the 
limits of our problem clear, we confine ourselves to 
pure, nonpolar, nonquantum gases. 

For our purpose it 15 advisable to use suitable models 
of molecules. A suitable model must have both of the 
following two merits: (1) The model approximates 


* This work was carried out at the University of Wisconsin 
17. 8. Naval Research Laboratory, Madison, Wisconsin. 
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real molecules (accuracy). (2) Necessary integrals can 
be evaluated for the model (integrability). 

A molecular theory of matter is usually based upon 
the assumption that the total potential energy is equal 
to the sum of the potential energies between pairs of 
molecules. We also have to assume this additivity of the 
intermolecular potential. 


I. THE SECOND AND THE THIRD VIRIAL 
COEFFICIENTS FOR SPHERICAL MOLECULES 


1. Introduction 


For spherically symmetric molecules, such as the 
rare gases, the potential energy between molecules, U, 
is a function only of the distance between the centers of 
molecules, 7. In terms of r;;, the distance between two 
molecules i and j, and by means of a function 


f(r) = expL- U (7)/£T ]- 1, (1.1) 


the expressions for the second and the third virial 
coefficients, derived from statistical mechanics," are 


в--4 f = — 15 f(rdr, (12) 


с--3 ледот, (1.3) 


where 
dr;=dxdydzi, 
(x;, уг, =) being the position of the molecule 7. 
There is a temperature, Тв, such that 

B(T)>0 for T>Ta, 

В(Т)<0 for T«T;. 
The Тв is called the Boyle temperature, because Boyle's 
law holds better for this temperature than for other 


temperatures. Relative to the Boyle temperature, let 
us define a volume 75 by 


dB 
B= (22) . £ 
4Т/ т-тв 


It may be suitable to call, this vp van dez Waals’ 

molecular volume, since it is equal to the term7con- 

cerned with molecular volumé irevan der Waals’ 
^ 


@— эе 


1]. E. Mayer and М. б. Mayer, Statistical Mechanics (John 
Wiley and Sons, Inc., New York, 1940), 


831 - : Зул 


| 
| 
| 
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"TABLE T. Boyle temperature Тв and van der Waals 
volume ов for the rare gases. 


_ == I E зал а 
аса = 


Тв°к тн AS 
№ 123 35.5 
А 410 67.4 
Kr 594 78.5 
Xe 772 114 


© 


equation of state. The values of Тв and тв for the rare 
gases are given in Table I. 

Taking the characteristic values Тв and vg as units, 
let us consider dimensionless “reduced virial соећ- 


cients” 
( n ) B(T) Т C(T) 
ВЧ--)- 7 с(--)- 5 
Тв UB Тв vg? 


in which B* is normalized as 


В*(1)=0, [dB*()/di]..1—1. 


The B* and C* for the rare gases, which have been ob- 
tained from observed values given in Table II, are 
shown in Figs. 2 and 5 in the following two sections. 


"TABLE IT. Second and third virial coefficients for the rare gases. 


T°K В Аз CX107A® Reference 
Ne 65.2 —34.8 15.5 9 
90.6 — 13.6 12.2 
123 0.2 6.1 
173 10.7 5.5 
223 15.1 6.3 
273 17.7 7.0 
373 19.7 э 
473 21.7 
573 22.8 
673 22.8 
А 173 —106.8 5 
223 — 62.7 48 
273 = 56 46 
323 — 18.3 33 
373 —7.1 31 
423 1.9 27 
473 7.8 27 
573 18.6 э 
Кг 273 — 104.5 76 5 
323 257151 62 


L. Holborn and J. Otto, Z. Physik. 33, 1 (1925). 
eattie, Brierley, and Barriault, J. Chem. Phys. 20, 1615 (1952). 
attie, Barriault, and Brierley, J. Chem. Phys. 19, 1222 ЖООР 
D e 


2. Square-Well Potential? 


The simplest model for which both the second and the 
third virial coefficients have been calculated is that of 
the square-well potential : 


о for r<o 
CE for o<r<go (2.1) 
0) Лог о. 


(Fig. 1). Here о means the collision radius between 
molecules or, in our case of one-component gases, the 
diameter of a molecule. . 

Substituting (2.1) into (1.1), we have 


—1 for r<o 
10)-4 x for o<r<go 
OP г gU T. 
where 
x— exp(e/kT)— 1. (2.2) 
| U(r) 
| 
| 
| 
l o 99 Fic. 1. Square-well 
Op-—-—--—-—- = 7 potential. 


PC 


e 


The second virial coefficient (1.2) is expressed as а 
linear function of this x: Ч 3 


В-4н(1-1(8-1)1, (2.3) 
in which : 
2 A 
WE 2 
é | e 
is the volume of the molecule. й 


Relations between Тв and є and between yp and vo 
are calculated to be 


(2.4) 


(2.5) 


The third virial coefficient can be expressed аз & 
cubic function of x; 3 


Р ) 
3С-10)-3х10)4-3:210)-4310) (2.6) 
2 T. Kihara, Nippon Sugaku-Buturigakukaisi 17, 11 (1943). 


- 
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ie 
of 


3 D. : 
Here 19 ше values of S S dridr integrated over the 
following regions. 


IO: re<o, 713<0, 7 Ко, 


2 , 


pO: с<712< ga, 713“, 7230: 
IO: g «T3» X gc, 0 «ri; « go, Toy 0; 
эл 19): с <712< ge, с<713< go, 72421242 


Let W (а, b, c) generally be the value of S f drdr 
integrated over the region 


713<6, 


? 


fina, T25 с. 


Since W is symmetric with respect to a, 6, c, it is suffi- 
cient to calculate іб in the case az b, az c. It is clear 
that W is given by 


W (a, b, с)-:4т || У (а, b, 7)r'dr, 
Ы 0 


in which V (a, b, c) means the volume of the overlapping 
part of two spheres of radii a and 6 having a distance r 


between centers: 
V (a, 6, ) = (т/12)[2— 6r (a?+-b?) +8 (a? 8%) 
—3(02— 02)2—1] 
when a—bSrSa+d, 


= (41/3) 


when 72-08. 


We obtain, therefore, 
W (a, b, c) = (12/18) [a54-054-c52- 188? b^ 
4-16(88-4-684-255) 
зоа) +20) (4-9) ] 
5 when 420-Гс, 
--(16л2/9)868 
when 42:0-с. 
In terins of this function, 7 in (2.6) are given by 
I9-—W(e, c, c), 
IO-W (ge, o03—19), 
IO-W (ро, во, c) -19 —210, 
' 22 ФЕ (ge, po, 60) 1:0 310—310. 
Thus we obtain finally 
C—2w[5— (5 — 18g*--327—15)s 
— 4E (— 252-36]: — 328 — 188 +16) 
— (6g5—18g*--18g—6)9] for #22, 
=2ё[5—17х-Е (32g 18g — 48)» 
i — (5g°—32g +182 +26) ] for #22. 
For example 3 
С=2?°(5— 17х-1-136^— 16243) for g=2. 
| ` Figure 2 shows these Virial coefficieuts in the reduced” 
forms. From Fig. 2 and consulting Fig. 3, we see the 
following facts: 
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1 


Or 
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E 
F ? 
L | di 
- 2.0! -- кк Lai : yc img Tg 
о LO 20 3.0 


Fic. 2. Reduced virial coefficients compared with curves for the 
square-well potential. 


Г чини 

1. The third virial coefficient C* is sensitive to the 
shape of the potential, whereas the second virial coeffi- 
cient В* is insensitive to it. 

2. If the bowl of the assumed potential is not suffi- 
ciently wide, the calculated C* is too small. 

3. The adequate value of g for the rare gases is 
about 2.0. 


3. Lennard-Jones Potential 


Assuming that 


NC n т ro\” n әх” 
ОО 
TRE 7-0 Ч 7 n—m\r 


n>m>3, 


À, и> 0, 


Lennard-Jones? evaluated the second virial coefficient 
(1.2) in the form of a power series. Integrating by parts, 


x 
G 
5 
I] SN 
.0 $ 
| ПА 
DEREN 
IH N 
Ес. 3. Re- [|1 b» SL 
duced third virial 10 соо 2 
coefficient calcu- [| 84 
lated for Ње | = 25 
square-well po- 0.51? | ~~ 
tentia], a | | 2 
И! [y 
11 
1 aS 
A 
| | 77 т 
26 X CEPI US 


з Lennard-Jones, Proc. Roy. Soc. (London) A106, 463 ( 
Proc. Phys. Tone ondon) A43, 461 93). | 
= v AS 


d 


834 ТАКО 


he first obtained from (1.2) 
2m p^ 1400) 


ji tg I USA 


3 Јо RT dr 


| U 2] 9 
exp| — rdr. 
lj Г. 


Expanding exp(u/r™kT) of exp[— U(r)/AT] inte а 
power series and integrating term by term, he obtained 


ту Л ү" = im — 3 y! 
ECCO 
n ХЕТ t=0 n t! 


m ( >) m 
OS ee Mete . 
ЕТА 


Two neutral nonpolar molecules at а sufficiently 
large distance apart attract each other with a potential 
inversely proportional to the sixth power of the dis- 
tance. It is reasonable, therefore, to choose m=6. 

The expression (3.2) can be transformed into 


27 Uo 
s-—rr.(—), 
3 kT 


(3.2) 


(3.3) 


where 
Зо 1 sim—3\ fn\'t7 m (Sm) 331! л 
Em 0c - 
n 1! n m n—m 


(The suffix 3 indicates that this function is one of the 
F, in section 9. In the case m=6, n=12, the F, are 
given in Table X.) In the case m=6, the Boyle tempera- 


ture, Тв, and the van der Waals volume, vg, are related 
to the model constants as follows: 


‚ kTB=4.571Uo, эв=1.0073 for n=9; 
kTB=3.44Uo, vg=1.20r for n= 12; 
kTg=1.17Uo, vp—246rj for n=0. 


The series expansion technique can also be applied 
to the third virial coefficient.t Let us transform the 
integration variables of (1.3) as follows: 


с--4| о) а 


2rns 


из) f r3) f (r3) d rid s 


ri2>re3 


1 3 == Г] E | КОО о 


_(@—у# 


ч ХКМКфа(у), (3.4) 


ге (see Fig. 4) 
= 


P 
Ї =712, try )R=ns, [(1— zy--y* JR =r. 
Kihara, J. Phys. бос, Japan, 3, 265 (1948); 6, 184 (1951). 
= а 
А 2 ef ЭР Ө 


e та 
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First we carry out the integration with respect to R 
Integrating by parts we have : 


-| f (rie) f (ris) f (ro3) R°dR 


E Їй Ри y 
uus aR К. (35) 


Here the product of f functions can be written as the 
sum 


(а) (т) (а) = f9— SV- SO- yo 
+70) из) зд, 


in which 
fO — expL— (KT) (U (ri) + U (r3) + U (73)) ]- 1, 
/®=ехр[— (ТУЧИ (ri) 8-U(n3))]-1, 
[P= exp[ — (&T)(U (r12)+ О (re3)} ]— 1, 
f =ехр[- (&T)?(U (713) + U (93)) ]— 1. 


For m2 6, the integral of the sum of these seven terms 
can be evaluated by the sum of the seven integrals, 


Fic. 4. The (x,y) 
domain of integration 
for (3.4). 
= xR — Ч a Б) 
RS 


д 
each integral concerning each term. Therefore, in the 
same way as that of Lennard-Jones, we can expand 


(3.5) into 
1 Х 6/n о : 
235 


t=0 


и ( ыг 6.9 
У = , с 
UNDE 


1 /im—6 1-Е” |“ 
б,=-г(——° |а ш - | 
2 (flere gp 
1-Е #" | 
(1-- &)m/n 
1-7” | 
(15127225 
mt m 
тн z 
(£n--g7)min 
E-R/ra— (Ey), п/а E12 T ^ 


ан 


а 


| жне 
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'Thus we obtain 
EN Х J- > 3 a-y 
E осн WEE t * ^^ 
п ХЕТ cd | ЇЕ 22421527 (3.6) 
(1—2) 


Е сезу Е : : 

In the case we need, т: б, С, Бесотез indefinite, We 
may, however, take the limit 77-96, since in the original 
fezm this value is not any singular point: 5 


(+ %(1+" d 
_ lim и СЭ Ши )(E--) 
E LEE Ре) 
1+ n n m 
: тэ п") (Ея ) 
n+ £7) 


Let us fix m equal to 6, and confine ourselves to the 
(6, n) potential 


00) | Жү ан 
gem E 5 
| 215 244) | S 


hereafter. 


Taste III. Coefficients in the series expansion (3.8) of the third 
virial coefficient for Lennard-Jones (6.9) and (6.12) potentials. 


t 7:09) 7102) 
0 -- 1.561 - 1.383 
1 — 2.940 —2.562 
2 +0.929 +1.215 
3 0.716 0.766 
4 0.503 0.343 
5 0.291 0.047 
6 0.105 —0.112 
e o —0.04 — 0.168 
8 —0.14 — 0.164 
О -0.20 — 0.134 
10 — 0.23 -0.098 
ШЕ 0 — 0.23 — 0.067 


Our result (8.6) шау be written as 
^ о 


= ^ 


© y t 
х cm 1068 E vo). 
со t= 2 
mou WWE © UIE 
ресу 
6\ er 0 12-40 Dr 


y ig E: 8» n ( 6 бе 
2 2 kTN А ) 7121 --6 kT 
The values of y,(7), which have been obtained by 
numerical calculation of the double integrals, are given 
in Table TII.’ E 
Comparison with observed values is shown in Fig. 5. 
Consulting the conclusions of the preceding section, 
we see that the bowl of the Lennard-Jones (6, 12) po- 
5 Tn the case of (6, 12) potential, a highly accurate table for C 


is given by Bird, Spotz, and Hirschfelder, J. Chem. Phys. 18, 
1395 (1950). 


(3.8) 


5 a 


+0 


1.0 X 1 LA 


Ё Ne 
СО 
! ^ ~~ ас = 9 
F 12 
Ta 
о 2 
| Li 
| й 2 о Ne 
fs п 12. * A 
ji + Kr 
4 
-1.0 
7 х Хе 
I 
! 
| 22 
-20 i : У I 3 
0 n 2.0 3.0 


Fic. 5. Reduced virial coefficients compared with curves for 
Lennard-Jones (6, 1) potential. 


tential is not sufficiently wide for molecules of the rare 
gases. 


4. Inverse-Power Repulsive Potential 


When the attractive part of the intermolecular poten- 
tial is negligible, the model 


U(r)=dr-, Х»0, n3 (4.1) 


may be used. The exponent z may be seen as a measure 
of the hardness of the molecules. 

In this case the (v4-1)-th virial coefficient is written 
in the form б„(А/ЁТ)?!^‚ b, being independent of the 
temperature. In particular, from (3.2), the second virial 
coefficient 1s 


Р 2т = ( ` y (4.2) 
И \\({ ЫШ Я 
з WE ) Rn 
and, from (3.8), the third virial coefficient is 
5т? х ү" 
> C=—yo(n) (=) : (4.3) 
18 ЁТ. 2 


The values of у (п) are given in Table IV. 
This inverse-power repulsive potential, and therefore. 
the results (4.2) and (4.3), can be applied to gases at 


-n 


TABLE I7. Numerical factor in the third virial coefficient (4:3) 


Гог the inverse nth power potential. ^ 
п ў yaln) х, - RP 
6 2.032 =" 
9 $561 г а 
- 12 за 
15 1.291 ee Е 
18 1.233 А 
2) 1.000 
^ 
К. "тэгээ 
.^ ^ A 
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extremely high temperatures, such as gases produced 
by detonations.* 


И. CRITICISM OF THE LENNARD-JONES 
POTENTIAL 


„5. Transport Properties of Gases 


Yn Дес. 3 we came near concluding that the bowl 
of the Lennard-Jones (6, и) potential with л = 12 is too 
narrow for molecules of.the rare gases. So long as 
we use the (6,4) potential we will have to choose 
n<12 if we want a wider bowl. In reality, however, the 
state of affairs is not so simple since the choice of small 
n exerts some influence on properties of the gas at high 
temperatures. 3 

Transport properties of a gas at moderate densities 
can be expressed in terms of effective cross sections 
0,5, defined by” 


QO =r Ї eO ү? ехр(— У?)аТ, 
0 


so f (1—cos'6)gbdb, (5.1) 
0 


112 «5 uen, (ДЕЎ, азо 


TABLE V. Functions defined by (5.2) for (6, ©) potential (5.3), 
t being given by (5.4).* 


ош 


r=l, 


$ Fi) Е ($) F2Q) Ея ($) 
0.00 0.5000 1.5000 1.0000 4.0000 
0.01 0.5017 1.5034 1.0036 4.0106 
0.02 0.5036 1.5068 1.0074 4.0218 
0.03 0.5056 1.5102 1.0116 4.0335 
0.04 0.5077 1.5137 1.0159 4.0457 
0.05 0.5099 1.5173 1.0205 4.0585 
0.075 0.5159 1.5268 1.0330 4.0927 
0.100 0.5225 1.5369 1.0468 4.1299 
0.125 0.5296 1.5478 1.0617 4.1700 
0.150 0.5369 1.5595 1.0774 4.2127 
0.175 0.5444 1.5719 1.0939 4.2578 
0.200 0.5521 1.5849 1.1115 4.3053 
0.250 0.5674 1.6126 1.1464 4.4055 
0.375 0.6048 1.6872 1.2376 4.6777 
0.500 0.6401 1.7648 1.3264 4.9615 
0.625 ‚ 0.6733 1.8426 1.4090 5.2403 
0.750 0.7045 1.9189 1.4846 5.5053 
0.875 0.7338 1.9929 1.5537 5.7530 
1.000 0.7614 2.0635 1.6167 5.9828 
1.125 0.7874 2.1308  ' 1.6753 6.1963 
1.250 0.8119 2.1945 1.7294 6.3950 
1.375 0.8351 2.2551 1.7800 6.5809 
. 1.500 0.8571 2.3125 1.8275 6.7556 
< 1.625 0.8780 2.3673 1.8725 6.9205 
1.750 0.8981 2.4197 1.9153 7.0771 
1.875 0.9172 2.4608 1.9560 1.2262 
2.000 0.9357 2.5183 1.9950 7.3689 
e D aee aa 


a The vues are taken from M. Kotani, Proc. Phys. Math. Soc. Japan 
24,716 (1942). 
С ОВЕН 


T. Kihara and T Hihita, Fourth Symposium on Combustion 
jams & (Wikins Company, Baltimore, Maryland, 1953), p. 


hapman and Т. С. Cowling, The Mathematical Theory of 
1 Gases (Cambridge University Press, London, 
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Here g is the relative velocity, b the impact parameter, 
0 the deflection angle in the orbit of relative motion, and 


V= (m*/2kT)'g, тї = reduced mass. 


In particular, when the Lennard-Jones (6, n) poten- 


tial 
(у= ше 


is adopted, the Q0? аге given m the form — 


Еур А NI 
09001 |01) FO): (5.2 « 
сл m* 2kF 


1 jT 1/(n—6) 
Eu) c 
248) 


The functions F,!(¢) have been calculated for (6, o) 
potential, i.e., 


in which 


Lir t for r>a . 
U(r)= | (5.3) 
со for 700, 
1 р 
а (5.4) 
2 ЕТа% 


Тһе results are given in Tables V and VI. 
The viscosity, 7, of a pure gas is given by 


SERT 3 ,QO(3) 7? м 
еу] 8 

80002) 494902) 2 
(compare Appendix). Figure 6 shows caleviat 
curves and observed values of the reduced viscosity 


n(mkT)-*v33, 174838 


where m is the mass per molecule, and Тв and vs a 
taken from Table I. Д 

The isotopic thermal diffusion ratio т is given b) 
(compare Appendix) 


^ 


iS con 200 (2) 50000) 
paana з 
8 (m+n)? mm 002) 


where m/m» is the ratio of the masses of the iwo kinds 
of molecules (mi m»), and n (ni--112) and лә/ (mi т) 


(5:8) 


8 М. Kotani, Proc. Phys.-Matk. Soc Тарал 24, 76 (1942). : 
°T. Kihara апа M. Kotani, Proc. Рһуз.-Маїһ. Soc. Тарай 23 
602 (1953). no otani, Proc. Phys.-Ma 


Hirschfelder, Bi ( Phys. 16, 968 (1948) 
17, 1343 (1 949)" ird, and Spotz, J. Chem. Phys А 


aS 


TABLE VI. Functiori 
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er, s defined by (5,2) р T Y e T 
nd $ being given by CON ‚ 12) potential (5.5), 
t Ри) PAS) 1240 Fg) 
E 0.000 0.5063 1.4344 5 
еп 0.025 04950 — 1493 — 11562 4433 
0.050 0.4912 1.3976 1.1070 7 
0.075 0.4889 13000 109 128 
0.100 0.4873 1.3859 1.0916 4.207 
a 150 0.4857 1.3789 1.0828 4171 
07250 04853 F 13745 | 1079 4146 
| 0.250 0.4858 1.3720 1.0755 
m 1 216 0.375 0.4897 1.3710 10779 iin 
0.500 (4964 . 1.3756 1.0883 4.117 
0.625 0.5050 1.3842 1.1046 4.141 
0.750 0.5150 1.3960 1.1251 4.179 
l 0875 0.5259, 1.4104 1.1486 4.228 
| 4000 0.5376 1.4270 1.1749 4.286 
1.125 0.5499 1.4456 1.2028 5 
о) 1.250 0.5626 1.4657 1.2321 ibs 
1375 е 0.5756 1.4872 1.2622 4.503 
| 1500 0.5887 1.5099 1.2930 4.586 
2 { 1.625 0.6019 1.5336 1.3240 4.672 
5.3) 1.750 0.6151 1.5581 1.3549 4.761 
1.875 0.6283 1.5833 1.3857 4.852 
2.000 0.6413 1.6092 1.4162 4.944 
5.4) р ао T. Kihara and M. Kotani, Proc. Phys.-Math. 
| are their mole fractions. The “reduced thermal diffusion 
| ratio," 
E | 5 5 
5.5) : Ay» тат] 15 20(2)—50(1) 
k= kr = 
(134-213)? эпу-Ет» 002) 
is shown in Fig. 7, together with Stier's!! observations. 
А » 
“0.4, 
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Lennard-Jones (6, n) potential. 
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UL. С. Stier, Phys. Rev. 62, 548 (1942). 
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Fic. 7. Reduced thermal diffusion ratio compared with curves for | = 


Lennard-Jones (6, n) potential, 


З From the discrepancies at high temperatures аж 
in Figs. 6 and 7, we may draw the following conclusion: Е 
In order to explain the transport properties of neon and 
argon (perhaps also krypton and xenon) at high 
peratures it is necessary to choose 2» 12, In other words, 
the repulsive wall of the intermolecular potential f 

rare gases is harder than that of the (6, 12) potential, : 


Appendix to Section 5 


The effective cross sections (5.1) depend, in general, E 
on the temperature as a 


d 
0000) = 9^ (--1)- (9909) 


In particular, if ф%© do not depend on the relative $] 
g, 2 (r) are independent of the temperature. Althou; 
the derivatives of Q® (7) do not necessarily vanish | 
real molecules, the absolute values for 


Те 40001) Tt 2990) 


оо) ar ' 900) ат’ i 


are always small. 
The expression (5.7) for the viscosity is an app 
mation which has been obtained by neglecting der 
tives of the second and higher orders and also neg! 
third and higher powers of the first derivative. Th 
proximation is simpler and more accurate, and the 
more convenient for numerical calculations, 
man and Cowling’s’ second approximation 


SkT бу? Ч 
n= (i ——) 
_ 200 (2) bisbos — biz. 


where 32 
фц--499(2), 
biz=79(2)—20(3), - 
300. и 
: „= — 09 (2)— 00 
12 + 


ТАКО 


835 


Similarly we obtain the thermal diffusion ratio for 
isotopes (5.8), which is simpler and, nevertheless, more 
accurate than Chapman and Cowling's first approxi- 
mation, 


NyNo тү— Me 


ДҮ (ran)? mid ma 
15[290 (2) — 590 (1) [599 (1)+2®(2)] 
х ао) 550901) — 202(2)-+40(3)+82(2)] 


As regards the thermal conductivity for monatomic 
gases, our approximation js 
25kT ОГОО (В) NE 
К сеу 
1600(2) 21N99(2) 2 
where C, is the heat capacity at constant volume for 
the unit mass. 


6. Stability of Crystal Structures 


Before we draw our final conclusion, we want to 
examine another property of rare gases. 
Neon, argon, krypton, and xenon crystallize at low 
temperatures in a lattice of cubic closest packing. For 
_ this lattice structure, the number of nearest neighbor 
molecules around one molecule is 12, the number of 
second nearest neighbors, which are 23 times farther 
away from the original molecule, is 6; and the third 
nearest neighbors are 3! times farther away. For hex- 
agonal closest packing, on the other hand, the number 
of first nearest neighbors is also 12, that of the second 
nearest neighbors, which are 2} times farther away, is 
also 6; but the third nearest neighbors аге (2-1-2)! times 
farther away, a little nearer than the third nearest 


$&- th x 10? 


ГЭЖ, : 
tive stability of the cubic closest packing structure 
( 18 the ratio of the crystallization energy 
cub rve “a” is for Lennard-Jones 
b the potential (6.1). 


EA 


| 
- tial (6.1) with the critical value = 8.675 are compared | 


chiefly in its ability to be treated mathematically. 


Г tions are preliminaries and our model of molecules 
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neighbors in the cubic structure. In order to explain 
the stability of the cubic structure in comparison to the 
hexagonal one, we must therefore choose a potential 
with a more or less wide bowl, in so far as the additivity | 
of the intermolecular potential is assumed. 

Let us further assume, besides the assumption of the | 
additivity, that the zero-point energy does not play | 
any essential role regarding the stability of the cubic eme 
closest packing structure. (The solid helium seems бе 
hexagonal!) Then we can straightforwardly calculate | е 
the crystallization energies of these two lattice struc- 
tures.? The comparison by means of the Lennard-Jones 
(6, п) potential is shown in Fig. 8, from which it follows | 
that the Lennard-Jones potential cannot explain the | 
absolute stability of the cubic structure. 10 

If we choose for another example | 

| 


6 n(ro—r) n YaN Ê 
U(r)= | ехр ( ) | (6.1) 
n—6 70 nu—O\ 7 
li 


the cubic structure can become more stable than the Г 
hexagonal structure for 7<8.675 (see Fig. 8). Two : ( 
Lennard-Jones potentials, 7 — 9, and 12, and the poten- 


in Fig. 9. 

Thus we obtain the following result: In order to ex- 
plain the stability of the cubic structure as compared 
to the hexagonal one, we have to choose a potential 
bowl wider than that of the Lennard-Jones (6, 12) po- 
tential in so far as the additivity of the intermolecular 
potential is assumed. This is in accordance with the 
conclusion reached in Sec. 3 w! ‘ch is also based on the 
assumption of additivity. 5 

Of course the аззиту оп of additivity for the poten- 
tial is not strictly true. However, the result obtained 
on the basis of this assumption 15 more useful than а 
result based on the assumption of some arbitrary devia- 
tion from the additivity. y 

Now, consulting the result of Sec. 5, let us draw our, 
final conclusion. The real intermolecular potestial for yare 
gases has a wider bowl and а nárder repulsive wall than 
the Lennard-Jones (6, 12) potential. Ч 

Although the Lennard-Jones potential cannot Me 
considered as completely satisfactory, it is stil higlely | 
valuable, since the value of a molecular model consists | 


III. THE SECOND VIRIAL COEFFICIENT, FOR 
NONSPHERICAL MOLECULES 


Having treated of monatomic gases, we investigate 
in this part the second virial coefficient of polyatomic 
molecules. Our way of proceeding is again to introduce 
a suitable model by use of which the second virial Coca 
cient can be integrated analytically. The first Ewe a 

ө 
be introduced in the last section. 


э T. Kihara and S, Koba, J. Phys. Soc. Japan 7, 348 (1952): 
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Гіс. 9. Width of the bowl of intermolecular potentials. The full 
line is for Lennard-Jones (6,12) potential, the broken line for 


in the Lennard-Jones (6,9) potential, the chain line for the potential 


. Two | (6.1) with »=8.675. 

poten- | 

ipared | 7. Rigid Convex Body 

гое А body is called convex if any line segment whose 
А | end points are inside lies entirely in that body. 

pared : EE Е 

tential | Let us choose a coordinate origin О inside a (fixed) 
2) ро- convex body and take coordinates of direction 0 and e 
Caibe (0<0<т, 0< ф<2т). For any direction (0, e), there is 
НО one and only one plane which is in contact with the 


convex body and who, e normal from the origin is 
in the direction (6, ¢ This plane is named the sup- 
porting plane in the direction (0, о); the perpendicular 


on the 


ten- " «loe с 5 
P distance fr$m the origin to the supporting plane is called 
TER 6 the supporting function, when it is considered as a 
TEM function of 0 and e. The supporting function will be 

denoted by H (6, e). Let us further denote by {Н)» the 
w ош “ЭСШЭ value of Н(0, e) with respect to all directions: 
e| * 3 
or, are | » e 1 2r х 
l} than de (ene Ї ` у H (0, €) ѕ1п00020, (7.1) 
| 4т 0 0 
iot Be | Ёол tox р s z% 
highly g which is independent of the choice of the origin O. 
onsists Let us first assume that the convex body has a smooth 
7 surface and that each supporting plane has а contact of 
the first ordet with the convex body. Let r(@, e) be the 
R radius vector from the origin to the contact point of 
the body with the supporting plane in the direction 
stigate (6, $); compare Fig. 10(a). Then the surface area S and 
Д th у 1 
Pu e volume V of the convex body are given by 
roduce 5 ах рх|дг дг 
coeffi- TEE Ї Ї Хе (7.2) 
го Sec- 0 с 199 де 
es will and ; 


- 
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y-i Í f "(>>> 772) 
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(7.3) 


Now we consider two convex bodies labelled A 


The supporting function, the r function, the vol 
and the surface area will be denoted by 


H 4(0, Ф), тл(0, 9), Va, Sa, 


Ив(@, 9), Ув, Sn, 


respectively. Keeping O4 and the orientation of А. 
fixed, and keeping the orientation of B also fixed, let 
us move В around А keeping contact from outside, 
Then the locus of Og forms the surface of another con- - 
vex body, whose r function is S 


г(0, e) - r4 (0, е) -тв*(0, e), 


and 
тв(0, Ф), 


^ 
- х 


where c 
r5* (0, ё)= —rs(v—6, — e), 25 


see Fig. 10(b). The volume of this third convex body, 


Ora дгв* » h 3 | 
VS Ї Ї Е ) E 
90 90 ED. d 


Ore Org V M 
de ) eie. NS 
je 09/7] В 
must Бе first evaluated. Ё. 


Considering the identity 
Ora 
22) 
90 


9 Ora 9 
ЧИГТ 
90 де де 


Ora OFa дгв* Ora 
sarat (xa) ( X- 
90 де 90 де 


Ora, дгв*\ о 
90 де / om 


— ТА. 


Fic. 10. Convex 7 
bodies and their sup- 2 
porting planes. а A 

7 
Qi 295 4 
^ 1 
П 
! 
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we have 


дгв* Or, Ora Org* 
Pee С) Өэлүн 
де 00 де 
Ora Ora 
z Е ( x= ante 
5 00 до 


since the integral of the divergence expression vanishes. 
Making use of this relation and the other similar one, we 
obtain 


; Ora дт 
Vas=Vat + | Г (Tx ane 
90 [де 


дтв* pd 
Co 
де 


or, in terms of the supporting functions 


Yas- М.в 


f dra Ora 
+f [aes 9 яа нийн 
90 де 
дг B* 
+ Гао, х 

Up to this point the orientation of the convex body В 
has been kept fixed. The next step is to take the average 
with respect to all orientations of the body B. When Нв 
in the third term on the right-hand side is averaged with 
respect to orientations of the body B, the value no 
longer depends on 0 and ¢ and is equal to (Hz). The 
average value of the third term, therefore, is (H p) 4; 


the fourth term is similarly {Н 4)4,S 5. Hence the average 
value of V 45 becomes 


(Van)uc Va-- Vac s)uSad-(Ha)wSn. (7.4) 


After we have obtained this relation it is no longer 
necessary to assume that the convex body has a smooth 
surface and that each supporting plane has а contact 
of the first order with the convex body. 

If the two convex bodies A and B are of the same 


B 
d6d р. 
Ф 


shape, Le.,if ИҮл=Ёв= V,S4—Sp-—.Sand На=Нв=Н 
(7.4) becomes 
dist 2(Ү-Е(Н)л5). (7.5) 


The neat formula (7.4) or (7.5) was recently tound 
by Isihara;* the improved proof given above is partly 
due to Minkowski.! 

- For the'evaluation of (Н)» the following theorem is 


x- useful: ах). 15 equal to the mean curvature inte- 


“Isihara, J. Chem, Phys. 18, 1446 (1950); A. Isihara and 
used. Phys. Soc. Japan 6, 40 and 46 (1951); Т. Kihara, 
Soc. Japan 8, 68641953). 

inkowski,, Math, Ann. 57, 447 (1903). 
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grated over the whole surface of the convex body, 


1/1 1 
m= [-(—+—)as 
2\Ri К. 


where №, and Rs are the principal radii of curvature.! 
In terms of M, (7.5) becomes 


(7.6) 


КІ 
(vas). (7.7) 
4т 
8. Parallel Bodies of a Convex Core 
Definition: Let C be any convex body. A convex 


body formed by all points whose distances from C are 
smaller than or equal to $p is called the parallel body of 
C in the distance 3p. Let us call the original ‘body C the 
core of the parallel bodies. 

We first consider as the core a convex polyhedron. 
Let the length of each edge be /1, l2, - - +, ly (N being the 
number of edges of the polyhedron) and the angle of the 
ith edge be o; (Qoi, 2. sc N). 

A parallel body of this polyhedron in the distance 
1p is composed of several parts of a sphere of diameter 
p, several parts of a circular cylinder of diameter p, and 
several parts of a plane. The surface integral of the 
mean curvature, M, of this parallel body is therefore 
given by 


2 
М---Х (surface area of all spherical parts) 
p ^ 2 


+-X (surface area of all cylindrical parts). 
n 2 


Since the spherical parts, when they are gathered to- 
gether, form a complete sphere, we have 


Di 


M — -X (surface area of a sphéré of diameter p) ,. 
p 
1 
+= ху (т— s E EUR А 2 
р 1=1 
Неге 
N ^ 
Мо=5 x (т—о;) (8.2) 


i=l ba? 


is the surface integral of the mean curvature for the 
core. Similarly, Шс surface area S of the parallel body is 


S=T Mw (83) 


where So is the surface area of the сога; and the volume 


id 

15 As regards the proof, compare fon ample) Т. Bonnesen anc 
W. Fenchel, Theorie der pe K oG a (Ergebnisse der Mathe 
, Heft 1, Julius орцон 


matik und "ihrer Grenzgebeite, Bd. 
Berlin, 1934). 


=” апу сопуех соге, since any convex body can be 


(7.7) 


пуех 
7 ате 
Чу of 
2 the 


гоп. 
g the 
f the 


Lance 
neter 
, and 
[ the 


efore 


d to- 


(8.2) 


r the 
dy is 

(8.3) 
lume 
en and 
Mathe- 


ringer, 


DJ 


VIRIAL 


| Vis 


е т 
у= НИЯ (84) 


y, being the volume of the core. 

Although we have been considering a polyhedron as 
the соге, (8.1), (8.3), and (8.4) hold for parallel bodies 
i repre- 

sented as a limit of polyhedrons. 
| In particular, when the core is a perpendicular prism 
w of height Z area of the base f, and circumference of the 

base с, we have Е 


| Vox fl, 5=2/+@, Мо=яН-(/2)е. (85) 
From (8.5), taking the appropriate limit, we obtain 
3 Vo=0, So=2f, Мо= (т/2)с, (8.6) 


TABLE VII. Volume Vo surface area Ss and surface integral of the 
mean curvature M» of convex cores. 


Core Vo So Mo 
Sphere 
(radius а) 374a? Ата? 4та 
f Rectangular parallelopiped 
(length of each edge 
hy, lz, В) пз 2(11-- 14:14) a (1(4-1-4-45) 
Regular tetrahedron 
(length of one edge 2) 6712-48 3i 6l tan“! (25) 
Regular octahedron 
(length of one edge р 371248 33212 121 cot 1 QJ) 
Circular cylinder 
(length /, radius а) zal 2ха(а--1) т(та--1) 
Circular disk 
(radius a) 0 2ra? жа 
шон ^ 
(length of each side l,l.) 0 214 т (54-12) 
Regular triangle 
(length of one side 0) 0 -27134 2131 
Regular hexagon : 
(length of one side 7) 0 313/2 Зті 
"Ehin rod : 
(length 7) 0 0 zl 
2 ? 
° ОР 
| fowa thineplate (1--0), and 
е • 
ө » 
" 7—0, So=0, Мо=тї, (8.7) 


° 
for a thin rod (f=0, c=0). = 
Thé values of Vo, So, and Mo for several typical 
shapes are given in T able VII. 
е 


9. Core Model 


We assume an appropriate convex Core 
molecule and define the intermolecular distance р as 


the shortest distance between two cores. The inter- 
molectflar potential (7 is assumed to be a function of p 
only, U — U (p), for whith U (0)=®. in 
In order to determine the core of а molecule, it is 
Decessary to Rave infopmation about the interatomic 
i the molecule. 


We prepare, therefore, Table VIII. Consulting this 
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TanLE VIII. Interatomic distances.* 


Molecule Bond Distance in A 1 
а= 26 4 
Н» Н-Н 0.74 | 
№. N-N 1.094 
СО» С-О 1.15 
CH; C—H 1.093 
CF; С-Е 1.42 +. 
CoH, С-С 1.33 М 
с-н 1.087 - 
(Angle H—C-H is 2 tan (2%) =109°30'.) 
СН, С-С 1.39 
C-H 1.08 


« The values are taken from L. 
(Cornell University Press, Ithaca, New York, 


Pauling, The Nature of the Chemical Bond 
1948), pp. 167-172 and p. 196. 


the surface area So, and the surface integral of the mean 
curvature Mo of the core are also tabulated. 

For spherically symmetrical molecules the second 
virial coefficient B can be written in the form 


ХЕ = ad 


т==0 

1—ехр———— (000) 
5, | ЕТ | 
where bo(r) is the second virial coefficient for a rigid 
sphere with diameter r: bo (r) = 2270/3. Similarly, for our 
core model B is given by 


fe —U (p) : 
B= f [ser Jo. (9.1) 
р=0 РТ 


In this expression b(p) is the second virial coefficient 
for the rigid parallel body of our molecular core in the 


distance 5р. 
By consulting the statistical mechanical procedure of 


deriving (1.2), it is clear that b(p) is equal to one-half 
of (7.7), 


1 
b(p)=V+—MS, 
4т 


Тавь IX. The cores of molecules. 


Hydrogen Hs: thin rod connecting 2 H's (length 0.74A) 2 1 


Vo=0; 5940, Ma=232A. 
Nitrogen №2: thin rod connecting 2 N's (length 1.094A) 
Vo=0, So=0, Мо=3.А4А. 
Carbon dioxide CO:: thin rod connecting 2 O's (length 2.30A) 
Vo=9, So=0, My=7.23A. | 
Methane CHa: regular tetrahedron connecting 4 H's 
(length of one edge 1.785A) 

Vo 0.670A5, S92 5.52A?, Мо= 10.234. 
Carbon tetrafluoride CF: regular tetrahedron connecting 4 F'* 
(length of one edge 2.32A) 

Vo 1.47A5, $9—9.32A*, M32 13.304. 

connecting the mid-point of each С-Н bond 


213157 C:Ha: rectangle 
Ethylene CHa reci of each side 0.89A and 1.954) 


Vo=0, So= 3.474, Mo=892A. , 
regular Ве ecting the‘mid-point oftach © —Н bond 
Benzene CsHs: regu Soth of one side 1.93A) ^ б fec os 


So= 19.443, . Мо=18.2А. ын 


Уо=0, 
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where M, S, and V are given by (8.1), (8.3), and (8.4), TABLE XT. The second virial coefficient for ое molecules, 1 


respectively. We have, therefore, ass +S = 


HME В Аз Reference H 
= . № 
an 4 и. He 65.1 —30.3 a | 
b(p)=—p?+ Mop?-++( 5-+—Мё |» ^ 90.0 202 l 
3 4r 123 4.9 
| 173 15.1 
| - ei 1 гта 02) 223 20.0 
| У ВЕРО Мз» ). (02 273 23.2 =“ | s 
! р 4т 323 251 am 
| 373 25.7 
ү If we assume, furthermore, the Lennard-Jones func- 209 2 | 
1 3 | 
| “Поп for U (p) х. 143 2132 + ^ | 
173 — 86.0 
m / рох" п /ро\” 223 —43.8 
U (p) — Us =. = ‚ п>т>3, 273 -:172 
n—m\ р n—m\ р 323 — 0.4 
373 10.2 
we obtain 15 Ril 
3.9 
5 U, U, 573 34.3 | 
К 673 39.0 | 
Е | f 
Éz со. 273 —241 b 
; m U, 323 —170 
| (вае) (=) 2 Е | 
dr kT 473 --56.6 | 
| “2 | 
4 = | 
+ (Votes), (9.3) 773 10.0 | 
T 873 20.1 А 
f 
TABLE X. Functions in the second virial coefficient (9.3) CH, 213 — 89.6 9 | 
» for the core model (9.4).* 298 —72.1 | 
323 —57.6 | 
—logiz Рз(2) F2(s) Fio) 251 » D : | | 
—0.4 —9.859 —5.211 — 1.784 308 =. | 
—0.3 —6.138 —3.008 — 0.7761 423 — 19.3 4 
-02 -4003 —1.776 — 0.2221 | 
—0. —2. —1.027 0.1091 9 
| 00 eae = CT, 273 —184 d e 
ї 0.5424 0.3198 НЭЭ Тэр 2 
0.1 = 1.189 —0.2151 0.4600 Ч 373 —11.6 
0.2 —0.7587 0.0132 0.5562 423 — 43.2 
0.3 — 0.4465 0.1758 0.6234 523 = 2.1 5 
0.4 —0.2170 0.2930 0.6710 573 ва ^ E m 
0.5 — 0.0469 0.3779 0.7045 673 38.2 1 ! 
n ^ b 
0.6 0.0794 0.4392 0.7279 ос s Ё 
07 0.1729 0,4829 0.7436 Сн. 28 = 2° i 
08 0.2415 0.5134 0.7536 228 —234 о Ж 
A 09 0.2011 0,5336 0.7591 we n с v 
10 0.3259 0.5459 0.7611 348 as сое № 
—14 
ТГ 0.3493 0.5521 0.7603 398 — 121 
12 0.3638 0.5534 0.7575 423 —104 
х 13 03115 0.5510 0.7528 4 
` -3737 0.5457 0.7468 CcHe 316 —2160 б 
* 1.5 0.3718 0.5381 0.7396 331 — 1890 2 
16 0.3668 0.5287 0.7320 233 201910 
20017 0.3594 0.5170 (0:7228” 810 = wy 
18 03501 0.5062 0.7135 5 = 
: 1.9 0.3396 0.4937 0.7038 a 
2.0 0.3281 ‚ 0.4806 0.6937 


В ^ The data are due to Holborn and Otto;the values are taken from Fowler 
23 and Guggenheim, Statistical Thermodynamics (Cambridge University Press, 
ке _——Є————Є——Є—ЄЄ—="-———Є “орцон. 1939), р. 283 


= 
- * The values are taken from T, Kihara, Ni Buturi; isi . E. МасС i 2 i hys. 18, 1269 
(1947). Thefubctions = ° ны 2,11 0950), т ormack and W. С. Schneider, J..Chem. Phy 
Ba c ^ © А. Michels and С. W. Nederbragt, Pliysica 3, 569 (1936). 9 
түг Gale) = F s=1,2,3, (дуу, МасСогтаск and W. G. Schneider, J. Chem. Phys. 19, 845, 849 
cO 5 ARE * A. Michels and M. Geldermans, Physi 967 (1942). 
nich are necessary for investigation of the Joule-Thomson effect, are also [65 i ans, Physica 9, Phys. 20. 
 tbulated in the same paper. ga ТЗЭ и Hamann, and McManamey, J. Chem. ^ 
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where 


p т z n 2 
Р,()- | ЇЕ 207—2) e 
0 n—mt*" n—m E™S | 
sal im—s 
2151 
n= И n 
n t m [(n=m)tt}s]/n 
m n—m 


For the case m=6, n=12, namely 


ORO 


the values of //5(), F2(2), and Ел (2) are given in Table X. 

Making use of this table and observed values of the 
second virial coefficient given in Table XI, we can de- 
termine po and Uo/k; the results are given in Table XII. 
Figure 11 shows the parallel body of the core in the 


(9.4) 


TABLE XII. The constants in the model (9.4) when 
the core is chosen as in Table IX. 


ро А U0/k°K 
t Hs 2.81 394 
№ 3.47 124 
СО: 3.36 309 
СН, 1.92 378 
СЕ, 2.48 372 
> Сәй, 2.5 470 
СН 3.43 830 


э 


H ^ + H H г 
а This value of ро is taken from the lattice constant of graphite, since 
observed values for benzene are not sufficient to determine both go and Uo. 
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Fic. 11. Shape and size of molecules according to the core model, ` 


distance of 2ро, which represents the shape and the size 
of each molecule. 
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1. INTRODUCTION 


N the present paper we treat the stationary velocity 
— 4 distribution, especially drift velocity, of ions in а 
static, homogeneous electric field in the absence of а 

Т. magnetic field. 
è Our main assumption is that the number-density of 


_ 10108, E" 
n= (rose f f | отав, (1.1) 


“15 much smaller than that of gas molecules, 


х= | eode. (1.2) 


Here с(и, т, 0) and f(c) are the velocity and the 
- velocity-distribution function of the ions; сл (241, v1, 101) 


This work was carried out at the University of Wisconsin 
aval Research Laboratory, Madison, Wisconsin. 

1 revious article of the same title (T. Kihara, Revs. 

45 (1952)), hereafter referred to as А, I quoted 

from my book Imperfect Gases. This book was 


is unfortunately limited. There- 
of the parts to which the 
‚ references in footnotes 
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Under this assumption, fı takes the Maxwellian dis- 
tribution, 


COME D 
=} ехр{ — С1= | ©1|, 5 
ИРГЭД рын АИА ) | 


» 
which remains unchanged by the electric field. Here m, | 


9 


\ 
1 


is the mass of a gas molecule; k and T are the Boltz- 
mann constant and the absolute temperature, respec- 
tively. Moreover, the Boltzmann equation becomes 
linear with respect to f: 


0 


eS. Ї | Ї (1! — ffl (а, 0) sinddddeder, 


m ow _ 
Е= | E], 


when the z axis is taken in the direction of the electric 
field E. Here e and m denote the charge and the mass 
of the ion, respectively; f'fi/— ffi is the abbreviation 
for f(c)fi(e)— f(e)fi(e), с’ and су are the final 
velocities of the ion and the gas molecule encountering 
with initial velocities c and c; with diffraction angle 9 
for the orbit of relative motion; I(g, 0) sin6d0Ze indi- 
cates the differential cross section for scattering into the 
solid angle sinéd@de for the relative speed = |с—с!| 
= |с'—су/'| (see Fig. 1). 
In terms of the function 


т \3 me ‘ : 
jom( Jes (==) ele, GA) 
2тЁТ 2kT ы г 


A6 
to which f would reduce in case of no electric field, let , 


1-19(1--Ф).- с (1.5) 


"Then the Boltzmann equation can be expressed as 


сЕ д] 
— —=—1/®]ф. 
m дш 


(1.6) 


Here | is a linear operator operating on any function 
(c) of the velocity of ions, $ 


D. 


е ; i 
А ж летви) sinüc9ded ci, (2.7), 


1 


¢—¢ being the abbreviation for $(c)— (c^). д 


pa 
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3 
| When we define the inner product of two functions, and, since G remains unchanged by the collision 
! (с) and y (c), by { 
| 1 1 т 
в f ronde, (18) ‚Ше чии SI fae $^)gI (g, 0) зтдаваеас, 
n N mm jx: 
the operator J is symmetric, where $' is the relative velocity after encounter, 
Taking two unit vectors perpendicular to g and to 

pr (у, T6) = (6, JU), (1.9) each other, we can express g as a 


( and positive-definite, 8' = $ cosb-- gh sind cose+ gi sind sine 


5- 


($, 19)2:0. (110) (see Fig. 1). Therefore, E 


) Multiplying both sides of (1.6) by —é(c)de and 2r m 
integrating, we have ker П Јела, а 
3 N mm 


eE ð 
Л Hl 3f ódc- N Í ТӨв вас. In terms of effective collision cross sections between 
29 | > т ðw the ion and the molecule, which are defined Бу 
= wt 
5 4 Integrating by parts on the left side and using the — а : - 
| relation ](1-ЕФ)= J and the symmetric property О © 21 (1—cos'ð)gI (g, 0) 1840, I=1,2,--+, (2.3) 
| on the right side, we obtain 2 d 
| we have 
| cE дФ _ Ў 21 та 
— | f—4de-^ Г лэ. Je2— — fió dei, 
‚ | m Ow N m+m 
н 1 $ З namely 
1С t With average value symbols defined by Suri О inn 
3 Je-— —— | fi(e- e0é€ des, (2.4) 
n 1 N m4m 
i (e. | fede 
g Л or, in terms of the 2 component, 
9 : : я 
ч this relation becomes Я 2m т fi e 25 
г. 1010-1201 15 «4, 
16 cE / ð$ ? № тут 
| (ES) хов (1.11) 
пааша Up to this point no approximations have been made in 
А E р 3 : the calculations. 
n particular, у Ёс w is taken for ф, we have Now, we treat the special case where die mA 
De > АД еЕ/т= Мин. (112) ап ion is sufficiently large in comparison with that ofa > 
) 5 ^ 5 gas molecule, i.e., m>m1. Let us consider the problem 
ээ on the condition that the drift velocity of the ions is 
Эд 2. А 
д 5 О Е much smaller than the thermal velocity of the gas 
$ 5 Tirst, ! molecules; 1.е., 
5) А оол 20 (sy «kT/m. (2.6) | 
Чот Í Í | (е eel (e; 0) sintdedades QU The effective cross section $® is а function of the 
reduced mass mym/(mi3-m) and the relative speed g. 
6) will bestransformed generally. In the present case the former can be put equal to "i, 
In terms ef the velocity of the center of mass and and the latter is » 7 «ез 
the relative velocity before encounter, ? Сү р(с8-2сс с) 2872 ее. E 
п 2 л E F 
2 my т. Hence the cross section becomes 4% 
= eer с, 5=с— С, (2.2) 4 YS EC 
тт тт y c-c dg = 2 ! 
we have eo ФФ (g 269 (су Se SLM 4 + 
7) Ч * 5 б 8. өс» = Ж 
=G+ = Э Е EL 
: 7281) ‘ Inserting this in (2.5) and denoting }™(cy) by Фи " 


a 
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anew, we obtain 


оф w? 


| roten | 87m 
9a €1 


N mm 


— ———ju-— w 


Zr m 


the integrals of odd functions of cı vanishing. The first 
term on the right-hand side is equal to 


o LÀ 


о 
drw Ї fio сс, 
0 


and the second term is 


1 do 4т o 0ф® 
-w Е f f——eda 
3 Qc 3 0 дс1 
5 4т m р 
= — rw Ї fio cerdo —v— Ї fip Poida. 
0 3 kT 0 
We have, therefore, 
2т m Ат m [^ 
yo — tu f fio aida 
N m-+m 3 kT Yo 


16 mı Es 
== Se f exp(—V2) V*9 dV, 
3 пит 0 


V= (my/2kT)la. 


In terms of weighted mean values of the effective 
cross sections, defined as 


Q0 (y) — zi f фФүзн exp(—V2)4V, 
0 


p= iL (Al, ооо, 
y ( mm 1 ү? 
= Hg 2.7 
my4-m 2kT Е 27 
we obtain finally 
16 mi 
jw-Xw, A=— Qw (1). ^ (2.8) 
23 3 пит 
ON Inserting (2.8) into (1.12), we have 
E (Е 3 mykm, cE 
peres (ш)һ== 2025 (2.9) 


mNA 16 mim №0 (1). БЕ, 


> 
TP 


+ Le 
7 б э Cc. In Public Domain. Gurukul Kangri Callection, Haridwar’ 
5 к 
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will be evaluated for any positive integer р. Considering 
P my р 
8: =; Gr 2 
пит 
my 


р (g.— :)6:7-,, 
my- m 


my 


wPr—w P= (<=. 
my m 


чб“ 

we have, after a procedure similar to that used 1п ob- 

taining (2.5), 
2т mı 


J(ur) - — ——5 


| тавгаа, 
N mtm 


2т mı 


-———p | hew) 
№ mtm : 
My ҮР 
X (wt ar) 
my m 


Bearing in mind that mw? and m wy are of the same 
order of magnitude, we can carry out calculations 
similar to the above and obtain 


c 


фае. 


ЕТ 
o= рәр), 010) 


m 


where ^ is the same as in (2.8), which is a special case 
of (2.10). When this is rewritten as 


d(w?) ЕТ а а 


йш 3: du“ 


J(w?)= IE 
т 


pA 


it is-easy to see that the relation 


(2.11) 


dé kT d 
Jé-^ С =) 
dw т d 


holds for any function Ф which is expressed Фу а power 
series in w and does not depeíd on the other com- 
ponents of c. | 

Anticipating that Ф in (1.5) and (1.6) is an analytic 
function of w only, and does not depend on the othtr 
components, и and v, we make use of (2.11). After 
some manipulation, we have г 


еЕ д] ЕТ otf 


т ди? 


д] 
-1 ЕР ) › 
m Ow Ow 

or, in terms of (wa, р 


ЕТ 9? pa 
== ман (ш— 212225 0. 
: дш * ^ 


m ow 


с 


that f can 
Namely; 


л 


From this differential equation it is evident 
be obtained by replacing w in f9 by w—(w)w.- 


© 


х 
| 
| 
| 


Donc 


a 
= 
П 


, 


we obtain 


/ т 


1 m 
57 (25) epl — ЖЕ АА (ш— (0)һ)?) | (2.12) 


accordance with our anticipation. The velocity dis- 


in 
bution of heavy vons in a light gas is Maxwellian around 


iri 


"ec drifl velocity, so long as (2.6): holds. 


lite 


3. MAXWELLIAN MODEL OF COLLISION 
CROSS SECTIONS 


The Maxwellian model is defined by the idealization 
that the scattering, coefficient I (6,0) is inversely pro- 
portional to the relative speed g. For this model each 
go becomes independent of g, and the mathematical 
handling is Simple without any assumption as regards 
the ratio of the mass of an ion to that of a molecule. 

In this case, (2.5) is reduced to 


mı 
10. (3.1) 
minm 


Jw= 206 


Hence we have, by use of (1.12), 


eE пит 


(w) м 


239 0N тт 


For the Maxwellian model, the mobility times gas density, 
and the 


N(w),/E, is independent of the field strength 
lemperafure. х 


When $ does not depend on the relative speed, 
(1) is®equal to 3тф®/8, and Eq. (3.2) can be re- 


written as ` 
3 тт eE 


ООо сг 
5 16 тт №90 (1) 


^ 2 


which is identical with, (2.9). This formula, which is 
valitsin these two idealized cases, is the first approxi- 
mation to a more detailed expression to be derived in 


thenext section. 


Equation (3.1) indicates that w is one of the eigen- 
functions of the symmetric linear operator J, and the 
corresponding eigenvalue is 2тфОтд/ (mtm). Let us 
make a little preparation to investigate other eigen- 


functions and, eigenvalues. 


Sonine polynomials Sm“ (x) are defined by the ex- 


pression 
х5 


(1—5) "=" ex (=——) = > S,0G(x)s", (3.4) 
=s n= 


"e 


Where 0<s<1, and х and т are real? In particular, 


5„®=1 Sm (0) =т11—2. 


~ 
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Since 298 
"S 


E. (3.2) 


(3.3) 


(3.5) 


a у 5 4 
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(1—5)-771(1—£) => i 
“ $ LN “74 
>| ЕСЕ pe 1 
0 1-5 1-4 == 


2 х(1— st) 
= (1—5)-"—1(1— —т—1 |- | 1 
Eu J “PL a-30-0 a 


= (1— st) "T (m4- 0), 


— 


we obtain, by equating coefficients of 52/1, the orthogo- 
nality relation, 


~ 


T(m+p+1) - 
бр» (3.6) 


| Sn P (х)5„®@ (х)х”ах= 
0 


where dp, is unity for p=q and zero for p+q. Difter- 
entiating each side of (3.4) with respect to z, we have 


ws 


d = 
--5,99 (x) — —S my (8-0) (x). (3.7) 3 


dx 


Multiplying each side of (3.4) by 1--5, we have à 
recursion formula, 


Saa = S,09— S, 0-0. (3.8) 


By differentiating (3.4) with respect to 5 and replacing 
m by m—1, and n by n— 1, we have another relation v 


mS, 079 (9) 3844079 (9) e Sma (00: (8:9) | 
Finally, by combining (3.8) and (3.9), we have 
mS, O (x) — 2S mee (0) = (m-+-n)Sn—1™ (2). (3.10) 


In terms of these Sonine polynomials, we define 
functions of с by 


тел үш те P — 
Y= (=) в (se). (3.11). (э. 
2kT G 2kT е. 


Ew". - 


l, r=0, 1:27 


P, being Legendre polynomials. Then each yı” is 
he components of 


polynomial of degree 14-27 in t 
and the orthogonality relation is given by 
4 ^ 


е 1 
Ws br?) == f ору Ode , 
"n 


Let us specialize Ф in (1.11) to yi 
(3.7) and (3.10) and similar 


^C———F 
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х polynomials, the relation 
2ЕГ-ү! oy, 
(4-3) (2) —— 5 H(i (1 Пуна о 
1 m ðw | 
(у 68:0) can be derived, we obtain generally 
(2-39) Tr n= 8L 3-7) 9) 
— (+1), (3.13) 
where ! 
б= (eE/mN) (m/2kT)?. (3.14) 
2-9 In particular, for the Maxwellian model each yı” is 
an eigenfunction of the operator J: 
| Ju 9 2x00. (3.13) 
| This can be directly ascertained for /4-27 small; in 
terms of 
m Ni mc 
w= (=) U © 
| 2kT 21Т 
|0— — and 
nx m 
M= ; Мэ= (3.16) 
пит т?т 
the eigenfunctions and eigenvalues for /--2753 are as 
follows: 
/ Yo =1, №(0)=0; 
Ч yi9 = У, №(1)=2=М1Ф®; 
| y) =3— 0, (0) — 4xM3AM 590) ; 


yo -im-ie, 
№(2) — 7M31(4M39 03M 99); 
yi = wL(5/2)—C], 
| (1) = 2M (M $99 -4-3M290--2M1M:99); 
| — w9-(/2m-irc, 
[00 х )-тМ(-3М209--6М209 


1 -E9M31M 300 -5M 26), 
| In general, 


№(0>0 for /+27>0. ` 
! Inserting (3.15) into (3.13), we have 


(2-3) (Фи) — EEH T) La 0)» 
— (H1) 5) ], (3.17) 


from which it is evident that (—1)'(V5?), is positive 
ax proportional to E+. i 

By this system of equations each (y, сап be 
expressed in terms of the A,(/): 


— uem Hex): A, 11,2, s 
"2 Qum — 28/1380), 
AL AL. 5 
too ssl 


A 
re 


27; E. e (207755 


^n 


2 e 2a 5 `` СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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etc. Since 


pU у= LAE 3 
=—3 (фо) (yo 9)4,) 
2 6? 1 1 
EN | — 
= Ing 0 & M y?/o(1)A1 (0) (2) > 0, 
and : i 


т. 
——((ш— (9)))n— 2 
2RT 
=3 (2\у»®)„— (о), 3(/109)42) 


1 Al 4 2 3 
е 
3№(1)Ё№(2) №00) №1) 
2т М 1265 
= [M99 4-2M (269 — $9) ] 0, 
o(1)A1(0)Ao (2) 


it follows that the velocity distribution is less sharp than 
the Maxwellian distribution corresponding to the same 
lemperature. 

In order to argue more in detail, let us assume be- 
tween an ion and a gas molecule an attractive potential, 
inversely proportional to the fourth power of the dis- 
tance. For this type of Maxwellian model we have the 
following numerical values:! 


$2/69=0.70, ф®/ф®=1.2. ^ 
By use of these it can be shown that g 
((w— (0)4)?)n— a> 0, 


((w— (wa) a> 0: 


and 


These inequalities provide information солісегпіпотће 
deviations from spherical symmetry and plane sym- 
metry of the velocity distribution: the distribution of the 
z component of ion velocities is lees sharp than that of 
the other components; its rate of decrease in thé rear 15 
steeper than that in the front, the maximum taking place 
at a negative z component of the velocity. с 


4. GENERAL THEORY OF MOBILITY 


In the two preceding sections we have treated special 
cases; the general case will be dealt with in this section. 
Except for the Maxwellian model, the y; ?- defined 
by (3.11) are not necessarily eigenfunctions of the linear 
operator J. However, since ] is spherically symmetric, 


„же can let > 
Wi = У, ar (у, (4.1) 


1 The first value is taken from Н. В. Hassé, Phil. Mag. 5 г 
(1926): H. В. Hassé and W. В. Cook, Phil. Mag. 3, 977 (1927): 


with 
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Oy (= (yi, Л) (i, yi). (4.2) 


In. particular, a, 0)2:0, since J is positive-definite. 
Tnserting (4.1) into (3.13), we have 


(4-1 ae (09:9) Е) aan 


— — (1++1)(фиа Эў] (4.3) 


(ин C70), from which it is evident that (i). is an 
even function of E for І even and an odd function of E 


“for | odd. Hence the drift velocity and the mobility are 


odd and even, respectively. Equation (4.3) can be 
solved by means pf successive approximations as 
follows: 

'The nondiagonal coefficients, a,,(I) for r#s, are con- 
sidered to be small, since they vanish in the case of the 
Maxwellian model. Therefore, we can determine the 


first approximation, which will be referred to as Wi) at, 


from 
(4-4) der (DQ Yaar = ELLE ir) La» 


— (I-1)ia һа). (44) 


Tt is evident that (—1) Qi?) 18 positive and pro- 
portional to the (14-27) power of the field strength. 
In particular, 


ac (1) (Фи = 6, 


ag íl 


or 


(4.5) 


(wa : 
5 ? Nm аа(1) 


Тһе second approximation can be determined from 
the, equation to which (4.3) reduces when the first 
approximations are inserted into terms with non- 
diagonal coefficients, That is, 


? (х 9), оо(1)4-а0 (а/д) ха j= 6, 


ог бо Энэ 
^ eH [ «= M 
à а) ак(0)----1- (4.6) 
во as T = ууа 


Now we must evaluate 


ag (1) (40, Jua 9)/ Qa, 310) 


s 53 wir! i ) 
(4), Jy). (4.7 
20 [r+ (5/2)] 


0) 


By the definition of the Sdaine polynomials, (Va ?, Јул 
is the coefficient of s” in the expansion of 


m 1 8 s m? ode, (48) 
—— —(1— s)- 00/2 © ————— }wJwde, (=. 
ATA S J f 21 15287 


^ 


LS 
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Је du du 


O 
Fic. 2. Asymmetry of the velocity distribution of ions 


with a positive drift velocity. 


which is equal to, by virtue of (2.5), (1.3), and (1.4), 


т mm (тт)? 


ЪТ mim (QxkTy 


\— (5/2) 


where 


x it exp(— А) 20 (0— w) dede, 


mer 1 me 


2kT | 1—s 2kT 


In terms of the velocity of the center of mass, G, and 
the relative velocity, g, given by (2.2), we have 


1 mum 


A=— 


1—572ЁТ 


[(1—M315)G- Mi 2(1— М»)? 

4244MsG- £] 
(G=|G|, g-1$D), where Mi and М» are given by 
(3.16). By use of a new variable 


MMos 
=f: G'= [G'], 


G’= G+ 
1-5 


this can be transformed into a quadratic form: 


1 1 mm 


2 T . 


1— Ms mtm 
Е 


А=—— 
1—5 UC 1— Mis 22Т mpm 
Since з 
(G, 9 206,9, - E. 


al c) 9(G, 9) 


we can substitute d G'dg for dedc;. ‘urthermore, for 


^ 


w(w—w)= (СЕМ. ` 


С + ав үт 
= 2 1M 18: )5: 


“х + 
850 TARO 
we can substitute 
121259 
— Mig, 
* = 3 1— М5 
because ф® is а function of g. By use of all these real- 
tions, and by integration with respect to G', (4.8) is 
transformed into 
рь 7? 8 $ 
-М yr} Ї (1— М5) 69/2) 
3 0 x 
у? 
us xev (- учат, (4.9) 
1—Mis 


тт 1 \3 
ya ( =) g. 
mı+m 2kT 


Consulting the definition of 00(1), (2.7), we see 
that (4.9) divided by 8M3/3 is equal to Q9 (1) in which 
___ T is replaced by T(1— Mis). (4.9) is, therefore, equal to 


8 »(—1)y d 
-Mi»X (MisTy—4Q (1). 
$ ro rl ат" 


Hence it follows that 


(— 1)" а: 
(MiTy 
7! ат" 


8 
(49, gy) Ms QO(1). (4.10) 


(Making use of the relation 
d 
TAP) =(r4+1)— cHp990) 


or from (4.9) directly, we can express (4.10) in terms 
of Q9 (1), 2 (2), ---, 0®(у-Е1). We prefer, however, 
not to rewrite for the present purpose.) 


1,0 
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Fic. 4. Mobility times gas density for infinitesimal field strength 
as a function of temperature. Points A and В correspond to 
A and B in Fig. 5, respectively. 


Inserting (4.10) into (4.7), and consulting (4.5) and 
(4.6), we obtain finally 


(ш) 3 жт eE ( 
10) ЭШ =a г) 4.11 
"16 mm МОО(1) ) 
3 m+m еЕ[ ® (bT) а - 
(вит =— |= aeq) » (412) 
16 тт Niro» т! ат" 
where 
3 sir! (—1) (n м 
(br —(Miy, (4.13) 
4 T[r4- (5/2)| (p Oar 


The b, are positive and proportional ќо 2", excépt that 
bo=1. 

In the case of the Maxwellian model, for which 20 (r) 
is independent of Т, our first and second approximations 
coincide with each other. For heavy ions also, subject 
to the condition (2.6), the second approximation, be- 
comes identical with the first, because b1, b2, сс, which 
can be expressed in the form 


b= qu) | 
pcm NU, УЙ, 7=1,2,:°°, 
zer В 


with 8. remaining finite for the limit Мь 50, vanish. 
In these two cases the first approximation is exact, as We 
already know. | 
In general cases let us content ourselves with the 
second approximation. The mobility is then given by 
the right-hand side of (4.12) divided by E. The rela- 
tionship shows that an increase of E? and an increase 
of T have a somewhat similar effect on the mobility- 
-The weaker the field is, the more accurately holds the 
similarity. For a sufficiently weak field, mobility time 
density is a function of one variable, T (1-51). 


с 


| : Q1) has a minimum at that temperature. Consulting 


4 
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for the present purpose. 


Fic. 5. Mobility times gas density as functions of (E/N), 
Е’апа N being the field strength and the number-density of gas 
molecules, respectively (see Fig. 4). 


A5 regards 


4 aoo(1) / aoo (1) aoo (1) 
NOU 
15 Lau(1)\ aw (2)  au(0) 


purpose, too.) 


which can be approximated by the value for the Max- When the electric field is sufficiently weak, Eq. (4.3) 


' wellian model reduces to 
Dy йн Di) a= 66,0610, 

2 4 7 м ( ша) Or 27 

a 2 ECT 10) =0 for lel 5.1 
15 (DN №0) №00) E (и), + 
=2(12M.+3M g/d”) ; У), Gre) w= 80, (5.2) 
p? where 
м 9 X (4M32-3M,$ 9/99) 4,4550, (1). 

$ x (ML+3M2+2M: M/V). Let the first approximation, (ф1®)м, be determined 
б: | ; һу 

Figure 3 shows @1.{ОГ 99/90 = 0.70. а„(ф/у)лт= 60,0; 


^  Actording to experimental results, the temperature 
variation œf the mobility times gas density for in- 
finitesimal field strength has a maximum at a certain 
température, То, as shown in Fig. 4, indicating that 


this fact, our theory can predict the following field : 
variation of the mobility. 


“үр "IT at 
VELOCITY-DISTRIBUTION OF POSITIVE IONS 


For temperatures a little lower than To, the mobility 23 
first increases with the field strength, then takes а He* in Нь са Res 
maximum and finally decreases; for temperatures higher саг A Herd 210 S 
than To, the. mobility decreases from the beginning NatinHe са en 2) 
see Fi Li* in He са 
о : ! Kein A 400 


The temperatures То are such as are given in Table I. 


nce To is usually higher than room temperatures, the ЗАМ. Tyndall and A. Е. Pearce, Proc. Roy. Soc. (London) A149. 


“mobility usually must first increase with the field 426 (1935). 2 Proc: Roy, Soc. (London) 


strength. In fact, measurements by Mitchell and Ridler? К. Hoselitz, Proc. Roy. Soc. (London) 


on th q3v'ot Tit Nat Kt, Rb, Cst, МН, — зА. V. Hershey, Ph з. Rev. 56, 508 619391. pU 
e mobility of Lit, Nat, Kt Rbt, СУ, NEG А. Hoan, Phys. Rev 84 GE 093055. N Verne 
2); 89, 708 (1953). К E 

(19517; 87, 795. (1952). 


h; 
"Т.Н. Mi i . (Lond Phys. Rev. 88, 362 (195 
AL 4; e Mitchell and K. E. W. Ridler, Proc. Roy. Soc (London) Ms и Phys. Rev. 83, 281 


911 (1934). 
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5. MOBILITY IN A WEAK FIELD 


When the electric field is infinitesimal, both the first 

and the second approximations of the drift velocity are 

ma given by the right-hand side of (4.11). The aim of this 

= ——((ш)м)°В, (4.14) section is to derive a more accurate formula in this case, 
: 2ЁТ chiefly in order to have some information about the 
we obtain accuracy of our formula (4.12). (We can use the experi 
mental results of the mobility in a weak field for the 
purpose of determining the force between an ion and a 
molecule. An accurate expression, is desirable for this 


Taste I. The temperatures corresponding to 
the minimum of 9 (1). 


Reference 


A155, 490 (1936).2 


La 


Recently Wannier* at the Bell Telephone Laboratory 
tackled the same problem as the present article, After 
he treated some special cases, such as the case ot an , 
extremely high field and the case of the Maxwellian 
cross section, he concluded: “It is to be hoped that a 
more satisfactory way of proceeding can be found.” „а 
The present author hopes that the way of proceeding 
developed in this section will be satisfactory. 


and the nth approximation, (ул), be determined by 
ar a) TO (1 mer 29) Ors Yun = 60,0 


A177, 200 (1941). =» ^ 


Na*(NH3), and № in № as well as those by Hershey? ~ | 
on the mobility of K+ in Hz, He, Ne, and A correspond ` 
to the case T « Ty. It is regrettable that many recent 

measurements made at the Bell Telephone Laboragory‘s 
are lacking in weak field regions and cannot be used >> | 


„ә 


` 
- 
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е, 


ТАКО 


(1511, ШЇ,...). Then we obtain, for instance, 


ér ато 
Aa) on- (1—6,0)— 
э йт aoo 


0::200 
In particular, for r=0 ` 
e 


со (10:@50 
lwan = «а 25 | 


8—1 (5,009 


Let us adopt 
(w) wet (1-Расзало/ 1000) 


^ аз an approximation to (уд. Since we have 


401010 Goo Qor 010 
011000 алі doo Qoo 
2 doo 


5 011 


т 499): 
Me ) j 
Q(t) dT 


~ "and ам/ац can be approximated by the value for the 


Maxwellian model, 


№(1) 
№(1) 


= (M24 3M 842M Mp ®/6), 


we obtain 


(w= (в) ма (1-4), (5.4) 


where 


A=3(MP+3M 2+ 2M Mod /p V) 


x (uey, (5.5) 


in which 0.7 can be substituted for ф®@/ф®, 


The A is large when M;—1— M, is small. For М, 
sufficiently small, we have 


^ (C =) 
Е от. 


^ © 
тэс 
^ c = 
С 
= 
a e 
тоёж» 
7 E 2 ^ c 
А З е 
e, 
> 
e 
a е 
- 
= > 2 
« ^^ ^ 
А 
Я A ^ 2 


| 0, 00 
PESE) (1:599) | 


(5.3) 


KIHARA 


which takes the value 


1 44? 
ым ш 
10 $ 


(5.6) 
when the inverse power potential 
u(r) 2M (5.7) 
=“ 
18 assumed between the ion and the molecule. е 


Moreover, in the case of М<1, the problem can be 
treated exactly.9 The precise value when (5.7) is adopted 
is related to the first approximation as 


11) 


The numerical values of (5.8) and 1-L-A,-obtainable 
from (5.6), are as follows: 


(5.8) 


s со 12 4 2 
1--А 1.100 1.044 1 1.100 
(5.8) 15182 1.056 1 1.132 


Since the actual case corresponds to such values of s аз 
4<5< 12, the accuracy of (5.4) is satisfactory, and 
Eq. (4.12) is accurate within the error of 6M ;? percent, 
at least for weak fields. 


ERRATA FOR PART A 


In the second term on the left-hand side of (2.2), 
change дс to дг. 


Four lines above Eq. (A.1), change (с to leyal? 
Five lines above Eq. (A.2), change 1— соѕ/0 (с:1--сов0. 


First column of Table II, change Не, Не, ... to 
He, Ne, ---. 

Eqs. (10.1) and (10.5), take out the absolute value 
symbols. (3 - 


5,5. Chapman and Т. С. Cowling, The Mathematical Theory of 
Non Uniform Gases (Cambridge University Press, London, 1939), 
p. 187. £ 
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Interpretation of the Virtual Level of the Deute 


5. Т. МА* 


Division of Physics, National Research Council, Ottawa, Canada 


T. Introduction 
. Definitions of the Virtual Level 
5 А. Approximate Definition 
B. Exact Definitions for the Square-Well Potential 
C. The Theory of Effective Range 
. The Virtual Level according to the Theory of the 5 Matrix 
A. The Fanctiors 5 and f 
B. Bound, Virtual and Decaying States 
C. Examples 
D. The Effective-Range Theory in Factorized Form 
. The Virtual Level according to the Theory of Resonance 
Levels 
A. The»Functions R and Q 
B. Ore-Level Formulas 


I. INTRODUCTION 


ROM the measurements of the cross section of low- 
energy neutron-proton scattering, it became evi- 
dent to physicists'?? in the early days that the inter- 
action of the neutron and the proton is spin-dependent. 
According to these authors, there is a 15 state that 
slays a role in the theoretical formula for the 15 scatter- 
plays a 1 
ing similar to that played by the ground state of the 
deuteron for the 35 scattering. Experiments on the 
scattering of neutrons by ortho- and para-hydrogen have 
led to the conclusion that the 15 state is a virtual state 
having a negative binding energy. 

While the bqund state is a familiar concept in quan- 
tum mechanics, the true nature of the virtual state has 
been a subject of much discussion during the subse- 
quent years, and various definitions of the virtual 
level of the deuteron have appeared in the literature. 
In view of the interest this subject has received, it is 

„ desirable (ог clarity the theoretical background of the 
definitions that have been proposed. 

The object of thissaxticle is not to give а compre- 
hensi?e exposition of the motives that led to the various 
definitions of the virtual level, but rather to elucidate 
S»me af the definitions from the viewpoint of the theory 
of 5 matrix (scattering matrix)! and the theory of К 
(derivative). and О matrices. After а brief general 
BR 

* Now 
Australia: 
n ‘The idea suggested by E. P. Wigner was developed by H. A. 

еше апа В. Е. Bacher, Revs. Modern Phys. 8, 82 (1936); See 
5 Н. A. Bethe, Elementary Nuclear Theory (John Wiley and 

ons: Inc., New York, 1947). f 

2: E. Fermi, Phys. Rev. 48, 570 (1935) ; Ricerca sci. 7, No. ТТ, 13 
1936) ; Е. Amaldi and E. Fermi, Phys. Rev. 50, 899 (1936). 

zi - Schwinger and E. Тейег, Phys. Rev. 52, 286 (1937). 

D Т.А. Wheeler, Phys. Rev. 52, 1107 (1937); W. Heisenberg, 7. 
СВЕ 120, 513) 673 (1943); Z. Naturforsch. 1, 608 (1946); 
- Møller, Kgl. Danske Videnenskab Selska*. Mat-fys. Medd. 23, 


No. 1 (1945); 22, No. 19 (1946) 
5 E; P. Wigner and L. Eisenbud, Phys. Rev. 72, Дош. 
Teichmanr,and E. Р. Wigner, Phys. Rev. 87, 123 (1952). 


at School of Physics, University of Sydney, Sydney, 
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review in Part И, we shall confine our attention to the — 
following definitions: (1) definitions which ате besed | 
on the analogy of the 15 virtual state with the 25 bound 
state, and which fit in a simple way into the theory of. 
the 5 matrix; (2) a definition that identifies the 1S E. 
virtual level with the lowest 15 resonance level accord- 
ing to the theory of the К matrix. From a general "T 
formula connecting the 5 and R matrices, one can | 
derive a simple connection between the two kinds of © 
definitions. There have been scattered remarks on 
this subject in the literature. It is our purpose to give a 
connected account. It should be mentioned that the 
term “virtual level” has been given different meanings — 
in the literature. In this article we use it only for the 
energy levels that form the basis of one-level representa A 
tions of the-low-energy neutron-proton !$ scattering _ Я 
cross section. As usual, we use the term “resonance | 
level” for the energy levels that occur in resonance — | 
scattering and resonance reactions. It is beyond fiM 
scope of the present article to discuss in detail the theory —— 
of resonance, and we shall merely mention briefly the p 
definitions of the resonancelevelthathavebeengivenin = 
terms of the 5, R, and О matrices. E 
In dealing with the neutron-proton system we shall 
confine our attention to the central-force approxima- = 
tion and the S states. The matrix elements of the S, К, _ Кг 
апа О matrices that concern us are simply functions | 
of the momentum or energy of the relative motion ОЕ 
the two nucleons. 


IL DEFINITIONS OF THE VIRTUAL LEVEL 
A. Approximate Definition 


The wave equation for the S states of the neutron- 
proton system is, for the center-of-mass frame- of D 


Fu 


reference, 


‚ E- (4/dr} +V (r) ulr) = Euer. _ 


Here r is the distance between the nucleons, E 
V(r) are the total energy and the potential 
divided by the factor 72/2т, m-being the red 
of the nucleons.?* For the scattering problem, 
continuous spectrum of energies Е; = kext 
k—0,to Ez =, and the wave Eq. (1) co 
2 5 
to an energy Е» is of the form 


[(d/dr)-- шь = V (и 


854. 


= for large r, à(k) being the phase shift. The scattering 
cross section is given by 


e e c (k) = 4v вш 86(8) ]/ P (4) 
т ES 
c (k) - 4r/ P (1-- cot? 6(8) 1). (5) 
At low energies we have approximately 
г cot[5(k)]=—a/k, (6) 
where i 
«= — lim k cot[9(&) ], (7) 
кю 
and therefore 
c(k) = 4т/ (E4-o?). (8) 


The quantity a is the reciprocal of Fermi's scattering 
length. 

The connection between the scattering cross section 
and the bound and virtual states arises from the follow- 
ing situation. It is known theoretically that the exist- 
ence of a bound state for the deuteron depends on the 

- sign of the scattering length. If a>0, there is a bound 
state whose energy is approximately E,=—a”. On the 
other hand, there is no bound state if a «0. These con- 
clusions have been drawn írom the mathematical 
scheme of wave mechanics. 5 A simple derivation of 
these conclusions provided by the theory of the 5 
matrix wil be given in Sec. IIIB. The first of the 
above two possibilities holds for $S. In this case the 
scattering cross section can be expressed in terms of the 
binding energy of the ground state of the deuteron 
according to the approximate formula 


c (k) 5 4v/ (Ex4- | Е„|). (9) 


In the case of 15, the second possibility holds and there 
is no bound state. However, Eq. (9) is still valid if one 
introduces a virtual state whose energy is numerically 


energy if the state is real, a negative binding energy if 
it is virtual. 


B. Exact Definitions for the Square-Well Potential 


The definition of the virtual level given above is 

- approximate. Exact definitions have been given, with- 

out reference to the scattering formula, for the case of a 
nuclear potential having the shape of a square well, 


—Vo (r<a) 


0 (>а). 2) 


-- 


di = | 


= 


_As a preparation for our later general шог уе 
shall discuss some of these definitions that are better 
Боло ! 

In- the case of 25, there is a bound state of energy 


© Т. М. Biett ang У.Е. Weisskopf, Theoretical Nuclear Physics, 

(John Wiley агч Sons, New York, 1952). 

“2 ТТЬеге is an: extensive collection of definitions of the virtual 
1 for the square-well potential in a recent article by О. Berg- 

ann, Acta Phys. Aystriata 5, 240 (1951). ` 


^ ^ 
2 pu £576 =, 5 


Е e LE 


S ds 


equal to a’. It is customary to speak of a positive binding 


л 
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E,=—y’. Its wave function for 7> a is 


u(r) = const exp(— yr) 


(11) 
with y>0. The continuity of u(r) and its derivative ар 
r=a requires 


(Vo—7’)! cot[ (Vo— 5a] —v. (12) 


The solutions of this equation have been discussed b 
Schiff’ and by Mott and Massey.’ There is onty one 
solution of Eq. (12) for the deuteron because V, is only 
slightly larger than the critical value (л/2а)?. Breit 
and his collaborators!" have expressec the scattering 
cross section in terms of k and у. Their result is 


c (k) = [4т/ (84-12) [1+ (va) +С (va? 
+ бз(уа+.--], (13) 


where the coefficients G, are even functions of k and y. 

In the case of 15, the value of V; is slightly smaller 
than (a/2a)?. The value of y that satisfies Eq. (12) 
is now negative and the wave function given by Eq. (11) 
is no longer permissible. It now becomes necessary to 
introduce a virtual level. The choice of reference 10 
amounts to using Eq. (12) also for 15, with the under- 
standing that y is negative, and the magnitude of the 
energy of the virtual level is defined to be y*. This 
choice for the virtual level was designed to make the 
expansion expressed by Eq. (13) valid also for S. It 
appears natural from the viewpoint of the theory of the 
S matrix, as will be seen in Sec. IIIB. 

A slightly different choice" is to define the energy of 
the virtual level as the positive energy &?— ү? for which 


(d/drus(r)/u&(r) = (r2a) ^ (14) 


This leads to the condition Е 


Vtr) coth(Voty)ial=y (у>0) (15) 
for the virtual level. | 


According toa general definition given Бу Ни 6, 7, 
the virtual state is the positive-energy state.& such that 


© 22 


|| [ux (7) P| V (7) |dr2 maximum, - ‚ 45) 


с 
с 


".(r) being normalized in the energy scale. For the 
Square-well potential, Eq. (16) reduces to 


f [их (r) Pdr = maximum. (17) 
0 


8L. I. Schiff, Quantum Mechanics, (McGraw-Hill Book Com- 
pany, Inc., New York, 1949). 2 99 

* N. Е. Mott and Н. S. W. Massey, Theory of Atomic Collisions 
(Oxford University Press, Oxford, 7949). ду: 

? Breit, Thaxton, and Eisenbud, Phys. Rev. 55, 1018 (1939); 
С. Kittel and С. Breit, Phys. Rev. 56, 744.(1939). _ New 

и Г. Rosenfeld, Nuclear Physics {Interscience Publishers, Аё 
York, 1949), Chap.^5. 

2 M. S. Plesset and Е. УУ. Brown, 


Proc. Natl. Acad. Sci. U- S. 
25, 600 (1939). 
Arkiv. Mat. Astron. Fysik. 29, No.1 (1942). 


5 L. Hulthén, 


ue 


г 


= 


{ Flügge; Hückel,^ Wu, and Foley'® have shown that 
it is possible to take the lowest energy Х satisfying the 
equation 


со (Vo--X)!a]-0 (18) 


to be the virtual level. Equation (18) is the condition 

for the derivative of w:(r) to vanish at r=a, Ё=\. 

Treating k and А as small quantities, these authors 
"obtained the following formulas: 

э 


| c (k) 2 4n (1—? 292)/ LE? -- (E — N2)*a2/4 |, 
olk) =A Е (24-М)4241, 


| Equation (19) is the result of reference 14, including the 


(19) 
(20) 


correction factor (1--Х2а2) given in their later publica- 
tións. Equation (20) is the result of reference 15. These 
results are consistent with each other, as can be seen 
by transferriág the factor 1—Xa? in Eq. (19) from the 
numerator to the denominator and retaining only the 
first two terms in the expansion in powers of А and 
X. The cross sections given by Eqs. (19) and (20) de- 
crease monotonically with energy, but the ratio of 
c(k) to 4r/E, has a maximum at k=) according to 
both formulas. For «А, Eq. (20) may be replaced by'5* 


c (E) = 4/10 (39/2). (21) 


As will be seen in Sec. IVA, Eq. (18) is the condition 

Ч for resonance levels adopted by many authors. Eisen- 
bud!5 has discussed the formula of Flügge and Hückel 
from this point of view. Eisenbud's energy of resonance 
includes, besides №, the level shift. 

A similar formula has been derived by Schiff. For 

low energies Schiff's result reduces to 

} 


c (k) = 4x/ LE -- Vo cot? (Иа) ]. (22) 
» 
. This ihe same as Eq. (21), since 


(Via?) cot (Voa?)? 
| 
1 
| 


—— 


‚ = узум} cotie] әз) 
» = 1\42 


з ч 
for spall А. The case of resonance at zero energy occurs 
when P, = (т/2а)? and A=0. The use of Eq. (18) for the 
. Virtual level has also been discussed in reference 12 and 
b¥ Вора 17 
The condition for resonance levels expressed by Eq. 
(18) may also be written in the more general form 


a (сс:с:и5(:3 550 (8-43). (24) 
7,45. Flüge and E. Hückel Phys. Rev. 73, 520 (1948); E. 
ückel, Z. Naturforsch. 3, 134, 308 (1948). 
T Т. Y. Wu and H. M. Foley, Phys. Rev. 73, 1117 (1948). 
a Comparison of Eq. (21) with the lowest approximation for 


Eq. (13) gives : 
x= (aX/2}, (21a) 


which is a special case of 4 formula to be given in Sec. IVB. 
Since (ad)? is of the order 0.2, the ratio 37/X is of the order 
1/20. Numerical values given in the literature are about 0.06 
Mev for the energy у? and 0.9-1.9 Mev for the energy №. ` 
x L. Eisenbud, Phys. Rev. 73, 1407 (1948). 2 
D. Bohm, Quanium Theory (Prentice Hall, Inc., New York, 
1951), р. 262. 
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4 different condition for the resonance levels has © - | 

adopted by Зех! 5 and Bergmann,’ namely d 
со  6(8)1--0. ' 425) 

= 


'This condition will be discussed in Sec. IVA. > 
For the same square-well potential, the condition =s 
for the decaying states is : 


(Votk2)! cot (ИЕР =, 


* (26) 


where ke is a complex number. The general condition 
corresponding to Eq. (26) will be given in Sec. ИВ. 


C. The Theory of Effective Range о 


The theory of effective range developed by 
Schwinger," Blatt and Jackson,” and Bethe and Long- 
mire?! is an improvement on the approximate treatment 
of Sec. IIA. In the shape-independent approximation for 
low-energy *S scattering, the phase shift is given by 


k cot[6(£) = — a+ зто? (27) 


(28) 


Here a is the reciprocal of the scattering length, ro is a 
constant known as the effective range, у is connected 
with the binding energy and wave function of the bound 
state according to the relations Ёу= = ү? and u(r) 
= const exp( — 7) for large r. The relation between « 
and y is given by the equations 


Or 
k cot[8(E) |= —y-4- ro (Y £). 


y(1—3yro) a, (29) 
-0a 2er (30) 


The observed values of a, y, ro and 1— 2070 are all posi- 
tive. Substitution of Eqs. (27) and (28) into Eq. (3) 


gives 
c (E) -4x/LE4- (—at ry, (31) 
c (E) - 4x/ +A- 04-22), (82) 


respectively. Equation (32) gives the connection be- 
tween c and the binding energy 7°. 
In the case of the 15 scattering, Eqs. (27) and (31) 
hold with the appropriate values for а and ro. The 
numbers то and 1--2олд are still positive, but « is now 
negative arid so, by Eq. (30), y is also negative. Hence 
there is no bound state. However, Eqs. (28), (29), (30), 
and (32) remain mathematically valid. As pointed out 
in references 20, 21, one can introduce a. virtual level 
whose energy is numerically equal to ү. Equation (32) 
gives now the connection between c gad the virtual 
state instead of the bound state. Blatt and Jackson 
have discussed this question from the viewpoint of the 
theory of the S matrix. We shall give a more detailed 
discussion in Sec. ШО. — ' E Pd 
18 45 57 б - ^ 
1 T за ба Хадаг бы (Нагуага, 
сайы иа J. D. Jackson, Phys. Kev. 7618 (1949). 
2: H. A. Bethe, Phys. Rev. 76, 38 (1949); Н, А. Bethe and | 
Longmire, Phys. Rev. 77, 647 (1950). > 
5 Б .*. E - 
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нэ 1. THE VIRTUAL LEVEL ACCORDING ТО THE, 
THEORY OF THE S MATRIX 
A. The Functions S and f 
ee 
ee The matrix elements of the S matrix for the S states 
—— —— — having a particular value of spin are represented by the 
function à E 
E S(E) = exp[2i6(&) ]. (33) 
е: From Eq. (33) we obtain 
$(®) = (cot[8 (b) H-/(co[3(0]1-3, (80 
ыы апа 
й со(2(91-405(94-1/(5(9-11.089) 
1 Because of Eq. (33), Eq. (4) may be written as 
Я с(9)-(8/8)15(8)-1 (36) 


The function S(k) can be expressed in terms of the 
functions f(2-k).2-^ These functions are the values of 
f (2k, т) at r=0, where /(-58, r) are two linearly inde- 
pendent solutions of Eq. (2) specified by the asymptotic 
behavior 


^ 


lim f(+k, r) exp(2zi&r) = 1. 


The solutions /(-ЕА, r) are complex conjugate of each 
other, and satisfy the relation 


Е, r)(d/dr) f(—k, т) — f(—k, ) (0/47) т) = 2ik. (38) 


Hence for k0 there is no solution /(-56, r) that van- 
ishes at 7—0. The solution of Eq. (2) that satisfies the 
requirement for a wave function at r—0 must be a 
linear combination of the form 


шь (т) = соп f (E) (А, 7) — f(—2) f(k, r)]. (39) 


Comparing Eq. (3) with the asymptotic expression of 
"x(r) given by Eq. (39), we find 


5(6)  f(5)/ f(— 5). (40) 
On account of the relation 
Esa | f(9*- /(—®), (41) 
— One can write 
8(&) — arg[ f(z) J. (42) 


— It can be shown that /(®)=1. Hence one can set 
_6(®)=0. | 

— — The functions /(--5) and S(k) are defined above 
- for0<k< œ, but may be extended by analytic continua- 
tion to the complex plane. It, has been shown by 
Jost and Bargmann that, if 


Ө” е 5 
T o 


|| 7|У()|4гс оо, 


0 


‘hys. Acta 20, 256 (1947): В. Jost and W. 
87, 927 (1952); Kgl. Danske , Videnskab 
27, No. 9 (1953). й 
Rev. 75, 301 (1949); Revs. Modern 
sh, 3, 75 (1948). | 


3, 
2 


(43) 


\ ] B 
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then /(Ё) is regular in the region Im k<0 and continu. 
ous on the real axis. In the region Im k> 0, the analytic 
continuation of f(k) exists in the problems we shall be 
concerned with, but it has, in general, singularities ! 
The generalization of Eq. (41) for complex values of р " | 


f(k*)*= 7(— 0). (41)* 
If the potential energy satisfies the equation 
f ерата >, — qu) 
0 
then the function f(k) is regular in region Im Ё<к. 
Levinson** has shown that, for potentials satisfying 
the condition 


oo 


f Avols», 


0 


(8) 


n 


the phase shift at k= 4-0 is connected with the number 
of bound states ” by the relation 


5(+0) = тт if f(0)750, | 
ње M (40 1 
6(+0)=(m+4)r if /(0)=0. 
Hence 5(0) = -Е1 for the two cases. 


B. Bound, Virtual, and Decaying States Jd 


While the function f(k) does not vanish for any real 
nonvanishing k, it may have imaginary zeros. Corre- 
sponding to апу real number у that satisfies the equa- 
tion 


ID= (47) 


there is а solution f(—iy, r) of Eq. (1) that vanishes at 
r=0 and varies as exp(— yr) for large r, with Z3 =Y. | 
If y is positive, the function /(-42у, r) satisfies the re- 
quirements for the wave function of a bound state. On 
the other hand, a negative у does not correspond to a 
bound state. 5 3 5 
Аз a result of Eq. (40), апу у that satisfies Eq. (47) 
often satisfies also the equations 5 $ 
S(—iy)=0, 220) 
5@)= =, ‚ 09 
and vice versa. The connection between the bound 
states and the zeros and poles of S(%) was first ob- 
served by Kramers. Subsequent investigations have 
shown that there are exceptions.” For Eq. (47) does 
not necessarily imply Eqs. (48), (49) if $ 


161)--0, Eo 
while Eqs: (48), (49) do not necessarily imply Fq: (47) if 
1808». бу 


Thus Kramers’ relation should be more precisely stale 
as follows: Eq.-(47) is equivalent to Eqs. (48), (49 ! 


25 №. Levinson, Kgl. Danske Videnskab Selskab Math-fys- — 
Medd. 25, No. 9 (1949). E 
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fan is neither zero noz infinite. Otherwise there may be 
zeros of f and 5 that do not coincide. 

A negative imaginary zero of S(k) that is not a zero 
of 'f (k) has been referred to as redundant or false zero 
in the literature. Since f(k) is regular in the region 
Im #<0, a number y that satisfies Eq. (51) must be 
positive. If Eq. (44) holds, there is no solution of Eq. 
(51) for y €x and therefore no redundant zero in the 
region e- x « Im k«0. An example of f(k) that satisfies 
both Eq. (47) and Eq. (50), but not Eqs. (48), (49), 
has recently been given by Jost and Kohn. 


Ee The connection between the existence of а bound 


СҮ 


AT E. $ 
ТВ ТӨГ... 


state and the sign of the scattering length mentioned in 
Sec. ПА follows immediately if f(k) is regular and has 


* one*and only one simple zero —?y near the origin, so 


that А 4 
«<< f(k)-const (k+iy) (52) 
in this neighborhood. For we have then, on account of 
Eqs. (40) and (35), 
8(8)-(бу4-9/8у-0), (53) 
апа Д 
соц (8) = — 7/2. (54) 


'The quantity у here takes the place of the quantity а 
of :Sec. IIA. As before, the scattering cross section is 
approximately given by 


c (E) 2 4x/ (+7). (55) . 


If y20 there is a bound state having the energy 
Е„= —'ү? and we can express с (Е) in the form 


г (E) e 4x/ (Ei - | E, |). (56) 


If 4«0 there is no bound state, but one can retain 
Eq. Стар) introducing a virtual state whose energy is 
numerically équal to 77. 

This situation is the same as in Sec. ПА. However, 
our discussion suggests the following exact definition of 
the virtual state. Aʻreal number у satisfying Eq. (47) 
corresponds joa bound or virtual state according as 
y is*positive or negative. If the magnitude of the 
potenfiel energy is varied so that у decreases from 
а positive value to a negative value, а bound state dis- 
appears and is replacéd by a virtual state. Interpreta- 
tion of the virtual state along this line has been pro- 
posed by several authors. The definition of virtual state 
expressed Бу Фа. (12) and that mentioned in Sec. ПС 
ёге consistent with this interpretation. 
ælt should be noted that the validity of the preced- 
ing considerations depends on the assumption expressed 

by Eq. (52). This is ttue of the special problems in 

which the question of virtual state has arisen. 
—_РВезаез zeros and polespn the imaginary axis, there 

are complex zeros and poles that are of physical in- 


terest. They arerelated to what are usually called the ` 


decaying or radioactive States.4:526 Without entering 
into a detailed discussion, we shall merely mention the 


з W. Heitler and М. Hu, Nature 159, 776 (1947), 
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arfuogs of Eqs. (47), (48), and (49) fbr the decaying | 


states, namely : 2 
/——6)=0, 4' Gn _ 

S(-k)=0, E 08 

(kz) = ә, (50) ш * 


К) =0, “(иу 
5(82)-0, "(58)" 
S(-k,*)=@. (59)* 
In these equations А, stands for a complex number. к 


The complex energies Ё„= k? have played ап important © _ 
part in the theory of a decay" and the theory of reso- 6 
nance scattering and reactions.” 


C. Examples 


The following potentials provide simple illustrations 
for the bound states and their passage into virtual states 
according to the discussion of the preceding section. 


(i) The square-well potential: In this case ; 
f(k, )=exp(—ikr) (r>a) (60) 
and 
f(k, 7) = (067—0) expLik’ (r—a) ]+ (4-8) * 
Xexp[ — iE (r—a)]) exp(—ika)/2k ($ a) (61) 
with £/— (Vo+#?)}. Hence 
/(®) = [соз(#'а)-Е1Ё sin(k’a)/k’ ]exp(—ika), (62) E 
so that the general conditions expressed by Eqs. (17) - | 


and (57) reduce to Eqs. (12) and (26), respectively. — 5 | 

(ii) The attractive exponential potential 2028 

V(r)e —Veexp(—r/a) (Й»>0): (63) 

In this case Ё е 
/(®= (#/2) та»), ), (64) 
with у= 240, and 2= 22У й. The function ДЕ) is singu- 
lar at v=—n (n=1, 2, ---) or kc in/2a. For vzÉ —/, 
Eq. (64) may be written as? 


= ЇЇ O= lin] 22 4 


where the j» я are zeros of 2777,(5). For 220, v real, the ES К. 
equation! РИ 


e J,(z)=0 7 


gives ап inffnite number of curves starting. го 
points „=Ь—и on the у axis with 2 increasin, 


27 С. Gamow and С. І. Critelifield, клу 1 
and Nuclear Energy Sources (Oxford University 
1949). а 
28 J. Humblet, Mem. soc. гоу. scien. Lii 12,8 
© G. Van Kampen, Phys. Rev. 89, 1072 ( 

ous papers mentioned in thi 

э үү. Magnus апа Е. 
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ОМ 
Nae x 
$58. \\ Г \ 
“гс  tonically with №. These curves cross the z axis at the 
points 21—2, 4C, 22=5.52, etc. A bound state Чар. 
. pears at every с Кіса] point Vo= (5,/2а)?. 
їй) Hulthén's potential”: 


B 


= V(r)=— quá exp(—r/a)/L1— exp(— 7/0] 
Heré, 
(09-11 н), (68) 
n-l 
~~~ with 
5 Үл= (Voa?— 1?)/2an, (69) 


Yn —n/2a. 


A bound state disappears at every critical point 


Vo= (п/а). 


(iv) An Eckart potential? 
У (г) = — Vo exp(—7/a)/[1-- (Voa?/2) exp(—r/a) F 


(Voa?>—2): (70) 
Неге 
Л) = (&4-9y1)/ (&— iyi’), (71) 
with 
ү1= (1/22) (Voa?— 2)/ (Voa?4- 2), 
(72) 


у= 1/2a. 
There is a bound state when Va?» 2. 


In examples (iii) and (iv) the function f(z) is of the 
form 


N 
f(k)= [1 (E4-2y.)/ (&—iy.,), 


(73) 
n=l 
| - where JV may be finite or infinite: Hence 
- БЭ, 
: 5(®) = IT сло, (4) 
3 | n=1 
where 
on = (k+iyn)/(k—iyn), (75) 


and с» is given by Eq. (75) with y,” instead of yp. The 
zero —14y, of the factor e, corresponds to a bound ог 
virtual state according аз y,> or «0. The zero — iyn 
of c,' isa adani. zero апа y, is always posie 
If we take argument of eachefactor од or o,’ to be 
zero when о, then, as &—--0, the argument of 
becomes =-т or 0 according as y, Z or=0, and the 
iment of op becomes т. Thus the validity of Levin- 
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Factorized. 


ЛЖ: соба о ‘of «he bound and” virtual 
states of Sec Злате" function S(k), we write 


k cot[6(&) ]+ik= (1072) (RE iy) (Ё-ЕТү'). 
Comparison of Eqs. (27) and (76) gives 
Yty- 2/то, Є 


үү = 20/70. 


(76) 


(77) 
(78) 


It follows from these equations that y and у’ both 
satisfy the quadratic equation (29). The numerically 
smaller root is given by Eq. (30). The other root is: 


y= [i+ (1— 2aro)* ]/ro. P 
Substituting Eq. (76) into Eq. (34) we obtain 
S(k)= (ту) (в )/ (&— n) (&— iy’), 


(79) 


(80) 


showing that 5(Ё) has two pairs of zeros and poles 
Ei, iy’. 

The connection between -Ezy and the bound and 
virtual states of Sec. IIC is consistent with the general 
definition suggested by the theory of the 5 талх. 
As has been mentioned in Sec. IIIB, there may be zeros 
and poles of SS(&) that have no connection with any 
bound or virtual state. This is the case with -Е?Ү. 
Jost and Kohn have shown the function f(k) for the- 
deuteron is of the form 


f()— G-Fiy/(—iY?, = 


which shows that —7y’ is a zero of S(k) шэн поа ты 
of f(k). 

Using Eq. (76) or Eq. (80) we obtain С асои 
form 


(81) 


с(®)=&т(у-Еү')'/ 84-19) (k? "ru 


for the scattering cross section. This formua is idcatical 
with Eq. (32), though it loóks somewhat Smpler. 
Factorization of 5(8) and o(k) is possible also for the 
higher approximation in the expansion of Ё со 8 (07 


2 k cot[5(k) ]- ГА TR. (83) 
The equation G 


(82) | 


k cot[5(k) ЇН-22--1 П ив, (847 


п 


detetmines four по y™. The functions S апа с 
сал be factorized as follows: 


e 


809-11 в/в), 89 
в09-(88/Т9) П (аа. = (89 
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E IV. THE VIRTUAL LEVEL ACCORDING TO THE Wigner and Teichmann have considered e О КАМИ 
THEORY OF RESONANCE LEVELS tha shows resonance features like the К matrixe The 
^ . A. The Functions R and О О matrix is connected with the S matrix Бу {һе general 
relation 
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Тре R matrix of Wigner and Eisenbud reduces in the 


e E. P. Wigner, Ann. Matk. 53, 38 (1951); Proc. Camb. Phil. 
Soc. 47, 790 (1951); Revista Mese de Fisica 1, 91 (1952); Е„= E/ (1—32). D т 


Am. Math. Mon. 59, 669 (1952); W. Schützer and ]. Тїотпо,. 29 e. 
Phys. Rev. 83, 249* (1951). 3 As mentioned by these authors, the О matrix is equal 


2 Feshbach, Peasleé and Weisskopf, Phys. Rev. 71, 145 (1947). ^ Heitler’s К matrix multiplied by a numerical factor. э 21 
825 For positive values Е\=^*. Eq. (94) is equivalent to Eq. (24). 
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33а As has been mentioned in Sec. IIIBz a furthte Conditiün for 
There may also be negative values Бх and E, that satisfy Eq. | resonance levels expressed in terms of the function S.exists ine y: 
(94) and Egu(98) below. the literature. е DEDE ame. 


ə present problem to the derivative function R(E) For ‘тре function 5 
real nonnegative E, the function R(£) is defined by Q(CE) = (ап[5 (2) | (96) 
р К(Е)=[ик()/ (d/dr)us(r) а, (87) is related to the О matrix in the same way as the func- 
в м : З tions R(E) апа S(k) are related to the К aríd 5 
where E—E,—E and а 15 the range of the short-range matices It follows from Eqs. (5) and (96) that 
=c teraction. The variable E is, in general, a complex 
number. The function № is the reciprocal of the loga- a (k) =47/ E (1--[1/Q(&) P). (97) 
rithmic derivative of 0; (7) at r=a, which we shall de- 23 m$. 2 
позе by L(E). The connection of the latter with the Fhe condition lor Brae expressed by Eq. (25) 
résonante levels has been investigated by Feshbach, "У be written in the form" 
Peaslee, and Weisskopf.5?? О(Е,)= =. (98) 
^ We shall confine our attention to the function К for 
those problems in which V(r) vanishes for r>a but is В. One-Level Кока 
© arbitrary otherwise. We have then 3 
| A It is the object of this section to discuss representa- 
R(E) = (1/k) tan[ka-+6(k) ], (88) tion of the low-energy scattering cross section by means 
and so of a low-energy resonance level Е» ог E. а 
7 Equation (27) of the effective-range theory may bé 
cot[3 (5): LER (E) зіп (ва) соз (ka) ]/ NU d 
х ГЕК(Е) cos(ka) —sin(ka)], (89) О(Е)= Qk/r))/ (E— E,), (99) 
rs - 5 h 
o` sin [36] - [ER CE) cos(ka) — sin ha) P/ bios E220 (100) 
2 21 Pr d 
ГеЕ(ВУ--11, (90) | | | 
is а resonance energy according to Eq. (98). Equation 
It follows from Eqs. (33) and (88) that the functions (100) shows that E, is positive for 35 and negative for 
R and S are connected by the following formulas: 15. Substituting Eq. (99) into Eq. (97) we find 
RYE) = (A/ik)LS (k) exp (2ika) —11/ c (&) = 4«/LE4- (E—E,Yre /4 ]. (101) 
| : [5(#) exp(2ika)+1], (91) тьвь just Eq. (31) written in а slightly different form. 
(7 m SO xf C-2iba)IH-IRR(E)]/[1— ikR(E)] (92) In the neighborhood of a resonance level E, R(E) is 
approximately given by 
The function К(Е) admits of an expansion of the form Е(Е) o (Ex B): (102) 
- В(Е => ev (Е, E), (93) Using this one-level formula, we see that, for small E 
К 5 x and Е», Eq. (89) may be approximately written in the 
© D 7) wi 
where & and Е) are real numbers, w,>0. This is a form of Eq. (27) with : 
special case of а general result of references 5, 31. It а= — Ex/ox, (103) 
shows,that R is a meromorphic function of Е whose B Л 104 
роз Ер аге all on the real axis. When Е, =Е», the 5 п=2@м—П/ ЁО ( P 
derivative of w;(r) vanishes at r=a. The energies Ey Conversely, given Eq. (27) we obtain Eq. (102) Ьу: 
are often refegred to as the resonance energies because using Eq. (88). Owing to the approximations we have 
of their relation to observed resonance levels. The con- sed. the values of E and то given by Eqs. (103) and 
mn for Such resonance energies may be put in the — (104) are only nearly the same as the values of these. 
Iofm?* constants in the effective-range theory. The corre- 
R{Ey)= =. (94)- spondence between the resonance levels Ey and Bpo 
is given by the relatión 4 a. 


$ 


. \ 
5= (1--iQ)/(1—iQ). . (0 = 


- е е 


, 


^ We have seen in Sec. THD that us (27) and (80) are 
equivalent. "There is therefore a simple connec'ion 
between Ey and the energy E, of the S matrix theory. 


Using Eq. 0103 we obtain approximately 
| E,| = | Е„| = (Exo). (106) 


The scattering cross section can be given in terms 
of E, as follows. From Eqs. (4) and (90) we obtain, 
“expanding in powers of Ё and E and retaining only 
the first two terms in the numerator and denominator, 


c (E) = 4r(1— (a/«x)LE (a9y—2) - 2EX])/ 
[E+ (E-E))*/w,?]. (107) 


Similarly, from Eqs. (5) and (89), 
c(k)—4c/CE--LEx4- (@a—1)E}/w?}. (108) 


These formulas are generalizations of Eqs. (19) and 
(20), respectively. Eq. (108) is identical with Eq. (101). 
For EX|£,|, | Ё,| the denominators of Eqs. (101) and 
(108) are approximately equal to E+ (E,ro/2)? and 
E+ (Е,/ол)°, respectively. These are the same as the 
denominator E+ | Е„| in Eq. (9). 

In the case of the square-well potential the function 

33^ Eqs. (103)-(106) are valid for small Ey. For Ey»«?/4 we 


find from Eqs. (92) and (102) that 50 has zeros near k=+E)} 
йо /2 and poles ni near k= і — 2/2. 
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R(E) is given by f 


К(Е) = tan Ey (ИВ). (10), 


It can therefore be expanded in the form?! 
R(E)= (2/а) У LG 3*(/a- V EP. (110) 
n=O 


Hence ! E 
ву=2/а, (111) > 
апа 5 


Бу-(к/2)”-Ү, (112) 


for the lowest Ey. From Eq. (112) & follows that E, jg 


positive for 15 and negative for 4S: By Eq. (105), 
Е, = ONS 


showing that EX and Е, are opposite in sign. Г 
The condition for the bound states and the various” 
definitions for the virtual level can also be stated simply 
in terms of the logarithmic derivative L(E). Thes 
Eqs. (12), (15), and (18) for the square-well poten- | 
tial determine the zeros of the functions L(—a?)--x, 
L(x?)—x, апа L(2?), respectively. Given any suitable | 
function i L (+2), there is а one-level representation | 
for a low-energy scattering formula. | 
The writer wishes to ot Dr. T. Y. Wu for valuable | 
discussions. | 
| 


9 E. C. Titchmarsh, Theory of Functions (Oxford Uni kt 


E: 
4 


Press, Oxford, 1939), p. 113. 


(C 


аз у. 


Fourtdation C 


amaj 


Digitized by Arya S 


) 


13 


Teen Teese nes m etf 
€ ww 


5 E caer, 7 NA 


^ 2 (чах ay fate ES яа 8 


a aa 2x 9 d ба аш ug gras Quee E 
sm susp ата | seu 14 afafaa & (Бата 


№2300 


СМИ» р 
| NOT TO BE Ёо. 


^e 


3 


55 
ч 


83 


1 


“Seep 


^ 


e 
* 
! 


= 


D 

o 
^w 

ч 
gue 


